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ABSTRACT: Remainders of subspaces are important e.g. in the realm of compact-
ifications. Their extension to pointfree topology faces a difficulty: sublocale lat-
tices are more complicated than their topological counterparts. Nevertheless, the
co-Heyting structure of sublocale lattices is enough to provide a counterpart to
subspace remainders: the sublocale supplements. In this paper we give an account
of their fundamental properties, emphasizing their similarities and differences with
classical remainders, and provide several examples and applications to illustrate
their scope. In particular, we study their behaviour under image and preimage
maps, as well as their preservation by localic maps. We then use them to character-
ize nearly realcompact and nearly pseudocompact frames. In addition, we introduce
and study hyper-real localic maps.
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1. Introduction

In general topology, by a remainder of a Tychonoff space X it is usually
understood the subspace bX ~ X of some compactification bX of X. Re-
mainders of subspaces and their preservation by continuous maps play an
important role in some classical results. E.g., by the Henriksen-Isbell The-
orem (cf. [21]), a continuous map f: X — Y of Tychonoff spaces is proper
(= perfect [19, 3.7]) if and only if any of the following equivalent conditions
hold:

(R1) The Stone-Cech extension B(f): X — BY of f takes remainder to
remainder, that is,

BHBX N X] S Y \Y.

(R2) For every compactification kY of Y, the extension f: BX — kY of f
takes remainder to remainder, that is,

~

fIBX N X] < kY \ Y.

Hence, in the classical context, remainder preserving maps are precisely
the proper maps.

This provides nice categorical characterizations of proper maps since re-
mainder preserving condition (R1) means precisely that the square

f

X Y
ﬁx| |ﬂy
BX B(f) 8y

is a pullback diagram (i.e., f is S-cartesian [35]), while (R2) is equivalent to
the fact that

! vy
Bx l Ry
BxX —L Ly

is a pullback diagram. (For a broad categorical approach to properness and
perfectness see [14] and [35].)



REMAINDERS IN POINTFREE TOPOLOGY 3

The generalization of Henriksen-Isbell Theorem to pointfree topology faces
a difficulty: unlike the algebra P(X) of subspaces of a space X, the sublo-
cale lattice S(L) of a locale (frame) L is generally not Boolean, and therefore
complements (and hence the difference of two sublocales) do not necessar-
ily exist. He and Luo [20] circumvented this by grabbing the categorical
conditions rather than (R1) and (R2) to characterize proper maps of locales:

Theorem 1.1. [20, Theorem 1] Let f: L — M be a localic map between
completely reqular locales. Then the following statements are equivalent:

(i) f is proper.
(ii) For the Stone-Cech compactification Byr: M — M of M, the following
diagram 1s a pullback square:

f

L M
BL |5M
LI

(iii) For every compactification ky: M — «M of M, the following diagram
15 a pullback square:

L—' —m
BL |f<~'M
7
BL kM

Nevertheless, in spite of being no longer a (atomic) Boolean algebra, S(L)
is always a coframe (i.e., the dual of a frame). This means that S(L) is
a co-Heyting algebra and, therefore, ‘residuated’ in the sense that there is
a binary operation that acts like a subtraction. The existence of such an
operation permits the computation of residuals L ~. S in the absence of a
unary complement operation.

Thus, the class of localic maps that take remainder to remainder i.e., that
satisfy the counterpart of conditions (R1) or (R2) with respect to that sub-
traction, still remains to be studied, and compared with that of proper maps.

In [17], Dube and Naidoo approached remainder preservation with a def-
inition heavily dependent on the point spectra of the generalized pointfree
spaces. It is the aim of this paper to make the notion of remainders and
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remainder preservation truly pointfree, by investigating the natural, alterna-
tive, direct approach based on the co-Heyting structure of sublocale lattices,
with no reference to points whatsoever. We would like to stress that this
approach is not new in the literature. In fact, one may find it, formulated
in terms of the frame of congruences, somewhat hidden amidst the study
of some perfect compactifications in a paper by D. Baboolal ([1]; see also
[2] where it appears in a even more particular situation). Our goal here is
to collect the basic algebraic structure and results for its use in the general
pointfree setting.

Note that the fundamental fact that, for any frame L, S(L) is generally a
coframe rather than a frame is, after all, a pleasant surprise. Actually, in the
classical case, the Heyting operator A — B in the Boolean P(X) is given by
—Au B, never used in classical topology, whereas it is the co-Heyting operator
given by the set-theoretic difference B n —A = B . A that is actually used.
Thus, in the category of locales one should take the co-Heyting operator
in S(L) as the natural substitute for the set-theoretic difference. This idea
goes back to Isbell and Plewe [23, 32, 33] (cf. [29, VL.5]) and provides the
right definition for the remainder of a locale and the corresponding concept
of mapping remainder preservation.

The paper is organized as follows. In the first sections, we mostly survey
familiar material of pointfree topology and lattice theory (but also includ-
ing a few new results) that are of relevance for the study of remainders.
More specifically, we start in Section 2 with some basic background on the
categories of frames and locales, and in Section 3 we survey the structure of
coframes (meaning complete co-Heyting algebras, the dual lattices of frames)
and the properties of the co-Heyting operator (here called pseudodifference
operator). Then, in Section 4, we look for additional properties of pseudodif-
ferences in the more special coframe of sublocales of a locale. Section 5 deals
with their behaviour under image and preimage maps. Remainders and re-
mainder preservation are introduced and studied respectively in sections 6
and 7 and in Section 8 we compare remainder preserving maps to proper
maps. In particular, Section 6 provides several examples that illustrate the
usefulness of our approach (namely, in the study of the Alexandroff, Stone-
Cech and Freudhental compactifications). In Section 9, we present some more
illustrative examples, now concerning the study of some particular classes of
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locales and localic maps as e.g. nearly realcompact and nearly pseudocom-
pact locales and hyper-real localic maps. Finally, in the last section we
compare our approach to the previous treatment by Dube and Naidoo [18].

Some of the results in this paper were presented for the first time by J.
Picado at the conference held at the University of Cape Town in March 2016
to celebrate Bernhard Banaschewski’s 90th birthday. We were pleased to see
in a very recent paper ([16]) that T. Dube uses our approach to characterize
realcompact locales.

2. Frames and locales

In the pointfree (localic) approach to topology, topological spaces are re-
placed by locales, seen as generalised spaces where points are not explicitly
mentioned. Formally, a locale L is defined to be a special complete lattice
(where we denote top, resp. bottom, by 1, resp. 0), usually called a frame,
in which finite meets distribute over arbitrary joins, i.e.

an\/S=V{eablbeS} forallaeL and S < L.

Thus, in a frame L the mappings (x — (aAx)) : L — L preserve suprema and
hence we have the right Galois adjoints (y — (a — y)) : L — L, satisfying

arnx<y iff z<a—y (2.1)

and making L a (complete) Heyting algebra. The element a — y (the relative
pseudocomplement of a with respect to y) is given by the formula

a—y=\Vizlara<yh
The (absolute) pseudocomplement of a is the element
a*=a—>0=\{z|zAra=0}

If X is a topological space we have the frame DX of its open sets. A frame
is spatial if it is isomorphic with some D X.

Regarding morphisms, the role of the usual continuous functions is taken
by those maps f: L — M between locales, called localic maps [29], such that,
for every ae L,be M, S < L,

(L1) f(AS)= A f[S] (and, in particular, f(1) = 1),

(12) F(F*(6) — @) = b — f(a), and
(L3) f(a) =1=a=1,
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where f*: M — L denotes the left adjoint of f provided by property (L1).
These left adjoints are the frame homomorphisms, i.e. the maps between
frames that preserve arbitrary joins (in particular, the top element 1) and
finite meets (in particular, the bottom element 0). Note that, for each frame
homomorphism h: M — L, h(z*) < h(z)* for every x € M.

If f: X - Y is a continuous maps of spaces, we have the frame homomor-
phism O(f): OY — OX defined by O(f)(V) = f V] for every V € QY.

Locales and localic maps form the category Loc of locales while frames
(=locales) and frame homomorphisms form precisely its dual category Frm.
Our references for locales and frames are [25] and [29]. Here we just recall
the definitions of some of the main classes of frames mentioned along the
paper.

A frame L is compact (resp. Lindeldf) whenever \/ A = 1 for A € L implies
1 = \/ B for some finite (resp. countable) B < A. A frame L is reqular if,
for each a € L, a = \/{b € L | b < a} where b < a (‘b is rather below a’)
means that b* va = 1. The completely below relation << is the interpolative
modification of the rather below relation. Elements a,b € L satisfy b<<a
if and only if there exists a subset {a, | ¢ € [0,1] " Q} < L with ay = b
and a; = a such that a, < a, whenever p < ¢ in [0,1] n Q. A frame L is
completely regular if, for each a € L, a = \/{be L | b<<a}.

The points of a locale L are the prime (or meet-irreducible) elements, that
is, the p € L~ {1} such that p = a A b implies p = a or p = b. A special kind
of points are the completely prime elements of L that satisfy the condition
p=/\S=pe S for every S < L. For any locale L, its spectrum 3L is the
space of all points of L with the open sets ¥, = {p | a £ p}, a € L.

3. Coframes

Dual lattices of frames, that is, complete co-Heyting algebras play a crucial
role in this paper. As usual, we refer to them as coframes. Thus, in a
coframe L the mappings (y — (a v y)) : L — L have left Galois adjoints (z —
(N~ a)): L — L, satisfying

rNa<y iff z<avy. (3.1)

Hence we have an extra operation, the co-Heyting operation x \ a given by
the formula

r~a=N{ylz<avuy} (3.2)
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We refer to x ~\ a as the relative pseudodifference of a with respect to x.
Clearly, (—) \ a being a left adjoint, we have
(Vbi)~a=\(b~\a). (3.3)
1eJ e
From (3.1) we can also obtain the contravariant adjunction
cNa<b iff cNb<a (3.4)

which yields
b\/\a,': \/(b\al) (35)
1eJ 1eJ
Each Boolean algebra is both a Heyting and a co-Heyting algebra: just set

a—>b=—-avb and b~a=0bA —a. (3.6)

Dualising the proofs in [29, Prop. II1.3.1.1], one gets immediately the
following:

Proposition 3.1. In any complete co-Heyting algebra L we have:

Pl)a~xa=0 anda~0=a for alla.
2)b<a Zﬁ b~ a=0.

)b~ a<

)b\a—(bva)\a.
Jav(b~a)=avb.
Ja~(a~b)<anb.
Javb=ave iff bNa=c\a.
) ¢

N (a v b) = (c\b) N a and therefore (c N b) N~ a = (c~ a)\b.

(
(P
(
(
(
(
E
(P9) for every a,be L, b= (bra)v (b\a).

P3
P4
P5
P6
P7
P8
P9

The (absolute) pseudodifference (supplement in [26, 32]) of an element a is
the element
ad=1va=A{y|lavy=1} (3.7)
Of course, a v @' =1 (and d’ is the smallest = such that a v z = 1) but in
general a A a’ = 0. The following properties are also obvious:

Proposition 3.2. In any complete co-Heyting algebra L we have:
Ja<b = d=V.

<acmda”’—a
0=1and1 =0.
a =0 iffa=1.

(1
(
(
(
( (/\zeJ al) - \/zeJ a;'

2) d
3)
4)
5)
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Remarks 3.3. (a) Let a be complemented with complement —a. Then, for
every b, we have:

(6) a~b=anl.
(7) b~ a=0bnA —a.

Indeed: (6) bv (a Ab') =bva=>=a; moreover, if z v b > a then
rvbv—a=1 = zv—-a=b = (xv-a)ra=anl = z=>xra>=anb.
(7) (b A —a) v a=>bvaz=b;on the other hand,
rvazb = (xrva)Ar—-a=2br—a = x=xA—a=bA —a.
This shows how the co-Heyting operation mimics the set difference B . A

in the Boolean algebra P(X).

(b) Under some condition of existence of complements, we have another
formula of set-theoretical differences:

(8) a~ (b~ c) = (anAc)v (a~b) whenever ¢ is complemented.

Indeed: By the previous remark, a \ (b~ ¢) = a ~ (b A —c¢) while (a A ¢) v
(a~b) = (a~ —c) v (a~b). Now apply identity (3.5).

(c) It might be added that Boolean algebras are precisely the co-Heyting
algebras in which a” = a for every a (as already menioned, in any Boolean
algebra B the operator b~ a = b A —a is a co-Heyting operation; conversely,
if a” =aforallae B,thenana = (and) =(a va") =0 by Proposition
3.2).

(d) For any coframe homomorphism f: L — M (i.e. a map between coframes
that preserves arbitrary meets and finite joins), f(a’) = f(a)’ for every a € L

(because f(a’) v f(a) = f(1) =1).

Proposition 3.4. Let L be a complete co-Heyting algebra and a,b,x € L. If
anx=bAazxzthenava =bv2a.

Proof: It is a consequence of the following obvious fact:
(anz)va =bBarz)ve ff avi=>bva ]
We recall that a lattice L is subfit resp. weakly subfit it
a¥binlL = dJcelL(avec=1#bvc)

resp.
a<0inL = deceLl(avec=1+#c).
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Using (3.7), it is clear that weak subfitness means precisely that
ad=1 = a=0

(this is the dual property of (4) in Proposition 3.2).
Under co-subfitness conditions, there are surprising formulas for pseudod-
ifferences as certain joins (see [30, Prop. 6.1] for the proof of the dual result):

Proposition 3.5. In a complete co-Heyting algebra L, the formula
bna=\{zr|arz=0, x<b} (3.8)

for the co-Heyting operation holds if and only if the dual lattice L°P 1s subfit.
The formula

d =\{z|anrz=0} (3.9)
for pseudodifference holds if and only if L°P is weakly subfit.

Proposition 3.6. Let L be a complete co-Heyting algebra such that L°P is
subfit. Then, for any a,b e L and any complemented c,

cA(bNa)=(cnAb)\a. (3.10)

Proof: Using (3.8) and the well known fact that in any distributive lattice
each complemented element c satisfies the distributivity law cA\/ S = \/{cA
s: s € S} for any subset S, we have

cAn(bNa)=\{crz:xzrna=0z<b}
<V{y:yra=0y<cabl=(carb)~Na =

Next result was first proved by Plewe in [32, Lemma 1.1] for coframes of
sublocales but it is indeed a general result on coframes.

Proposition 3.7. Let L be a complete co-Heyting algebra such that L is
weakly subfit. Then, for any x € L and any complemented ¢ and d,

cvr=dvzx iff c~Nrx=d-\u.
Proof: =i cvax=(cva)an (@ vz)=(cra)ve=(dnrz)vae=dvuz.
=: Now, using (3.9) we get
cxz=cnrnx =cA\{t|trz=0}=\{cat]|trz=0}

But, for each such t, cAnt = (cat)v(trz) = (cva)at = (dva)at =dnt.
Hence ez =\/{dAt|trz=0}=drz' =d\ux. m
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4. Coframes of sublocales

A sublocale of a locale L is a subset S © L closed under arbitrary meets
such that

VerelL VseS (x—>self).

The set S(L) of all sublocales of L forms a coframe under inclusion (see [29,
Th. I11.3.2.1] for a proof), in which arbitrary infima coincide with intersec-
tions, {1} is the bottom element and L is the top element (that we simply
denote by 0 and 1, respectively). Regarding suprema, there is the formula
el el
for every {S; € S(L): i € I}.
For any a € L, the sets

cr(a)=ta={rel|x>a}and or(a) ={a—>b|be L}

are the closed and open sublocales of L, respectively (that we shall denote
simply by ¢(a) and o(a) when there is no danger of confusion). For eacha € L,
¢(a) and o(a) are complements of each other in S(L), [, c(a;) = ¢(\V/; a:),

c(a) v e(b) =c(a Ab), \/;0(a;) =0(\/;a;) and o(a) no(b) = o(a A D).
Recall the following basic facts about sublocales S of L (cf. [29]):

(F1) S(S) ={T'nS | T € S(L)} and lattice operations in S(S) are given
by those in S(L) (the only difference is that the two lattices may have
different top elements).

(F2) For any open (resp. closed) sublocale U of L, U n S is an open (resp.
closed) sublocale of S. More specifically, for U = o(a) (resp. U =
cr(a)), Un S = og(rg(a)) (rtesp. U S = cg(vg(a)), where vg(a) =
N{s€S|s=>al

(F3) If T is an open (resp. closed) sublocale of S, then T'= U n S for some
U =o(a) (resp. U = ¢(a)) with a e S.

(F4) Each S € S(L) is an intersection of complemented sublocales, specifi-
cally

\%

S =Wela) v o(b) | vs(a) = vs(b),a = b}.

Note that (F4) means that the dual of S(L) is a zero-dimensional frame
and therefore a subfit frame. Hence, all the formulas for pseudodifferences
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from the preceding section, valid in any coframe whose dual frame is subfit,
specialize to the following formulas in S(L):

Proposition 4.1. For any A, B € S(L) and any complemented C, D € S(L)
we have:

) BNA=\/{SeS(L)|AnS=0, Sc B}

2) BNA= ﬂ{SeS( )| S complementedBCSvA}
3) B A= \/{c(a) A o(b) o B | vala) = wa(b),a < b}
4) LN A= \/{SeS()\AmS—O}

5) LNA=({SeS(L)|S complemented, S v A = 1}.
6) L~ A= \V{cla)  0(b) | vala) = wa(b),a < b}.
VCn(ANB)=(CnA)\B.

Y CVvA=DvAffCn(LNA)=Dn(LNA).
9) A < B iff for any complemented C € S(L),

Bc(C=AcC.
(10) L~ A< L~ B iff for any complemented C' € S(L),
CvB=1=CvA=1.

(1
(
(
(
(
(
(
(
(

Proof: (1) follows from (3.8), and (2) can be derived from (3.2) and the fact
that every sublocale is an intersection of complemented ones.
(3): Using (F4) and (3.5) one gets

B~ A=\/{B~ (c(a) vo())]|vala) =va(b),a
and then, by property (7) in Remark 3.3,
B~ A=\{cb) no(a) n B|va(a) =rva(b),a = b}.

(4) is a particular case of (1), (5) is a particular case of (2), (6) is a particular
case of (3), while (7) resp. (8) is just Proposition 3.6 resp. 3.7 applied to
S(L).

(9): The implication “=" is obvious. Conversely, let B = [),.; C; for some
complemented C;. Then A < C; for every i, that is, A € B.

Finally, (10) follows immediately from (9). _

WV

b}

Remarks 4.2. (a) Regarding property (9) above, note that, on the other
hand, the condition (C' € A = C < B) for every complemented C' in S(L)
does not necessarily imply that A < B.
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(b) It is clear from formulas (1) and (3) above that for sublocales A € B
of L, B\ A calculated in S(B) (that is, the pseudodifference A" in S(B))
coincides with B \ A calculated in S(L).

(¢) Regarding property (8) of Remark 3.3(b), there is not much hope to
improve it in S(L). Indeed, if the formula holds for any A, B, C, the case

A = B = L would mean that C"” = C' and thus, by Remark 3.3(c), that S(L)
would be Boolean.

(d) Let S € S(L). By (P2), L~ S =0iff S = L. On the other hand,
there might exist nonzero S such that L N~ S = L. It is easy to check, using
4.1(5), that these are precisely the sublocales S that contain no nonzero
complemented sublocales, introduced by T. Plewe [33] as the rare sublocales.

(e) [31] has a few more special formulas for the supplements in particular
classes of frames like the Ti-spatial or subfit ones, where they are used to show
that the system of all joins of closed sublocales of L is the Booleanization of
S(L). Recently, in [16], T. Dube uses these formulas to compute remainders
BL~ L, BL~vL and SL ~ AL for any completely regular L (see Section 7
below for details about vL and AL).

For each sublocale A of L, the closure and interior of A are defined, re-
spectively, as

clpA =(Yc(a) | A< c(a)}
and
int;A = \/{o(a) | o(a) < A}.
We shall write cl A instead of clyA (and, similarly, for the interior) when
there is no danger of confusion about the ambient frame. It is clear that

clA = ¢(/\ A); on the other hand, since 0(a) < A if and only if A" < ¢(a),

we have int A = o(/\ A’). In particular, clo(a) = ¢(a*) and int ¢(a) = o(a*).
It then follows that int A” = int A and their complement is

c(LNA)=cA =c¢AA)=L\int A (4.2)

Note, however, that the corresponding formula for the interior does not
hold generally:

int (L~ A)=0(AA) co(AA") =L\ clA
In fact, from (4.2) it only follows that
int(LNA)=L~cl(L~(L~NA)=L~cA" (4.3)
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In summary, the interior and closure operators generate from any sublocale
A the following three towers of inclusions (the arrow S <-=T indicates that
S and T are complemented to each other):

intA < A clA

H N N
inmtA” < A" < clA”
A )

IN

v

v ;
cd” o A o intA

5. Images, preimages and pseudodifferences

Let f: L — M be a localic map. The image f[S] of any sublocale S < L
is a sublocale of M and we have the localic image function

fl=]: 8(L) — S(M).

On the other hand, the set-theoretic preimage f~1[S] of a sublocale S is not
necessarily a sublocale. It is a subset closed under meets, though, and hence,
by the formula (4.1), there is the largest sublocale

falSl=V{TeS(L)|Tc (S}
contained in f~![S]. This defines the localic preimage function
Fal-1: S(M) — S(L),

right adjoint of f[—] (that is, f[S] < T if and only if S < f_1[T]). Note that
f-1[S] is the pullback in Loc of S along f. For closed sublocales we have
foile(a)] = fHe(a)] = ¢(f*(a)). For open sublocales the localic and set-
theoretic preimages do not necessarily coincide, but we do have f_i[o(a)] =
o(/*(a)).

The preimage function is a coframe homomorphism (that preserves com-
plements) while f[—] is a colocalic map ([29]). Hence the latter satisfies the
dual properties of (L1)-(L3) in Section 2:

(LYY fIVier Sil = Vyey f1Si] (in particular, f[0] = 0).

(L2) fIS N [alT]] = fIS]NT.
(L3) f[S]=0=S = 0.
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On the other hand, the preimage being a coframe homomorphism satisfies
L~ f4[T) € fa[M\T]. (5.1)

Remarks 5.1. (a) By (L1"), f[L ~S] = V{f[R] | Rn S = 0}. So, the
inclusion f[L ~\ S] < M ~\ T means that

VIRl [ RS =0} < (V[ V vT =1}
that is, for every Re S(L) and Ve S(M), RnS=0and V v T =1 imply
fIR] < V.
(b) The case S = L in (L2') says that

FIL~ fo[T]] = fIL]~T < M~T. (5.2)

Thus
FIL~ fAlT]] = M T (5.3)

whenever f is onto.

(©) By (5.1), fIL~ falT]] € ffA[M~T] € MNT € M~ f[f4[T]]
Hence, for any sublocale S of L which is the preimage of some sublocale T'
of M,

fIL ~ S]] < M ~ f[S]. (5.4)

(d) The reverse inclusion of (5.4) holds for any sublocale S provided f is onto.
Indeed, we have S < f_1[f[S]], thus L~ f_1[f[S]] € L~ S and consequently
(using (5.3) for T = f[S])

M~ fIS] = FIL~ falfISI) = fIL~S] (5.5)

6. Remainders

_ Recall that a sublocale S of a locale L is dense precisely when 0 € S, since
S =1 (AS)isall of L if and only if 0 = A S € S. It follows from formula
(4.2) that L ~ A is dense iff int A = 0.

Remark 6.1. For sublocales S € T < L, if T is dense in L and S is closed
in L, then T'\. S is dense in L . S. In fact, if S = ¢z (a) for some a € T, then
T~ S = or(a) while L \ S = 07(a); in particular, Oy g = a - Op = a —
07, = 0zg since Op = 0y..

Recall further that a compactification of a locale L is a compact regular
locale M together with a dense localic embedding x: L ~— M. Being dense
means that x[L] is dense in M, that is, k(0) = 0. For general background on
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compactifications of frames and locales the reader is referred to Banaschewski

5].

It seems now appropriate to introduce the following definition:

Definition 6.2. For any compactification x: L ~— M, the remainder of L in
the compactification is the sublocale M \ k[L] of M. Sometimes, when no
confusion is possible, we shall simply denote the sublocale k[L] of M by L
and its remainder in M by M ~\ L.

Let us mention that this notion appeared already in the literature in a
paper by D. Baboolal [1], formulated for the Freudhental compactification in
terms of its frame of congruences but it is readily seen to be equivalent to
the definition above.

Let us compute remainders in some illustrative examples:

(A) Alexandroff compactification ([2, 3, 5]).

Let k: L — M be a compactification of a locally compact (i.e., continuous)
frame L and let m; = \/{k(x) | * « 1}. Since x is an embedding, that is,
'k = 1, we have k*(mr) = \/,; ¢ = 1 by continuity. It follows that
k[L] € o(mp): for every z € L,

k(z) = k(1 - z) = k(K" (M) — x) = mp — k(x).
Hence M ~\ L 2 ¢(my) and we may regard ~ as a localic embedding
k: L—o(mp).

If one assumes moreover that L is regular, one can say more. Indeed, as
proved in [2, Th. 2.2], in that case k*: o(mz) — L is a codense homomor-
phism, that is, k*(z) = 1 =2 = 1.

Remark 6.3. In localic terms, this means that x[L] is a codense sublocale
of o(mp) ([15], called replete in [30]), that is, ¢(a) N k[L] # 0 for every a # 1
n O(TI%L).

Lemma 6.4. Let f: L — M be a localic map with M reqular and f[L]
codense in M. Then f is onto.

Proof: Let y be an arbitrary element of M and x = ff*(y). By regularity,
r = \/{z | z < x} where z < z means that z* v o = 1. For each such z we
have 1 = f*(2%) v f*(x) = f*(2*) v f*(y) = f*(2* vy). Since f[L] is codense
in M, this implies z < y. Hence y =z = ff*(y) € f[L]. |
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Applying this property to our x: L — o(my) we get immediately the
following;:

Proposition 6.5. Let k: L ~— M be a compactification of a reqular contin-
uous frame L. Then k[L] = o(myg) and therefore M ~ L = ¢(my). m

Of course, if L is non-compact then m; < 1 and M ~ L # 0.

(B) Stone-Cech compactification ([8]).

A crucial example in this context is the pointfree Stone-Cech compact-
ification, introduced by Banaschewski and Mulvey in [8]. It establishes a
reflection of the category of completely regular locales into the (full) subcat-
egory of compact, completely regular locales. We recall it briefly here. Let
J(L) be the poset of all ideals of L (ordered by inclusion). L is the top ideal
and {0} the bottom element of J(L). Since any intersections of ideals is an
ideal, J(L) is a complete lattice with (arbitrary) meets given by intersections.
The joins are given by the formula

VIi.={VF|Fcl|Jl,/F finite}. (6.1)

It follows from this formula that J(L) is a compact frame.

Now assume that L is completely regular: for each a € L, a = \/{zr € L |
x << a} where x << a is the least interpolative relation contained in <. An
I € 3(L) is called strongly regular with respect to the strong relation << if it
satisfies the condition

Vael Fbel (a<<b). (6.2)

Examples of strongly regular ideals are the (a = {x € L | x<<a} for any
a € L. The collection SR(L) of all regular ideals is a subframe of J(L) hence
a compact frame. It is also easily shown to be completely regular. The
Stone-Cech compactification of L is the dense localic embedding

Br: L— BL = R(L)

given by fBr(a) = la. Its left adjoint is the frame homomorphism Sj: I —
\/ I. The following properties are well known:

(a) BB = idp.
(b) VI € L, I = \V{pr(a) | a e I} (by formula (6.1)).
((; g( a*) = pr(a)’, I* = BV 1)").

(
1 preserves << and fr(a) < I iff ae [,

)
)
)
)
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Examples 6.6. (1) In any Boolean frame, every ideal is regular (since = < x
for every complemented z). Hence SL = R(L) = J(L) for any Boolean L.
In particular, for L = 2, SL = {0, |1} ~ 2.

(2) For finite locales L, every ideal is principal and the regular ideals are pre-
cisely the ones given by complemented elements. Therefore S L is isomorphic
to the Boolean part of L.

(3) For any compact completely regular locale L, 81: L — L is an isomor-
phism and thus gL = B(L) = L ([8]).

The corresponding functor §: CRegLoc — KCRegLoc (that shows that
the category KCRegLoc of compact completely regular locales is a reflective
subcategory of CRegLoc) is defined as follows:

AL

L BL Ll
' " ;
Pl B B B
Y I

We call 5(f): L — BM the Stone extension of f. It is defined directly by
BUH) =NV{LesM|[B(f)(I)cJt=NV{IesM]| [fI]< J}

By 4.1(4), the remainder of L in 5L is given by

BLNL =\/{SeS(BL) | Snpr[L] =0} =\/{SeS(BL)| tae S=a=1}.

Note that

BLNL=0 iff L=pL (6.3)
but, on the other hand, SL ~ L = L does not imply in general that L = 0
(only the converse implication holds).

(C) Freudhental compactification ([1]).

A regular frame L is called rim-compact ([1]) if each a € L is a join of
elements u such that c¢(u v u*) is compact. A basis B of a frame L is a
m-compact basis if, for every a,b € B, ¢(a v a*) is compact, a* € B,arnbe B
and a v be B.

Remark 6.7. It is easy to check that in any rim-compact frame L, the subset
By={be L|c(bvb)is compact} is a m-compact basis.
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Given a m-compact basis B for a rim-compact frame L, define a relation
<p on L by a < b if and only if there exists u € B such that a < u < b.
This is a strong relation on L ([5]) and hence establishes a compactification

vr: L— L.

Here ypL is the frame of ideals of L strongly regular with respect to <p (i.e.,
the ideals that satisfy a similar condition to (6.2) for <ip), and

vB(a) ={zxeL|x<pal.

The left adjoint (y2)* is again given by joins: (yZ)*(I) = \/I. Note that
vB[B] = {v5(b) | b € B} is a basis for ypL.

This is the m-compactification of L induced by basis B. The Freudhental
compactification of L ([1]) is just the compactification v7° induced by the
basis B of the remark above, that we denote as vr: L — L.

Remark 6.8. Like the Stone-Cech compactification, this is an example of
a perfect compactification ([1]), i.e. vp(u v u*) = vp(u) v vp(u*) for every
u€ L.

Proposition 6.9. Let v : L — L be the Freudhental compactification of a
rim-compact frame L. Then vL ~\ L 1s a zero-dimensional sublocale of vL.

Proof: We prove it in two steps:
(1) {jivr(b) | b€ By} is a basis for yL ~ L (where j; denotes the sublocale
embedding yL \ L — 7L);
(2) Each j3v5(b) (b€ By) is complemented in yL ~\ L.

Let us proceed with it:
(1) This is an immediate consequence of the fact that v;[By] is a basis for
vL. In fact, each a € vL . L is in L thus there are some b; € By (i € I) such
that a = \/,.; 70 (b;); then a = jj(a) = .oy 7572(bi).
(2) First, for each b e By we have

Jrye() A grye(b) = jr(ve(b) A (b)) = j7ye(0) =0
(since vy, is dense). Moreover,
Jre() v (') = (e (b) v yn(b?)) = jrye(b v o)
(because 7y, being perfect, preserves disjoint binary joins). It suffices now to

check that j7vz(bvb*) is the top element of the remainder YL~ L, that is, 1.
By the definition of j7, the image j; v (bv b*) is the element vz 1(v£(bv b*))
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of yL . L. Let us consider the restriction of v;,: L — L to the closed part
¢(b v b*). This is clearly an embedding

YL |c(bvb*): C(b V b*) — C(’}/L(b \% b*)),

a dense one obviously. In addition, ¢(b v b*) is compact (by the definition of
By) and regular (as a sublocale of a regular locale); ¢(yz(b v b*)) is compact
(because it is a closed sublocale of a compact locale) and regular too. In
conclusion, v, |¢pvs+) is a dense embedding between compact regular locales,
hence an isomorphism. In particular, y[L] 2 ¢(y.(bv b*)). Now, the required
fact that vy (y2(b v b*)) = 1 1is clear: if s € yL \ L with s > v.(b v b7),
then

seyL~c(yp(bv b)) =o0(y(bvb));
hence

sec(yp(bv b)) no(yr(bv b)) =0,
that is, s = 1. [

7. Remainder preservation

In this section, except when otherwise noted, all our frames (locales) are
completely regular.

Let f: L — M be a localic map between completely regular locales, S a
sublocale of L and T a sublocale of M. We say that f takes the remainder
of S to the remainder of T (briefly, takes S-remainder to T-remainder) if

fILNS]cM\T

that is,
L~NSc fq[M\T].

In particular, when the Stone extension S(f): BL — SM of f takes the
remainder of S[L] to the remainder of S[M], we simply say that 5(f) takes
remainder to remainder. In that case, the given localic f is said to be (-
remainder preserving. We use a similar terminology for other examples of
reflections in the category of completely regular locales.

Evidently, compositions of S-remainder preserving maps are [-remainder
preserving.

Remark 7.1. Any localic map f: L — M with L compact is S-remainder
preserving. In fact, if L is compact, that is, L = L, then L ~ L = 0, by
(6.3), and therefore 5(f)[BL ~ L] = B(f)[0] = 0.
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Let 7 be the unique localic map L — 2 (which is given by (1) = 1 and
m(a) = 0 for every a # 1). In [13], Chen shows that properness of maps
characterizes compact locales in the sense that a locale L is compact if and
only if m: L — 2 is proper (see Section 8 below for the definition of proper
map of locales). Now, we have:

Proposition 7.2. A locale L is compact if and only of m: L — 2 is [5-
remainder preserving.

Proof: «<: By Example 6.6(1), 2 = 2. Hence B(m)[BL \ L] < 2~ 2 = 0.
Then, by (L3"), 5L~ L = 0 and therefore L © L ~\ (8L ~ L) = L. Hence
L = BL is compact.

= if L is compact, that is, BL = L, then f(7) = 7 and thus g(7)[L~\ L] =
7[0] = 0. u

With vL and AL denoting, respectively, the realcompact reflection and the
reqular Lindelof reflection of a completely regular locale L, we may also speak
about v- and A-remainder preserving maps.

The realcompact reflection v is a reflection of the subcategory of realcom-
pact locales in the category of completely regular frames. Recall that a
frame L is said to be realcompact [7] if, for any maximal ideal I of Coz L
(the cozero part of L [7]) such that \/ I = 1, there is a countable S < I such
that \/ S = 1. For more details about the construction of the realcompact
coreflection v of an L see [7] (or [17]).

The regular Lindelof reflection A (the Lindeldfication), originally constructed
by Madden and Vermeer in [28], shows that regular Lindelof locales form a
reflective subcategory of the category of completely regular locales. Note
that this is a fact in locales that has no counterpart in the classical setting
of spaces and continuous maps; in general, AL is not spatial even when L is
spatial. The reflection AL of any completely regular locale L is the intersec-
tion of all cozero-sublocales of L that contain L. For a description of this
construction in terms of frames see e.g. [17]. There one may also see that
dominates A and A dominates v, that is, there are dense embeddings

KLI vl — )\L, KL : AL — BL (71)

An inspection of the proof of Proposition 7.2 shows that a similar result
holds more generally for any monoreflection R on locales such that $R2 = 2.
Hence we have immediately:
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Corollary 7.3. Let L be a locale: Then:
(1) L is Lindeldf if and only if m: L — 2 is A-remainder preserving.
(2) L is realcompact if and only if m: L — 2 is v-remainder preserving. ®

Remark 7.4. The remainder preserving maps treated by Dube and Naidoo
in [17] for the extensions 3, A and v are referred to as, respectively, S-proper,
A-proper and v-proper. Corollary 7.3 above shows that our notion of re-
mainder preserving maps does not coincide with Dube-Naidoo’s one and
might be viewed as a more satisfactory one. Indeed, the latter notion of
properness cannot distinguish between the preservation of A-remainders and
v-remainders: a localic map is A-proper if and only if it is v-proper ([17,
Proposition 4.4]). This should not come as a surprise regarding the fact that
Dube-Naidoo’s properness definition relies on the points of the locale and
the spectrum of A(DX) for any space X is precisely v.X ([28]). Our notion,
being defined inside the sublocale lattice, is able to distinguish the two cases.

Next result is the localic counterpart to Lemma 4.2 of [17].

Proposition 7.5. Suppose that in the diagram
S T

N, S
AN

L M

Js Jjr

the downward morphisms are embeddings, the triangles commute, the trape-
zotd commutes and f takes S-remainder to T-remainder. If one of the fol-
lowing conditions holds then g also takes S-remainder to T-remainder:

(a) U is a complemented sublocale of M.
(b) T is a complemented sublocale of M .

Proof: By hypothesis, f[L~ S] € M \T. Then

U A (MNT) 20 A fIL~ 8] 2 fIf U] o STE~ 8] 2 f1F 0] A (L~ S)].

In addition, f[R] = g[R] < U, that is, R < f_1[U]. Hence
gIR~S]=fI[R~NS|S fIRN(LS)]cUn(M\T).



22 M. J. FERREIRA, J. PICADO AND S. MARQUES PINTO

Finally:

(a) Under condition (a), we may apply Proposition 4.1(7) to conclude that
gIRNS|cUn(M\T)=UNT.

(b) On the other hand, under condition (b) we may use property (7) in 3.3
toget IR\ S| cUn(M\T)=Un—-T=U\NT. _

Corollary 7.6. Let f: L — M with M complemented in BM.

(1) If f is B-remainder preserving then it is A-remainder preserving.
(2) If f is A-remainder preserving then it is v-remainder preserving.

Proof: (1) By (7.1), we have the diagram

L / M

A(f)

&
Br AL
L

>
AM Bum
5

B M

B(f)

Apply Proposition 7.5.
(2) can be proved in a similar way. m

Example 7.7. As an example of a family of locales M satisfying the as-
sumption of Corollary 7.6 we mention the locally compact, completely reg-
ular locales. In fact, any locally compact, completely regular locale is an
open sublocale (thus complemented) of its Stone-Cech compactification ([29,
VIL.5.3]). Hence, for any locally compact, completely regular locale M and
any localic map f: L — M,

f is f-remainder pres. = f is A-remainder pres. = f is v-remainder pres.

We end this section with several characterizations of remainder preservation
by localic maps.

Proposition 7.8. Let f: L. — M be a localic map, S € S(L) andT € S(M).
The following are equivalent:

(i) f takes S-remainder to T-remainder.
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(ii) For each U e S(M),
UvT=1= f U]vS=1

(iii) For each complemented C € S(M),
CvT=1= f4C]vS=1

(iv) For each complemented C' € S(M) and each complemented D 2 T,
CvD=1= f,4]C]vE=1

for every complemented £ 2 S.
(v) For each R e S(L),

RnS=0=Rc f4[M\T].
(vi) For each R € S(L) and for each complemented C' € S(M),
(RnS=0,CvT=1)=Rc f4]C].
Proof: (i)« (ii): Since
FAIM A T] = fA[NU e SOM) | UV T = 1]
=(W{falU]|UeSM),UvT =1}

we have L\.S € f_1[M~\T]if and only if L\.S < f_1[U], thatis, f1[U]v S =
1, for each such U.

(ii)«<>(iii) and (iii)«<(iv) follow immediately from characterizations (9) and
(10) in Proposition 4.1.

()= (v):
fFILNS]ScM~\T< f[VIR|RnS=0]]cM~T
< \VA{f[R |RAS=0}c M~T

and this is equivalent to f[R] € M \ T, that is, R € f_1[M \ T, for each
such R.
Finally, (v)<(vi) follows immediately from Proposition 4.1(5). u

For the sake of completeness let us also mention that our concept of re-
mainder preservation can be treated in the following more general setting.
Let g: A — B be a localic map with a left adjoint ¢g*. For each z € A and
y € B, g takes x-remainder to y-remainder if

y* < g(z¥), that is, ¢"(y*) < x”,

Note that in this section we have just treated the following two cases:
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(1) A= S(L)?, B=S(M), g = f[-], ¢" = fa[-], 2 = Sand y = T

(2) A =]\§(BL)OP, B =S8(BM)”, g = B(N)l-], ¢ = B(f)-1l-], v = L and
y= M.

For instance, characterizations (v) and (vi) of the preceding proposition
are particular cases of assertions (a) and (b) in the following result (which is
an easy consequence of Proposition 3.5):

Proposition 7.9. Let g: A — B be a localic map. If A is weakly subfit then
we have:

(a) g takes x-remainder to y-remainder if and only if for each a € A,
avr=1 = y <gla) (ie., g°(y) < a).

(b) Moreover, if B is zero dimensional and g* preserves complements, then
g takes x-remainder to y-remainder if and only if for each a € A and for
each complemented c € M,

(ave=1 cry=0) = ¢'(c) <a.

8. Remainder preserving maps and proper maps

Recall from [20] (consult [36] for more information) that a localic map
f: L — M is proper (aka perfect 24, 12]) if it is closed (that is, f(f*(b)va) =
bv f(a) for every a € L and b € M) and preserves directed joins. By Theorem
1.1 quoted in the Introduction,

a localic map f: L — M between completely reqular locales is
proper if and only if 5(f)_1[M] = L.

Proposition 8.1. Any proper localic map is B-remainder preserving.

Proof: Let B(f)-1[M] = L. Then B(f)[BL \ L] = B(f)[BL ~ B(f)-1[M]],
and by property (L.2) we get

BINIBL N L] = BINHIBLI~ M < M~ M. n

Let us analyse why, contrarily to what happens in the spatial case, the
converse implication does not hold in general. In the pullback condition

B(f)lM] = L,
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the inclusion L < G(f)_1[M] means that S(f)[L] € M; on the other hand,
the reverse inclusion is just what is needed in the proof of the preceding
proposition:

B()a[M € L= BAIBL~ L] < BUIBL ~ A(f)-[M]]
— B(f)[BL]~ M S SM M.

Hence

Blf)alM] =L = [B(N)IBLNL] = M~ M and S(f)[L] = M]. (8.1)

What about the converse to Proposition 8.17
In our situation, we have always f[L] € M, that is, 5(f)[L] € M, so the
equivalence in Proposition 8.1 amounts to the equivalence between

BUHIMIS L and  B(f)[BL~ L] AM ~ M.
This is just a general question about Galois adjunctions on coframes:
In a Galois adjunction

14

(Y, <) (X, <)

(4

with ¥ a coframe homomorphism (preserving complements)
and @ its colocalic left adjoint, is there any relation between
conditions Y (z) <y and p(y') < 2'?

Fact 8.2. For everyxe X andyeY,

() <y =) <. (8.1)
Proof: ¥(z) <y =y < () and therefore
o) <e(x)) =l ~Y(z) =p(l) Nz <1Nz=1" m

(Evidently, Proposition 8.1 is a particular case of this fact.)
The converse to (8.1) holds whenever ¥ (2’)" = ¥(x) (note that ¥ (z') <
Y (x) is always true). Indeed,
py) <2’ sy <Y(@@)=y=y" > 9@) = 9@) = Y(2).
In particular, this implies that the converse to (8.1) holds whenever x is
complemented. Hence:

Fact 8.3. If X is Boolean then the converse to (8.1) holds. m
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Note that, since 1 preserves complements, then 1) also preserves pseudod-
ifferences in case X is Boolean. Furthermore:

Fact 8.4. If the converse to (8.1) holds, then 1) preserves pseudodifferences.

Proof: Since ¥(x') v ¢(z") = 1, we have ¥(x') = ¥(2"), that is, 2/ >
e((2")"). Then, by hypothesis, it follows that ¥ (x) < ¥(2”) and thus
Y(x") = (x) (this means in particular that 1 is skeletal). So ¥(x") =
Y(x) = Y(x)", that is, 2" = p(¢(x)") and again by the hypothesis we get
Y(2") < ¢(x)’, which confirms that ¢ (z') = ¢(z)" for every z € X. m

This shows that in our context, any [S-remainder preserving f: L — M,
with SM non-Boolean, such that 5(f)_1[—] does not preserve pseudodiffer-
ences is a counterexample for the converse to Proposition 8.1.

9. Nearly realcompact frames

All frames L considered in this section are completely regular.

A Tychonoff space X has been defined by Blair and van Douwen [11] to be
nearly realcompact if X is nearly v.X, that is, SX N vX is dense in X ~\ X.
This was extended to pointfree topology in [18], again via a definition that
strongly depends on the points of the frame. Needless to say, we may take a
more direct and natural way and just define a completely regular locale L to
be nearly realcompact if L~ vL is dense in L~ L. Clearly, any realcompact
frame L is nearly realcompact since vL = L.

Remarks 9.1. (a) As in spaces, pseudocompact frames are the frames in
which every real-valued function is bounded ([6]). They are also characterized
as the frames L for which v = SL. Hence, any pseudocompact nearly
realcompact frame is compact: 0 = L~ vL dense in L~ L implies L\ L =
0. This extends Corollary 4 of [7].

(b) A space X is nearly pseudocompact ([22]) if v X \ X is dense in fX \ X.
Similarly, let us define a frame L as nearly pseudocompact whenever v L\ L is
dense in SL~ L. Clearly every pseudocompact frame is nearly pseudocompact
and every realcompact nearly pseudocompact frame is compact (since, in that

case, BL~N L =vL~ L =0).

The treatment of nearly realcompact frames in [18] is based on a result
about dense subspaces (Lemma 3.1) that one can immediately extend to
frames with the help of the following lemma:
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Lemma 9.2. A sublocale S of a locale L is dense if and only if S meets every
nonempty open sublocale of L.

Proof: =: Let U = o0(a) = {a — x | x € L} be a nonempty open sublocale
of L. Since a # 0, then a* # 1 and, of course, a* = a — 0 € S since 0 € S.
Hence 1 # a* € S n U, which shows that S n U # {1} = 0.

«: The case ¢(a) 2 S for some c(a) # 1 (ie., o(a) # 0) would imply
o(a) NS =0 (because o(a) NS < o(a) N ¢(a) = 0), a contradiction. _

Proposition 9.3. Let L be a locale, and A < B sublocales of L. Then B’
is dense in A" if and only if every open sublocale in L which meets A’ also
meets B’.

Proof: =: Suppose B’ is dense in A" and let U be an open sublocale of L
which meets A’, that is, U n A" # 0. Then U n A’ is a nonempty open
sublocale of A" and, by Lemma 9.2, B'nU = B'nU n A" # 0.

<: Let W # 0 be an open sublocale of A" and consider an open sublocale
U of L such that W = U n A’. By the hypothesis, U meets B’. Therefore
0£UnB =UnA nB =W n B and finally, by the Lemma, B’ is dense
in A’ |

Then we get the following characterizations of near realcompactness.

Corollary 9.4. For any completely reqular frame L, the following conditions
are equivalent:

(i) L is nearly realcompact.
(ii) Fvery open sublocale in BL which meets L' also meets (vL)".
(iii) If there is some S € S(BL) such that S "L =0 and S no(a) # 0, then
there is some T € S(BL) such that T nvL =0 and T no(a) # 0.

Proof: (i)<(ii) is an immediate consequence of the preceding proposition
while (ii)«(iii) follows by using formula (4) of Proposition 4.1 and the fact
that any open sublocale distributes over arbitrary joins. ]

Hyper-real continuous maps were introduced by Blair in the unpublished
manuscript [10]. These are maps that preserve realcompactness by images
and pseudocompactness by preimages. FExtending Blair’s terminology to the
pointfree setting, we may say that a localic map f: L — M is hyper-real if

B(HIBL ~vL] < M ~ vM. (9.1)
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Lemma 9.5. A frame L is nearly realcompact if and only if
L v clgpp(BL~vL) = BL. (9.2)
Proof: If L is nearly realcompact then clgr. (8L ~ vL) = SL ~\ L. Hence
Lv g n(BL~vL)=Lv (L~ L) =pL.
The converse is also obvious: L v clgr (8L ~ vL) = SL implies

ClﬂL\L<BL N UL) D [BL N L. |

Remark 9.6. As in spaces, given a tower S € T" < L of sublocales of L,
clp(S) =l (S) n'T. Hence

clarn(BL ~ vL) < clgr(BL ~\ vL)

and it follows from (9.2) that L v clgr(SL ~ vL) = SL holds in any nearly
realcompact frame.

Lemma 9.7. Let f: L — M be a localic map. Then, for every sublocale S
of L, flel(S)] < el (fLS]).

Proof: Actually,

flele(9)] = fIMe(a) | S < cla)}] = H{fle(a)] | S < e(a)}

and the last intersection is contained in cly/(f[S]) as we now show:

Let ¢(b) with f[S] < ¢(b). This means that f(s) = b, that is, s = f*(b),
for all s € S. Hence S < ¢(f*(b)) and, moreover, f[c(f*(b))] < ¢(b) since
x = f*(b) implies f(x) = ff*(b) = b. u

Lemma 9.8. Let f: L — M be an hyper-real localic map. Then
B(f)clsr(BL ~vL)] < clgp(BM ~ vM).
Proof: Apply Lemma 9.7 to get
BOIClsL(BL N vL)] < clanr(B()[BL ~ vL])
and then use condition (9.1) of hyper-real maps. _

Finally, we can show that near realcompactness is an invariant property
under hyper-real localic maps.

Theorem 9.9. Let f: L — M be an hyper-real (localic) map. If L is nearly
realcompact and f 1s a surjection, then M 1s also nearly realcompact.
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Proof: Using Lemma 9.5 we get

M = fIL] = B(IL] = BUNIBL] = BUIL v clsr(BL \ vL)].
Then, by Remark 9.6, we have

M < B(f)[L v clar(BL ~ vL)] = B(f)[BL] < BM.

In particular, M is dense in B(f)[L v clgr(BL ~ vL)]. Since the latter is a
compact sublocale of BM (because the image of any compact sublocale under
a localic map is compact), we may conclude that

BUOIL v clgr(BL~vL)] = M.

Furthermore, by Lemma 9.8, we have

BINIL v clpr(BL N vL)] = B(f)L] v B(f)[clsr(BL ~ vL)]
< M v clgp(BM ~ vM).

Hence M v clgp (BM ~vM) = M, that is, clgy(BM N~ vM) 2 BM ~ M,
from which it follows that

clanrr (BM N vM) = clgay(BM N~ vM) n (BM ~ M) = M ~ M.
This shows that M is nearly realcompact. |
Theorem 9.9 is the pointfree version of Theorem 2.8 of [34].

Remark 9.10. If f: L — M is an hyper-real map and M is pseudocompact,
it is straightforward to check that L is also pseudocompact. Indeed, it follows
from SM = vM and B(f)[SL ~vL] < M ~ vM that B(f)[BL ~ vL] = 0.
Then, property (L3’) of image maps ensures that SL ~ vL = 0, that is,
BL = vL.

The results in this section illustrate how remainders in the Stone-Cech
compactification may be used in pointfree topology to study special classes
of compact-like frames as the near realcompact ones. Much more could be
said about e.g. near pseudocompact or nowhere compact frames and their
behaviour along localic maps and hyper-real maps but we do not pursue this
here, leaving it aside for further investigations.
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10. Comparing our definition with the one of Dube-Naidoo

In [17] the authors treated the idea of remainder preservation from a dif-
ferent perspective. We conclude this paper with a brief analysis of the rela-
tionship between the two approaches. First, let us recall their definition [17,
Def. 3.2], here formulated inside the category of locales:

Let f: L — M be a localic map between completely regular locales. They
say that f takes the remainder of a sublocale jg: S — L of L to the remainder
of a sublocale jp: T'— M of M if

g7 (f(p)) = 1 for every p € XL such that ji(p) = 1. (10.1)

In particular, they say that f is S-proper (resp. A-proper, resp. v-proper)
if B(f) (resp. A(f), resp. v(f)) takes the remainder of L to the remainder of
M.

Remark 10.1. Any = € L such that ji(xz) = 1 is necessarily in L . S. In
fact, v € L = S v (L~ S) means that z = s A7 for some s € S and r € L\ S}
but ji(z) = A{s€ S |s=ax}=1implies that s = 1, that is, s =r € LS.

For each a € L,
b(a) ={x > a|xel}

is the least sublocale containing a ([29, I11.10.2]). In case a is a point p of L,
we have, for any v € L, p = (x v p) A (x — p) and, therefore, p = z v p or

p = x — p. Hence
1 ifx<p
xr—p=

p otherwise.

and b(p) = {1, p} (these are the one-point sublocales [29]). The case where p
is completely prime has a special feature (cf. [4]):

Proposition 10.2. For each p € XL, b(p) is complemented if and only if p
15 completely prime.

Proof: =: We have (L \ b(p)) n b(p) = {1} and hence p ¢ L ~ b(p). Since
(L~ b(p) vb(p) =L, theset A= {xe L|x> p}iscontained in L \ b(p)
(because no x > p can be obtained as some y A p) and thus /\ A € L~ b(p).
Hence /\ A > p which clearly shows that p is completely prime.

<: By Proposition 4.1(4),
L~b(p) = V{SeS(L)[Snb(p) =0}
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Hence a € (L \ b(p)) if and only if a = /\ A for some
AcUISeS() | p¢ S)
In particular, p ¢ (L ~ b(p)) by the complete primeness of p. Hence

b(p) N (L~ b(p)) =0
and b(p) is complemented. _

It follows immediately from this proposition that, for any completely prime
pe L and any S € S(L),

peS < b(p)nS=0 < b(p)c LS. (10.2)
Next, we need to recall that a frame L is regular if and only if
a¥b = dcel: avec=1 and c"<£b

for every a,b e L.

Proposition 10.3. Let L be a reqular frame. Then:

(1) Every p € XL is completely prime.
(2) For eachpe XL and S e S(L), ji(p) =1 iffpé S.

Proof: (1) Let p # 1 be a prime element and p A\ S. If s € p for every
s € S then, by regularity, there exists for each s € S some ¢, € L such that
csvs=1and ¢, £ p. But then c; A ¢l = 0 < p would imply ¢; < p
(as the other alternative ¢i < p is impossible) and finally we would get
l=csvs<pvs=s, thatis,p= AS =1
(2) The implication “=" is obvious since p # 1. Conversely, if p ¢ S then
J&(p) € p and thus, by regularity, there is some c satisfying ji(p) v ¢ = 1
and ¢ € p. But ¢ A ¢® = 0 < p and p is meet-irreducible so ¢ < p. Hence
1=j5(p) v e<jsp) vp=7sbp) -
As any localic map sends points to points ([29, 11.3.4]), it is fairly clear
that this result together with (10.2) asserts that in regular frames condition
(10.1) is equivalent to

b(p) = (LNS) = b(f(p) s (M\T). (10.3)
Hence, we have:

Corollary 10.4. Let f: L — M be a localic map, with L and M regular

frames, and let S € S(L) and T € S(M). If f takes S-remainder to T-
remainder then it satisfies (10.1).
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Proof: From b(p) < L ~\. S it follows that

b(f(p)) = flb(p)] = FIL~ S MNT,
whence (10.3) holds. _

Thus for regular frames we have the following picture depicting the rela-
tions between the several mentioned classes of localic maps (with none of the
indicated implications reversible):

[17] [17] [17]
lax proper [27]| == | [-proper | == | A-proper | <= | wv-proper

| | | |

proper| = |f[-rem. pres.| = |A-rem. pres.| => | v-rem. pres.

Finally, in order to get the converse to Corollary 10.4 we need to impose
some spatiality condition on frames L and M, namely the Tp-axiom, the
usual requirement under which topological properties are faithfully described
by the pointfree setting. For this, recall that a space X is T if for each x € X
there is an open U 5 x such that U ~ {z} is still open (clearly, Tp is strictly
stronger than Tj and strictly weaker than T7). A frame L is Tp-spatial
([9, 30]) if L = ©X for some Tp-space X. In the following, CP(L) will be
the set of all completely prime elements of L. By [4, Cor. 2.5.2], a frame L
is Tp-spatial if and only if

L =\{b(p) | pe CP(L)}. (10.4)
We have then:
Proposition 10.5. Let f: L — M be a localic map, with L and M both

Tp-spatial and regular, and let S € S(L) and T € S(M). If f satisfies (10.1)
then it takes S-remainder to T-remainder.

Proof: As a consequence of (10.4) and (3.3) we have

LxNS= "V (b{p)~S)= V (b(p)n(LN5)).

peCP(L) peCP(L)

Therefore

FILN ST = NVA{fo(p)] | pe CP(L) n (LN S)} = V{b(f(p)) |pe XL, p¢ S}
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Similarly,
MAT =\ (6() ~ (MNT)) = \/{b(q) | g€ SM,q ¢ T).
qeCP (M)
Since p € XL implies f(p) € ¥ M and, by hypothesis, p ¢ S implies f(p) ¢ T,
we have f[L ~ S| < M \ T, as required. m
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