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ABSTRACT: The aim of this paper is to obtain sharp regularity estimates for locally bounded
solutions of the degenerate doubly nonlinear equation

uy — div(mu™ [ VulP~2Vu) = f,
where m > 1, p > 2 and f € L?". More precisely, we show that solutions are locally of
class COF, where B depends explicitly only on the optimal Holder exponent for solutions

of the homogeneous case, the integrability of f, the constants p, m and the space dimension
n.
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1.Introduction

We study sharp regularity issues for bounded weak solutions of the inhomoge-
neous degenerate doubly nonlinear equation (DNLE)

u; — div(mu™Vul|P~2Vu) = f € L9 (Ur) (1.1)

for m > 1 and p > 2. The family of equations (1.1) generalizes two well-known
cases: the porous media equation (PME), case p = 2, and the p-Laplacian equa-
tion (PLE), case m = 1. For the very particular case m = 1 and p = 2 we recover
the standard heat equation u; = Au.

The main motivation for the study of this class of nonlinear evolution equations
is their physical relevance, for example, in the study of non-Newtonian fluids, see
[16], plasma physics, ground water problems, image-analysis, motion of viscous
fluids and in the modeling of an ideal gas flowing isoentropically in a inhomoge-
neous porous medium [15].

The equation (1.1) exhibits a double nonlinear dependence, on both the solution
u and its gradient Vu that makes diffusion properties degenerate at points where
the solution and its gradient vanish. Existence of weak solutions has been proven
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in [22, 23]. Local boundedness of the gradient for locally bounded, strictly pos-
itive weak solutions has been investigated in [20] and Harnack type inequalites
for bounded weak solutions are proved in [13, 27]. Besides, in [10, 11, 18, 28],
the Holder regularity for bounded weak solutions is established. Here, we denote
0 < o < 1 the optimal Holder exponent for solutions of the homogeneous case.
Hereafter in this paper we shall denote Ur = U X (0, T), for a open and bounded
setU CR"and T > 0. In (1.1), we shall consider functions f : Ur — R such that
feLt"(Ur):=L"(0,T,L4(U)) satistying conditions

Pom oy ad 2470 (1.2)
ropq roq
The first assumption is due to the standard minimal integrability condition that
guarantees the existence of bounded weak solutions. The second one defines the
borderline setting for the optimal Holder regularity regime.
The greatest difficulty in the study of this equation is its doubly degeneracy. To
work around this problem we adapt the techniques found in [2],[3], [4], [5] to our
situation, and show the following result.

Theorem 1.1. Let u be a locally bounded weak solution of (1.1) in Gy, with f €
LT (Ur), satisfying (1.2). Then u is locally of class CYB in space with

a(p—1) ) (m+p—2)[(pg—n)r—pq]
p=———>=for o=miny o, , :
m+p—2 q(p—D[(r=1)(m+p—2)+1]

(1.3)
Moreover, u is locally CO’% in time for 0 given by
0 .= a(p—1)(1 ! (1.4)
=p p mip_2) .

Theorem 1.1 generalizes the cases studied in [2, 25] where the authors deter-
mined the optimal Holder exponents for weak solutions for the p-laplacian equa-
tion and the porous media equation. Such exponents coincide with (1.3) for the
cases p = 2 and m = 1 respectively.

The number B in (1.3) is obtained as follows: in the case

(m+p—2)[(pg—n)r— pq]
gip—1D)(r—=1)[(m+p—2)+1] < O, (1.5)
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we have the exponent
B— (pq—n)r—pq
q(r—1)[(m+p—2)+1]
In the case (1.5) is not satisfied, the exponent 3 is any number less than

o (p—1) <o
m+p—2— "

Some special borderline scenarios. By making a precise analysis on the expo-
nent in (1.3) it is possible to observe how Holder regularity for solutions of (1.1)
behaves by approaching some integrability borderline cases.

Case g = r = oo, By letting g,r — oo we observe that

(m+p—2)[(pg —n)r — pq] Py
gp=Dr=1)(m+p=2)+1 "p-1""
Therefore after a certain integrability threshold, the optimal regularity exponent
of the homogeneous case prevails in (1.3). It implies that solutions of (1.1) are

locally C%B for any

ﬁ<%@—0

< Oy
m+p—2 G

Case r = o and ¢ \,n/p. Here we shall observe for the next two cases, how the
Holder regularity for solutions of (1.1) deteriorates explicitly by approaching the
borderline integrability conditions in (1.2). Indeed, by assuming f € L°°’ﬁ+8(UT),
Theorem 1.1 provides that for each € > 0 universally small, solutions for the prob-
lem (1.1) are locally C 0.8() jn space where

€ 14
€)= . .
hle) ,te mtp—2

Case r \, 1 and g = o. By considering f € L'*¢>=(Ur), Theorem 1.1 guarantees
that for each number € > 0 universally small, solutions are locally C 0,5(¢) jp space
with exponent

6(8): 8(m—{—p—2) . p -

em+p-2)+1 m+p-2
Note that in both cases, B(€) and o(€) go to 0 as € — 0. In time, solutions are
CO1E) for y(e) = B(€)/6(¢) where 6(g) — p as € — 0 so the exponent y(&) also
deteriorates as € — 0.
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Remark 1.1. According to the second condition in (1.2), we observe that for the
last two cases such regularity is optimal.

Organization of the paper. The paper is organised as follows. In section 2 we
will define weak solutions of equation (1.1) and we develop some preliminary
estimates, which are important tools for the proof of the main results of this pa-
per. In section 3 a geometric iteration is established, using the intrinsic scale of
the DNLE. In section 4 we proved the main result of the paper. In section 5 we
develop optimal regularity estimates for p-Laplacian type equations that are com-
mented in [25], section 4.

2. Definitions and preliminary results
We start with the definition of weak solution to (1.1).

Definition 2.1. A non-negative locally bounded function

(m+p—1)
U € Croe(0,T;L2 (U)), u » €L’

loc

(0,T; WP (U))

loc

is a local, weak solution to (1.1), if for every compact set K C U and every subin-
terval [t),t2] C (0,T], we have

15 15}
/ u@dx|? + / / {—uq; +mu™ |\ VulP2Vu.Votdxdt = / / fodxdt
K I3 K 5] K

for all nonnegative test functions

¢ €W2(0,T;L2(K)) L,

loc

(0,7: Wy "(K)).

It is clear that all integrals in the above definition are convergent, interpreting the
gradient term as

p_l m— m+p—1 m+p—1
W\ VulP 2V = (%) T\ v
m-—p—

A alternative definition makes use of the Steklov average of a function v €
L' (Ur), defined for 0 < h < T by

Lty onde, if te(0,T —h,
Vh '_{ " 0 if te(T—hT]. 2D
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Definition 2.2. A non-negative locally bounded function

(mtp—-1)

u 6 ClOC<O T LZOC(U)>7 u P ELZ)@(O T W 7p(U)>

loc

is a local, weak solution to (1.1), if for every compact set K C U and every 0 <
t <T —h, we have

/ {(un)r @ + (mu™ = |Vu|P~>Vu) .V @ }dx = / fapdx,  (22)
Kx{t} Kx{t}

from all nonnegative ¢ € WO1 P(K).
One of the main tools we will use is the following Cacciopoli estimate.

Proposition 2.1. Let u be a weak solution to (1.1) and K X [t;,t;] C U x [0,T].
There exists a constant C, depending only on n,m, p,K X |t1,t;], such that

sup / 2é"’dx+/ / m\Wy|PEPdxdr < C/ / u?EPVE, dxdt
n<t<t

n / /um+P—1\V§|dedz+cuf|\%q,r,
f K

forall & € C3(K % (t1,12)) such that § € [0, 1].

Proof: Taking @ = u,EP as a test function in (2.2) and ¢ € (11,1,] arbitrary, we
have

t t
/ /(uh),uhfpdxd‘c + / /(mum_l|Vu|p_2Vu)h.Vuh§pdxd’C
n JK 1 JK

t
+ p/ /(mum1|Vu|p2Vu)h.V§§pldxd’L'
nh JK

t
= //fhuhépdxdf.
1 JK

Integrating by parts and passing to the limit in 2z — 0, we get

/I:/K(uh)tuhépdxd’c = /tl/ ur) EPdxdt

— 5 | wertenar—; [ et

/ / W?EP~1E dxdr.
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For h — 0, we have

t t
//(mum_l|Vu|p_2Vu)hVuh§pdxdT o m/ /um_l\Vu\pc'jpdxdT.
f JK Hh JK

Using Young’s inequality and 2 — O,

t
p/ /(mum_l|Vu|p_2Vu)huhV§§p_ldxdT
Hnh JK
t
—>mp/ /um_l\Vu\p_2VuuV§§p_ldxdT
Hh JK

t
< mp/ /um_1\§Vu\p_1\uV§\dxdT
nh JK
t
< Anp) [ [ w e ulraras
Hnh JK
t
+ y(m,p) / / WP \VE Pdxd .
nh JK

Finally by Holder inequality, we have

| fungrax < |l okl
< C(K.q)|ué”

|q7K

2.k || /]

C(K.q) ( / uiépdx) il

q,K

IA

where in the last inequality we use the fact that E7 > E2P. Therefore, passing to
the limit in 2 — 0 and using Young’s inequality,

1
t . )
/ / futPdxdc < C(K.q)lt—1|7 < / u2gpdx> £ |0
n JK K

1
<. / PEPdx 4 C(tn,1, K, q,7) || f] 2
K

Taking the supremum over ¢ € (t;,1,] the result follows. |
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We start our fine regularity analysis by fixing the intrinsic geometric setting for
our problem. Given 0 < o < 1, let

93—pa<@1)$§i3%>, (2.3)

which clearly satisfies the bounds

(p—1)

o J
+m+p—2

<6 <p.

For such 0, define the intrinsic 8-parabolic cylinder as
Gp = (—p?,0) x B,(0), p >0.

In the sequel we show that for a certain smallness regime require to the parameters
of the equation (1.1) that u can be approximated by homogeneous functions.

Lemma 2.1. Given § > 0, there exists 0 < € < 1 such that if || f||4r(G,) < € and
u a weak solution of (1.1) in Gy, with ||u||e G, <1, then there exists a ¢ such that

o — div(m¢™ ' |VO[P2V) =0, in Gy (2.4)
and

1t =@, < 0.

Proof: Suppose, for the sake of contradiction, that, for some &y > 0, there exists
a sequence

m+p—1

. . mtp
(”J)j S Cloc(oaT;leoc(Bl))a (uj) reLl

loc

(0,T;W,-7(B}))

loc

and a sequence (f/); € L9"(Gy) such that

u! —div(m(u!Y" NVl |P-2Vul) = £l in G (2.5)
i/ ||ee., < 1, (2.6)
1oy < 1/7, (2.7)

but still, for any j and any solution ¢ of the homogeneous equation (2.4) in Gy 5,

|t = |6, , > . (2.8)
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Consider a cutoff function § € C7(G)), such that £ € [0,1],§ =1 in G, and

& = 0 near d,G;. Thus, since #/ is a solution of (1.1), we can apply the Cacciop-
poli estimate of Proposition 2.1 to get

sup / 2§pdx+/ / ()" |V |PEPdxdr < C/ / (u!)2EP~YE, | dxdt
H<t<t B,

- / / (u )" P~ VE |Pdxdt
—1JB

+ C|fllzer
< (2.9)

where we use (2.6) and (2.7).
. .. m+p—1
Define v/ = (u/) , : thus

p

. | . :

VP = (—’"*p ) ()" |Vud |
P

and we get, by (2.9),

p
J Jj|pgp Lp—l ~
Vv Hme_/ / (Vv [PEPdxdr < ( ; c. (2.10)

Then, for a subsequence,
‘7Vj SN V’
weakly in LP(G| ). Note that the equibounded sequence (u/) is also equicon-
tinuous, by [18] and, by Arzel-Ascoli theorem, along a subsequence
w —s ¢,

uniformly in Gy ,. We can identify y = Vv once we have the pointwise conver-
gence

. . m+p—1 m+p—1
V=) r —¢ r =:v

Passing to the limit in (2.5), we find that ¢ solves (2.4) which contradicts (2.8)
for j > 1.
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3.Geometric iteration

In this session we developed a geometric iteration in a certain intrinsic scaling.
Here we consider

m—+p—2
where « 1s defined as in (1.3). The following result provides the first step in the
iteration process to be implemented.

Lemma 3.1. Let u a weak solution of (1.1) in Gy. There exists € >0,and 0 < A <
1/2, depending only on m,n, p and & such that if || || ar(G,) < € [Jul|eo,G, < 1 and

1
u(0,0)| < ~AP,
4
then
oo, < AP.

Proof: Let 0 < § < 1, to be chosen later using the last lemma, we obtain 0 < € < 1
and a solution ¢ of (2.4) in Gy, such that

[ =@, < 0.

From the available regularity theory (see [14, 18]), ¢ is locally C%* N Cta o/ 2, for
some 0 < o, < 1. Thus we obtain
ax(p—1)

sup [@(x,1) —(0,0)] < CA =2,
(x,t)EG,,

for A < 1, to be chosen soon, and C > 1 universal. In fact, for (x,7) € Gy,

0(x,2) —9(0,0)] < [9(x;1) —¢(0,2)|+¢(0,2) — ¢(0,0)]

c1lx—0|% +colr — 0|7

IAIA

0
Clﬁ,a* + A 2 &
ax(p—1) ax(p—1)
C]l m+p—2 _|_ 022’ m+p—2

ax(p—1)
Cl m+p—2

IA

IA

IA
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(p—1) - 2(p—1)

since 6 > 1+ .
m+p—2 m+p—2

We will choose A < 1/2 can therefore

estimate
nglu! < 2?£Iu—¢|+sgf!¢—¢(0,0)l (3.1)
+ 19(0,0) — u(0,0)| + |u(0,0)]
< 26+C)L%_—12)+%)Lﬁ.

Now finally fix the constants, choosing A and 6 as

1\ @D |
ax—a)(p—1
- .— _)B
A: ( 4C> and O: 4),
and fixing also € > 0, through Lemma 2.1. The result follows from estimate
(3.1). |

Theorem 3.1. Let u a local weak solution of (1.1) in Gy. There exists € > 0,
and 0 < A < 1/2, depending only on m,n, p and @, such that if || f||zar(G,) < €,
|t]|co,, < 1 and

1(0,0)] < Z(A9)P,

e

then
Jul|oo g, < (AF)P. (3.2)

Proof: The proof is by induction on k € N. If £k =1, (3.2) holds due to Lemma
3.1. Now suppose that the conclusion holds for k and let’s show it also holds for
k+1.

Consider the following function v : G; — R defined by

u(Akx, Ak9t)

v(x,t) = LBk (3.3)
We have that
v (x,8) = ARO=Pky, (A Kx, AKOr)
and
Vv(x,t) = A PRV (A *x, 1597).
Thus,

div(m(v(x,0))™ Vv(x,1)[P2Vv(x,1))
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— A==k giy (m(u(A*x, AR 1) )" V(A *x, AXO1) P2V (A Fx, 1591)).
Recalling (2.3), we conclude, since u is a local weak solution of (1.1) in Gy, that
—div(m(v(x,)))"  v(x,0)|P 2v(x,0)) = APk ke 1K0;)
= f(x,2).

Now

0
1 ar Gy = ( A(p=alp=1)ka) r(py ;Lk‘))\%zx)

(/ Ap—alp=1)kg—kn| ¢ (k8 )\%) dt
1

= allreto- i [ ° ( / \f(x,k"et)l"dx>th
~1 \/B,;

_ l(p=a(p=1))kq—kn]z—k / ’ /
A0\ JB

To apply the Lemma 3.1 we need to have

L
r

Fl.1) \%) dr.

2k

(p—a(p— 1>>kq—kn]§—ke >0,

that 1s,

k [(p—a(p—l))q—nlg— (P—O‘<<1’_1>_m<i—pl—)2>>

Since k > 0, we have

> 0.

(m+p—2)[(pg—n)r— pq|

= -t p—2) — (m+p—3)]

Choosing the optimal

(m+p—2)[(pqg—n)r—pq|

T = Dirlmtp—2)— (mtp—3)

we have

1 lzor(Gry = IF lar( a0k 0)xy) < I FllzarGr) <
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which entitles v to Lemma 3.1. Note that ||v||s G, < 1, due to the induction hy-
pothesis, and

0,0 LkhB
(0,0 = | MO0 |aA ) Lyp,
A= || =

It then follows that

V]G, < AP,
which is the same as

HMbnggngﬂ_

The induction is complete. ]

We next show the smallness regime required in the previous theorem is not
restrictive and generalize it to cover the case of any small radius.

Theorem 3.2. Let u be a local weak solution of (1.1) in Gy, then, for every

0<r<A,if
u(0.0)| < /#
4
we have
]|, < CrP.
Proof: Take

v(x,1) = pu(p®x,p =2 pay)
with p,a to be fixed, which is a solution of (1.1) with
f(x,t) — p(m—l)—i-(l?—l)—i-paf(pax’p(m—l)—i—(p—Z)—i-pa[).

In fact, let
v(x,1) = pu(p®x, pt).
We have
vi(x,1) = p'*Puy (px, p1)
and

Vv(x,t) = p' T *Vu(px, p’t).

So we obtain
div(m(v(x,1))" " |Vv(x,1)[P7*Vy(x,1))
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= pl= =Dt Padiy (mlu(p“x, )™ [Vu(p“x, p"1) [P~ >Vu(p®x, p"t)).
Now we choose b such that
l+b=(m—-1)+(p—1)+ pa.
Therefore, we have
vi —div(m(v(x, )" V(x,0)|P 2V (x,1))

We have still

. p(m—1)+(p—1)+Paf<pax,p(m_1)+(p_2)+pat) = f:(x,t)

[VllewG < pllullee,4

and

0 q
HfHZW(Gl) — /1 ( ’ p((m—1)+(p—1)+pa)61‘f(pax,p(m—1)+(p—2)+pat)’qu> dt
- 1

[((m—1)+(p—1)+pa)g—an E—[(m—1)+(p—2)+pa] / ’ ( /
_p(m—1)+(p—2)+pa Bpa

- p[(m_1)+(p_1)+pa]r—a(n§+p)—[(m—1)+(p—2)] HfHZw(Gl)'

~

—p lenlrax) ar

Now choosing a > 0 such that
-
[(m=1)+(p—1) +pa]r—a(n5+p) —[(m=1)+(p—2)] >0,

which is always possible, and 0 < p << 1, we enter the smallness regime required
by Theorem 3.1, i.e.,

Wl <1
and

1l zar(Gy) < &

Given 0 < r < A, there exists k € N such that

AR <<k,

Since

P < (5P,

B
B -

u(0,0)[ <
it follows from Theorem 3.1 that

[u4]]en i < (AF)P.

2k —
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Then,

oGy < (WP < (%)B =crf

where C = A5, u
4. Proof of the Theorem 1.1

In this section we will prove the main result of our work, studying the Holder
continuity at the origin, proving there is a uniform constant B such that

|t — u(0,0)]|oo G, < BrP. 4.1)

[lles.G, < []u

Proof: Since u is continuous we can define
K := (4|u(0,0))~P > 0.
Now take any radius 0 < r < A. We will analyze the possible cases.
(1) If k < r < A then, by Theorem 3.1,

1
sup u(x,1) — u(0,0)| < Cr* + |u(0,0)] < <c+ Z) P (4.2)
G,
(2) If 0 < r < k we consider the function
0
_ u(kx,k%t)
w(x,t) := 5

Note that |w(0,0)| = % and w solves in G|
wy — div(mw™ ! [Vw|P2Vw) = kP=P=1) £ (4ex, k).
Since |u(0,0)| = L—ltK'B, using Theorem 3.2, we have
W, < K [Jut][oo,G,, < C.

With this uniform estimate in hand, and using local C%% regularity esti-
mates, we find that there exists a radius p, depending only on the data,
such that

1
lw(x,2)| > g V(x,1) € Gp,.

This implies that, in Gp,, w solves a uniformly parabolic equation of the
form

w; —div(a(x,1)|Vw|P72Vw) = f € L7
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with continuous coefficients satisfying the bounds 0 < ¢ < a(x,7) < d. By
Theorem 5.1, we have

weCGp), with 7= P g

Therefore,
sup |[w(x,r) —w(0,0)| <Cr’ V O0<r< &,
(x,t)eG, 2
this 1s
9
t 0.0
sup M(KX’BK )_u( 23 ) <Cr’ Vv O<r<&.
(x,t)€G, K K 2

Since B < 7, we conclude

sup [u(x,t) —u(0,0)] <C(kr)f ¥ 0<kr< K&,
(x,t)EGy, 2
and, relabelling, we obtain
sup [u(x,t) —u(0,0)| <CrP v 0<r<xb 4.3)
(x,t)€G, 2
3) If K% <r < K, we have
sup |M(X,[)—M(0,0)| S sup ‘M(X,t)—M(0,0N (44)
(x,t)€G, (x,t)eGy
B
< cxP < (g> =C'rB.
P

Taking B = max{C + }‘,C’}, the result follows for every 0 < r < A.
m

5. Optimal regularity of solutions for p-Laplace type equations

In this section we establish optimal regularity estimates for solutions of equa-
tions

u; — div(y(x,1)|VulP2Vu) = f in Uy, (5.1)

with continuous coefficients, i.e

7(z) = ¥(20)| < Lod(dp(z,20)*) (5.2)
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where z = (x,1),z0 = (x0,%0) € Q7. The ®(.) denotes a modulus of continuity; that
is, @(.) is concave and non-decreasing such that lim, o @(s) = 0. The parabolic
metric is defined as usual by

dy(z,20) := max{|x —xo|, /|t —to|} = \/|x —x0| + |t —to],

and also satisfying the bounds
O0<v<7yxt) <L (5.3)

for some structure constants 0 < v <1 < L. The function f € L?"(Qr) where

1 2
S ot and 2400 (5.4)
ropq roq
We show that weak solutions of (5.1) are C%¢ for
o \P4—n)r—pg 5.5)

ql(p—Dr—(p—2)]
which, by (5.4) we have 0 < ax < 1. Let
O:=a+p—(p—Ha=2a+(1—a)p. (5.6)

Note that 2 < 0 < p, since 0 < o < 1. For such 6, we define the intrinsic 8-
parabolic cylinder

G::=(—1%,0) x B;(0), 7>0.

Lemma 5.1. Let u be a local weak solution of (5.1) in G| where Y satisfies the
conditions (5.2) and (5.3). Then, for every 0 > 0, there exist 0 < € < 1, such that

if

fllzer(Gy) < € lullpavec, <1 and |y(x,t) —¥(0,0)| < & (5.7)

then there exist a function ¢ in Gy, solution of
0 — div(Y°(0,0)[V9|P V) =0 in Gy, (5.8)
such that
Hu_d)Hp,avg,G]/z < 0. (5.9)

Proof: Suppose, for the sake of contradiction, that the thesis of the lemma fails.
That is, exist sequences {u’}, {/} and {f/} for all j € N satisfying

! — div(y (x,0) |Vl [P=2Vul) = 7 in G, (5.10)
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where
1| ar(en) = 0(4) 110 pavg,cy <1 and
¥/ (x,1) = ¥/(0,0)| = 0(), (5.11)
but, for some &y > 0, there holds
||t — 9|l p.ave, 1/, = 0 (5.12)

for any solution ¢ of (5.8) in G ;. Fix a cutoff function § € C§’(Gy), such that
¢ €[0,1],§ =1in Gy, and & = 0 near d,G;. From the Cacciopoli estimate (see
in [9])

0 . O .
sup / uzépa’x—er/1 ; \Vu/ |PEPdxdt < C/I/B (u!)2EP™L|E | dxdr
1 - 1 - 1

—1<t<0JB

0 .

o [ [ e v
—-1JB

+ Cllf ey

< c (5.13)

So, we have

\Vuf||pG]/2 / /B \Vu/ |PEPdxdr < E.
1

On the other hand, a control of times derivative ( see [1], section 7), gives
J
g [l ) < €

with s = min {q, ]%} < p. By the classical compactness result (cf. [21], Corol-
lary 4), with
wh? e 1P C I,
to conclude that
w —s yin L (G )

Vil (x,t) — Vy(x,1) forae. (x,1) € Gi /s

Note also that the sequence {¥/(0,0)} is bounded and equicontinuous, there-
fore by Ascoli-Arzel, 1/(0,0) — 7°(0,0) uniformly in G, /2- Hence, by (5.11) we
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obtain
Y (e 0)[E1P72E = ¥2(0,0)[E1P2E] < ¥/ (x,0) —¥/(0,0)[|& P
+ 17/(0,0) = 7(0,0)[[§["~" = o(/)
for any (x,1) € G, /2 and & € By. That is, for we have verified

Y (e, 0)E1P72E — ¥°(0,0)[€P 28

uniformly in Gy, X R". Using standard arguments we have that u® solves the
constant coefficients equation

uy — div(y°(0,0)|Vu’[P7*Vul) =0 in Gy,
which contradicts (5.12) for ¢ = u°. n

Lemma 5.2. Let u a local weak solution of (5.1) in G1 where Y satisfies the condi-
tions (5.2) and (5.3) and 0 < o0 < 1 be fixed. There exist € > 0and 0 < A < 1/2
depeding only on p,n and Q, such that if

pave,Gi <1 and sup|y(x,t) —7y(0,0)| <&

[ fllarc) <& |lu]
Gy

then there exist a universally bounded constant cqy such that

Proof: Take 0 < 6 < 1, to be chosen later, and apply Lemma 5.1 to obtain 0 <
€ < 1 and a solution ¢ of some constant coefficient equation in Gy /5, such that

||u— ¢HP,0V87G1/2 <34.
By the local regularity estimates to solution of constant coefficients equations (see
[6]), we get

sup ’(P(X,t) T ‘P(O?O)‘ < CA
(xJ)EG;L

for C > 1 universal. In fact, for (x,z) € G,

‘Q)(x,t)—(P(0,0)‘ < ‘¢<X,t)—¢(0,t)|+‘¢(0,f>—(P(0,0)|
< Clx=0/+C"t—0p

< dr+C'A% <cA
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since O < 2. Therefore,

[[u(x,1) = u(0,0)[[ p.avg.G

< ) = 0N g, 519
+ H¢(x7t)_(P(O?O)Hp,avg,G;L
<

0+CA
where choose A < 1/2. We put ¢o := ¢(0,0), observing that
H(p| p7anaGl/2 S Hu _ ¢HP,an,G1/2 + HM‘ p,avg,G1/2 S 1 + 6 S 2, (516)

and ¢ is solution of constant coefficient equation, cg is universally bounded. We
choose A < 1/2 so small that

CA < %A“
and then we define .
0= EAO‘
thus fixing, via Lemma 5.1, also € > 0. The lemma follows from estimate (5.15).

Lemma 5.3. Under the conditions of the previous lemma, there exists a convergent
sequence of real numbers {cy }r>1 such that

Hu - Cka,avg,GM < (lk)a, (5.17)
with
ek — cip1] < C(A%)K (5.18)
for some universal constant C > Q.
Proof: The proof is by induction on k € N. For k =1, (5.18) holds due to Lemma

5.1, with ¢; = ¢g. Suppose the conclusion holds for k£ and let’s show it also holds
for k + 1. For this consider the function v : G; — R such that

u(Akx, A9kt — ¢

v(x,t) = Lok (5.19)
We have
vi(x,1) = ARy, (A kx A %1)
and
Vv(x,t) = A wy(AKx, 2.9%).
Therefore

div(y(A*x, A9%6) |V (x,1)[P~2Vv(x,1))
— AP (=10 giy (p(AKx, A O%1) V(A Kox, 2.9%1) P2V (A *x, 1.9%1))
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to concluded, recalling (5.6), that
v (x,1) — div(y(ARx, A %) [V (x,1)[P 2V (x,1))
— APk (p=)ak e aky 2.0kp) .= F(x,1).
Note that
0 7
1 llzar Gy = / < l[”k—(”_l)“"]q\f(l"x,l"et)!qu> dr
B

—1

_ p[(pk—(p—l)ak)q—knlg—kf) / ° < /
—_)\ke B)Lk

Due to the crucial and sharp choice (2.3) of o, we have, recalling again (5.5),

[(pk—(p— l)ock)q—kn]g — k6 =0.

\f(x,t)\%’x) adt.

So, we have

U Lar(Gy) < W lerG ) < I ler(Gy) < €
and ||v||p.avg,c, < 1, due to the induction hypothesis. By the Lemma 5.2 there
exist a universally bounded constant ¢, such that

HV - 50’|p,avg,G;L < Aa,

wich 1s the same as

1
Gl Ja,
where it follows that

1
W/G (A Fx, A5 — cp 1y |Pdxdr < AP
A

u(Akx, AKO) — ¢p
Aok

p
—Cy| dxdt < A%P

for ciy1 1= cx + oA ¥F. Making the following variable change y = A*x and s =
A%t we have

1 / k
— \u(y,s) — cpp1|Pdxdt < A*PLOP,
‘Gluukn/lkH leﬂ

Therefore
2L (k+1)

Hu_ck+1| paan7le+l — )

where ¢j 1 := ¢+ oA @ and the induction is complete. To finish we observe that

lcxi1 — x| < (A9
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where c is a universal constant. ]
Note that
ek — crrjl < ek — crpr| + ek — ksl + oo F ekt jo1 —

j—1

- Z |Chri — Ctit]
i=0

J—1 ,
Z C()ﬂk-f—l)(x
i=0

IA

IA

Clak Z(A(X)l
i=0

C
= Aok,

1—A®

Due to (5.18), the sequence {cy }r>1 is convergent, let’s say ¢, — ¢. Therefore
C

1—A®
Theorem 5.1. A locally bounded weak solution of (5.1), where Y satisfies the
conditions (5.2) and (5.3) and f € L?", satisfying (5.4) is Holder continuous in
the space variables, with exponent

16— cp| < A0k, (5.20)

(pq —n)r—pq
ql(p—1)r—(p—2)]

and locally Holder continuous in time with exponent %.

Proof: Let

o=

v(x,1) = pu(p®x,p'P~2tarr)

with p,a to be fixed which solves
vi (1) = div(y(p%x, p 2P ) Vv (x,1) [P 2V v(x, 1)

= pP=tar f(pax pP=DFarp) = f(x,1).
We have,

2—
V117 g 0 < 227 PNl g

and

< plp=Dtaplr—alntp)=(p=2))| g L4 (G)

[ y
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We choose a > 0 such that
2—a(m+p)>0 and [(p—1)+aplr—a(n+p)—(p—2)>0,

which is always possible (observe that the second condition holds for a = 0 and
use its continuity with respect to a), and then 0 < p < 1 we get

6 <1 and [|fllprG) <&

Now, given 0 < r < A, there exists k € N such that
A < <Ak
it follows from Theorem 5.3 that
[lu— cllpave.c,e < (A% (5.21)
Then by (5.20) we get

G
][ u(et)—aPdedt < 1OH ][ |u(x,t>—ck\pdxdt+][
G, Gl \Jo, G
1 C )
< )Nn+9 <1+1_/‘La> (2‘ )Ot

C 1
< [<1+ 1 _Aa) )ﬁo%n%—@] r?

= Cr¢

¢ — ckpdxdt>

2k

where C = (1 + 1_C7La> Ta 71" —- By standard covering arguments (see [24], Lemma

3.2) and the characterisation of Holder continuity of Campanato-Da Prato, we
have local C%%%/9(G, /2)- continuity and thus the proof is complete. |

The proofs adapt to more general degenerate parabolic equations
—divA(x,t,Vu) = f e L™

satisfying
A(,,E) < CIIEP™ + @1 (x,1)
A(x,1,8) -6 = ColS|? — go(x,1) (5.22)
[A(2,8) = Alz0,8)] < Croo(dp(z,20)%)[E 17!
for &£ € R, z = (x,1),20 = (x0,f0) € Qr and Cy,C) are given positive constants,
(o, @1 are given non-negative functions, in an appropriate function space (more
details see [9]) for p > 2.
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The proof is the same, just note that in Theorem 3.1 the rescaled function v
defined in (3.3) now solves the equation

v — divAg (x,2, Vv) = APk (p=D)ak g q ey 2 K0y,
where
l—p
A1) o= (A7) T ARk 250, A7)

belongs to the same structural class of A.
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