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ABSTRACT: In a companion paper [On semiclassical orthogonal polynomials via
polynomial mappings, J. Math. Anal. Appl. (2017)] we proved that the semiclassi-
cal class of orthogonal polynomials is stable under polynomial transformations. In
this work we use this fact to derive in an unified way old and new properties con-
cerning the sieved ultraspherical polynomials of the first and second kind introduced
by W. Al-Salam, W. R. Allaway, and R. Askey, and subsequently studied by several
authors. Our results are stated in the more general framework of orthogonality
with respect to a quasi-definite (or regular) moment linear functional, not neces-
sarily represented by a weight function or positive Borel measure. This allow us
to derive infinitely many examples of semiclassical functionals such that the pair of
polynomials appearing in each corresponding canonical Pearson-type distributional
differential equation is non-admissible.
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1. Introduction

This is the second of two papers intended to develop the theory of polyno-
mial mappings in the framework of the semiclassical orthogonal polynomial
sequences. Throughout this paper we will use the abbreviations OP and OPS
for orthogonal polynomial(s) and orthogonal polynomial(s) sequence(s), re-
spectively. In our first article [3] we obtained basic properties fulfilled by
monic OPS {p,},>0 and {q,}n>0 linked by a polynomial mapping, in the
sense that there exist two polynomials 7, and 6,,, of (fixed) degrees k and
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m, respectively, where 0 < m < k — 1, such that

Prktm(T) = O () gn(mr(x)), n=0,1,2,...,

under the assumption that one of the sequences {p;, }»>0 or {¢,}n>0 is a semi-
classical OPS. In particular, we proved that if at least one of the sequences
{Pn}tn>0 or {gn}n>0 is semiclassical then so is the other one, and we gave
relations between their classes [3, Theorem 3.1].

Our present goal is to apply the results stated in [3] to the sieved OPS,
introduced by Al-Salam, Allaway, and Askey [1], and subsequently studied
by several authors (see e.g. [8, 4, 9, 11, 20, 2, 5, 6, 14, 10]). The connection
between sieved OPS and polynomials mappings has been observed by Geron-
imo and Van Assche [11], who showed how many results involving sieved OPS
follow by taking particular polynomial transformations. For instance, take
7 the monic Chebyshev polynomial of the first kind of degree k. Then (up
to normalization) taking for g, the monic ultraspherical polynomial of degree
n of parameter A 4+ 1 and choosing m = 0 and 6,, = 1, {p, }n>0 becomes the
monic sieved ultraspherical OPS of the first kind. Similarly, taking for g,
the monic ultraspherical polynomial of degree n of parameter A and choosing
m = k — 1 and 6,, the monic Chebyshev polynomial of the second kind of
degree k — 1, {p,}n>0 becomes the monic sieved ultraspherical OPS of the
second kind.

The structure of the paper is as follows. In Section 2 we introduce some
background, including the definitions of sieved ultraspherical polynomials
and some basic facts concerning semiclassical OPS, complementing the in-
formation appearing in [3]. In Sections 3 and 4 we consider the sieved ul-
traspherical OPS of the first and of the second kind, respectively. Among
other results, we prove that both families are semiclassical of class exactly
k —1 except for one choice of the parameter A (being classical in such a case).
Using this fact and the theory of semiclassical OP presented by Maroni [15],
we give the structure relation that such sieved OPS satisfy, and then we
use these relations (together with general facts of the theory of semiclassical
OPS) to derive the linear homogeneous second order ordinary differential
equation (ODE) that sieved orthogonal polynomial fulfills. This ODE was
obtained (by a different process) for the sieved OP of the second kind by
Bustoz, Ismail, and Wimp [2]. As far as we know, the ODE for the sieved
OPS of the first kind did not appeared before in the literature. The interest
on such ODE comes at once from the original paper by Al-Salam, Allaway,
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and Askey, where in a final section devoted to some open problems they
wrote that “A potentially very important result would be the second order
differential equation these polynomials satisfy.” The results presented here
based on polynomial mappings in the framework of semiclassical OPS allow
to obtain similar results for other sieved OPS, mutatis mutandsis.

2. Background

For reasons of economy of exposition, we assume familiarity with most of
the results and notation appearing in Sections 2 and 3 of our previous article
[3]. Let {pn}n>0 be a monic OPS, so that, according to Favard’s theorem it
is characterized by a three-term recurrence such as

Pni1(z) = (z — Bo)pn(x) — Yupn1(x), n=0,1,2,..., (2.1)

with p_;(z) := 0 and py(z) := 1, where f,, € C and 7,41 € C\ {0} for each
n € Ny. In the framework of polynomial mappings, it is useful to write the
recurrence relation in terms of blocks of recurrence relations as

(z — bg))pnk—i—j('x) = Pnk+j+1(T) + aglj)pnk—i—j—l(x) 5
j=01,...,k=1; n=0,1,2,....

Without loss of generality, we assume a(()o)

(2.2)

:= 1. In general, the ag)’s and

b%j )’s are complex numbers with ay(ij ) # 0 for all n and 5. With these numbers
we may construct the determinants A, (4, j; z) introduced by Charris, Ismail,
and Monsalve [5, 6], so that

0 if j <i—2
A, (i, j;x) = 1 ifj=i—2 (2.3)
P AR T I S S |
and, if 7 > 1> 1,

r—pi Y 0 0 0
agf) €T — bﬁf) 1 . 0 0
(i4+1) (1)
Mgy =| O e gm0 o,
0 0 0 R AR |
0 0 0 adv =)

(2.4)
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for every n € Ny. Taking into account that A, (7, j;-) is a polynomial whose

degree may exceed k, and since in (2.2) the ag )s and bff )'s were defined only
for 0 < j <k — 1, we adopt the convention

I = ) ) = Y) i e N (2.5)
and so the following useful equality holds:
Ap(k +i,k+ jiz) = Apia (i, ji ) - (2.6)

Theorem 2.1. [10, Theorem 2.1] Let {p, }n>0 be a monic OPS characterized
by the general blocks of recurrence relations (2.2). Fixrg € C, k € N, and
m € Ny, with 0 < m < k—1 and k > 3. Then, there exist polynomials
and 6, of degrees k and m (respectively) and a monic OPS {q, }n>0 such that
¢1(0) = —rg and

Phoen(2) = On(2) qu(mu(2)) , 7 =0,1,2,... 2.7
iof and only if the following four conditions hold:
(1) ™ s independent of n for n > 0;
(ii)) Ap(m+2,m + k — 1;2) is independent of n for n > 0 and for every
x;
(i) Ag(m+2,m+k—1;-) is divisible by 0,,, i.e., there exists a polynomial
Ni—1—m with degree k — 1 — m such that
Ao(m+2,m+k — 1;2) = () Mh—1-m(2) ;

(iv) rn(z) is independent of x for every n > 1, where

ro(x) = a%mH)An(m +3,m+k—1;z)— aémH)Ao(m +3,m+k—1;x)

+ a%m)An,l(m +2,m+k—2;x)— a(()m)Ao(l, m— 2;2) Ng—1-m(x) .
Under such conditions, the polynomials 0,, and . are explicitly given by

(@) = Ag(L,m; @) i (@) — ay" ™ Ag(m + 3,m + k — 1;2) + 1o ,

On(z) == Ao(1,m — 1;2) = pp(2)

(2.8)
and the monic OPS {q, }n>0 is generated by the three-recurrence relation
Qni1() = (x — 1) gn(T) — Spn-1(z), n=0,1,2,... (2.9)

with initial conditions q_1(z) =0 and qo(x) =1, where

o =10+ 1(0), Sy i=aMal™ TV gD =12 (2.10)

n n—1 n—1
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Moreover, for each j =0,1,2,...,k—1 and alln=20,1,2,...,

L ) X (@
m {An(m+2:m+37 ) @ny1(mr(T)) (2.11)

+ (TE al™) A+ +3,m + k= 15.2) qu(ma(2) |

Pkn+m+j+1 (36‘) =

Remarks 2.1. Notice that for j =k —1, (2.11) reduces to (2.7).

Theorem 2.2. [10, Theorem 3.4] Under the conditions of Theorem 2.1,
choose rg = 0 and assume that {p,}n,>0 is a monic OPS in the positive-
definite sense with respect to some positive measure dp. Then {qg,}n>0 is
also a monic OPS in the positive-definite sense, orthogonal with respect to a
measure d7 . Further, assume that the following conditions hold:

(i) [€,n] := co (supp(dT)) is a compact set;

(ii) if m > 1,
T d
/ @) o =12 .m).
¢ o —mi(zi)]
where 21 < 29 < - -+ < zy, are the zeros of 0, ;

(iii) either m(y2i—1) > n and mi(ye;) < & (for all possible i) if k is odd,
or Tr(yoi—1) < & and mi(y2i) > n if k is even, where y; < -++ < yp_1
denote the zeros of T, ;

(iv) Omk—1-m and T}, have the same sign at each point of the set m;*([¢,7]).

Then the Stieltjes transforms F(-;du) and F(-;d7) are related by

—vg Ao(2,m —1;2) + <H;-n_1 a(()j)> Mi—1-m(2) F(mp(2); dr)

F(z;du) =
(Z7 M) em(z) )
zeC\ (Wlf_l([f,n])u{zl,...,zm}) ,
where the normalization condition vy = f; dr = fsupp(da) dp =: ug s

assumed. Further, up to constant factors, the measure du can be obtained
from dt by

dr (i (2))

(%)

Nk—1—m (ZE‘)
O ()

dp(z) = zm: M;6(x — z)dx + : (2.12)
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where if m > 1

vo No(2,m — 1; 2;)/ (H;n:l a(j)) — k—1-m(2) F(mp(z;); d7)
0,,(zi)

foralltv=1,--- ,m. The support of du s contained in the set

(2.13)

e (Em)) Uz 2

an union of k intervals and m possible mass points.

Remarks 2.2. In statement (i), co(A) means the convex hull of a set A. Un-
der the conditions of Theorem 2.2, if AT is an absolutely continuous measure
with density w,, then the absolutely continuous part of du has density

771@—1—m('r)

9m<$) w7'<ﬂ-k(x))

wy () =

with support contained in an union of at most k closed intervals, and it may
appear mass points at the zeros of 0,,.

In [3, Section 3] we stated several results concerning OPS and polynomial
mappings in the framework of the theory of semiclassical OPS. In particular,
in the proof of part (ii) of [3, Theorem 3.1], we implicitly proved the following

Theorem 2.3. Under the conditions of Theorem 2.1, let u and v be the mo-
ment reqular functionals with respect to which {py}n>0 and {q, }n>0 are monic
OPS, respectively. Let Su(z) := — > o un/2" and Sy(2) == =3, < va/2" !
(where u, := (u,z") and v, := (v,z")) be the corresponding (formal) Stielt-
jes series, respectively. Suppose that there exist polynomials CTD, 5, and 15,
such that

~

B(2)S(z) = C(2)Sy(2) + D(2) .
Then Syu(z) fulfils

©1(2)Sy(2) = C1(2)Su(2) + Di(2) .
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where &1, C1, and Dy are polynomaials given explicitly by
O = 0 Nk—1-mOr, [:I;] :
C1 = vy (n,’{;_l_me — 000 Mk—1-mOr, [&3] + Nk 1— 0, [5]) ,

~

Dl -= Upo (A0(27 m — 17 ')771;717m o A6(27 m — 17 ')nk—l—m) Oy [(I)]
+ug (fﬁlmﬁklm% [ﬁ] + U0A0(27 m — 1, ')ka [@) 77k717m7T/'€ )

and o+, [f](z) == f(m(2)) for each polynomial f.

Besides the basic facts concerning semiclassical OPS given in [3, Section
2], we recall that such families are characterized by a structure relation and
a linear homogeneous second order ODE. Indeed, let {p,},>0 be a monic
semiclassical OPS. This means that {p,},>0 is an OPS with respect to a
linear functional u : P — C (P being the space of all polynomials with
complex coefficients) which fulfils a distributional differential equation of
Pearson type

D(®u) = Yu,

where ® and ¥ are nonzero polynomials (i.e., they do not vanish identically),
and deg W > 1. According to the theory presented by Maroni in [15], {p, }n>0
fulfills the structure relation

O(2)p),(x) = My (x)ppy1(z) + Np(2)pp(z), n=0,1,2,..., (2.14)

where M,, and N, are polynomials that may depend of n, but they have
degrees (uniformly) bounded by a number independent of n, which can be
computed successively using the relations

Ny, = —C — Ny—1— (l’ - ﬁn)Mn
7n+1Mn+1 =—- + ’VnMn—l + (33 - ﬁn) (anl - Nn) )

with initial conditions N_; := —C, M_; := 0, and M, := ualD. Here 3,
and -y, are the parameters appearing in the three-term recurrence relation
(2.1), up := (u, 1), and C' and D are polynomials, being C' := ¥ — &' and the
definition of D may be seen in [3, Section 2.2]. The structure relation (2.14)
is a characteristic property of semiclassical OPS. Another characterization of
semiclassical OPS is the second order ODE

In(@)p () + Kn(2)p),(x) + Lo(2)pa(z) =0, (2.16)

(2.15)
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where J,, K,, and L, are polynomials that may depend of n, but their
degrees are (uniformly) bounded by a number independent of n. Moreover,
if {pn}n>0 satisfies the structure relation (2.14)—(2.15) then J,, K, and L,
are given by

J, = PM,
K, =W (M,,®) + CM, = UM, — dM’ (2.17)
Ln = W(Nm Mn) + (’Yn+1MnMn+1 o Nn(N" + C)) Mn/q) ?

where W(f,g) :== fg' — ['g.

3. Sieved ultraspherical polynomials
Let {C}},>0 be the ultraspherical (or Gegenbauer) OPS, defined by the

recurrence relation
2(n 4+ N)zCh(x) = (n+ 1)Crq(2) + (n+2X = 1)C)_,(z), neN,

with initial conditions Cj(x) := 1 and C{(x) := 2z, where A # 0. This
definition appears in [19, Equation (4.7.17)], where the condition A > —1/2
is assumed, so that the polynomials are orthogonal in the positive-definite
sense. If A = 0 then a compatible definition is [19, Equation (4.7.8)]

CA
Cx) =1, C%x):=T,(x)= gg%# . neN.
A£0

Here we allow orthogonality with respect to a quasi-definite (or regular)
functional in P, not necessarily positive-definite. Therefore we assume that
the range of values of the parameter A is

AeC\{-n/2:neN}. (3.1)

(This follows e.g. from [3, Table 1], noticing that C? is, up to normalization,

a Jacobi polynomial P,W ) with parameters a = = A —1/2.) We recall the
definition of the sieved ultraspherical polynomials, as presented in [1] and [8].
Rogers [17, 18] studied the OPS {C,(+; 8|q) }n>0 defined by Cy(zx; 5lq) = 1,
Ci(x; Blq) == 2x(1 = B)/(1 = ¢), and

22(1 — B¢")Cn(x; Blg) = (1 = ¢"")Cria(x; Blg) + (1 = B7¢" ") Crma (2 Blq)

where  and q are real or complex parameters, and |g| < 1. Nowadays these
polynomials are called continuous g—ultraspherical polynomials, since they
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generalize {C},>0 in the following sense (see [8]):
lim C,, (x; ¢"|q) = C(z) .
qg—1

Let {c,(+; B|q) }ns0 be an OPS obtained renormalizing {C),(; 5|q) }n>0, so that

CET
(q;q)n Cn( 76’(]) )

where (a;q)o = 1 and (a; q), == [[j_, (1 — aq’~1) for each n € N. The sieved
OP defined by Al-Salam, Allaway, and Askey [1] are limiting cases of the
polynomials C,,(-; B|q) and ¢,(+; 5|q). Indeed, fix k € N and let wy be an kth
root of the unity, i.e.,

Cu(+: Blg) =

wy = Xk

Setting 8 = s™ and q = swy, the OPS {c)(; k) }n>0 defined by
N k) = lim e, (z; 5™ | swy)
s—1

is the sequence of the sieved ultraspherical polynomaials of the first kind; and
setting 3 = s 1w, and ¢ = swy,, the OPS {B)(-; k)},>¢ defined by

BN k) = }91_r>1} O (2; ™My |swy,)

is the sequence of the sieved ultraspherical polynomials of the second kind.

For A > —1/2 the sieved ultraspherical polynomials are orthogonal in the
positive-definite sense. In such a case, the orthogonality measures were given
in [1, Theorems 1 and 2].

From now on (even if not stated explicitly) we assume that k > 3.

4. On sieved ultraspherical OP of the second kind

4.1. Description via a polynomial mapping. In [4], Charris and Ismail
proved that {B)(; k)},>0 satisfies

Biyy (@3 k) = Uj (@) O (T(w)) + U2 () O (Ti(2)  (4.1)

for j = 0,1,...,k—1and n = 1,2,..., where {T,,},>0 and {U,},>0 are
the OPS of the Chebychev polynomials of the first and the second kind,
respectively, defined by

_sin(n +1)0

To(z) :=cos(nf) , Upy(x):= (x=cosf,0<0<m).

sin 0
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Since U_; := 0, then for j = k — 1 (4.1) reduces to
Bhw1(x3 k) = U1 () C) ™ (Th(2)) , n=0,1,2,.... (4.2)

Relations (4.1) and (4.2) establish a connection between sieved OP of the
second kind and OPS obtained via a polynomial mapping as described in [3,
Section 2|. This connection was established in a different way by Geronimo
and Van Assche [11], and also in [10] (see also [6]). Next we briefly describe
such connection following the presentation in [10, Section 5.2]. Taking for
{pn}n>0 the monic OPS corresponding to {B,(-;k)} _, so that

n!
Pin+i(®) = SE O 1,

Bioy (w3 k) (4-3)

(n=0,1,2,...; j =0,1,...,k — 1), where («), is the shifted factorial,
defined by (a)p := 1 and (@), = a(a+1)--- (o +n — 1) whenever n > 1,
and using the three-term recurrence relation for {B)(-; k)},>0 given in [1],
we see that the coefficients appearing in the (block) three-term recurrence
relation (2.2) for {p,}.>0 are

W =0 (0<j<k—1), af =1 (1<j<k-2),
0 ntl (-1, "1+ 22

LT 1 e ) " T Alnt L+
for each n € Ny. Hence, for every n € Ny and 0 < j < k — 1, we compute
Ap(Lj—Lz)=U(x), Au(j+2.k—22)=Upjo(z),

where fn and (7n denote the monic polynomials corresponding to 7;, and U,

To(z) :=2""Ty(x), Un(z):=2"Uy(z), neN, (4.4)

and so one readily verifies that the hypothesis of Theorem 2.1 are fulfilled,
with m = k — 1 and being the polynomial mapping described by the polyno-
mials

() = ﬁk(l’) - iﬁk—2($) = fk(x)a Op-1(x) := (/jk‘—l(x)a m(x) =1
(4.5)
Moreover, {g, },>0 is the monic OPS characterized by

Fo=rn =0, sy = 42 FqWqh-y = L_nn 120

T R i+ N+ 1+ ) (nen),
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meaning that, indeed, ¢, is up to an affine change of variables the ultras-
pherical polynomial of degree n with parameter A + 1,
n!
Qn(JT) — an()\ + 1)n
Thus (4.1) and (4.2) follow immediately from Theorem 2.1. For A > —1/2

the orthogonality measure for {B)(-; k)}ns0 given in [1] may be computed
easily using Theorem 2.2, being absolutely continuous with weight function

Cytt (26 1r) (4.6)

w(z) = (1= 23U ()], —1<az<1.

Indeed, in this situation, the masses at the zeros of 6,, = U k—1 given by (2.13)
all vanish, and so the measure given by (2.12) becomes absolutely continuous,

with a density function given by Remark 2.2. For details, see [10, Section
5.2].

4.2. Classification. According to a result by Bustoz, Ismail, and Wimp
2], B)(:;k) is a solution of a linear second order ODE with polynomial
coefficients, being the degrees of these polynomials (uniformly) bounded by
a number independent of n. Therefore, { B} (-; k) },>0 is a semiclassical OPS.
In the next theorem we state the semiclassical character of {B}(;k)},>0 in
an alternative way and we give its (precise) class. It is worth mentioning
that usually the ODE is not the most efficient way to obtain the class of
a semiclassical OPS. Often, being u the regular functional for the given
(semiclassical) OPS, the differential equation fulfilled by the corresponding
(formal) Stieltjes series Sy(z) = —>. _ju,/2""! allow us to obtain the
class in a more simpler way. In the next theorem we determine the class of
{B)+; k) }n>0 using the associated Stieltjes series and the results stated in [3,
Section 3.

Theorem 4.1. Let {p,},>0 be the monic OPS corresponding to the sieved
polynomials {B)(:; k) }uso given by (4.3), being A € C\ {—n/2 : n € N} and
and k > 3. Let u be the regular functional with respect to which {py,}n>o is
an OPS. Then

D(%u) = Vu, (4.7)

where ® and U are polynomials given by

O(z) = (1—a*)Upa(2), V()= —(22Ts_1(z) + k2N + 1) Ti(x)) . (4.8)
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Moreover, the corresponding formal Stieltjes series Su(z) fulfils
D(2)S,(2) = C(2)Su(z) + D() (4.9)
where C' and D are polynomials given by

C(z) := —(zﬁk_l(z) + Zk)\fk(z)) , D(z):= —2u0((7k_1(z) + k)\fk_l(z)) :

(4.10)
As a consequence, if A € C\ {—n/2 : n € Ny} then {B})-;k)}ns0 is a
semiclassical OPS of class k — 1. If X = 0 then {B2(:;k)}us0 is (up to
normalization) the Chebychev OPS of the second kind, and so a classical
OPS.

Proof: Let v’ be the regular functional associated with the ultraspherical
OPS {C1},50, and let v be the regular functional associated with {g, },>0
defined by (4.6). The relation between the corresponding formal Stieltjes

series Sy(2) 1= 3,50 Un/2" and Spai(2) == 3 g vpt /2" (where v, =
(v,2™) and v)t == (VML 2™ n > 0) is

Sy(2) = 218 (25712)

Therefore, using the formal ordinary differential equation fulfilled by S+
(cf. e.g. [15], or see [3, Eq. (2.4) and Table 2]), we easily deduce

~

B(2)5(2) = C(2)S¢(2) + D(2), (4.11)

where ®(z) := —a? + 4%, C(x) := —(2\ + 1)z, and D(z) :== —2(A + Doy
Our aim is to prove that u is semiclassical of class £k — 1. Indeed, by Theorem
2.3,

P1(2)S1(2) = C1(2)Su(2) + Di(2) (4.12)
with &, C1, and D; given by

Oy (x) = voby_ 1(:5)@(@(:5)) ,
Cl(f) 1= —vg0),_ (x)@(ﬂk(ﬂf))Jonek ()7 (2)C (e ()
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Now, by (4.5) and using the elementary relations

Tiw) + (L= a)Uiy (2) =41 T) = Opa(@) D) = 477
2U(2) = (1= 2)03(2) = (n+ DEa(2), Ti(@) = nla(a)
To(2) + 20,1 (z) = 2U,(x),

(4.13)
after straightforward computations we deduce

Py (z) = (1 — xj)ﬁg_l(x/)\ . Oh(x) ::ﬁ,g_l(g;) (2Up_1 () + 2kATi () ,
Dl(ﬂ]) = —QUOU]?_l(QZ) (Uk_l(l") + k)\Tk_l(JJ)) .

Therefore, canceling the common factor ﬁg_Q(x), we find that S, satisfies
(4.9), where ®, C, and D given as in (4.8) and (4.10). Since Uj_(£1) =
k(1)1 fk(:tl) = (£1)*, and taking into account that Us_1 does not share
zeros with fk, we see that if A # 0 then the polynomials ®, C', and D are
co-prime, hence the class of u is equal to s = max{degC' —1,deg D} = k—1.
It is clear that u satisfies (4.7), taking into account that ¥(z) = C(z)+P'(x).
If A =0, then ﬁk_l(a:) is a common factor of the polynomials ®, C', and D
n (4.10), hence canceling this factor we see that u is a classical functional,
and so we see that {p,},>0 is (up to normalization) the Chebychev OPS of
the second kind. n

Remarks 4.1. Some authors define semiclassical functional requiring the
pair (®, V) appearing in the corresponding Pearson’s equation to be an ad-
maissible pair, meaning that, whenever deg® = 1 + deg WV the leading coeffi-
cient of ¥ cannot be a negative integer multiple of the leading coefficient of
®. Medem [16] gave an example of a semiclassical functional and a corre-
sponding pair (®, V) which is not admissible. The above Theorem 4.1 shows
that such a situation 1s not an isolated phenomenon. Indeed, choose ny € N
such that ng + 2 is different from an integer multiple of k, and define

n0+2—|—]{?
2k '

Then, the functional u fulfilling (4.7) is semiclassical (and so u is reqular),
although the corresponding pair (®, V) given by (4.8) is not admissible. We
recall, however, that for a classical functional the admissibility condition holds
necessarily, a fact known as early as the work of Geronimus [12].

A= —
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4.3. Structure relation and second order linear ODE. In this section

we will give explicitly the structure relation and the second order linear ODE
fulfilled by the monic sieved OPS of the second kind, given by (4.3), so that

pa(@) = vaBy(wi k), v = [n/RJ{2" A+ Dy}

for each n € Ny, recovering in an alternative way —in the framework of the
theory of semiclassical OP— the results given in [2]. In what follows next we
determine explicitly M, and N, for the sieved OP.

Theorem 4.2. The monic sieved OPS of the second kind p,(z) = v, B (x; k)
satisfies the structure relation (2.14), where

O(z) = (1—2)Up(2),

Mypsi(z) = —2(nk + j + 14 Me)Up_y ()
25U 1 (2) Uy jo(x) — Uj() Uy js(x)),  (4.14)

Nopi(2) = (nk + j + 24 20k)2Us_y (x) — Mee;Uy_o(2)
—f‘%(Uj_l(l’)Uk_j_:;(l') - Uj(l’)Uk_]’_4($))

for everyn =0,1,2,... and 0 < 5 < k—1, being €1 := 1, €x_9 := 0, and
€j ::%forOSjgk—S.

Proof: Making m = k — 1 in (2.11) and taking into account (4.5), we obtain
Pt @) = U3(@)alTil@) + 47000, js@aur(Tula))  (4.15)
Taking derivatives in both sides of (4.15), we obtain
Pt (%) = Uj(2)gn(Ti(2)) + Aj(2) g, (Th())
+ 4790 U} 5(2)ga 1 (Te(w) + Bj(2)d, o (Th(2)) |
where A; and B; are polynomials defined by
Aj(@) = Ti(@)Ti(e) - Bj(w) i= 470 Upj2(0) Ti(w).
Multiplying both sides of (4.16) by l/jk_j_z(.%') and using (4.15), we deduce
Oiya(a) (A (), (Til@) + By (), (Tula)))
= b2 (2P (2) = O ja (2) P (2) (4.17)
(U a@)Uj(@) = Oej2(@)U(2) ) aul(Th(a))

(4.16)
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Now, since {g,}n>0 is a classical OPS, it fulfills the structure relation (see
e.g. [15])

b (2)q) (2) = My(2)gni1 () + No(2)ga (@) , (4.18)

being ®(x) = 47F — 22, N, () = (n + 2\ + 2)x, and M, (z) = —2(\ +n +
1). Replacing = by Tj,(z) in (4.18), and then multiplying both sides of the
resulting equation by Aj(x)ﬁk_l(x)ﬁk_j_z(x), one obtains a first equation.
Similarly, substituting z by Tj,(z) in (4.18), and then changing n into n—1 and
multiplying both sides of the resulting equation by Bj(x)ﬁk_l(:z:)(//\'k_j_g(x),
we obtain a second equation. Adding these two equations and using (4.15)
and (4.17), we deduce

()P () = Do) iy (1) + L3(2)prrri—1(2) + ZLu(T) Py 1ypsr—1 ()

(4.19)
where .2, %, £, and £ are polynomials defined by

(
Li(x) = Aj(x)Up_jo(x) My, (Ti(z)) -

(4.20)

Taking into account the three-term recurrence relation for {p, },>0, we deduce
P k1 (2) = (201 (x) = ay) Uy o)) pups1 ()

— alf Uy (2)Pah-2(2) | (4.21)

. 1~
Prkrh—i(2) =Ur—j—i—1(2)Prprjr1(T) — Zkajfi—2(37)pnk+j($)

for every n € Npand 0 < 7 < k—i—2,7 = 1,2. Substituting (4.21) in (4.19),
we obtain

"?1 (x)p;ﬂcfj (ZU) = Nnk’—l—j (x)pnk—t—j(x) + Mnk+j (x)pnk+j+l($)
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for every n =0,1,2,... and 0 < j < k — 4, where

Mo (@) i= Hi(2)Upja(x) — Ha(2)Up—j5(2)

Nogrj(x) == La(x) — %7-_[ (:c)fj _3(z) + iHQ(Q;)fjk_j_Ll(x) 7 (4.22)
being

Ha(w) 1= Zi(2) + Zi(a) (20 (2) - 0, Uia(x))
Ho(z) == Li(2)a* VT ().

Using some basic properties of Chebyshev polynomials we may verify that,
up to the factor 1T’( VU1 (2) Uy _j—2(x), the relations

L) = (=2 ()
My (z) = (nk+j+1+)\k)l7k ()
¥ (01@) 0 ya(2) = T @) yale) - (4.23)
Nukij(@) = (nk+ 5 +2+23k)al, 1 (z) — 20 o(2)
+2E (U 1(2)Up—js(@) — Uj(:c)ﬁk_j_4(x))

hold for every n € Ny and 0 < j < k — 4. Moreover, when j = k — 1, using
the relation pprir—1(2) = Ur_1(2)q,(Tk(x)) we may write

Phpri1 (@) = Up 1 (@)au(Ti(@)) + U1 (2) T (2),(Te()) (4.24)
Multiplying both sides of (4.18) by (/]\,3_1(33)@(35) and taking into account
(4.24) and (4.21), we obtain, up to the factor + 7} (z)Ux_1 (),

L1 (T)Pnk-1(T) = Nokrk—1(2) Pk rk—1(2) + Mgy 1 (2)parsr(z)
where

Magk1(x) = =2\ + 1+ 1)1 (2)

~ 4.25
Nopsi—1(z) == (nk + k 4+ 2 \k + 1)aUj_1(z) — M\kUi_o(x) . (4.25)

Taking into account (2.15), (4.10), and (4.25), and using again some basic
properties of the Chebyshev polynomials, we deduce

Npptk—2() = = Nppgi—1(2) — 2Mppyi—1(z) — C(2)
—k(n+1+2\)azUp_1(z) . (4.26)
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Combining relations (2.15) and taking into account (4.10), we deduce

($2 — 1) Nopri—s(2)

= z( — ®(2) + $Mpksr-a(z) + 2 Npprp-a(2)) + 1 (C(2) + Nppsr—2(2))

= (2 = D) ((k =1 = k)l 1(2) = 5 (204 2(2) — 42Ty 1(2) - 2Tk 5()) )
so that

Nopsr-s(z) = (nk+k =14 20k)2Up 1 () — 22Ty _o(2) + 22Ty _y(z) . (4.27)
Finally, using (2.15), (4.10), (4.26), and (4.27), we obtain

EMppe—2(2) = —Npprr—s3(2) = Nupsr—2(x) = Clz)

= —2(nk +k — 1+ Mk)zUy_1(z) — 2EaUy_3(2)
T Mppi-3(2) = —Npprr—a(2) = Nopsr—s(x) = Clz)

= —2(nk + k — 2+ Mk)zUy_1(z) — aU;_s5(z),

hence
Mukk-a(r) = =2(nk + k — 1+ Mo)Up 1 (2) — 3T s(x) (4.28)
MnkJrk,g(ZC) = —Q(Hk +k—2+ )\k)kal(iL") — % k75(:€

Thus the proof is complete. |

Remarks 4.2. We can give alternative expressions for the polynomials M,
and N,, appearing in (4.14). Indeed, since

~ ~ ~ . 4_"(7m_n(x) if 0<n<m;
U,(x)U,(x) — U,—1(x)Up11(x) = ~
(@0)Tn(x) ~ Tus(2) T () { ) i Oamen
(4.29)

we may write
Moy j(2) = =2(nk + j + 1+ Med))Up_1(2) — 25U, ()
Ny () = (nk + § + 2 4 20k6;)aUy 1 (z) — 205 _o(x) + 20V (2),

where 0; :=14f 0 < 57 <k —2, 041 :=0, and Uy ; and V},; are polynomials
defined by

gty | Tl =01 (]
. 4—k+j+2ﬁ2j_k+1(x) if j=1+|%2],... k-1,
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Vii(z) = 4Ty () i 5 =0,1,..., |54
kj(Z) = N
J 4_k+j+1U2jfk+2(37) if j=1+ L%J,---,k— 1.

Remarks 4.3. Theorem 4.2 allows us to recover Theorem 3.1 in [2]. Indeed,
taking into account the three-term recurrence relation for {p,}n>0, as well as

(4.4) and the first identity in (4.13), setting y,(x) := B)(x; k), we obtain
(1= T3(2)) yn(2) = ga(@)ynr(2) + hu(@)yn() |
where g, and h, are polynomials defined by
Gt (@) == Up_1(x) {(nk + j + 1 + Xk)Up—1(x) + Nk, j(x)}
hoirj(x) == =Up_1(x) {(nk + 7)xUp_1(x) + \kUj_2(z) + NeH} j(x)}
for everyn € Ny and 0 < j <k —1, being %, ; and W}, ; polynomials defined
by

) _Uk’—2j—3($) if ] - 07 17 ce L%J
%kaj(x) = ) . . k—3
U2]fk+1($) if ]_1+LTJ7"'71€_17

—Up—2j— if j=0,1,..., |52
i = { L) 1 7=01 L2

Usj () if j=1+|52],...,k—1.

The second order linear ODE fulfilled by the sieved OPS of the second kind
follows now easily.

Theorem 4.3. The monic sieved OPS of the second kind p,(x) = v, B)(x; k)
satisfies the second order ODE (2.16), where

Jnksj(x) = P(x)Mpprj(x) |

Kupsl@) = $() Mgy (@) — D) M (2) (130)

Lukyj(x) = Nupsj(x) My ;(x) + (Qj(x) - N’I/1k+j(x))Mnk+j(x)
foralln>1 and 0 < j <k —1, being Myi1j and Nyiij given by (4.14), and

O(z) = (1 - ) 1(x), V(z):=— (2205 1(z) + k@A + 1)Ti(2))

Oj(x) = (nk +j + 1) (nk + j + 24+ 2Mk)Us_1(z) — 20T;(2)Uy_j_3(2) .
Proof: The first two equalities in (4.30) follow immediately from (2.17). To

prove the third equality in (4.30), we only need to take into account the third
equality in (2.17) and noticing that, using basic properties of the Chebyshev
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polynomials, as well as the relations U2 () — Upps1(2)Upp_1(z) = 4™™ (m =
0,1,2,...), the equality

a7(”bj+l)Mnk+j($)Mnk+j+1(x) — Npiyj () (Nnk;—i—j(x) + C(x))
O(z)
holds for every n € Nypand 0 < j <k — 1. |

= Q;(z)

It is worth mentioning that a misprint appeared in the ODE given in [2,
Theorem 3.2], as Professor Bustoz kindly commented to the third author

of the present work during a visited to the Arizona State University at the
1990’s.

5. On sieved ultraspherical OP of the first kind

5.1. Description via a polynomial mapping. Taking for {p,},>o the
monic OPS corresponding to {c)(+; k)}n>0, so that

(1+2)),
pkn+j+1(x) - 2kn—|—j()\ + 1) an—l—j—i-l(x; k) (51)

(n=0,1,2,...; 5 =0,1,...,k — 1), and using the three-term recurrence
relation for {c)(-; k)},>0 given in [1], we see that the coefficients appearing
in the (block) three-term recurrence relation (2.2) for {p,},>¢ are given by

b =0 (0<j<k-1), af =1 @2<j<k-1),
a(o)._ n (1) n—|—2/\

T AN T A
for each n € Ny. Hence, for every n € Ny and 0 < j < k — 1, we compute
An(2,7:2) = Ui(z), An(G+3,k—12) = Upj_o(x)

and so one sees that the hypothesis of Theorem 2.1 are fulfilled, with m =0
and being the polynomial mapping described by the polynomials

mu(x) = Uplx) = YU o(x) = T(x),  mea(x) = Upa(2), Go(x) =1.
(5.2)
Moreover, {g,},>0 is the monic OPS characterized by
1 I nn—1+2))

S Fmiym_1+y "N

rTo =Ty = 0’ Sp = 42_k a%o)an_l
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meaning that ¢, is up to an affine change of variables the ultraspherical
polynomial of degree n with parameter \:

n!
) = ),

Cy (2 'z) . (5.3)

For A\ > —1/2, the orthogonality measure for {c)(-; k) },,>0—given in [1]—may
be computed using Theorem 2.2, being absolutely continuous with weight
function

w(z) = (1— x2)A_%|Uk_1(x)|2)\, —1<z<1.

5.2. Classification.

Theorem 5.1. Let {p,}n>0 be the monic OPS corresponding to the sieved
polynomials {c)(+; k) }ns0, given by (5.1), being A\ € C\ {—n/2 : n € N} and
k > 3. Let u be the regular functional with respect to which {p,}n>0 s an
OPS. Then

D(®u) = Yu, (5.4)
where ® and ¥ are polynomials given by
() = (1 -2 Up_1(z), U(x):=—k2\+ DTi(z). (5.5)
Moreover, the corresponding formal Stieltjes series Su(z) fulfils
©(2)84(2) = C(2)Su(z) + D(z) , (5.6)
where C' and D are polynomials given by
C(2) i= 20U 1(2) — 2kATi(2), D(2) := =2k ugUy_1 (). (5.7)

As a consequence, if X € C\{—n/2 :n € Ng} then {c}(-; k) }n>0 is a semiclas-
sical OPS of class k— 1. If A =0 then {0 (-; k) >0 s (up to normalization)
the Chebychev OPS of the first kind, hence it is a classical OPS.

Proof: The case A = 0 is trivial, so we will assume A # 0. Let v* be the
regular functional associated with the ultraspherical OPS {C?},>0, and let
v be the regular functional associated with {g,},>0 defined by (5.3). The
relation between the corresponding formal Stieltjes series is

Se(z) = 2818, (2]“*12) .

Moreover,

~

$(2)S(2) = C(2)S¢(2) + D(2), (5.8)
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where ®(z) := —a2 +4'F, C(x) := —(2A — 1)z, and D(z) := —2\v,. Hence,
by Theorem 2.3,
©1(2)54(2) = C1(2)Su(2) + Di(2) , (5.9)
where &1, (1, and D, are given by
() = vom—1 () D(mr(x)) | _
Ci(x) := vy (2)D(mi(x)) + o1 (2)m} (2) C (my ()
Dy () = ugnp_ (2)m () D (i () -

Now, taking into account (5.2), and using relations (4.13), after straight-
forward computations and canceling a common factor U2 (z), we deduce

®(2)S,(2) = C(2)Su(z) + D(2) , (5.10)
where ®, C, and D are given by (5.5) and (5.7). Since Uy_1(£1) = k(£1)*1,
Ty(£1) = (£1)*, and taking into account that A # 0 and U, _; does not share

zeros with T}, we see that the polynomials ®, C', and D are co-prime, hence
the class of u is equal to s = max{degC' — 1,deg D} = k — 1. |

5.3. Structure relation and second order linear ODE. In this section
we derive the structure relation and the second order linear ODE fulfilled by
the monic sieved OPS of the first kind given by (5.1), so that

Prs1 () = Oncpig (@5k) , On = A+ 1)y /{27 + 1) [y }
for each n € Ny, and py(z) = 1.

Theorem 5.2. The monic sieved OPS of the first kind p,(z) = 9,_1c)(x; k)
satisfies the structure relation (2.14), where

O(z) = (1—2°)0pa(2),
My (2) = —2(nk + j + M) U1 (2)
— (U 1(2) Uk ja(2) = Uja()Up—ja(x)) ,  (5.11)
Nupyi(2) = (nk +j + 20k)xUp_1(z) — Mee;Up_o()
+2E (U1 (2) U j-3(x) — Uj-2(2)Us—j—2())

for everyn =0,1,2,... and 0 < 5 < k —1, being €._1 := 1, ¢g := 0, and
ej::%forlgjgk—z
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Proof: Making m = 0 in (2.11) and taking into account (5.2), we obtain
Prnt (@) = Ay (@)gn 1 (Th(@)) + 4l By () gn(Ti () (5.12)
where A;(x) = Aj_l(x)/ﬁk_l(x) and Bj(x) := ﬁk_j_l(x)/ﬁk_l(x). Taking
derivatives in both sides of (5.12), we obtain
Phn15(#) = Ai{0) i (Te() + Ci(2) 1 (Ti())

+ 40 By()an (Ti(0) + Dy(0)a, (Ti())
where C;(z) = A](x)ﬁé( ) and Dj(x) := 41_]'@%1)8 (x )f’(x) Multiplying
both sides of (5.13) by B;(x) and using (5.12), we deduce

Bi(@) (C(@)dhs (Tel()) + Dy (0)ai(Ti(x))
:Bj(x)p;zkﬂ( x)— B ( )Pnk+j(2) (5.14)
+ (A (@) B) () — A (2)Bj(2)) g1 (Te(w)) -

Now, since {¢,}n>0 is a classical OPS, it fulfills the structure relation (see

e.g. [15])

(5.13)

(), () = My (2)gn+1(2) + No(2)an(2) | (5.15)
being ®(x) = 4% — 22, N, (z) = (n+2\)z, and M, (z) = —2(A+n). Substi-
tuting x by fk(x) in (5.15), and then multiplying both sides of the resulting
equation by B;(z)D;(z), one obtains a certain equation. Similarly, substitut-
ing x by fk(x) in (5.15), and then changing n into n+ 1 and multiplying both
sides of the resulting equation by B;(x)C;(x), we obtain a second equation.
Adding these two equations and using (5.12) and (5.14), we deduce

LX) s (2) = FL2(T) P (2) +F3(2) P 1) (@) + F2(2) P2y (@) 5 (5.16)
where ., %, .3, and .4 are polynomials defined by

F1(2) = Bj(2)®(Ti(x)) ,
)

F(x) = Bj(2)®(Ti(w)) + Bj(2) T (x) N (Ti () ,
Fy(x) = (Aj(2)B)(z) — Aj(xzzs;(xl) O (Ti(x)) o (517)
+ Bj(@) (C(2) N (Ti()) + D) M (Th(x))
T, Ti(@)).,
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Taking into account the three-term recurrence relation for {p, },>0, we deduce

p(n+2)k(x) = (x(/jk 1( )_an+1Uk 2 ) P(n+
—al Uja ()p Pinriyr-1(T) (5.18)
Prktk—i(T) = Uk—j—i 1(@) Pkt j1 (T )—}1 k—j—i—2(2)Pri+j ()

foreveryn € Nyand 1 < j < k—i—1,7=0,1. Substituting (5.18) in (5.16),
we obtain
@) Ppsrj (2) = N (@) Pt 5 (2) + Mok () Pries j1 (2)
for every n =0,1,2,...and 1 < j <k — 2, where
Mgy (2) = K1 ()T j-1(@) ~ Ka(e )Ui—ja(x) (5.19)
Nk () = Fa(x) = S0 (2)Upj2(x) + 1Ko(2)Us—j s(),
being
Ki(z) = F(x) + Si(2) (20 (2) — ) Opa(@))
Ko(z) = Fi(@)ay ) U1 ().

Using some basic properties of Chebyshev polynomials we may verify that,
up to the factor Uy_;_1(x), the relations

Fi(@) = (1=a2)T(x)
Magj(w) = =2k + j + M) Uy ()
—4 (U 1(2)Ug—ja(z) — ﬁj—2(x)(7k—j—1($)) (5.20)
Npprj(z) = (nk+j+ INK) 2 U1 (2) — %Uk_z(x)
+ (ﬁj—l(l“)ﬁk—j—s(w) - ﬁj—2($)(7k—j—2(93)>
hold for every n € Ny and 1 < j < k — 2. Moreover, when j = 0, then using
the relation p,x(z) = ¢,(Tk(x)) we may write

(@) = T}(2) g, (Ti(x)) . (5.21)

Substituting « by Tj(z) in (5.15) and multiplying both sides of (5.15) by
f,g(x) and taking into account (5.21) and (5.18), we obtain, up to the factor
ﬁk—1($);

A1)y () = Mg (2)prrs1(2) + Nk (2)par(2)
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where
Mup(z) := =2k(A + n)Up1(z) ,  Nag(®) := k(n + 2X)zU,_1(z).  (5.22)
Taking into account (2.15), (5.7), (5.20), and (5.22), and using again some
basic properties of the Chebyshev polynomials, we deduce
Nupsio1(2) = 2( = ®(@) + IMypera(@) — ally My 1i(2)) + Nogp—a(2)
= (nk+k— 1+ 20k) 2T () — A\kUy ().

(5.23)
Finally, taking into account (2.15), (5.7), (5.20), and (5.23), we obtain

Mppri-1(2) = —Nupsr-1(2) = Nogr—2(x) — Clz)
= —2(nk + k — 1+ Mk)zUy_1(2) + 22Uy_3(x)
hence
Mg ipa () = =2(nk + k — 1+ M) Up_1(2) + 2505 _3(x) . (5.24)
Thus the proof is complete. |

Remarks 5.1. We can give alternative expressions for the polynomials M,
and N, appearing in (5.11). Indeed, taking into account (4.29), we may write

Mopij(x) = =2(nk + j + Akd)) Uy (z) — 20U, 5(2)
Noks5(x) = (nk + j + 22k)aU; 1 (z) — 203 () + V3 5(2)

where 0; :==114f1 < j < k-1, 00 :=0, and Uy; and V}; are polynomials
defined by

B 40419 () if j=0,1,..., 5]

Ui () = R
) { —ATHI () 0 j =14 (55, k-1

Ve (@) : 471 04_y_9;() if 5=0,1,...,[%2]
k.j = S
7 4Ty () i G =14 (B2 k-1

Theorem 5.3. The monic sieved OPS of the first kind p,(z) = 9,_1c)(x; k)
satisfies the second order ODE (2.16), where
Jnktj(x) = P(x)Mpprj(x) |
Ko@) = W) My (@) — ()M () (5.25)
Logsj(x) = Nupij(@) My () + (Qj(x) - NT/Lk+j($))Mnk+j(x)
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foralln > 1 and 0 < j < k—1, being Myy+; and Nypy; given by (4.14), and
O(z) = (1 —2)Up1(2), U(z):=—k@\+ DTK(z),
Qj(z) = (nk + j + 1)(nk + j + 2Xk)Up—1(x) + 2U;_1(2)Up—j—a(x) .
Proof: The first two equalities in (5.25) follow immediately from (2.17). To
prove the third equality in (5.25), we only need to take into account the third

equality in (2.17) and noticing that, using basic properties of the Chebyshev
polynomials, as well as the relations U2 (z) — Up1(2)Up_1(z) = 4™™ (m =

0,1,2,...), the equality
0l ™ Mg () Mgy 11 (2) = Nogeyj () (Nt j(x) + C(2))
®(z)
holds for every n € Ny and 0 < j <k — 1. |

= Q;(z)
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