Pré-Publica¢bes do Departamento de Matemadtica
Universidade de Coimbra
Preprint Number 17-39

MATRIX BIORTHOGONAL POLYNOMIALS, ASSOCIATED POLYNOMIALS
AND FUNCTIONS OF THE SECOND KIND

A. BRANQUINHO, J.C. GARCIA-ARDILA AND E MARCELLAN

ABSTRACT: In this work the interplay between matrix biorthogonal polynomials with
respect to a matrix of linear functionals, the k-th associated matrix polynomials and
the second kind matrix functions, is studied in terms of quasideterminants. A sort of
Poincaré’s theorem for the ratio of two consecutive matrix functions solutions of a linear
difference equation is also presented. Some new formulas connecting these families of
matrix functions are given.

KeEYWORDS: ratio asymptotic; quadrature formulae; Markov functions; matrix biorthog-
onal polynomials; generalized Chebyshev polynomials.

AMS SuBJECT CLASSIFICATION (2010): 33C45, 42C05, 47A56 (primary), 41A10 (sec-
ondary).

1.Introduction

Let {p,},oy be a sequence of orthonormal polynomials with respect to a
probability measure, u, supported on an infinite subset of the real line. It is
well known that {p,} . satisfies a three term recurrence relation

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn—l(x); n Z O,

with initial conditions py(x) =1, p_;(x) = 0, where (a,), .y and (b,) oy are
sequences of real numbers with a, # 0. If we assume that a, — a # 0 and
b, — b, then Nevai [9] proved that the convergence

 pa(2) z—b-l-\/(z—b)2—4a2
lim =
n—oop, 1(2) 2a

, 2€C\supp(u), (1)

holds uniformly on compact subsets of C \ supp (u).
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The functions of second kind, {q,} defined as

neN

gu(z) = f Pa¥) 4 (x), neN, zeC\ supp(w),

satisfy the same three term recurrence relation as {p,} but with initial

conditions q_,(z) = 1/ay, go(z) = f du(x)/(z —x).
By the Poincaré’s theorem for difference equations [11] it is possible con-
clude that

neN?

. gz  z—b—+/(z—Db)2—4a
lim =
n—0oo qn—l(z) 2a

, 2€ C\supp(u), (2)

uniformly on compact subsets of C \ supp (u). From this, Van Assche [14] (see
also [12]) showed that

lim p,(2)q(x) = —————, z€C\supp(w), ()
e V/ (z — b)? — 4a?
and the convergence holds uniformly on compact subsets of C \ supp (u).
Now, taking into account [6], we consider a positive definite N X N matrix
of measures and its corresponding sequence of matrix orthonormal polynomi-
als {P,},,y satisfying a recurrence relation

xPn(x) :An+1 Pn+1(x)+BnPn(x)+A—,|l—Pn—1: n= O;

with initial conditions Py(x) = Iy, P_;(x) = 0, where, A,, are nonsingular
matrices and B,, are Hermitian matrices; then the outer ratio asymptotics of
two consecutive polynomials belonging to the matrix Nevai class, i.e. if A, — A
and B, — B with A a nonsingular matrix, then {P, ;P7'A~'} _ uniformly
converges on compact subsets of C\I'® to f dW,5(y)/(x — y), where T will
be defined later, cf. (9), and W, 3 is the matrix weight for the Chebyshev matrix
polynomials (cf. [5]). A more general case was studied in [4, Theorem 4] for
matrix biorthogonal polynomials (cf. also [2]).

In the present contribution we are interested to analyze the analogous re-
sults in the matrix biorthogonal case (cf. [1] for a fresh introduction on matrix
biorthogonal polynomials) of those given in (2) and (3).

Observe that in this matrix scenario the Poincaré’s theorem is no longer
valid. The answers to these problems are given as Corollaries of the main
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result of this paper (cf. Theorem 6). Here we present the result for matrices
of linear functionals (and biorthogonal polynomials).

The structure of this manuscript is as follows. In Section 2, we exhibit the
basic theory of linear difference equations on the noncommutative ring of ma-
trices. In Section 3, we introduce the concept of matrix of linear functionals
and its associated families of matrix biorthogonal polynomials. Recall that the
families of biorthogonal polynomials are solutions of a second order linear
difference equation but these are no the unique ones. With this background,
in Section 4, we present results concerning the independence of solutions for
linear difference equations with matrix coefficients, as well as an explicit rep-
resentation for these solutions. In Section 5, we study the outer ratio asymp-
totics for the second kind matrix functions (see Theorem 6) generalizing for
the matrix case the results given in (2) and (3).

2.Linear difference equations on the ring of matrices

First of all we will fix some notation. Let R and C be the set of complex
and real numbers, respectively, and denote by CN*¥ (respectively, RV*N) the
linear space of N X N matrices with complex entries (respectively, the linear
space of N X N matrices with real entries).

For an arbitrary finite or infinite matrix A, the matrix A" is its transpose. The
matrix O will be understand as the null matrix of size N X N.

In the sequel, we will use the definition of quasideterminants coming from
the last corner of the block matrix to obtain connection formulas between
some families of orthogonal polynomials. They constitute a generalization of
the determinants when the entries of the matrix belong to a noncommutative
ring, and they share several properties with them.

Let Ac CM*M B e CM*N C € CN*M and D € CV*N, with A a nonsingular

A B
matrix. For the 2 X 2 block matrix ( c D) , the last quasideterminants is
defined by

A B\ 1
o.(& 5)mp-cas.

Notice that the last quasideterminant is just the Schur complement of the
block A.
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A B
Proposition 1. Given the block matrix, ( c D) , Wwhere A, B, C, and D are ma-

trices of size N X N, then:

A B —C —-D
1.det(c D)—det(A B)'

2. If A is nonsingular then det = det(A) det(D — CA™'B).

A B
C D
3. IfAand D — CA™'B are nonsingular matrices, then

-1
A B _(A'+A'B(D-CA'B)Y'cA™t -A"'B(D—CA'B)!
C D N —(D—-CcA B tcA™! (D-CA1B)™! '

Recall that if R is a ring, we say that a left module over R is a set M together
with two operations

@:MXM-—->Mand ©@:RXM —- M,

such that for m,n € M and a, b € R we have:
1. (M, ®) is an Abelian group.
2. (adb)om=(aoOm)®(boGm) and a®@(mé&n)=(a®@m)®(a®n).
3.(a®@b)Om=a®(be©m).

In a similar way, one defines a right module on R. If M is a left and right
module over R, then M is said to be a bimodule (cf. [10, 13]).

The module M is said to be a free left module (respectively, right module)
over R if M admits a basis, that is, there exists a subset S of M such that S is
not empty, S generates M, i.e. M = span(S) and S is linearly independent.

Recall that for matrices A, € CN*N, 0 < k < n, with det(4,) # 0, the matrix
P(x)=A,x"+A,_1x"1+---+A; x +A4, is said to be a matrix polynomial of
degree n. In particular, if A, = Iy, i.e. A, is the identity N X N matrix, then the
polynomial is said to be monic. The set of matrix polynomials with coefficients
in CNV*N will be denoted by CNV*N[x].

Observe that CV*N[x] with the usual sum and product for matrices is a
free bimodule and, in particular, a left module, on the ring CN*N with ba-
sis {x"Iy}, .. Important submodules of CV*N[x] are the sets CY*V[x] of ma-
trix polynomials of degree less than or equal to n with the basis {Iy,...,x"Iy}
of cardinality n + 1.
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The complex number, x, is said to be a zero of P if det P(x,) = 0. Clearly,
as a consequence, we have that P has at most n N zeros.

Now, we consider a sequence of matrices (A,) .y in CV*"[x] and take the
following k-th order difference equation

yn+k+An+k—1yn+k—1+"'+Anyn:O: neN, (4)

with initial conditions y, = cy,..., Yi-1 = k1, in CV*¥[x]. We denote by
(¥n(€)) x> Which belong to CV*N[x], the solution of (4) with the initial
condition ¢ = (g, €1, .-+ C_1)-

Proposition 2. The equation (4) with initial condition ¢ has a unique solution.

Proof: It is clear from the fact that given an initial condition c, y,(c) is com-
pletely determined. u

Now, we introduce the operator L as follows
k
L Yn= An+k—i Yntk—i with An+k = IN .
i=0

Observe that if (y,), oy is a solution of (4), then L y, = 0. It is easy verify
that the operator L is a right linear operator, i.e.

L(yna+2,8)=Ly)a+Lz)p, aBeC[x].

We will denote by S the set of solutions of (4).

Notice that if (,), .y and (2,),.y are solutions of (4), then since the oper-
ator L is right linear, we have y, a 4z, 8 is also a solution of (4).

Moreover, it is clear that S is an Abelian group under addition and since

ynla+pB)=ya+y,p and (y,a)B =y,(afp),
then we can conclude that S is also a right module over the noncommutative
ring CN*N[x].

Proposition 3. Let (y,(e0)) ens> (¥n(€1)) pens -+ » (Vn(ex_1)) e be the solu-
tion of (4) with the initial conditions

eOZ(IN,O,...,O), 61=(O,IN,...,O),...,ek_1=(0,0,...,IN).

Given a solution of (4), ( yn(c))neN, with the set of initial conditions given by
¢ = (co k1), then (¥,(c)), oy can be expressed as a linear combination of

(yn(ei))neNJ l:O})k_].
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Proof: Let z, = Zi:ol ya(e))c;. Since S is a right module on C¥*N[x], then
Zi:ol y.(e;)c; € S. Moreover, observe that z; =¢;, fori =0,...,k—1. The
above implies that (zn)neN is a solution of (4) with initial condition ¢, but
from Proposition 2, z, = y,, for every n € N. |

Given a set of functions {f; .} ., 1=0,...,k—1, f; , : N— C"*N[x]. The
set of functions { fi,n}neN ,1=0,...,k—1, are said to be linearly independent if
forallneN,

k—1
Zfi,n a; =0, a;€CVN[x], implies a;=0. (5)
i=0

Corollary 1. The set of solutions {(y,(e;)) ey : 1 =0,...,k—1} is a basis for S,
or equivalently, S is a free right module.
Proof: This fact follows from Proposition 3. ]

Given a set of functions {f; .} i=0,...,k—1, we define the block Caso-

rati matrix as

neN?

fO,n e fk—l,n
W(fO,nJ"'Jfk—l,n) = : T :
fO,n+k—1 tt fk—l,n+k—1
Theorem 1. A sufficient condition for the set of functions {f; ,},cx, 1 =0,...,k—

1 be linearly independent is that there exists i € N such that

det W(fon,-- > frx-1,) # 0.

Proof: If (5) holds for some 7 € N, then

0 fO,fz T fk—l,ﬁ aq

0 fO,ﬁ—l—k—l fk—l,ﬁ+k—l Ay

The above system has a unique solution if and only if W(f}4,...,fxs) is a
nonsingular matrix (see [8]). |
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3.Matrix biorthogonal polynomials

A sesquilinear form on the bimodule CN*N[x], with real variable, is a map
(.’ ) . CNXN[X] % CNXN[X] N CNXN,

such that for any triple PLQ,R € CV*N[x] of matrix polynomials we have
for all A,B € CN*N:
1. (AP(x)+BQ(x),R(x)) =A(P(x),R(x)) + B (Q(x),R(x));
2. (P(x),AQ(x) +BR(x)) = (P(x),Q(x)A" + (P(x),R(x))B.
If (P(£),Q(1)) = (Q(t),P(¢))", (-,-) is called a symmetric sesquilinear form.
Given a matrix of linear functionals, i.e.

u u

b1t Upp
where u; ; belong to the the dual space of C[x], we define its associated
sesquilinear form (P,Q), as follows

p
(BQN); =D (i, Pp(x)Qy(x)) -
k=1
In this case the support is defined as supp (u) := i 11 Supp (uy 1)

An important property of the sesquilinear form defined in terms of a matrix
of linear functional is that (x P(x),Q(x)) = (P(x), x Q(x)).
Let {V,} .y and {G,} _, be two sequences of matrix polynomials satisfying

(Vo (x),Gpr(x)),=In 6, n,meN.

The sequences of matrix polynomials {V,,}
onal with respect to u.

It is well known, cf. for instance [3], that for the sequences of matrix
polynomials {V,} .. and {G,} . there exist sequences of matrices (A,) .y
(B) pen» and (C,) oy » with A, a lower triangular matrix and C, a upper tri-
angular matrix, both nonsingular forn =0,1,2,..., such that

{G,} o are said to be biorthog-

neN?

xvn(x) :An Vn+1(x)+Bn Vn(x)+ Cn Vn—l(x)’ (6)
X GI(x) = GIH(X) Cpiq + Gz(x)Bn + Gz_l(x)An_l , (7)

with initial conditions V,(x) = GOT (x)=1Iyand V_;(x) = GIl(x) =0.
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Observe that from definition, C, = I. In the same way A_; = I;. Moreover,
the converse is also true, i.e. if we have two sequences of matrix polynomials
{V.} oy and {G,} . satisfying (6) and (7), respectively, then there exists a
matrix of linear functionals u, with respect to they are biorthogonal.

Now, from the sequences of matrices (A,), x> (Br) en»> and (C,) o With
Ay = Iy, one defines for each n € N the k-th associated polynomials {V}
and {GW} _ by the recurrence formula, for n €N,

neN

neN
k k
xVE(x0) = A4 VO, () + By V) + G VI (1), ©
k k
x G,(lk)T(X) = G( )1 (%) Crgeqr + G;S )T(X)Bn+k + G( )1 (X)Aniie-1,

with initial conditions V_(l)(x) =0, Vo(k)(x) = [y and G(_l) (x)=0, G(()k)(x) =
Iy.

In [4] is proved that for every n € N, Vn(k)(x) and G,gk)(x) have the same
zeros. Moreover, taking the N-block Jacobi matrix associated with the recur-
rence relation (8), i.e.

B, A, O

J(k): Ck+1 Bk+1 Ak+1
0 Cro Bro ™ ’

J© = J, the zeros of V{¥)(x) are the eigenvalues of J*), where J, is the
truncated matrix of J**) with size nN x nN. So, denoting by Ag{) the set of
zeros of Vrfk)(x) (or equivalently, of Gr(lk)(x)), we define

rk) = ﬂ M}E[k) where M}E[k) = U Ag{). 9
neN neN
If A,, B,, and C, converge, then by the Gershgorin disk theorem, there exists
a real number M > 0 such that | | _ A, € Dy, where Dy, = {x : [x| < M}.
Moreover, since J® is a submatrix of J, then again from the Gershgorin disk
theorem, we have | J, ., T® c D,.

For y ¢ supp (u), the corresponding families of second kind functions, {Q,,}
and {R,} ., are defined by

Qn(y)=<vn(x), i > and R1<y)=<I—N,Gn(x)>
Yy =X/, Yy —X

neN

u
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Observe that the families of second kind functions {Q,}, ., and {R,}
also satisfy the following three term recurrence relations

yQ (}’) =A Qn—l—](y) +BnQn(y) + CnQn—](y):
YR, (Y) =Ry, () Cr1 +R (¥)B, +R,_ (04,1,

with Qu(y) = (Iy.=2) , Qu(y) = Gl RI) = (H%5.1y) , and
RL(y)=AZ].

neN

Proposition 4 (Christoffel-Darboux type formulas). Let {V,} _, and {G,} _«
be the sequences of biorthogonal polynomials with respect to u. Let {Q,} .y
and {R,} .y be, respectively, the corresponding families of second kind func-
tions, then

(x - y)ZGT(y)Q () = G (1) Ay Qu1(x) = G (¥) Cry1 Qu(x) + Iy, (10)

m=0

and its confluent formula

ZGT(x)Q (x) = (G, 1 (X)) Coy1 Qu(x) = (G (X)) A Qi (x). (A1)

Moreover, we get the analogous Christoffel-Darboux and confluent formulas

(x =) D R () V() = R (V) Ay Vigr () = Ry (1) Gy V() — Iy, (12)

D R V() =RI()A V() =R (V) G VI(x).  (13)

Proof: We only prove (10) and (11). The formulas (12) and (13) follow in a

similar way. From recurrence formulas for {Q,,} .. (respectively, {G,.} _.)

multiplied on the left by G;nr (respectively, multiplied on the right by {Q,,}, ..,
we have
X G (¥)Qu(x)
=G (AR Qi1 () + G (1) Bp Qu(x) + G (1) Cr Qo (6, (14
Y G (y)Qu(x)

= GT_H(y) Cm+1 Qm(x) + GT(}’)B Qm(x) + Gl_l(y)Am—l Qm(x) . (15)
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From here, if we subtract (15) from (14)

(x = ¥)G (N Q)= (Gl (¥)An Quir(¥) = G]_[(¥)Ap1 Q)
— (Gl () Crp1 Qu(x) = G (1) €y Qur (X)) -

Summing the later from O to n and taking into account the initial conditions,
the result follows. To show the confluent formula notice that

Gl (¥)A,Qui1(¥) =G (3)Cri1Qu(y)+1Iy =0.

Now, observe that the Christoffel-Darboux formula can successively be rewrit-
ten as

- Gri1 (1) Crr1 () = G, (A Quin (1) + G5!
GT - _ n+1 n+ n n n<n+ 0
2, ) 2n() e
n Gr—lr(y)An Qn—l—l(x) - Qn—l—](y) . Gr‘lr+1(y) Cn+1Qn(x) - Qn(y) ,
X—y X—Yy
_ G;—(y)AnQn—l—l(x) - Qn—l—](y) . G,L_l(y) Cn+1 Qn(x) - Qn(y) ;
X—y X =Yy

and taking x — y we get the desired result. |

Now, we state a sort of reciprocal of Proposition 4.

Proposition 5. Suppose that we have two sequences, {V,} . and {G.}

of matrix polynomials, and two matrices of linear functionals u', u® such that

(Vi In) g = 60 and (Iy,G,) 2 = 8,0, N € N. We define the matrix functions

Q,(y) = <Vn(x), Iy > ,RI(y) = < Iy ,Gn(x)> and we assume that (10)
y=x /1 n y—x u?

and (12) are satisfied, then u* = u?.

Proof: Observe that from the confluent formula

n n—1

D GI)Qu) = D Gl Qu() + G () Qu(x);

we get using (10)

G, () Qn(x) = ((G1,1(x)) Copy + (G _1 (%)) Ayy) Qulx)
- (GI(X))/ (An Qn—i—l(x) + Cn Qn—l(x)) .
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or, equivalently,

Iy = G, T(x) (G111 (¥) Gy + G4 () A1) Qu(x)
— G T () (G (x)) (AnQui1 () + CQu_1(x)) QM (x). (16)
Now, for every n € N,
Iy = Gy () Gy Qu(x) = G (X) Ay Qua (), (17)

and as (G;T(x))’ = —G;T(x) (Gg(x))’ G;T(x) , we can rewrite (16) as follows

Iy =G, "(x) (Gl ,(x) Cpp1 + G [(x)A,_1) Qulx)
+ (G, "(x)) (G 1 (x)Crp1 + G (¥)A,1),

/
and so Iy = (Gn_T(x) (GnTH(x) Copq + GnT_l(x)An_l)) . Integrating the above
with respect to the variable x, we get that {G,} _ satisfies the following

recurrence relation

G (x)(xI=B)=G (x)Cpi1+ G (x)A,_;. (18)

A similar procedure for {Q,}, . vield
(I = B) Qu(x) = Ay Qs () + €, Qua (%) (19)

From (17), (18) and (19), we obtain Y.,_ G (x) (B, — B;)Q,(x) = 0, and
this implies that B, = B, , for every n € N.

Since {Q,},oy and {V,}, . satisfy the same recurrence relation (with dif-
ferent initial conditions), from the Favard’s theorem we can conclude, that
there exist a matrix of linear functionals such that {V,} _, and {G,} . are
biorthogonal. u

Lemma 1. Foreveryn €N, Q,_,(x) GnT_l(x) — Vn_l(x)RI_l(x) =0.

Proof: From the definition of second kind functions we get

Qn—l(x) G,—lr_l(x) - Vn—l(x)RI_l(x)

G._ V.
= <Vn—1(J’), ;_1(;)> - < X i(;):Gn—l(y)>
G, 1(x)=G,_ V. 1(y)—V,_
= <Vn—1(.y)’ . 1(x)2_y 1(y)> - < 1(y)3_y 1(X)3Gn—1(.y)> )
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and from the orthogonality conditions the result follows. u

Proposition 6 (Liouville-Ostrogradski type formulas). Let {V,} ., {G.} ox
be the sequences of biorthogonal polynomials with respect to a matrix of linear
functionals u and let {Q,}, . and {R,} . be their respective sequences of sec-
ond kind functions, then

Qu1(x)G(x) = V,_1(x)R] (x)=C*, (20)
V()R] ()= Qu(x)G] [(x)=A". (21)

Proof: We will prove (20) and (21) follows by using analogous arguments. We
proceed by induction. For n = 0 the result is obtained from initial conditions.
Suppose now that

Qr_1(x) Gl (x) = Vi (x)R (x)=C. ', k=0,1,...,n—1.

neN

Then, from the recurrence relation for GI and RI

Qn-1(x) GI(X) - Vn—l(x)RI(x) = (Vn—l RI_1 —Qn-1 GI_z)An—z Cn_l
+ (Qn—l(x) G,—lr_l - n—1R;lr_1) (X - Bn—l) Cn_l .
Thus from Lemma 1,
Qu-1(x) G, (x) = Vil (R (%) = (Ve ()R, () = Qe (X) G,y (%)) A5 C

If now we use the recurrence formulas for V,_; and Q,,_;, then from induction
hypothesis and Lemma 1, we get

(Ve COR, () = Qua(0) G_(1)) A, G
=A 1, (x —B,_2) (Voo (X)R)_,(x) = Qua(x) G, _,(x)) A2 C;
+A,1,C5(Qus(x) G, _,(x) =V, 3(x)R)_,(x)) A, C, !
= Agiz Ch—2 (Qn—?,(x) G;_z(x) - Vn_3(x)RI_2(x)) Ao Cn_l >

and the result follows from the induction hypothesis. ]

4. Casorati determinants.
Consider the matrix second-order recurrence relations
xyn:An.yn+1+Bn.yn+Cnyn—1a TlZO, (22)
X tn — tn+1 Cn+1 + tn Bn + tn—lAn—l , I Z 0. (23)
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Theorem 2. If {w,} .. and {v,} . are solutions of (22), then
det (W(w,,v,)) =det(A ") det(C,) det (W(w,_1,v,_1)). (24)

w 1%

n

Proof: First of all we recall that W(w,,,v,) = ( " ) . Thus from Schur

Wi+l Va+1
complement

det (W(w,,v,)) =det(w,) det (V41 — Wn+1W;1Vn) .
Since (w,) oy and (v,) oy are solutions of (22), then

— A1 — A1
Vi1 _An (X Vo — By, — Gy Vn—l): Wni1 _An (X w, =B, w,—C, Wn—l) .

(25)
Thus
Wi Wy Ve = —AL (X, = By vy — G W) (26)
If we subtract (26) from the first equation in (25)
Vigl = Wnaa W,V = =A Gy (Vo — Wy Wy vy (27)

As a consequence,

det (W(w,,v,))
=(—1)’det(w,) det(A;l) det(C,) det(v,_; — Wn_lwglvn). (28)

On the other hand, if now we consider the matrix W(w,,_;,v,_;), using the
fact that

-1 —1 —1 -1
Wn-1 Vn—1 —w, v, w, — Vi1 = WpaW, " Vy Wi W,
w, v, Iy 0 0 Iy ’
and
Wno1 Vna Iy 0 _ 0 Iy
-1 -1 - -1 b
Wi Vn _vn_lwn—l Vn_l Wpo1 — vnvn_lwn—l VnVn-1

and Proposition 1, we have that
det (W(Wn—l: vn—l)) = (_1)p det (Wn) det(vn—l - Wn—lwr?lvn)
=(—1)’det(v,_;) det(w, — VnV,?11Wn—1)-

Replacing the above in (28) we get (24). ]
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Proposition 7. The sequences {V,} . and {V;S)l}neN with initial conditions
(V_1,Vu) =(0,1y) and (V_(;), V_(ll)) = (—A,, 0) are linearly independent solutions
of (22). Moreover, they constitute a basis of S.

Proof: Since {V,}, . and {Vn(i)l}neN are solutions of (22), then using Theo-
rem 2, we successively get

det (W(V,, V")) =det (A1) det(C,) det (W(V,_;(x), V. (x)))

= [det(a) det(c;) det (W(V_4(x), VP (x)))
=1

j
=det(4,) ﬁdet (A;l) det (C;).
i=1

Now, as for every n € N, det(A,) # 0 and det(C,) # 0, we get that {V,,} _.

and {Vn(i)l}neN are linearly independent.
Recall that if (y,(e;)), oy, 1 =0,1 are the solutions of (22) with initial con-
ditions (I, 0) and (0, I ), respectively, then

V() = yuler), VO (x) = —ya(en)Ao,

and so
—Ag O
) — 0 .
(Vn—l(x) Vn(x)) - (}’n(@o) yn(el)) ( 0 IN) s
which implies that {V,} _. and {V{"}} _ constitute a basis for S. |

From Proposition 7 it follows that every solution of (22) is a linear combi-

nation of {V,} _, and {Vn(i)l}neN. In particular

v (x) = V() 1+ VI () 1 (29)

n

Taking n = k and n = k — 1, we get the representation
-1 -1
(V) Vi) (Vi) v
Te=0.| 3 and 7, =6, (1) :
Ve (x)  Vi(x) Vilx)  V, 3(x)
In particular, if we take k = 2, from (27) we obtain

x VO () = V() Ag + VI () AT By A + VL () ATIC, A, .
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Proposition 8. Let {V,} _. and {V*,} _ satisfies (22) with initial conditions
k) 1,k -
(V—lz VO) = (O: IN) and (V_(z): V_(l)) = (_Ck_llAk—la O) Then:
k
x Vn(_)l(x)
- Kk - k -
= V& D) A+ VE )AL B 1 Ay + VT VO A CAL . (30)

Proof: From (29) and taking into account (27) we get

vE)AL G ==V L0 (V0 = Vi () (Vo)) v ) ™
~ Vo100 (Vi () = v ) (VP o)™ V() . (3D
On the other hand, observe that
AL (xIy —Bi_p) = (VR )+ A2 G V() (v et
Al (xIy =B ) = (Vi) + A Gy Vi o () (Vi ()71

Thus, from the recurrence relation (22) and (27)

(Vi) = v o) (VL e ™ Wiea () ALY (x Iy — Bye_y)
= (VI e A Vi) + (VL) (V) Vi) = Vi () 7
— V)G A V() (VL)) TV () T

and so

(Vi) = v o) (VL e ™ Wiea () ALY (x Iy — Byey)
= — (Veer (0) = VL o) (V2 0) Ve () ™
+ (Ve () = VL ) (VRGO Wi, () ™. (32)

In the same way, we obtain

(V30 = Vo) (Vi o))"V () ALY (x Iy — Biey)
= — (VI 00) = Vi1 () (V) v o)) 7
+ (V(x0) = Vel1 () (Vo) VD 0)) 7 (33)
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Replacing (32) and (33) in (31)

V5 COAT Ce= (Vaaka (GO 1+ Vg () i) AL eIy — Bia)
— (Vg1 () v + V. +k_2(x)"7k—1)
and so
Vo3 V)AL e = V5 ()AL (xly = Biy) = V()
and the result follows. ]

In a similar way, we get the following result.

Proposition 9. The sequences of matrix polynomials, {G,}, .. and {Gr(ll—)1}
are linearity independent solutions of (23). Moreover, for every k € N,

G () =7 G () + 1 G (x0),

neN

where

T () G(l)T(x))l (GT ) G\
Y. =0, k2 k=1 and 7, =0, &3 ;
T (G,I_l(x) Gy (x) <=0 {607 60T ()
moreover, the following relation holds

x G () = G GE VT () + CBi1 G LG (x) + CrAr_1 oL GY T ()

Since {Qn}neN and {R,}, . are also solutions of (22) with initial conditions

Q)= (I 25) » Q) =G R30I = (5 1), and R, () = AT}

then for x € (Cy\ )scupp (u) it is clear that
Qu(x) = V() Qo(x) = V1 (x) Ay, (34)
RIG) =R ()G (x) - 76 (x). (35)

From here we get

v (x) = <V(X) V.(y)

X—=Y

-
IN> Ao, G,Sl_)l (x)=¢ <IN,
u

Using a similar argument as in Proposition 7,

G,(x)— Gn(y)>
X—=Yy u .

det (W(Q,.V,5})) = ]_[det (A7) det(C;) det Qi1 (x)),

j=
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Proposition 10. The sequences {Q,}, ., and {V}
dent solutions of (22) in x € C \ supp (u). Moreover,

V(k)k(x) = V,(x) ap — Qu(x) By,

1y are linearly indepen-

with

_ Qi—1(x) Viq1(x) - _ Vie1 (%) Qp—q(x) -
“k‘@*( Qi) vk(x>) and ﬁk‘@*( Ve(x) Qk(x))

In the same way, {R!}, _ and {G(k)k }oen
tions of (23) in x € C \ supp (u); moreover;

(G N =8, G (x) - BRI (x),

also are linearly independent solu-

with

_(RL_,(x) RI(x) -1 - 6T () 6T\ "
a, =0, (Gir_i(x) Gir(x)) and f3, =0, (R;{kr_i(x) Rir(x))

Proposition 11. The following Christoffel-Darboux formulas hold

Vn(x) - Vn(y)
X—y ’

n
k _
> VAL Vi (x) =
k=1

3 610G T () = =G
k=1 x—y ,

as well as its confluent expression

n
k —
D Ve GOAL Ve () = V),
k=1

D G 0¢6W ()= (G (x)) .
k=1

Proof: Fork <n

k — k— k — k
yv Al =vE L) +vE Al B +VEL (A G,

XA;ilvk—l(x) = Vi(x) +AZ_1Bk—1 Viea(x) +AZ_1CI<—1 Vi—o(x).
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From here

(=) VAL Vi () = (VE RO Vi ()-V () A1 G Viol))
— (V50 Vi0) = V5D (DA G Vi s (3)) -

Summing the above on k from 1 to n and taking into account that for every
k € N, Vo(k)(x) = Iy and V_Ui)(x) = 0 we get the result. The confluent form
is obtained when y tends to x. Formulas for the sequences {G,} ., and
{GW} _, are deduced in a similar way. |

As a consequence of Proposition 11, we find that for k =1,...,n,

L . |74 -V
VO )AL, = Z VP OA (Vs (0), G (), = < ”(yy) — x"(x), Gk_1> :
J= u

n

_ _ T
C G0 =) (V). G (1), €16 (x)
j=1

_ <Vk_1(y), Gn(.y) - Gn(x)> .

Yy —X

When k = 1, we recover the classical formula for Vn(i)l(x), Glgl_)l(x). Algebraic
manipulations for the above equations yield

VO GAL = V(R (x) = Q00 G, (x),
Ci G2 () = Quea (¥) G, (%) = Ve () R (x).
The above, together with Proposition 10, yield

Q) V) (Vi) Q)Y
Ry At = O, ( kax) Vkéx) ) G ()4 =6, ( szx) Qkéx) )

o (R0 RIGOY (6l Gl
Qa9 =6: (Gfi(x) Gfm) bt =6. (R;(krj(x) Rl,f(x)) |

5.O0uter Ratio Asymptotics

First of all, we are going to state two important theorems which can be find
in [3, 4], see also [5, 7].

b
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Theorem 3 (Markov type Theorem). Let {V,} . and {G,}, be the se-
quence of matrix biorthogonal polynomials with respect to u and {Vrfl)}neN and

{Gr(ll)}neN be the corresponding sequences of associated polynomials. Then,

fim V. 1V 00 = ( ) 40, xec\r®

I
hm G(l)1 (x) G_T(x) = <x iv > , xeCc\rvw
u

and the convergence holds uniformly on compact subsets of C \ I'?.

In the sequel, given three matrices a,y (nonsingular) and 8, we define the

left-orthogonal second kind Chebyshev matrix polynomials, {Urf’ﬁ’a}neN, by the
recurrence formula
xUMPe(x) =y U,ffla(x) +B UM (x)+a U,Z’_ﬁl’a(x), n>0, (36)

with initial conditions Ug’ﬁ *(x) = Iy and Uf’lﬁ “*(x) =0, as well as the right-
orthogonal second kind Chebyshev matrix polynomial, {T,z’ﬁ Y(x)}, o glven by

X T&P7(x) = T () a+ TP () B+ TP (x)y, n>0,

with initial conditions T, “FY(x) =1, and Tf’lﬁ T(x) = 0. We denote by u’P*
the matrix of linear functionals for which the polynomials Urf’ﬁ %(x)and Tr‘l’"ﬁ T(x)
are biorthogonal.

Theorem 4 (Outer Ratio Asymptotics). Let {V,} _ and {G,} . be the se-
quences of matrix biorthonormal polynomials with respect to u. If A, — A,
B, — B, and C, — C with A, C nonsingular matrices, then

I
lim V,_;(x) V. Y(x)A L, = <—N,1N> , x€C\TO,
n—o0 X—Y uC-BA

T Iv ©
th G, (x)G ()= —IN , xeC\T";
n—o0 -y uC:BA

and the convergence holds uniformly on compact subsets of C \ I'®). Moreover, if
Fepalx)= <ﬂ I N> oo then Fep A(x) is an analytic matrix function satisfy-
ing the matrix equation

CFC,B,A(X)AFC,B,A(X) + (B - XIN)FC,B,A(X) + IN — 0.
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Corollary 2. With the conditions of Theorem 4, for x € C\ I'©, the following
limits hold uniformly on compact subsets of C \ I'©:

lim Vn_l(x)Qn(x) =0, lim G;l(x)Rn(x) =0, (37)
. — ~1=-T(v) — - -1 p- -T _
lim V.7, (x)C, "G (x) =0, lim VA7 G (x)=0. (38)

Proof: The limits in (37) are obtained from (34)-(35) and Markov theorem.
On the other hand, from Liouville-Ostrogradski formulas we get
n_ll(X)Qn () =R, ()G, '(x) =V (x)C G, T,
p1 ()G () =V, () Qu(x) =V, ()AL G

Taking the limit when n — oo in the above identities we get (38). ]

Theorem 5. Let assume the moment problem for u is determined and {V,} _y
and {G,}, .y be the sequence of matrix biorthogonal polynomials with respect
to u, as well as {VIV} _ - and {GW} _ be the respective sequences of the k-th
associated polynomials. Then, for all k € N, the following limits

. — k
lim V, ') VP () =R]_,(x)A_;, xeC\T®

lim GG T(x) = CQua(x), xeC\TW

holds uniformly on compact subsets of C \ T'®),

Proof: We only prove the first formula. The second one follows in a similar
way. We use induction on k. When k = 1 the result is a straightforward
consequence of the matrix Markov theorem. Now assume that the result holds
true for a k, by (30) we have that

k k — k— k _ _
v (o) = (x v )AL, - v P 0 - v (0 AL Biy) G Ay,

so, from induction hypothesis

lim V() V, 50 60) = (e R, 00) = RY_,(x) Ay = Q)1 (x) Bi1) G M Ay,

and so the convergence of {Vn_l(x)V(kH) (x)} holds uniformly on compact
subsets of C \ I'® to RZ(X)A;(. [
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Let u®) be the matrix of linear functionals and {V¥} _, {G®} _ the cor-
responding matrix biorthogonal polynomials with respect to u. From Markov
theorem

I
lim (V)" v D (x) = < N ,1N> A, xeC\T®,
n—o00 X—Y u®

I
lim Gy () (GP) ™" = G <—N,IN> , xeC\TW,
n—00 X =Yy u®

and the fact that
(VO VED () = (V) WV, () VL) VED (),

G (6P T =6 () 6. (06T () (GER) T,

we obtain that, for every x € C\ k)

I
< - ’IN> =A R ()R] (x), (39)
X =Yy u®

I
< - 1p> = UL

x—y’
Theorem 6. Let {VV} _ and {GV} _ be the sequences of k-th associated

polynomials which are biorthonormal with respect to the matrix of linear func-
tionals u. IfA, — A B, — B, and C,, — C with A, C nonsingular matrices, then

I I
111‘1‘1 < N ’IP> :< N ’IN> , ZE(C\UF(k),
k—oo \Z2— X u® z2— X uABC X

and the convergence is uniform on compact subsets of C \ Uk o,

Proof: Firs of all, we will prove that

lim <Uf’B’C(x),IN>u(k) =1Iy649, (40)

k—o0

: (k)
Since {Vn }nGN :
{ €N there exists a set of matrices (A;,x),_, such that

is a basis of the bimodule of matrix polynomials, then for each

14
k
U?,B,C(x) — Z Aj,ﬁ,k‘/j( )(.X') )
j=0
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From orthogonality

14
A,B,C k
(U0 I ) o = 2By (VOGO Iy ) = Bgge (@4D)
j=0

Observe that (40) is proved if lim;_,, A; ; , = Iy 6, ;. We proceed by induction
on {. For £ = 0 the result is immediate since from (41), Ay = Iy, and for
Jj#0,Ajox=0. Now suppose the result is valid up to £ . From (36) we get

UABC k
Ajprpe= < ag (X)), G( )(X)> “

= (A7 (x U0~ BUM () - UM (), 61(0))

(k)

— A,B,C k _ _
=A"" <x UM (x), G )(x)>u(k) —ATBA  —ATICA 1.

On the other hand, from the symmetry condition

A7 <U?’B’C(x), X G(.k)(x)>

(k)

-1 /+.ABC (k)
=A <U (x), ]+k+lG]+1
=A""(Aj10x Corjir + Dk Brr A1k A1) -

From here we get that

() +B G AT, G (0)

j+k

A1k =AT (A1 Crpjor + Do Brys + A1 0k Akt
—BA; k= CAjy1y). (42)

Observe that for j < { —2 or j > £ + 2 the induction hypothesis and (42) show
that limy_,,, A y11, = 0. Now, for j =€ —1, £ and £ + 1 we get

lim A, =A'C—A"'C=0,
k_)w J J
lim Ay =A"'B—A"'B=0,
k_)w 5 J

. _ -1 _
kh_{go Apprpip =A A=1Iy.

We are now ready to prove that

I I
lim <_N,IN> =<_N,1N> L zec\Jr®,
k—oo \ g — X u® Z— X AB,C X

u
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If the above is not true, then there exist an g € C\ Uk '™ and a sequence of
nonnegative integers (k,,), ., such that

I I
< l )IN> - < N JIN>
z— X ukm) z— X uABC

where C is a constant. Since {u(k)} ey 1S a sequence of matrices of linear func-
tionals with compact support contained in |_J, I'®¥ and such that (Iy,Iy) o =
Iy, then from Banach-Alaoglu’s theorem, there is a subsequence (s,,), o from
(k) nex such that dubn) converge to a matrix of linear functionals v with
compact support contained in D,;, for every matrix polynomial f, i.e.

rr%l—r}c}o <fJIN>u(sm) = <f’IN>V )

In particular, if we take f = U?’B’C(x), then <U?’B’C(x), IN>V = Iy 6. Since
fusbCy . is abasis of CN*N[x] and v, u*?© have compact support, we get
v = u*®C but the inequality (43) is not possible. The uniform convergence
follows from Stieltjes-Vitali theorem. |

>C>0, (43)
2

Corollary 3. Under the hypotesis of Theorem 6 we have that, {Q,Q, ', C. '}, _
and {A;LR;_T RI} uniformly converges to F,p. on compact subsets

of C\ U, o, 1

Since the recurrence relations for {Q, }

neN

oy and {R,} _. can be rewritten as

xXly =An (Quia () Q, () Cy) Cria + B, +(Qu(0) Q2 () )7,
xIy =A, (A'RT(x)Q), ,(x)) Copy + B, + (AL R ()Q ()7,
then the analytic function F, 5 . also satisfies a matrix equation
AFypc(x)CFypc(x)+(B—xIy)Fppc(x)+1Iy=0.

Corollary 4. Under the hypothesis of Theorem 6 we have that the sequences
ROV} and {G,TQ; '} . uniformly converge on compact subsets of

C\J, T® to FC_}S’A(X) —AF, 3 c(x)C.

neN

Proof: As a consequence of Christoffel-Darboux formulas when x = y
(G2 () G (X)) Gy =4, Quia () Q' () = G ()7 1Q, (%)
An Vn+1(x) Vn_l(x) - (Rn+1(x)R;1(x)) TCn+1 = Rn(x)_TVn_l(x) )

from here the limit follows. ]
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When the sesquilinear form, (.,.), is associated with a positive definite sym-
metric matrix of measures, u, we have the representation

(P(x),Q(x)) = J P(x)dpQ'(x).

Here we have orthonormality i.e. V,, = G, and they satisfy a recurrence rela-
tion

x V(%) = AV (x) + B V() +A]_V,_1(x), n>0,

with initial conditions V_;(x) = 0 and Vy(x) = Iy, A, nonsingular matrices
and B,, Hermitian matrices. Thus, if {Vn(k)}neN is the sequence of k-th asso-
ciated matrix polynomials which are orthonormal with respect to the matrix
of measures du'®) and A, — A, B, — B with A a nonsingular matrix and B a
Hermitian matrix, then

. Jdu(k)(X) JdWAT,BT(x)
lm | ——=| ———,

k—o0 zZ—X zZ—X

and the convergence holds uniformly on compact subsets of C \ Uk r,
Here, dW,r gr denotes the matrix of measures for which the polynomials

UfT’BT(x) defined by the recurrence formula

xUAB () =AUL P () + BUA P () + AT UA 2 (x), n>0,

are orthonormal.

Moreover, if we assume that the matrix A is positive definite and the matrix B
is Hermitian, then in [5] is showed that

f d WAT’ BT (x ) 1

=-A"YzIy —B)A™!
Z2—X 2

1
— EA—l/2 (VA Y2(B —zIy) A} (B — 2l ) A2 — 4L A2,

for z & supp (W,r 7).
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