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SYSTEMS ARISING IN ENHANCED DRUG DELIVERY
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ABSTRACT: In this paper we study a system of partial differential equations de-
fined by a hyperbolic equation and a parabolic equation. The convective term of
the parabolic equation depends on the solution and eventually on the gradient of
the solution of the hyperbolic equation. This system arises in the mathematical
modeling of several physical processes as for instance ultrasound enhanced drug
delivery. In this case the propagation of the acoustic wave, which is described by a
hyperbolic equation, induces an active drug transport that depends on the acoustic
pressure. Consequently the drug diffusion process is governed by a hyperbolic and
a convection-diffusion equation.

Here, we propose a numerical method that allows us to compute second-order ac-
curate approximations to the solution of the hyperbolic and the parabolic equation.
The method can be seen as a fully discrete piecewise linear finite element method
or as a finite difference method. The convergence rates for both approximations
are unexpected. In fact we prove that the error for the approximation of the pres-
sure and concentration is of second-order with respect to discrete versions of the
H'-norm and L?-norm, respectively.

Keywords: Wave equation, convection-diffusion equation,finite difference method,
piecewise linear FEM, ultrasound, dug delivery.

1. Introduction

In this paper we consider the coupled system defined by the wave equation

0? 0 :
aa—£+ba—]t):V-(EVp)+f1, in Q x (0,7, (1)
and the parabolic equation
oc :
i V- (v(p,Vp)e) =V - (D(p)Ve) = fo, in Q x (0,T]. (2)
This system is complemented with the initial conditions
0
5(0) = puo
(3)
p(0) = po in €,
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c(0) = ¢p in Q, (4)

and homogeneous Dirichlet boundary conditions
p(t) =0 on 09 x (0,7, (5)
c(t) =0 on 02 x (0,T]. (6)

To simplify we assume that = (0,1)? and 9 represents its boundary.
In Ll), a and b denote positive functions with non negative lower bounds

in €, ap and by, respectively, E' is a diagonal matrix with entries e; and ey
both with positive lower bound ey in €2. In (2), v(p) denotes the convective

velocity that can be p or Vp dependent, v(p, Vp) = (vi(p, a—i),vg(p, g—z)),
D(p) is a diagonal matrix with entries dy and ds that can be dependent on
p, di = di(p), dy = dy(p), and both with positive lower bound dy in Q. If
w: Qx [0, T] = R, then for t € (0,T], w(t) : Q x [0,7] — R is given by
w(t)(z,y) = w(z,y,t), (z,y) € Q.

System (1)-(6) can be used to model drug delivery to a target tissue when
certain physical enhancers are used. The drug molecules absorption by the
target tissue is in general very low due to the physio-chemical properties of
the drug molecules or due to the low permeability of the target region. To
increase the drug absorption, penetration enhancers have been used; they
can be divided into two main classes: physical and chemical enhancers. In
both classes the main objective is to break the natural physical barriers
to drug transport and consequent drug absorption. In transdermal drug
delivery such enhancers have been used with great success. While the first
group, the chemical enhancers, act by changing the properties of the stratum
corneum increasing drug transport by diffusion, the second one, the physical
enhancers, act by creating a convective flow that facilitates drug transport.
In this group we include ultrasound, iontophoresis, and electroporation ([1]).
In the following we focus on ultrasound enhanced drug delivery.

Application of ultrasound to enhance drug transport through biological
tissues is a well-established and efficient technology. It has a huge number
of medical applications and it is particularly useful for drug delivery across
impermeable biological barriers (e.g., cell membrane) and on the delivery of
large or low diffusivity molecules (see [2], [3], [4], [5],[6], [7], [8], [9], [10],
[11]). For instance in cancer treatment, ultrasound is combined with a drug
polymeric carrier like polymeric micelles or liposomes or microbubbles that
transport the drug to the vicinity of the cancer tissue. Under the action of
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ultrasound it was observed an increase in the amount of drug released and
absorbed ([12], [3]).

Ultrasound consists of pressure waves propagating through a medium. As
the ultrasound wave propagates, it induce a vibration in the molecules of the
medium. This vibration is originated by successive events of compression and
expansion, induced by the wave, and which cause the pressure in the medium
to increase and decrease, respectively. The application of ultrasound to the
human body has different biological effects. For example, it may lead to
an increase in temperature particularly when localized and high intensity
pulses are used. It has been shown that temperature rise can increase drug
accumulation in tumors [13]. The exposition to ultrasound can also originate
what is sometimes designated by acoustic radiation forces [14]. These forces
can produce the so-called acoustic-streaming which is a convective flow in
the fluid phase of the medium. This convective field can also be explored to
increase the delivery rate of drug molecules to specific sites [15].

Ultrasound can also lead to the formation of vapor zones within a fluid.
This phenomenon is usually called cavitation and arise because the local
pressure decreases until it reaches the pressure of the liquid itself leading to
the formation of microbubbles containing vapor. These microbubbles oscil-
late and induce a fluid flow with velocity proportional to the amplitude of
the oscillations. If drug particles are imbedded in this fluid, they will be
easily spread by diffusion and convection. It should be remarked that ul-
trasound induced cavitation can be of two types: stable or inertial. Unlike
stable cavitation, in inertial cavitation the microbubble oscillation results in
an explosion. We note that cavitation, inertial or stable, can originate micro
ruptures in cell membranes, increasing its permeability and facilitating the
intracellular delivery of drug molecules [14].

Ultrasound propagation in soft biological tissue is governed by the equation

2] )
L 0o (be).
¢ P

where c is the speed of sound of the material, p is the material density, p is
the acoustic pressure, and a is the attenuation parameter. For soft biological
tissue this parameter a is typically described by a power law given by a = @ f?,
with @ a parameter that depends on the type of tissue, f the wave frequency,
and b a constant that is usually assumed to be close to one [4]. Assuming
for simplicity that Vp = 0 and ignoring attenuation effects, we obtained the
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linear acoustic wave equation

a0 C2Ap7 (7)

which is a particularization of (1).

Let us consider that soft tissue can be seen as a porous medium filled with
a fluid containing a solute (e.g., drug molecules). When ultrasound is applied
to enhance the solute transport the fluid velocity and the solute diffusion are
mainly due to cavitation phenomena, thermal effects, and convection [7, 6].
Although each one of these mechanisms have distinct implications on drug
transport they all contribute to an enhanced drug diffusion. Therefore, the
evolution of drug concentration in the soft tissue can be described by classical
convection-diffusion equation (2) where v(p) depends on p. For instance in
[16], for the one-dimensional case, the diffusion equation (2) was used with
v(p) = v +v* and D(p) = av(p) + Dy, where v is the steady state fluid
velocity, v* is the enhanced velocity due to the acoustic pressure, D, is the
molecular diffusion coefficient, and « is the dispersivity. Similar relations
were used in [17]. In that work the acoustic pressure was defined by (7) and

the concentration evolution was described by (2) with v(p) = ¢ Py vt and
P

D(p) = av(p) + Dy. According to the authors, v* is mainly due to cavitation
phenomena.

The main problem on the computation of numerical approximations for the
solution of the hyperbolic-parabolic IBVP (1)-(6) is the dependence of the
convective term v in (2) on the solution of the hyperbolic equation and its
gradient. To compute a second-order approximation for the concentration
we need to compute a second-order approximation for the gradient of the
hyperbolic solution. In this work we propose a fully discrete piecewise linear
finite element method for the introduced IBVP that allows us to compute
second-order approximations for the solutions of the hyperbolic equation (1)
and diffusion equation (2), with respect to a discrete H'-norm and L*norm
respectively. The paper is organized as follows: in Section 2 we present some
remarks on the existence and uniqueness of solution of the IBVP (1)-(6) in
a convenient weak sense. Section 3 is devoted to the design of the fully
discrete in space piecewise linear finite element method. The convergence
analysis of the proposed method is given in Section 4. Numerical experiments
illustrating the main results are introduced in Section 5. In this section



HYPERBOLIC-PARABOLIC SYSTEMS ARISING IN ENHANCED DRUG DELIVERY 5

we also use the proposed method to illustrate drug transport enhanced by
ultrasound.

We remark that the results that we present here are not expected. Our
numerical scheme is based on piecewise linear finite elements which, as it is
well known, leads to first-order approximations for the hyperbolic equation
with respect to the H'-norm. Therefore, only first-order approximations
for the solution of the parabolic equation (2) are expected. Fully discrete
piecewise linear methods with similar convergence properties were discussed

in [18, 19, 20, 21, 22].

2. Remarks on the existence and uniqueness of solution

In what follows we establish a set of conditions on the data of the IBVP
(1)-(6) that allow us to conclude the existence and uniqueness of its solution
(p,c) in a certain sense. In this case the existence and uniqueness of such
solution can be studied establishing the existence and uniqueness of the wave
equation IBVP (1), (3), (5) and the existence and uniqueness of the diffusion
IBVP (2), (4), (6).

We start by introducing a convenient functional context. Let L?(2) and
[L%(Q)]? be the usual Sobolv spaces where we consider the usual inner prod-
ucts (.,.), ((.,.)) and corresponding norms that we denote by |.||. In the
Sobolev space H}(Q) we consider the usual norm ||.||; and by H1(Q) we
denote the dual of H}(Q) being < .,. > the notation for the dual product
defined in H1(Q) x H}(Q). By L*0,T, X), where X represents a vector
space of functions defined in €2 with the norm ||.||x, we denote the space of
functions w(t) : @ — IR such that

T , \L/2
\lwl\m(o,T,X):(/O o)) < oc.

The space of continuous functions w : [0,7] — X is denoted by C([0,T], X).
For the first problem it is well known that if the coefficients a,b € L>(Q2), E' €

[LOO(Q)]Q, er,ea > eg > 0 1n Q, fi € LQ(O,T, LQ(Q)),pv,O c LQ(Q) and

po € HY(Q), then there exists a unique solution p € C([0,T], H}(Q)), with
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p € C([0,T],L*)) and p" € L*(0, T, H '()), such that

(< ap”(t), w > +(bp/(t),w) = (EVp(t), Vw)) + (fi(t), w) a.e in [0, T],
Vw € H}(Q)
] 7(0) = pug
L p(0) = po.
(8)

Moreover such solution satisfies

121l oo 0.7 m3 00y + 10 | 2 0,7,2202)) + 10" 220,051 02))

< C(Iillor.zzay + ol + lpeoll)-

In (9), ||.[[z(0,7,x) denotes the following norm

HwHL"O(O,T,X) = esssup Hw(t)HX
0,77

As we will see, to study the weak solution of the concentration equation
we need to impose that p € L>(0,T, L>*(2)) and Vp € L>®(0,T,[L>(2)]?).
To obtain a solution of (8) with such smoothness we need to increase the
smoothness of the data. For instance, if f; € L?(0,T, H*(Q2)), po € Hi () N
H3(Q), poo € HF(Q) N H?(Q), then p € C([0,T], H{(Q) N H3(Q)) and

2] Lo (0,012 () < C(HleLQ(O,T,HQ(Q)) + [|pvoll 2() + HPOHHS(Q))- (10)

In (10), W>(Q) denotes the Sobolev space of functions defined in 2 such
that

[wllwree) = A ess SUD | D%w),

olal
with oo = (041,042) c ]N() X ]N() and Dw = aajTaUyJOQ

For the concentration IBVP (2), (4), (6) we are asking for a weak solution
in the following sense: ¢ € L*(0,T, H}(Q)),d € L*(0,T, H }(Q)) such that
< d(t),w > +ay(c(t),w) = (fot),w) a.e in [0, T], Yw € Hy(Q)

(11)
c¢(0) = po,
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where
ap(w, u) = ((D(p)Vw, Vu)) = ((wu(p(t), Vp(t)), Vu)), w,u € Hy(Q).

We suppose that the diagonal matrix D has diagonal entries with lower posi-
tive bounds. We also impose that p € L>(0,T, L=(2)), Vp € L>=(0, T, [L>(2)]?)
and v : R x IR? = IR?, v = (v, vy), satisfies

i (21, 20)| < C(|zl\ + \22|), Wz € R,z € R, i = 1,2. (12)

These assumptions allow us to prove that the bilinear form a,(.,.) : H}(Q) x
H}(Q2) — IR is coersive.

Then, for fo € L*(0,T,L*(2)), co € HY(Q), fi € L*0,T,H*(Q)), py €
H(Q) N H3(), and p,o € HF() N H*(), it can be shown that there
exists a unique function ¢ € C([0,7T], L*(Q2)) N L*(0, T, H}(Q)) such that
d € L*0,T, H(Q)), (11) holds and

lellz~o.r,2)) + el 202,20 + 1€ 1 20,0510
(13)
< C(Ialzoazioy + ol )

We remark that the constant in (13) depends on the upper bound for
]| Lo 0,1, w1 (0)) defined in (10). We also note that we can increase the
smoothness of ¢ by increasing the smoothness of fi, py, and p,, in the
acoustic pressure equation, and of fo and ¢y in the concentration equation.

3. Fully discrete piecewise linear FEM - superconver-
gence results

3.1. Spatial discretization. The main goal of this section is to define a
second-order accurate semi-discrete approximation to the solution (p,c) of
the IBVP (1)-(6). Such approximation will be derived using a piecewise
linear method for the differential problems: wave IBVP (1), (3), (5) and con-
centration IBVP (2), (4), (6). Note however that ¢ depends on p through the
advective term. Thus, the proposed method needs to be carefully designed.

In Q we introduce a non-uniform rectangular grid defined by H = (h, k)

N
withh = (b1, ... hy), by > 0,i=1,...,N, Y hi=1,and k= (k... ky),
=1
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M
ki>0,j=1,...,M, Z kj = 1. Let {z;} and {y,} be the non-uniform grids
j=1
induced by h and k in [0,1] with x; — 2, 1 = h;, y; — y;—1 = k;. By Qn we
represent the rectangular grid introduced in Q that depends on H and let
Qp and 00y be defined by Qp = QN Qy, 00y = 00N Q.

Let Hpgp = max{h;,k;;7=1,---N;j=1,---,M}. By A we denote a
sequence of vectors H = (h, k) such that H,,,, — 0. Let Wy be the space
of grid functions defined in Q and by Wr o we denote the subspace of Wy
of grid functions null on 9Qy. Let T be a triangulation of Q using the set
Qp as vertices. We denote by diamA the diameter of the triangle A € Ty.
By Pyvg we denote the continuous piecewise linear interpolant of vy with
respect to Ty.

To define a fully discrete approximation in space we introduce now fully
discrete inner products and corresponding norms. In Wy we define the
inner product

(um, wh)n = Z O jlwm (2, yj)wa (i, y;), wm, wg € Wi,
(xi,yj)EﬁH

where Di,j = (513'2'_1/2,1'@'_‘_1/2) X (yj—l/Qayj—i—l/Q) N Q, ‘Di,j| denotes the area of
+1 : .
0;j, and Tiy1/2 = T + lT, Li-1/2 = Li — El, hi+1/2 = Tijt1/2 — Ti-1/2 being
Yj+1/2 and kj /o defined analogously. Let ||.||z be the corresponding norm.
For upg = (w1 g, ue.m), wg = (w1 g, wa i), and wg g, we g € Wy, for £ = 1,2,
we use the notation

((UH, wH))H = (U1,H, wl,H)H,x + (uz,H, w2,H)H,y7

where

N M-1

(w17 W) e = Z Z hikji1jour i (i, y;)wi,m (T, yj),

i=1 j=1

being (ug i, wa i),y defined analogously.

Let D_, and D_, be the first-order backward finite difference operators
with respect to the variables x and y, respectively, and let Vg be the discrete
version of the gradient operator V defined by Vyuy = (D_yum, D_yup). We
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use the following notation
1/2
IV il = (D, Do)y + (D, Dyuin) i

1/2
— (IDunlly + 1D-yunly) ™ wn € W,

We recall that holds the following Poincaré-Friedrichs inequality: there
exists a positive constant C', independent of H, such that

HUHHH < CHVHUHHH, Yug € WH,(). (14)

3.2. Wave equation. We consider now the following piecewise linear finite
element problem to approximate the solution of the wave IBVP: find py(t) €
Wh o such that

(aPupy(t), Puwp) + (0Pupy(t), Puwy) = —((EV Pypu(t), VPyw))
+(f1(t), Prwg),

(15)
fort € (O,T], WH € WH,O, and
Pupu(0) = Py Rupo.

In (16), Ry : C(£2) — Wx denotes the restriction operator, where C'(2) rep-
resents the space of continuous functions in Q. By Ey we denote the diagonal
matrix with ey g (z;,y;) = e1(w;_1/2,y;) and ex g(xi,y;) = ea(w,yj-1/2), for
(ZCZ', yj) e Qpy.

The initial value problem (15), (16) is replaced by the following fully dis-
crete in space finite element problem: find py(t) € Wy such that

(aupy(t), wn)u+bapy (), wn) g = —(EgVapu(t), VHwH))H+(f1,H(t)7(wI§)H,
17
fort € (O,T], WH € WH,O7 and

IH(O) = Ry v,0
{ zH(O) = RH]]ZO- (18)

In (17), ag — RHCL, bH = RHb, and

Fon®e) = 57 [ Al tdsdy (19)
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We observe that the fully discrete in space finite element problem can be
rewritten as a finite difference problem. In order to define such finite dif-
ference problem, we introduce the finite difference operator Vi; = (D, , D )

where
UH(:UZ'Jrla y]) - UH(Iia y])

Rit1)2
and D, is defined analogously. Then, from (;7/) we obtain
agpy(t) +oupy(t) = Vi - (EgVapu(t)) + fiu(t) in Qg, t € (0,7], (20)
which is coupled with the boundary condition
pr(t) =0 on 0Qy x (0,77, (21)
and the initial conditions (18).

D vg(zi,y;) =

Y

3.3. Concentration equation. Now we introduce the piecewise linear finite
element approximation for the concentration. It is given by : find cy(t) €
W such that

(Pucy(t), Puwy) — (Pyey (t)vy(t), VPrwy)) (22)
= —((D(Pupu(t))V Pgeu(t), VPrwn)) + (f2(t), Prwn),
for t € (0,T], wy € Wg, and
Prcp(0) = PyRpyc. (23)

In (22) the convective velocity is defined by vy (t) = v(Pypu(t), V Pupu(t))
and fy g is defined by (19) replacing fi by fo.

To define a fully discrete in space piecewise linear finite element approxi-
mation for the concentration IBVP we set the following notations: let D%
be the finite difference operator Dywy = (Dywg, Dwg) with

hiD_ywr (w1, y;) + hipiD_pwg (2, y;)

=1
hi + hitq

N -1

D;k;wH(xmyj): ) PIRICII) )

Diwn(zn,y;) = D_ywn(zn,y;), Dywn (2o, y5) = D_ywn(z1,;),
for j =1,...,M — 1, being Dywy defined analogously; My represents the

average operator

1

My (wy, we) = (Mpwy, Myws),  Mp(wi(x;,y;)) = §(w1(:€i—17yj)"—wl(xiayj))a

being M, defined analogously and (w1, ws) € [Wiy o]?.



HYPERBOLIC-PARABOLIC SYSTEMS ARISING IN ENHANCED DRUG DELIVERY 11

Let Dg(t) be the diagonal matrix with dy g = di(Mypg) and dog =
doy(Mypp) in Qp. By vy (t) we represent the vector

(v1(pu(t), Dypu(t)), v2(pu(t), Dipu(t)).

We remark that if wg € Wy then wyvg(pr(t), Dypu(t)) = (0,0) at 0Q.
The initial value problem (22), (23) is now replaced by the following fully
discrete in space finite element problem: find cg(t) € Wi such that

(cy(t),wa)m — (Mg (cu(t)vu(t), Vawn))n = —(Da(t)Vacu(t), Vawn))n

Vu
+ (fou(t), wn)H,
(24)

fort € (O,T], WH € WH,O, and
CH(O) = Rycyp. (25)
Finally, from (24) we obtain

C/H(t) + VC,H : (CH(t)UH(t)) = V}kg : (DHVHCH(t)) + fQ,H(t) in QH, t e (0, T],
(26)
which is coupled with the boundary condition

CH(t) =0 on 8QH, (27)

and the initial condition (25). The finite difference operator V. g is defined
by

w1 (@41, Y5) — wi(Tiz1,Y;)
hi + hiy

Y

vc,H'(wl; w2) - Dc,mw1+Dc,yw27 Dc,xwl(xia y]) -

where (w1, ws) € [Wy )% being D, defined analogously.
Let us note that (24) can be written in the matrix form

cu(t) + Al)eu(t) = fou(t)

where the entries of the matrix A(t) depend on vy (t) and Dg(t). For this
linear differential system, the existence of a solution is guaranteed assuming
the continuity of A(t) and fo g (?).
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4. Convergence analysis

It is well know that the piecewise linear approximations Pypp(t) and Pycpy(t)
satisfy

Hp(t) _ PHpH(t)Hl S CHma:Ea
Ip(t) — Pupu(t)|| < CH?

max?

(t
le(t) = Prer(t)l| < CHy,

axr?

when the concentration equation is acoustic pressure independent and p(t)
and c(t) are in H}(Q) N H?(Q) and the family of triangulations Ty, not
necessarily induced by a non-uniform rectangular partition, is quasi-uniform
([23]). As vg(t) in (22) depends on V Pypy(t), considering the previous
estimates, we believe that in this case

le(t) = Pren(t)|] < CHpao.
It is expected that the same result holds for the fully discrete approximations

HRHp(t) _pH(t)Hl S CHmaxa

1Rup(t) — pr(t)ll < CHypp
[Rec(t) = ca(t)]] < CHpax-

If we look for the truncation errors associated with the spatial discretiza-
tions that lead to (20) and (26), then these estimates are expected because
such truncation errors are of first-order in H,,,, when nonuniform grids are
considered.

In [22] a general telegraph IBVP was considered and the discretization
(17), (18) introduced before was studied. In what follows we present the
main result obtained in the last paper. Later we consider such result to
establish a convergence result for the approximation for the concentration

defined by (24), (25).

4.1. Wave equation. We denote by ey, (t) the spatial discretization er-
ror induced by the spatial discretization that leads to (17), (18), em,(t) =
Ryp(t) — pr(t). In the Sobolev space H"(£2) we consider the following norm

1/2
|w]| gm0y = ( Z HDO‘wH2> ,w e H™(Q).

laj<n
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By C™([0,T], H"()) we represent the space of functions v : [0,7] —
H™(Q) such that vV) : [0,T] — H"(Q), j = 0,...,m, are continuous and
such that

[v]lem(o.),mn(0)) = jf{)laxm Hv(j)(t)HHn(Q) < 0.

.....

We will use the notation ||.||cm gy to represent the previous norm.
Let H™(0,T, H"(£2)), m, n € IN, be the space of functions v : (0,7) —
H™(Q) with weak derivatives v\9) : (0,7) — H"(Q), j = 0,...,m, such that

nooro 1/2
|| gmo0.7,87(0)) = (Z/o HU(])H%{”(Q) dt) < 00.
=0

The previous norm will be denoted by ||| gm(zn).

Theorem 1. [Theorem 2, [22] | If the solution p of the IBVP (1), (3), (5)
belongs to H3(0, T, H*(Q)) N HY(0,T, H*(Q)), then there exist positive con-
stants C;,1 = 1,2, independent of p, H, and T such that for H € A with
H,or small enough

t
e, (07 + /0 ek ($)Izrds + IV ey ()]

< Cre® 3 (diamAY (Pl sy + P ) t € (0,71,
AE‘}:H

To have the smoothness assumptions required in this result it is suffi-
cient to increase the smoothness requirements for fi,p,o and py : f1 €
HY0,T, H3(Q)), poo € HY(Q) N HI(Q), po € H(Q) N H(Q). We remark
that we need to assume also that a,b and E are smooth.

From ||[Vyen,(t)||n < CH?,, and (14) we conclude

max

len, ()l < CH,

max-*

Using the last two estimates we prove in what follows that the two sequences

|pa(t)]|loo = max |pu(z,y,t),

z,y)GQH
= D,$ iy Y7
IVapa®lloe = _ -~ max - [D_wpn (@i, yj,t)
+i:1 ..... Nnil%?(:l ..... y \D_,pu(zi,y;,t)|, H € A, Hyq,small enough,
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are bounded. We will assume that the spatial grids Qp, H € A, satisfy
H4
< C, HeA (28)
() lpu(t)||so; H € A, Hpap small enough, is bounded:
As pu(t) = Rup(t) —en,y(t) and p(t) € H3(Q2) which is imbedded in
C'(Q2), to conclude that ||pg(t)||o is bounded we need to establish that
e p(t)|loo is bounded. We start by remarking that for wg € Wiy we
have
N-1
> hipwn (i, y)’ < |IVawglf,j=1,...,M =1,
i=1
and
M-1
Z ki1 pwi (i, y;)° < |Vawg|f,i=1,...,N — 1.
j=1

These estimates imply the following

IV sws||F- (29)

e < 57—
where Hmin = min{hl, ceey hN, kl, ceey k}M}
As [|[Vyen, ()3 < CHS,., using (29) we get
H;lllalﬂ
lemp(®)]% < CF.
Considering now (28) we conclude that |leg,(¢)|/%, H € A, with Hy.
small enough, is bounded.
(2) |IVapu(t)||, H € A, is bounded
We observe that

IVapa(t)loo < IVaemrpt)lloo + | REVP(E) |-

Considering that p(t) € H?(Q) which is imbedded in C'(Q) we con-
clude that ||RgVp(t)||«, H € A, is bounded. Moreover, as p(.,7,t) €
H?(0,1), for § € (0,1), using Bramble-Hilbert Lemma ([24]) we have

Op 2
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This estimate allows us to conclude
dp
\D_,pu(zi,y,t) — RH%(Q% Yi, )| < CN Hunael|p(y5, 1) | 52(0,1),

where p(y;, 1) : (0,1) = R, p(y;,t) () = p(x,y;. 1), @ € (0,1). As we
also have

dp
\D_ypr(zi,y;,t) — RH(?—y(xi, Yis t)| < CV Hpaal|p(is 1) 12(0,1),

where p<x27t) : (071) — R) p(xlat)(y) - p<xi7y7t)7 y € (071)7 we
finally conclude

IV upr(t) — RuVp(t)llo < C Hings,
provided that

1 2 2
max)/ <8p(x v, )) dr < C,te (0,7T],
0

ye(0,1 ox?

1 82]9 2
er <
max)/o (6y2(a:,y,t)> dy < C,t e (0,T].

ze(0,1

(30)

We remark that conditions (30) hold if we increase the smoothness of
the acoustic pressure, for instance if we require that

p € C([0,T], HY(Q) N Hy(%)).

Of course that this smoothness is achieved if we increase the smooth-
ness of the data fs, p, o and py.

4.2. Concentration equation. An estimate for the error ey .(t) = Ryc(t)—
cp(t) induced by the spatial discretization introduced for the concentration
is obtained in what follows. To establish the error equation for e .(t) we
starting by remarking that we have

(€he(t), wr)n = 7o(wn) + 7p(wn) + 7e(wh), (31)
where

To(wy) = —(Mp (v (t)en(t)), Vawn))n — (V- (c(t)v(t)) g, wa)m, (32)

mp(wy) = (Du(t)Vucn(t), Vewn))n + (V- (D@)Velt)))w, wi)m,  (33)
T(wy) = (¢ (t), wn)u — (¢ (1) m, wa)n, (34)
with (V v

(c(t)v(®))m, (V- (D(t)Ve(t)))n and (c'(t))n defined by (19) with
f1 replaced by V - (¢ (t)v(t)), V- (D(t)Ve(t)) and (), respectively.
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To get an estimate for ||ey .(t)||z we study the functionals 7,(wg), Tp(wm)
and 7.(wg) when wy € Wy .

Proposition 1. Let us suppose that the sequence of grids Qy, H € A, satisfy

H max
H min

<, (35)

the convective term v 1s a Lipschtiz function with Lipschitz constant L and

p(t) € H3(Q),c(t) € H*Q) such that v(t)c(t) € [H*(Q)]? and 8i2§y(t) =
0p

575 (t) in Q. Then for the functional 7,(wg), wg € Wy, defined by (32),
yox

holds the representation

To(wn) = (Mu(va(t)en(t)), Vawn)) g + Tv.e(wn), (36)
where

roctim)l < €(( 3 (diam D) o) e(®) Pyray)

e o 3 (@iama) o))

AeTy

+ el (llers (@)l + IV merp @l ) IV sl

1/2

Proof: We start by observing that 7,(wy) can be rewritten as (36) with

3

Toe(Wh) = ZTQSZ)(U)H)

1=1

where

T (wr) = =((V - (c®vt)m, wn)) g — (My(Ru(v(t)e(t), Vawn)) i,
7P (wi) = (My(Ru(v(t)e(t), Vawn) i — (Mu (5 (t)Ruc(t)), Vawn)) .

with 0y (t) = (vi(p(t), Dyp(t)), v2(p(t), Dip(1))),

7 (wir) = (Mu((t)Ruc(t), Vawn)) g — (Ma(vp(t)Rac(t)), Vawng)) .
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Using Lemma 5.5 of [25], we can state that there exists a positive constant
C, H and p and ¢ independent, such that

_ 1/2
D (wy)| < 0( > (dwmAva(t)c(t)H%Hz(w) IV rwsl|

AeTy

To get an estimate for 752)(wH) we introduce g1 (x;,y;,t) = %(xi,yj,t) —

Dip(x;,y;,t). We have

Yj+1/2 391
Kj1201(2i, 5, 1) < (kj+1/2\a—y(%yat)| + |91($i,y7t)\>dy- (37)

Yj—1/2
Under the smoothness assumption for p, Bramble-Hilbert Lemma allow us
to conclude the upper bounds

Yj+1/2 391 d Cf Yj+1/2 Li4+1 d d
79 Y < Y
[ Gy [* [ vy

Yj—1/2

and

Yj+1/2 Yj+1/2 IEz+1
[ e ldy < O+ b / |13 08 (.. 1)l dzdy
—1/2

Yj—1/2

that leads to

Yj+1/2 Lit1 p
oo (23,10 < © Ky / L gty

Yjt1/2 Tit1 83
hi + hiv1) / / 925 (x,v, )|da:dy).
—1/2
Op

As for go(zi,y;,t) = o (xi,yj, t)—Dip(x;, yj, t) we have an analogous estimate

we can show using the Lipschitz assumption for v that for 752)(10 1) we have

_ 1/2
7@ (wy)| < CLHC<t)Hoo< Z (dzamA)4|\pH§{3(A)> |V rwml . (38)

AeTy

Using again the Lipschitz assumption for v, the smoothness condition on

the nonuniformity of the spatial grids we get for 753)(11) r) the upper bound

7 (wn)| < LCHC(t)Hoo(HeH,p(t)HH + HVHffH,p(t)HH> IVawslla. (39)

that concludes the proof of the representation (36).
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Proposition 2. Let d;,i = 1,2, be Lipschitz functions. If c(t) € H3(Q),
p(t) € H*(Q) then for the functional Tp(wy), wy € Wpy, defined by (33)
holds the following representation

p(wy) = —((Dy(t)Vaen(t), Vawn)) g + Tpe(wy), (40)
where
o elwm)] < C(( Y (iamA) | DO VD) gy )
AETy
+ [le@®)][ e (( Z (diamA)Lal(t)H%{z(A))1/2

AE‘}:H

+ lena®lln ) IV sl

Proof: We observe that 7p(wg) admits the representation (40) with 7p . (wp)
given by

where
75 (wy) = (V- (DY) i, wir) i + (D )V Rige(t), Vgwn))u,

for each grid point (x;, jy;) € Qu, Dp(t) is a diagonal matrix with entries
dl (p(xi—l/% Yijs t))) d2(p(xz7 Yji—1/2, t))

P (wp) = (Di(t) — Dy (t)VaRuc(t), Viwy))u

(
for each grid point (x;,j;) € Qu, D} (t) is a diagonal matrix with entries
dl(Mhp(xh ng t))) dQ(Mkp(xla y]) ))

) (wir) = (Du(t) — Dg(1)VuRue(t), Viw)) .

Using Lemma 5.1 of [25] it can be shown that

| 1/2
) (win)) < €3 (diama) | DOVEt) fyraye) [ Vawalla (41
AG‘ZH
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To estimate Tg)(wH) we introduce g (2, yj,t) = Myp(xi, y;,t) —p(Ti-1/2,Yj, )

and for this function ¢g; we also have we have (37). Bramble-Hilbert Lemma
leads to

Yj+1/2
Kji1/091(24, 5, 1)| < C ]+1/2/ o e axay\dxdy

Yi+1/2 Tit1 82
+ h; / / 92 (x,y, )\dxdy)
—1/2 Ti—

We remak that for ga(wi,y;,t) = Myp(wi,yj,t) — p(wi,y;j-1/2,t) We have an
analogous relation, we conclude, considering that d;,» = 1,2, are Lipschitz
functions

2 wa)| < Clleller (Y (diamd) o) ) IVl (12)

AeTy

As d;,1 = 1,2, are Lipschitz functions, we easily conclude that

79 (wir)| < Clle) | llesp Ol |Y mwsl|a. (43)

Finally from (41)-(43) we conclude the proof of (40).
-
To obtain an upper bound for the functional 7.(wg), wg € Wy, defined
by (34) we apply Lemma 5.7 of [25].

Proposition 3. If c(t) € H*(Y), for the function 7.(wy), wy € W, defined
by (34) we have

' 1/2
re(wm)| < C( D (diamd)*|¢'(#) faa)) IV arwnln,
AeTy
|

To simplify the presentation of one of the main results of this work, Theo-
rem 2, we do not include in its presentation the assumptions on the coefficient
functions of the wave and concentration IBVPs. We assume that they sat-
isfy the assumptions mentioned before. We also assume that the spatial grids
Qu, H € A, satisfy (35).

If the convective velocity v(t) is a bounded function then in the next re-
sult we do not need to use the boundness of the pressure approximation
sequences ||pa(t)]loo, |V upu(t)||eo, for H € A, with H,,,, small enough and
consequently the next result holds without the smoothness condition (30).
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However, as we consider a more general function v(¢), we need to impose
such condition.

Theorem 2. Let 1s suppose that the solution p of the IBVP (1), (3), (5) sat-
isfies (30) and aigy = ;;gx in Q% (0,T], and it belongs to H3(0, T, H*(2))
N HY0,T, H3(Q)). Let us assume also that the solution c of the concentration
IBVP (2), (4), (6) belongs to L*(0,T, H}(Q) N HY()), ¢ € L*(0,T, H*()).

If the convective velocity v(t) satisfies (12), v(t)c(t) € [H?*()]?, the dif-
fusivity tensor D(t) is such that D(t)Vc(t) € [H?*(Q)]?, then, there exist
positive constants C3, Cy, where Cy depends on the upper bound of the se-
quences ||pa(t)||~ and ||Vupp(t)|s, such that for the semi-discretization
error e o(t) = Rpc(t) —cu(t) of the solution of the fully discrete variational
problem (24) holds the following

t t
HeH,c(t)H?{+/ IV aem(s)|fds < 603t/ Te(8)ds, (44)
0 0
where
) < Co( S (diamA) ([o(0)et) By + | DOVt o
AE‘}:H

1Ol

+ I\C(t)l\?;l( > (diamA)![p(t)||Fs(a)

AE‘}:H

+C1e® S (diamA) (1pll sy + 2l ) )
AeTy

and Cy,Cy represent positive constants introduced in Theorem 1.

Proof: Taking in (31), wy = en(t) and considering Propositions 1,2 and
3, and taking into account the error estimate established in Theorem 1, we
get

1d

Sl O + (D) Vend(t), Vaen)n  (45)

= (Mu(va(en(t), Vaer(t)n + €| Vaeme )| + 7(t),  (46)
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where ¢; # 0 is an arbitrary constant

_ C
7(t)] < = (D2 (diama) (o(e)e®) ey + 1 DOV ey
1 ATy
e 2 Y (diamA) () s,
AeTy
+le(®) 2 Cre® > (diamA) (11plls sy + 191 rsre)
AeTy
+ 3 (diamA) ¢ (O e)).

AE‘}:H

and C' denotes a generic positive constant H, ¢, p, t, x,y independent, C and
(5 were introduced in Theorem 1.

As d;, 1 = 1,2, have a lower bound dy and v satisfies (12), from (46), we
obtain

1d
S lenc Ol + (do = DI Vaen )] )

< Cllpallce + IV apa @) loo)les.e(O| allV aem. ()| + 7e(t).

Considering that ||pg ()]s + [|[VEPH(t)||~ are bounded for H € A, H,ux
small enough, we conclude that exists a positive constant Cp such that

d Cc%

a\IGH,c(t)H% +2(do — ¢ — &) [IVarene(t) 5 < 92 Slenc(t)llE +27.(t).

Choosing now €1, €3 such that dy — ¢ — €3 > 0 we conclude from the last

differential inequality the next estimate

lem.e(t)||F + / HVHBHC( N3 ds
= o(5) |5 48
2¢3 min{1, 2(d0 — e —63) / lese(s)lirds (48)
2
TC
mln{l 2(dy — €2 — €2)} /

Applying Gronwall’s Lemma to (48) we conclude the existence of positive
constants C3, Cy such that (44) holds.
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5. Numerical examples

In this section we show some numerical experiments. Before that, we
present a time discretization method for the coupled wave concentration
problem (18), (20), (21), (25), (26), (27). We employ a first-order implicit-
explicit method. In particular, the wave equation is solved by an implicit
first-order method. The concentration equation is solved by a first-order
semi-implicit method, i.e., a combination of an implicit method for the con-
centration and an explicit method for the pressure wave dependent terms. For
the temporal domain [0, T'], we define the uniform time grid {t,, = mAt, m =
0,..., M}, with ty, = T, and where At is the time step. Let us denote by
Pl and ¢} the numerical approximations for pg(t,,) and cg(t,,). The fully
discrete (in time and space) numerical scheme is then defined by: find plj
and cf; such that

m+1 M m—1 pm+1 . pm .
aHpH p[; Pr + by Ll 0 VE . (EHVH]?2+1) + fﬁr}rl in Q.
At At :
(49)
form=1,...,M; — 1,
C?l — Cp 1 1 1.
N + Ve - (Tl =V - (DEVeE™) + f;}}r in Qgm, (50)
form=0,...,M; — 1, and with the initial conditions
Pt —
HTtH = Rupuvo, Py = Rupo, ¢y = Ruco in Q. (51)
and boundary conditions
cr=0,p4=00n 00y, m=0,..., M,. (52)

Note that the py dependent terms in (50), namely, vy and Dy, are evalu-
ated at time level m. This strategy allows us to solve the coupled problem
in a sequential way. From time level m to time level m + 1 we first solve
equation (50) to obtain ¢! and then we solve equation (49) (or we use (51)
if m = 0,1) to obtain p'2"!. Let us now define the errors

eﬁp = RHp(tm) - pﬁ and egc — RHC(tm) _ Cg.

We remark that the convergence analysis of the time discretization (49)-
(52) can be obtained following the arguments given in [26] for a coupled
elliptic-parabolic problem, and using also the results given in [22] for an
hyperbolic equation.
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5.1. Convergence rate test in space. The first example of this sec-
tion illustrates the theoretical convergence rates of the proposed numerical
method. In particular, for the wave equation (1) we set the coefficient func-
tions a(xz,y) = y?, b(z,y) = v +y, e1(x,y) = xy, and es(x,y) = x, while for
the parabolic equation (2) we set v(p, Vp) = (1—|—p+%, 2p—|—g—§), di(p) = 5+p,
and dy(p) = 10 + p. In addition, the initial conditions (3), (4) and the func-
tions f; and fy are defined such that the exact solution of the coupled system
(1), (2) is given by

p(z,y,t) = e sin(2my) (1 — cos(2mx))
c(z,y,t) = e'sin(w(2z — 1)) sin(7(2y — 1)).

We also consider Q = [0,1]%, T' = 0.1 and the time step At =1e-05. This time
step is small enough so that the influence of the time discretization on the
numerical error is negligible. To measure the numerical rate of convergence
we define the error

By = max Dl i+ | Vae, |l

which is associated with the discretization of the wave equation (1), and the
error

Eo= max gl + [ Vaek |

which is associated with the discretization of the parabolic equation (2).
For the simulation the domain 2 is first divided into N, x N, non-uniform
intervals. Then, we subdivide each interval by considering the midpoint of
cach interval to obtain two intervals. In Table 1 we show the errors £, and
E, for several mesh sizes, from N, x N, =12 x 14 to N, x N, = 192 x 224.

Hppaa E, E. N, N,
0.9208¢-02 2.0123¢-01 1.2545¢-01 12 14
4.9604¢-02 5.0609¢-02 3.1817¢-02 24 28
2.4802¢-02 1.2660e-02 7.9833¢-03 48 56
1.2401e-02 3.1664¢-03 1.9977e-03 96 112
6.2005¢-03 7.9269¢-04 4.9956e-04 192 224

TABLE 1. The errors £, and E,. on successively refined meshes.

Using the data from Table 1, we plot in Figure 1 the log(E),) and log(E.)
versus 1og(Hqy). Assuming that the errors E, and E, are proportional to
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slope = 1.9974

slope = 1.9938

—é —4‘.5 —l‘l —3‘.5 —C": —2‘.5 —é —4‘.5 —ﬁ‘l —3‘.5 —é —2‘.5
Iog(Hma)) Iog(HmaQ
FIGURE 1. From left to right: Log-log plots of £, and E. versus
H,,.... The best fitting least square line is shown as a solid line.
Hp ..., for some o € IR, the convergence rate can be estimated by the slope
of the best fitting least square line. The estimated values are 1.9974 for £,
and 1.9938 for E.. These values confirm the theoretical O(H2,,) convergence

rates. Images illustrating the numerical solutions and the numerical errors
are given in Figure 2.

5.2. Application to ultrasound enhanced drug delivery. With the next
example we validate the applicability of the proposed numerical method to
real problems. For that, we carry out simulations with a practical application
of the studied system (1)-(6), namely, ultrasound enhanced drug delivery. To
model the ultrasound propagation we use the simplified wave equation

O0%p

ot?
For the evolution of drug concentration in the tissue we use the classical
convection-diffusion equation

dc

e + V- (ve) =V - (D,Ve). (54)
Here, ¢ is the drug concentration, D,, is the diffusion coefficient, and v is
the convective velocity field generated by the ultrasound wave. We consider
that this velocity field is radial around the wave source origin (xg,yy) and

has magnitude proportional to the wave intensity, i.e,

= 2 Ap. (53)

o= 1 (z — zo) (¥ — vo) with €y > 0.
Cp(\/(I—IO)QWL(?J—yO)Q’\/($—$0)2+(y—y0)2)’ t =1




HYPERBOLIC-PARABOLIC SYSTEMS ARISING IN ENHANCED DRUG DELIVERY 25

x 10

0.4
0.8
0.6 02
0.4 0.2

x 10

0.4 '
0.8 0.4
0.6 04 0.2 02 02

FIGURE 2. From left to right: Numerical approximation and

square error of pY; (first row) and ¢J; (second row) at the final
simulation time 7" = 0.1 and at the finer mesh.

Moreover, to model the effects of ultrasound waves on cell membrane per-
meabilization, we consider that the drug molecular diffusion in the tumor
tissue, denoted by D,, 7, is a scalar that depends on the pressure wave in-
tensity trough the following relation

DmT:

)

Dy if max(p?) < Cy
Dy, if max(p?) > Cy

with C5 a positive constant. The diffusion and acoustic parameters used in
the simulation were: ¢ = 2, D,, = 1e-03, D,,, = 1le-04, D,, . = 1e-06, C; =
2e-04, and C5 = 20. We remark that for simplicity units are omitted. We
also note that system (53), (54) can be seen as a particular case of system (1),

(2).
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Let us consider the configuration shown in Figure 3 (on the left), where
the tumor tissue, the initial drug distribution, and the localization of the
ultrasound source are depicted. Also in Figure 3 (on the right) we present
the time profile of the ultrasound wave. In Figure 4, we present the results

1 100 : ‘ ‘ ‘
0.8
50- 1
0.6
0
0.4
_50, 4
0.2
-10G, 1 2 3 4 5
0 Time

FIGURE 3. On the left: Initial drug concentration and simulation
scenario. The tumor tissue is represented by the black circle on
the right and the ultrasound source is represented by the black
circle on the left. On the right: time profile of the ultrasound
wave.

Ultrasound wave

of our computational experiments. On the left we consider two simulation
conditions: transport of drug under the influence of the ultrasound wave,
and transport of drug only by passive diffusion, i.e., without the application
of the ultrasound wave. As can be observed when ultrasound is applied the
average concentration of drug inside the tumor tissue at the final time is
considerably higher than that obtained only with passive diffusion. Note
also that the higher flux of drug to the tumor tissue, between time equal 2
and time equal 3.5, approximately, can be easily related with the ultrasound
profile. The sensitivity analysis of the model to the ultrasound wave is shown
in the right plot of Figure 4. In particular, we consider the same parameters
as before but where the maximum wave amplitude is reduced from 100 to
50. As expected the final average concentration of drug in the tumor tissue
is lower. The lower ultrasound amplitude also explains why the high flux of
drug occurs during a shorter period of time.

In Figure 5, we show snapshots of drug concentration and ultrasound in-
tensity at different values of time. Both cases, passive diffusion and passive



HYPERBOLIC-PARABOLIC SYSTEMS ARISING IN ENHANCED DRUG DELIVERY 27

0.01 ; ; ; ‘ 0.01
c c
S S
S 0.01 S o0.01
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FIGURE 4. Time evolution of the average concentration of drug
in the tumor tissue. On the left: Passive diffusion (dash line)
and ultrasound enhanced (solid line). On the right: Ultrasound
enhanced with maximum wave amplitude equal 200 (solid line)
and equal 100 (dash line).

diffusion plus ultrasound, are presented. The effect of the convective trans-
port on the concentration plume is clearly visible on the images in the left
column. For better visualization the concentration in the tumor tissue repre-
sents average concentration. In Figure 6, the pressure wave and the velocity
filed are shown. We refer that a time step equal 1e-02 and a uniform mesh
with H,,.. = 3.125e-03 were used. To minimize boundary effects the do-
main was enlarged. It is also important to remark that in this paper we
are mostly interested in the analysis of the proposed numerical method. A
more detailed simulation of ultrasound enhanced drug delivery requires an
independent study. This is left for future work.

6. Conclusion

In this paper we proposed a numerical method for a hyperbolic-parabolic
IBVP that can be used, e.g., to describe drug delivery enhanced by ultra-
sound. The devised numerical scheme is based on piecewise linear finite
element spaces, and it can be seen as a finite difference method defined on
non-uniform rectangular partitions of the spatial domain.

The main result of this work is Theorem 2 where we proved that the numer-
ical approximation for the solution of the parabolic problem is second-order
accurate with respect to a discrete L?-norm. The proof of this theorem
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0.03 0.03
0.025 0.025
0.02 0.02

r10.015 r10.015
0.01 0.01
0.005 0.005
0 0
0.03 0.03
0.025 0.025
0.02 0.02

r10.015 r10.015
0.01 0.01
0.005 0.005
0 0
0.03 0.03
0.025 0.025
0.02 0.02

r10.015 r10.015
0.01 0.01
0.005 0.005
0 0

FIGURE 5. From top to bottom: Drug concentration at time
equal 1, 3, and final time 5. From left to right: Transport by
diffusion and ultrasound, and transport by diffusion only.

relies heavily on Theorem 1 where we established that the numerical approx-
imation for the solution of the hyperbolic problem is second-order accurate
with respect to a discrete H'-norm. It should be mentioned that our results
were obtained imposing smoothness conditions on the solution of the coupled
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FIGURE 6. Ultrasound intensity p? (first row) and velocity com-
ponents x and y (second row) at time level equal 3.

IBVP problem that are weaker than those usually used in the convergence
analysis of finite difference schemes.
Numerical experiments illustrating the theoretical results were also given.

The proposed method was also used to simulate ultrasound enhanced drug
transport.
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