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ABSTRACT: We consider the generalized Goursat-Darboux problem for a third or-
der linear PDE with real constant coefficients. Our purpose is to find necessary
conditions for the problem to be well-posed in the Gevrey classes. Since this prob-
lem can be reduced to the Cauchy problem using permutations of independent
variables, we solve it for a ODE with complex coefficients and two unknown initial
data. In order to prove our results, we first construct an explicit solution of a family
of problems with initial data depending on a parameter n > 0 and then we obtain
an asymptotic representation of a solution as n tends to infinity.
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1. Introduction

The generalized Goursat-Darboux problem for a third order linear PDE
with real constant coefficients in the space C* was studied in [2], [3]. Given

an open set ) C R3"™ neighborhood of the origin, the most general problem

is defined on €2 by

( 0,0,0,u(t,x,y,2) = Z ahk’j’gaé@f@i@gu(t,x,y,z)
I+ k+i+1€1<3
I #3,k#3,j#3

uw(0,z,y,2) = fi(z,y, 2)
u(t,0,y,2) = falt,y, 2)
L u(t,x,O,Z) = fg(ﬁ,ﬂf,Z)

where initial data satisfy the necessary compatibility conditions:

f1(07 Y, Z) - f2(07 Y, Z)

fi(z,0,2) = f3(0,z, 2) (1.2)
fg(t,O,Z) = fg(t,O,Z) .
fl(O, 0, Z) = fg(o, O, Z) = f3(0, O, Z) .
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It was showed in [3] that if the problem (1.1)-(1.2) is locally C'* well-posed
in the neighborhood of origin then the coefficients ag ¢ with | £ [< 3 are
Zero.

The necessary conditions for the problem to be C*° well-posed are very
strong. Our goal is to investigate the local solvability of this problem in
the classes of Gevrey functions [5].

Definition 1.1. (Gevrey classes) Let s > 1 be a real number and 2 be an
open subset of R™. The Gevrey class of index s on 2, I'*(2), is the space of
all the functions f € C*(£2) such that for every compact K C € there exist
constants C' > 0 and L > 0 satistying

sup | 9°f(x) |< CLIYa1® (1.3)
reK

for all multi-index .

It is well known that there is a scale of Gevrey classes I'*(Q2) of index s > 1:
1<s<s = TI0)cIQ).

In fact these classes play an important role as spaces intermediate between
the spaces of real analytic functions (s = 1) and C*°(2). In addition we have

cr @ ; Y@ coxQ).
s>1 s>1

We need to give a topology for I'*(Q2). Let L be a positive constant, we denote
by I'] ;- the space of smooth functions f € ) such that for every compact
K CQ,

7117 = sup[L™ elal™ sup | 07 () [] < oo
xre

We also consider the space of functions in I'} ;- with compact support,

Fi,K(Q) ={feC>): suppf C K, HfHSLK < oo},

which is a Banach space endowed with the norm || f||5 5. From a topological
point of view, the Gevrey classes

are projective limits of inductive limits of Banach spaces [9].
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2. Formulation of the generalized Goursat-Darboux prob-
lem
Let m = 1, without loss of generality, and let 2 C R* be an open set,
neighborhood of the origin, defined by
Q={(t,z,y,2): [t| <to N |z]<z0 A |yl <wo AN |2] <20}

We consider the simplest Goursat-Darboux problem on €2 for a third order
linear PDE with real constant coefficients:

rat(?auta:y, ZA@J (t,z,y, 2)
0<5<3
¢ u(0,2,y,2) = filz,y, 2) (2.1)

U(t,O,y,Z) — fg(t,y,Z)
| u(t,2,0,2) = f3(t,z,2)

where initial data satisfy compatibility conditions (1.2) on characteristic hy-
perplanes:

Y1 ={(t,r,y,2) ER*: t =0}, X = {(t,7,y,2) e R* 12 =0}, (2.2)

Y3 ={(t,z,y,2) e R*:y =0} . (2.3)

The problem (2.1)-(1.2) is a generalization of the problem studied by Hasegawa
[7] for a second order linear PDE. It is called the Goursat problem of three
faces.

Let us now introduce the definition of the well posed problem in the Gevrey
classes in the sense of Hadamard [6].

Definition 2.1. (Problem well-posed in the Gevrey classes)

Let s > 1 be a real number and €2 be an open subset of R™, neighborhood
of origin. We say that the problem (2.1)-(1.2) is I'*(£2) well-posed on  if
there exists a neighborhood U C €2 such that

e For every f; € I'*(2 N %;), the problem (2.1)-(1.2) has a solution
u e I(U);

e [t is unique;

e It depends continuously on the data. This means that for every com-
pact K C € and every constant L > 0 there exist compacts K; and
constants L; > 0,7 =1,2,3, and C' > 0 such that
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Our purpose is to find necessary conditions for the problem (2.1)-(1.2) to
be well-posed in the Gevrey classes. We will try to find some critical index
sg such that if the Goursat-Darboux problem is well posed in I'* for s > s
then the coefficients of the derivatives with respect to z are zero.

We begin by showing how the problem (2.1)-(1.2) can be reduced to a Cauchy
problem following the ideas of Bronshtein [1]. It is easy to see that the
differential operator

00,0, — (A30%, + Ar0% + A0, + Ay)

and the three characteristic hyperplanes ¥J; remain invariant under any per-
mutation of the independent variables ¢, x and y. Let p be the minimum
value between ty, zy and yy and

Q= {(Ley.2) | tl<uAlzl<pn [yl<nnlzl<z)

be an open set, 2, C Q. From now on we suppose that the problem (2.1)-
(1.2) is I'* well-posed on ). By linearity, if u(¢,z,y, z) is a solution of the
problem (2.1)-(1.2) on © then

v(t,z,y,2) = ult,z,y, 2) +u(x,y,t, 2) +uly, t,z, 2) (2.5)
is a solution of the corresponding problem on €2,
0:0,0yv(t, x,y, 2) ZA(?Utxy,)
J<3
9 U(Oa r,y, Z) - fl(x7 Y, Z) + fg(l', Y, Z) + f2(y7 €, Z) (26>

U(t7 07 Y, Z) = f?(ta Y, Z) + fl(yatn Z) + f3(y7t7 Z)
L v(t,2,0,2) = f3(t, @, 2) + folw,t,2) + fi(t, 2, 2) .

We then reduce the number of the independent variables by setting ¢t = = = .
We can define a function w by w(r, z) = v(r,r,r, z) on

Q={(r,2):|r|<pA |z|<z}CR2

(

Its partial derivatives with respect to r are given by
Ow(r, z) = 30w(r,r,r,2), O%w(r, z) = 90;0,v(r, 7,7, 2)
Ow(r, z) = 270,0,0,0(r, v, 7, 2) .
For every parameter n > 0, taking
v(0, 2,1, 2) = v(t,0,y,2) = v(t,x,0,2) = e
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we are looking for a unique solution depending continuously on the data. If
v, is solution of the problem on 2,

010,0,0(t, z,y, 2) ZA@Uta:y,)
<3 | (2.7)
v(0,2,y,2) =v(t,0,y,2) = v(t,x,0,2) = "?

then w,(r, 2) = v,(r,r,r, 2) is solution of the Cauchy problem on Q

Ohw(r,z) = 27(A30% + A0% + 410, + Ag)w(r, 2)
w(0,2) = €.

Notice that there are two arbitrary data 9,w(0,z) and 8%w(0, 2).

(2.8)

3. Solving the Cauchy problem

Applying the method of separation of variables we determine a unique
solution of the Cauchy problem (2.8) in the form w,(r, z) = m,(r)e"”*. Hence
my(r) is solution of the initial value problem

m'" (r) = 27(—Aszin® — Ayn® + Ayin + Ag)m(r)

Z’((O()))zzloz (3.1)
m"(0) = 5
where o and 8 are unknown. In order to solve a third order linear ODE
m"” (r) = 27(—Asin® — Aon® + Ayin + Ag)m(r) (3.2)
we use its characteristic equation
N —27p(n) =0 (3.3)
where p(n) = —Asin® — Ayn? + Ayin + Ap is a polynomial with complex

coefficients.

Lemma 3.1. Let v and 7 be two conjugate complex roots of unity. If A, # 0
is a solution of the equation (3.2) then the solution of the problem (3.1) is
given by

my(r) = %(1 +ay + by)et + % (14 Fay +~by) 7"+
B (3.4)
+3 (1 + va, + 7b,) 74

Q
where a, = — and b, =

s
A, Az
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Proof: Let A, # 0 be a solution of (3.2). If v and ¥ are two conjugate
complex roots of unity then by de Moivre’s formula the general solution of
the (3.2) is written in the form

my(r) = ChLe™ + Coe ™ 4 Oy

where C7,C5, C3 € C are arbitrary constants, which are determined from
initial data of the problem (3.1) by solving a linear system. _

If A, is a real root of the (3.2) we simplify (3.4) by using the Euler’s
formula.

Theorem 3.1 (Characteristic equation with one real root). If A, € R — {0}
then

m,(r) = 2(1 — c;)e™" + 1 (24 ¢,) cos (V3A,r/2)e 42+
(3.5)
—|—\/T§al77 sin (v/34,r/2)eAn"/2
where ¢, = —a, — b, and d, = —i(a, — b,).

If A, is a pure imaginary root of the (3.2), (3.4) can be written in a simpler
expression.

Theorem 3.2 (Characteristic equation with a pure imaginary root). If A, =
—iB, with B, € R — {0} then

my(r) = % [(2 + ¢,) cosh (vV3B,r/2) + v/3d, sinh (\/anr/Q)} i Bur/2 4
e

e a B
where cn:B—%—zgn and dn:E—zgg.

(3.6)

4. Asymptotic representation of solutions

In previous works ([2], [3], [7]) an explicit solution of the generalized
Goursat-Darboux problem involves a hypergeometric function of several vari-
ables. However some difficulties for obtaining asymptotic representations for
these functions were pointed out in the paper [4].

In our work we have a linear combination of complex exponential functions
as solution of the Cauchy problem. We provide asymptotic representations,
as 7 tends to infinity, for the absolute value of complex functions m, on a
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compact, which depends on n and s. Our approach is based on asymptotic
analysis of the initial data in order to have only one exponential function as
dominant term, that is, when one exponential function tends to infinity and
the others tend to zero.

Here R(p(n)) and S(p(n)) denote the real part of p(n) and the imaginary
part of p(n), respectively.

Theorem 4.1. If S(p(n)) =0, Ay # 0 and s > 3/2 then there exist a constant
¢ > 0 and a compact K,, neighborhood of the origin, such that

sup | my(r) |~ ce VA=l (4.1)
rek,

as n tends to infinity.

Proof: By assumption S(p(n)) = 0 and Ay # 0. The equation (3.2) has one

real root A, = —3+/An? — Ay, then by Corollary 3.1 the solution of the
problem (3.1), m,(r), is given by (3.5). Let’s see three cases that may occur

depending on complex values ¢, = _Ag — % and d,, = —1t <Ag — %) We
n 7 n n

first suppose that
[ dy [=O( 1=y DA |24 ¢ |=0(1—c ).

We choose a compact I,

1

(2,00},

K,={(r,z):(r,z) =%

in which
sup (Ayr) = /| Az [n'/* .

rek,

Notice that if s > 3/2 then K, is a neighborhood of the origin on R?. Since

2+ ¢,) cos (23| Ay [t/ 2 /1A' 1 o | e VA2
T U
and

‘ dﬁ sin (2—1\/53 | Ay |771/8) | 6*2713/\A2|7I1/S _ 0(‘ 1_ ¢ | 63 |A2‘,’71/s)

we obtain

1 3 1/s
sup | my(r) |~ 3 | 1y | /72 (4.2
rek,
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with % 5|1 —c,|>c>0,asn tends to infinity. Then we suppose that
[dy =02+ ¢, ) A 1= |=0(2+¢l).

If s > 3/2 we choose a compact K,, neighborhood of the origin on R?, in
which
sup (—A,r) = 2¢/] Ay [n'/*.

rek,

MOI‘GOVGI", we choose a sequence of n values Satisfying sup tan (\/gAnT/Q) =0.
rek,

Since
[ 1=y | eV = o] 24 ¢, | VI
and
| dysin (V3] Az [n'%) [= o(] (2+ ¢,) cos (V3Y/| Az [n'*) |)
we obtain

sup | m,(r) \~ S 24 ¢, | VAT (4.3)
rek,

with % | 2+ ¢, |> ¢ >0, as 7 tends to infinity. Finally we suppose that
[2+4¢ [=0(dy DA | 1=y [=0O( dy ).

If s > 3/2 we choose a compact K, neighborhood of the origin on R?, in
which

sup (—Ayr) = 23/[ Az ',

rek,

and a sequence of 7 values satisfying sup cot (\/gAnr /2) = 0. Since
rek,

[1—c,|e /At o dy | e Y/ 1Az n”s)
and
[ 2+ ¢y) cos (VBT Az 1'% |= of] dysin (V3T A2 [n') |)

we obtain
\/_ A 1/s
sup Imn()\N—ld | e VAl
rek,

(4.4)

with 3 2 1d, |> ¢ >0, as n tends to infinity. u
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Theorem 4.2. If X(p(n)) = 0, A3 = 0, A; # 0 and s > 3 then there exist a
constant ¢ > 0 and a compact K, neighborhood of the origin, such that

sup | my(r) |~ ce V1Al (4.5)
rek,

as 1 tends to infinity.

Proof: By assumption we have p(n) = Ayni with A; # 0. The equation (3.2)
has a pure imaginary root A, = —3iv/An. We consider 4, = 3v/Ain = B,
with B, € R, then by Corollary 3.2 the solution of the problem (3.1), m,(r),
a

B_% gn - ZB—%.
than 2 + ¢, and d,, are not null simultaneously. If we suppose that
[1—cy =024 ¢ A [dy|=0( 2+ ¢ |),

then for s > 3 we choose a compact K,

is given by (3.6), where ¢, = — — i~ and and d, = We notice

Khzﬂn@:W&%zii%wm”ﬁﬂﬂ,

neighborhood of origin, in which

V3 f S
5 sup(Byr) = /[ A

rekK,

Since
| 1—cy|=o(] 2+ ¢y | cosh (/| A | nV/#))
and
| dy | sinh (/] A1 | 9Y/5) = O(| 2+ ¢; | cosh (y/| A1 [ n'/#))
we obtain
1 3 ‘A | 1/s
sup | my(r) |~ % | 2+ ¢, | VI (4.6)
rek, 3

with % | 24+ ¢, |> ¢ >0, as 7 tends to infinity. If we suppose that
[ 1=, [=0(dy )N |2+ ¢, [=0( dy ),
then for s > 3 we can choose a compact K,, neighborhood of the origin, in

which /3
3 3 S
— Sup (B,r) = /| Ay |n*s.

rek,
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Since
[ 1=y |=o(] dy | sinh (/] Ay [ n'/?))
and
|24y | cosh (y/] A1 [ n'/*) = O(| dy | sinh (y/] Ay | '/%))

we obtain

s ()|~ 3| 4, | VA (4.7
with \/Tg | dy |> ¢ > 0, as n) tends to infinity.

m

Lemma 4.1. Let g1, g2, g3 and h with R(h(n)) > 0 be complex functions of
the real variable n. We consider m defined by

m(n) = g1(n)e"™ + ga(n)e?™ + gy ()™

where v = —% +i%. If |g;(n)l = O(lg())), j # 1, and |S(h(n)| <
V3R(h(n)) then
[m(n)| ~ |g1(n)] "0

as n tends to infinity.

Proof: By assumption, we have |g;(n)| =
are constants k; > 0, such that |g;(n)| < k;|g1(n
simple calculations we get

R((v = Dh(n) = 3R(A(n)+V3S(h(1) . R(T — 1)h(n)) = 3R((n)—V33(h(n)).
The condition |3 (h(n))| < V3R(h(n)) it is equivalent to
R((y=Dhn) <0 A R((7F—1h(n)) <0.

O(lg1(n)]), j = 2,3, that is, there
)| for all n €]0,+oc[. From

Since
1g2(1)[€R0M ) = o gy () [eRPEDY A (g3 ()[BT = o] gy ()[R0
it implies
|g2(77)|e%(7h(77)) + \gg(n)\e%(ﬁh(")) — 0(‘g1(77)‘€§)?(h(n))) ’

by consequence

im(n)] ~ |g1(n)]e™R0)

as 1 tends to infinity. |
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Theorem 4.3. If R(p(n)) # 0, A3 # 0 and s > 1 then there exist a constant
¢ > 0 and a compact K,, neighborhood of origin, such that

sup | my(r) |~ ce V1 Asln'”? (4.8)
rek,

as n tends to infinity.

Proof: We have R(p(n)) = —Aan?*+ Ay # 0 and S(p(n)) = —Azn® + A1n with

Az # 0 by assumption. Let A, = 3{/p(n) be one of the three complex roots
of the equation (3.2) whose principal argument is
2T 2T

916(]-%,0[U]0,%D V Oy = (91—? \/(93—91—1—?

Then by Lemma 3.1 the solution of the problem (3.1), m,(r), is given by

(3.4), where a, = j and b, = % If we first suppose that
1

| 1+7a, +9b, |=O( 1 +a,+b, |) A | 1+~a,+7b, |=O0( 1 +a,+b,|)
we choose a compact K,, neighborhood of origin for s > 1, in which

h(n) = sup A,r = (1 +itanb;)v/| As nt/*
rek,

for some 61 € (] — Z,0[U]0, Z[). Since |S(h(n))| < V3R(h(n)) by Lemma 4.1
we obtain

sup | my,(r )|N—\1—l—an—l—b | e [Asln'/* (4.9)
rek,

with | 1 4+ a, + b, |> ¢ > 0, as 7 tends to infinity. Then if we suppose that
| 14+a,+0b, |=O( 1 +7a,+~b, |) A | 1+~a,+7b, |= O(] 1 +7a, + b, |)
we choose now a compact K, neighborhood of origin for s > 1, in which
h(n) A 4 tan 0y — \/7 1/s
= su r=
K relg, ! 1+ \/_tan (92 I

for some 65 € (]—m, —2[U]—Z, —%[). Since |S((n))| < V3R(h(n)) by Lemma
4.1 we obtain

sup | my(r) \N Z | 1+ Fa, + by | eVl (4.10)
rek,
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with | 1 + 7a, + vb, |> ¢ > 0, as n tends to infinity. Finally if we suppose
that
| 1+ a,+0, |= O] L4+~ay+7b,; [) A [ 14+7a, +b, |= O(] 1+ vay, +7b, |)
we take a compact K, neighborhood of origin for s > 1, in which
tan 0
h(n) =sup Ayr=(1+1 anfs +v/3 V| As [n'*
rek, 1 —v/3tan b,

for some 63 € (%, Z[U]Z, w[). Since |S(h(n))| < V3R(h(n)) by Lemma 4.1 we
obtain

sup | my(r) \~ < | 14 yay +7b, | VA" (4.11)
rek,
with | 1 + va, +7b, |> ¢ > 0, as n tends to infinity. |

Theorem 4.2. If the problem (2.1)-(1.2) is I'* well-posed on §2 then
(i):

s>1 = A3=0; (4.12)
(ii):

s > g = Ay =0; (4.13)
(iii):

s>3 = A =0. (4.14)

Proof: We suppose that the problem (2.1)-(1.2) is I'* well-posed on €2 with
s > 1. Then for every n > 0 the corresponding problem (2.7) has a unique
solution v, on .

On the one hand, we determine a prior an estimation for the Gevrey norm
of v,, an upper bound, from the initial data, HeWHSL i, for every compact
K C Q and every constant L > 0. The partial derivatives of e¢”* with
respect to multi-index (I, k, j, «), such that [ # 0 or k # 0 or j # 0, are zero.
Otherwise, it is clear that

02 (") = (im) e,

it follows that ‘
sup | 0%(e") |=n!*
(t,z,y,2)eK
so that

e 7.5 = sup (| o [0 L7lylel)

(0%
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Se—lL—l/snl/s

Since the supremum is given by e there exist constants c¢; =

se 'L=Y5 and C > 0 such that
s inz||s eynt/s
HUU”L,K < Clle” HL,K < Ce™ (4.15)

for every n > 0. This is a condition for stability of solution.
On the other hand, let’s prove that if each coefficient of the equation is
different from zero, A; # 0, then there is some critical index sy such that if
s > sg then (4.15) will be violated.
In (i) we suppose that A3 # 0 and assume As = 0, in (ii) we suppose that
Ay # 0 and assume A; = 0 and in (iii) we suppose that A; # 0 and assume
Ap = 0. We assume that some coefficient is null because we can do suitable
dependent variable changes.
By using previous propositions we construct an asymptotic representation
of a solution as 7 tends to infinity. For every neighborhood of the origin O
there exist a compact K, K, C O, and constants C' > 0 and ¢, > 0 such
that

sup | v,(r,r,r, 2) [~ Ce"

rek,
Notice that K, C O only if sp = 1 in (i), sp = 3/2 in (ii) and s¢ = 3 in (iii).
We have

sup | my(r) |= sup | w,(r,2) |= sup | v,(r,r,r,2) |
rek, rek, rek,

and as we know that

loallt i, > sup [ oy(r,r7,2) |
rek,

we can choose a constant L' > 0 such that

H"UnHSL/,Kn > ||yl x

as 7 tends to infinity. The condition (4.15) fails to hold since [[v;||7/ g, has

1/s

exponential growth of higher order to n'/* as 1 tends to infinity.
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