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OPTIMAL REGULARITY FOR RUPTURE SOLUTIONS
OF THE INFINITY LAPLACE EQUATION
WITH SINGULAR ABSORPTIONS
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ABSTRACT: We consider the nonvariational singular equation, governed by the in-
finity Laplacian,

—Ascu=u""xqus0y, v >1
and obtain optimal C%®7 local regularity estimates for nonnegative viscosity solu-

tions, where
4

ay =3 e
Through a singular penalized approach, we further obtain the existence of minimal
solutions, show they are nondegenerate and derive important geometric properties
for the free boundary R(u) = d{u > 0}, the so-called rupture set.
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1. Introduction

In this paper, we investigate fine analytic and geometric properties for a
nonvariational elliptic equation with singular absorption terms, governed by
the infinity Laplace operator

Aoou = Z DZJUDZUDJU
ij

In the last decades, this type of highly degenerate operator has received
a great deal of attention. Infinity harmonic functions, i.e., solutions of the
homogeneous equation A, u = 0, are related to the best Lipschitz extension
of a given boundary datum [4, B, 6] but also with models that describe random
tug-of-war games [[I6], among other applications. Existence and uniqueness
results for viscosity solutions of the homogeneous Dirichlet problem are well
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2 ARAUJO AND URBANO

established but the regularity of infinity harmonic functions remains one of
the most challenging issues in the modern theory of nonlinear pdes. It is
known that solutions are locally Lipschitz, and C!' and O regularity holds
in the plane [19, 0]. Differentiability everywhere has been proven in any
dimension [TT] but even the C! regularity is open. The two dimensional
infinity harmonic function

1134/3 o y4/37 (SL’, y) S R2

provided by Aronson in the nineteen sixties suggests the optimal regularity
may be that infinity harmonic functions have Holder continuous first order
derivatives with exponent 1/3.

For the inhomogeneous infinity Laplace equation

Aju = f(x) € L=,

existence and uniqueness of viscosity solutions of the Dirichlet problem have
been established in [I5] under the sign condition inf f > 0 (or sup f < 0).
For a bounded source term f, solutions are still Lipschitz continuous and
everywhere differentiable [I4] but no further regularity is hitherto known.
For the infinity-obstacle problem, it is shown in [I8] that solutions grow at
the sharp rate 4/3 near the contact set. Recently, it was shown in [I] that
nonnegative viscosity solutions of the nonsingular dead-core equation

Aoouwui, for 0<6<3

are surprisingly smooth along the boundary of the noncoincidence set 9{u >
0}. The critical case § — 3 was also considered and a strong maximum
principle was shown to hold. For an optimization problem with free boundary
involving the infinity Laplacian, see [20].

The main purpose of this article is to investigate qualitative properties of
nonnegative viscosity solutions of the nonvariational singular elliptic equation

—Agu=1u"X{us0y In £, (1.1)

for a bounded domain €2 C R" and a given parameter of singularity v >
1. This type of singular equations appears in the context of a simplified
stationary model for the thickness v > 0 of a certain thin film. The a prior:
unknown set

R(u) := d{u > 0}

is usually called the set of ruptures.
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The singular variational setting, corresponding to the Laplacian, has been
studied in [8, 2] and in [9], where the local Ot optimal regularity has been
established. In this case, the diffusion process for u is modelled by rating the
average value of u around a certain point. On the contrary, equation (L)
models such diffusion process by evaluating the average in the direction of
maximum /minimum growth of the solution itself.

Our first main result, obtained in section B, asserts that viscosity solutions
of (IT) are locally C%% for the precise optimal Holder exponent

_ 4

Qy = 35
The optimality of the exponent o, is confirmed by the radial example C,, |z|*,
where C, is a positive constant depending only on 7. In the proof, we have
to deal with the fact that the second order operator A, diffuses only in
the direction of the gradient, which changes at each point. Simultaneously,
the source term blows up along the rupture set, which further conspires to
turning the study of universal geometric and analytic properties near R(u) a
quite delicate issue. To the best of our knowledge, this is the first attempt at
both studying the infinity Laplace equation with an unbounded right-hand
side and of using Ishii-Lions theory to obtain optimal regularity results for
this particularly degenerate nonlinear pde, an innovative approach bound to
have a wide applicability. We have to emphasise here the right flavour of
our optimal exponent ([L2) in the context of the infinity Laplacian regularity
theory.

In section B, we start with a brief setup for the penalised singular approach,
showing, using Perron’s method, the existence of approximating minimal so-
lutions for the related Dirichlet problem. We then pass to the limit, obtaining
a solution of the singular equation (1) with a fixed boundary datum. Fur-
thermore, for such solutions, we we obtain the porosity of the rupture set
R(u) and provide a precise upper/lower control away from it, i.e., we show
that, for x € {u > 0},

4

Cdist(z, R(uw))7 < u(z) < O dist(z, R(u))7.

(1.2)

Notation. Throughout the paper, {2 will be a bounded domain in R",
B, (z) C R" denotes the open n-dimensional ball with radius » > 0 centred
at v € R", and B, := B,(0). For a compact set K C €2, we define dist(K, 0Q)
to be the distance, in the usual sense, between K and the boundary of 2,
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denoted by 9€2. For aset O C R", L"(O) denotes the n-dimensional Lebesgue
measure. For a function v : Q@ — R and a real number ¢, we set {v > 1} :=
{x e Q:v(x) >}

2. Sharp regularity estimates

The first main result we derive is the local optimal regularity for nonnega-
tive viscosity solutions of (1), for each parameter v > 1. The proof makes
use of pointwise estimates for interior maxima of viscosity solutions, an ar-
gument also known as Ishii-Lions method (see [I3]). We start by defining an
appropriate notion of viscosity solution for equation () but first we recall
the notion of jets from [[].

Let u : Q — R and 2 € Q. The second-order superjet of u at Z, Jé’Jru(i'),
is the set of all ordered pairs (p, X) € R" x §(n) such that

1

u(z) §u(:i‘)+(p,:z:—:%}+§(X(x—£),x—:?:>+o(|a:—:%|2),

as Q3 x — #. The subjet is defined by Jo u(z) = —J5 " (—u) ().

Definition 2.1. An upper semicontinuous function u : {2 — R is a wviscosity
subsolution of (1) if, for each z € Q and all (M, €) € J5 v(z), we have

{ —(M&, &) —u(x)™7 <0 if u(x) >0
—(M¢E,€) <0 if u(x) <0.

A lower semicontinuous function u : 2 — R is a wiscosity supersolution of
(D) if, for each y € Q and all (M, €) € J& v(y) , we have

{—<M§,§>—U(y)‘720 if u(y) >0
—(ME,€) =0 if uly) < 0.

We say u : Q — R is a viscosity solution of () if it is both a viscosity
solution and a viscosity supersolution.

We can now state the main theorem of this section.

Theorem 2.2 (Optimal regularity). A nonnegative viscosity solutions u of
(1) 4s locally of class C%(Q), for

4
Oy = ———.
T34y
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Moreover, there exists a universal constant C > 0, depending only on n,~y
and dist(xg, 0)), such that

sup o
Br(xo) r

for 0 < r < dist(xzg, 02).

Pointwise estimates for interior maxima. We start preparing the proof
of the theorem by deriving pointwise estimates involving the intrinsic struc-
ture of the infinity Laplacian operator at interior maximum points of a certain
continuous function.

Lemma 2.3 (Ishii-Lions type estimate). Let v € C(By), 0 < w € C*(RY)
and put
w(a,y) = o(@) —o(y) and @(r,y) = Loz —y]) + & (2 +[y[*) .

with L,k positive constants. If the function w — ¢ attains a marimum at
(x0,%0) € Bi x By, then, for each € > 0, there exist M,, M, € S(n), such
that

=2+ N
(D2(0,90), M) € JBl/QU(xO) and (_Dy90(5507y())7My) € JBl/QU(yO)y
(2.1)
and the estimate

(M2 Dao(z0,90), Dap(0,90)) — (MyDyp(z0, y0), Dysp(wo, yo))
<AL (p) (Lo (p) + #p)° + 165 (L2 (p)? + £7) (2.2)
holds, where p = |xo — yol-

Proof: Under the hypothesis of the lemma, let us consider (xg, yy) € B% X B%

a local maximum of w — ¢. By [I3, Theorem 3.2], for each € > 0, there exist
matrices M,, M, € S(n) such that (21) holds and

M, 0 ,

for

M, —M,
A= ( M, M, ) + 2K ]2n><2na
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where
M, = Lw”(\xo . y0|)($o—‘yxoo)fﬁy(of|g—yo) + LW|(a|jfgo_Tyé/?|) (I _ (mo—lyxoo)i@?jjg—yo)> '
(2.3)
In particular, we have
(M Dyrp(20, Y0), Dap(xo,90)) — (MyDyo(z0, v0), Dyp(0, Yo))
< (M (Dyp(xo, o) — Dyo(20,%0)), Dap(z0, yo) — Dy (20, ¥0))
+ 2K (\ngo(xo, yo)|” + | Dye(o, y0)|2) + €A (2.4)
where
A == (A% (Dyp(20, Y0), Dyo(0,90)) 5 (Dap(o, y0), Dyp(0, 40)))-
Now, for v := ﬁ, we have

Dyo(zo,y0) = Lw'(p)v + 2kxy and  — Dyp(xo,y0) = L' (p)v — 2Ky
and thus D,p(zo, yo) — Dye(x0,y0) = t(xo — Yo), with
L= 2(Le'(p)p™" + k).
It then follows from (E23) that
(Mey(Dap(0, Y0) — Dyp(o, o)), Dap(20, Y0) — Dy (0, o))
= (M (z0 — o). (0 — ) = L ()

= 4L (p) (L (p) + Kp)” (2.5)
Moreover, observe that
| Dop(0, 90)|* + [ Dy (o, yo)|” = 2L°w (p)* + 4Lkw' (p) p + 457 (|20]* + [wo]*).
Using Cauchy’s inequality, we estimate

L ()P | (26p)?

ALk <
KW' (p)p < 5 5

— 2L2w/(p)2 T 2/432p2

to get
[ Dap(@o,90)|* + | Dyp(@o, yo)|* < 4L (p)? + 2% p° + K2 (|zol* + [yo]?).
Since max{|xo|, |yo|, p} < 1/2, we obtain
Do (o, 90)|* + Dy (o, yo)|* < 4(L2W'(p)* + 7). (2.6)
Finally, if A > 0, choose
8k (L*w'(p)* + K?)

€ = 5

A
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otherwise choose € freely. Using (23) and (E8) in (24), together with this
choice of €, we obtain (22) and the proof is complete.
m

Building Barriers. Here, we shall derive a certain ordinary differential
estimate which allows us to import geometric properties of the solutions of

the ODE
W) (W (1) w(t) =~ 1

to solutions of the singular equation (D). First, we consider the family of
functions {w,},~1, given by

wy(t) =t", 0<t<1l, (2.7)
< 1. Then, for each L > 0, we define the differential operator
Lr[0) = al’0"0'? +bL*0'* +d,

for positive parameters a,b and d, all to be chosen universally in the course
of the proof of Theorem 2.

4

where a, = T

Proposition 2.4. Given a constant K > 0, there exists Lx > 1, depending
only on K, a,b,d and v, such that

Lo, (£) Lol () < — K, 2.5)
for all L > L.

Proof: Initially, by a simple computation, we obtain
wy (1) Lrw,|(t) = alay, — 1)04,?;[/3t2(af1”(0‘7*2)*’70‘7
(2.9)
+ ba%LQtQ(a'y_l)“"Yav + d 7,
Hence, by taking into account that
2y — 1) + (ay —2) + vy, =0
and
2(y — 1) + oy > 0,
we get 3
Lw, () Lrw,](t) < —aLl*™ + bL** +d L"

for positive constants a, 5, d. Therefore, for a fixed K > 0, we may select
Ly > 1 such that estimate (Z8) holds for every L > L. ]
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Proof of Theorem 2. For the sake of clarity, we restrict to the simplest
case () = Bj. It suffices to show that there exist positive universal parameters
L, k such that

L up {u(@) —uly) — Ly (|l — yl) = w(lz]> + [y} <0 (2.10)

for w, defined in (7). Indeed, take y = 0 in (Z10) to get, for all x € By s,
() —u(0) < Loy (|a]) + kla* < Llz|* + &lz]* < Clz|*,

since o, < 2. On the other hand, taking x = 0 in (210) we also get, for all
IS Bl/27
u(0) = u(y) < Cly|*

10 1O
B o |:U o 0‘ K

and so

Let us then suppose, for the sake of contradiction, that there exists a point
(20,Y0) € B2 X By such that

u(wo) — w(yo) — Lwy (1) — &(|zol* + [yo]*) > 0, (2.11)
for n := |xo — yo|. We can assume it is a point of maximum. It immediately
follows from (21) that zy # yo and

fllzol® + 1yol*) < 2llull e (s)- (2.12)

In order to guarantee that xg, yo are interior points in By /o, take x sufficiently
large in (2I2), such that
K Z 8HUHL°°(B1)'
Now, since w, is twice continuously differentiable in a neighborhood of n =

|zg — yo| > 0, Lemma P23 guarantees the existence of (&, M,) € 72$2u($0)
and (&, M,) € 7%’1_/211(3/0) satisfying

(Mp&e, &u) — (MyEy, &) < aLPWl(n)wl(n)” + b LW (n)* +d
Ly [ww](n),

for universal positive parameters a,b and d. The estimate follows from the
fact that w’(n) < 0, see (221). Also, by (213) and Proposition 24, given
K =1, there exists L, > 1, such that

Lhwy ()" ((Mya, &) — (My&y, &) < —1 (2.14)

(2.13)

forall L > L.,.
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On the other hand, using (211), we conclude that
u(zo) > u(xg) —u(yo) > Lwy(n) > 0. (2.15)

We now split the analysis into two cases. If u(yy) > 0, according to (1),
(214) and Definition 271, we obtain

LVwy(n)7 (—u(zo) ™ 4+ u(yo) ) < —1.
Therefore, u(yy) ™" < u(xy)~7, which contradicts (213).

nonsingular point rupture set
Zoe /
Yo
R(u)
u>0

max. points po~llullee

FIGURE 1. Influence of maximum points in the behavior of the
solution u close to the rupture set R(u).

If u(yo) = 0, by Definition 1, we have
— LMwy () u(zo) " < —1. (2.16)

Since, by (213), u(xg) > Lw,(n), we again get a contradiction. The proof is
complete. O

3. A penalized singular approach

In this section, we consider, for each parameter ¢ > 0, the perturbed free
boundary problem

—Agu = [(u) in Q
{ u = f on 0f), (F%)

for a fixed nonnegative continuous boundary datum f in 0€2. Here, 57 :
[0,00) — [0, 00) is the continuous function

tYBY(t) if t>0

BI(t) = (3.1)
0 if t=0,
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where
te™ Y —Ky
B=[ s
0

for a normalized function 0 < ¢ € C§°([0,1]), satisfying folg(s) ds =1, a
positive constant xp < 1 and «, given in (ICA). Such choices are justified in
order to preserve the intrinsic scaling features of the equation.

\
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FIGURE 2. The penalization scheme given by £(t) = t~7B2(t).

According to [2, I7], the existence of minimal Perron solutions holds for a
more general class of degenerate pdes with prescribed boundary datum.

Theorem 3.1 ([2, Thm. 2.1]). Let g : [0,00) — R be a bounded and uni-
formly Lipschitz function. Assume the operator H : R" x S(n) — R satisfies
the monotonicity assumption

H(EN) < HEM), forany £ €R" and M < N.

Assume also a priori CY® estimates for viscosity solutions of H(Vv, D*v) =
h(z) € L>*(2) and that the equation

H(Vv, D*v) = g(v) in Q (3.2)

admits a continuous viscosity subsolution u, and a continuous viscosity su-
persolution u*, with u, = u* = f € W>>(0Q). Then the function

u(z) := inf v(x) (3.3)
veEP
is a continuous viscosity solution of (B2) and satisfies u = f in 0S), where

P:={veCQ)]|v is a supersolution of (B2) and u, < v < u*}.
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As a consequence of Theorem B, we guarantee, for each fixed ¢ > 0,
the existence of a Perron solution for ([F]) by selecting a subsolution and a
supersolution of ([PJ), denoted by wu, and u* respectively, satisfying

—Apu"=supf! and —Aju,=0 in € (3.4)
R+
with boundary data u* = u, = f € 0f). Hereafter, we denote with u. the
nonnegative Perron solution of problem ([F]) given by (B=3), which satisfies

0<u, <u <u' <

| [l 2o 002)-

Uniform in ¢ estimates for the solutions u. will be discussed in subsection B,
allowing us to obtain the existence of solutions to the genuine free bound-
ary problem (I, as well as some geometric properties, to be addressed in
subsection B2.

3.1. Optimal growth estimates. We start with a, uniform in ¢, sharp in-
terior upper bound for viscosity solutions of (P-). This leads to the equiconti-
nuity of the family {u.}.~¢, allowing the passage to the limit in (P.) to obtain
a solution of the singular free boundary problem (L), to be addressed in
Section B2.

Theorem 3.2. Given Q' € QQ, there exists a positive constant C, depending
on dist(Q,0Q), || fllc, 7 and dimension, but independent of €, such that, for
each solution u. of problem ([F), there holds

p 10— _
Br(xo) re
for each zp € Q' and 0 < r < dist(€Y, 09).
Proof: Without loss of generality, we consider the simplest case zog = 0, 2 =
By and €Y = By ,. According to the argument used in the proof of Theorem

P22, we assume, for the sake of contradiction, the existence of (x.,y.) €
Bl/2 X Bl/g such that

Ue () — ue(ye) — Lwy(n:) — “(’%F + ’ys|2) >0, (3.5)

where 7. := |z. — y.|, £ > || flloo > |[te]|oc and L > 0 is a constant to be
chosen.

By Lemma and Proposition 224, there exists L, > 1, independent of ¢,
such that

— (Lo (1)) 82 (ue(2)) < (Lwy ()7 (=62 (ue(2)) + 52 (us(ye))) < =1 (3.6)
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for all L > L,. On the other hand, from (8H), we have
Ue () > ue(w:) — ue(ye) > Lwy(n:) >0 (3.7)
and so, by (B8),
— (Lwy(ne)) "ue ()™ = = || B [loo (Lewy (1)) ue (2e) ™7 < =1, (3.8)
and, again using (377),
— 1 < —(Lwy(n:)) ue ()" < —1,
a contradiction; the proof is complete. |

The next result establishes a lower bound for minimal solutions of the
penalized problem ([F]). Such nondegeneracy feature requires the existence
of a specific supersolution whose geometric properties will be confronted with
the minimality of the solution ..

For a small positive parameter ¢, consider the real continuous function

¢ := P;: [0,00) — [0, 00), defined by

Ko if 0<t<$
Ps(t) = (3.9)
Ko+ A, (t—90)" if ¢ >,

(3+7)* \ 5
A, = ——— : 3.10

! (43(7 - 1) (310
From now on, for each = € Bj, we consider ®s5(x) = ®5(|z|). In particular,
for the sake of clarity in the arguments, we point out that

A Ds() = (o] (@[]
We claim that ®; satisfies, in the viscosity sense,
— Ay ®s > 5(Ps) in By, (3.11)
where = (. for e = 1. Indeed, in the region 0 < |z| < §, we easily have
—Ax®s(z) = 0= B(2(x))
and (B) holds. For || > §, we obtain
—As®5(2) = (1 — ) (Aya,) (|2 = 0) 7

where

and
B(®s(2)) < (ko + Ay (Jz] = 8)™) T < AT (|| = 6) 7.
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Therefore, since
(1 —a)(Aa,)’ = A7
due to the choice (B10), we conclude that ®; satisfies (BIT).

Theorem 3.3 (Strong nondegeneracy). For each point v € {u. > €}, there
holds

Y0y

S A
sup u, > r,
B, () © 0y

for all 0 < r < dist(xg, 00).

Proof: Without loss of generality, let us consider x = 0 € {u. > ¢*}. For
each € > 0, we define the rescaled function

ds(x) == M Ds(e ),
By (BII), we observe that ®§ is a viscosity supersolution of
—Ayv =6-(v) in B
such that
Q5 > A (6e)™ on 0Bys. and  P5(0) = Koe™. (3.12)
To prove the theorem, it suffices to show that, for each 0 < r < 1 fixed,

we have us(§) = @ (&), for some & € 9B,. Indeed,

T\ A
supue > supu. > u(&,) > 50 (&) > A, (-) [ PR
B, OB, 2 20y
Suppose, for the sake of contradiction, that
us < 9. in 9B,

and define L
o min{ue, ¥ o} in B,
Us in Q\ B,.
Note that w. is a supersolution to ([P]) such that w. = u. in 02 and it

is continuous since w, = u, on 9B, due to the contradiction hypothesis.
However, by (B12), we obtain

u:(0) = &% > koe™ = 075, (0) = @:(0),
which violates the minimality of .. |

Remark 3.4. We stress that the nondegeneracy constant 2-* A, only depends
on v and is thus independent of €.
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Corollary 3.5. Given Q' & Q, there exists a constant C, depending on
dist(€Y, 0Q2) and universal parameters, but independent of €, such that for
r€{u.>e"NQ and 0 < r < dist(Q,09), there holds

Clr* < sup u. < Cr* + u(z).
B, (x)
For z € ), let
d.(z) := dist (x,0{u. > e}).
We now show that for points close to the perturbed free boundary 0{u. >
£%} the minimal solution u, grows at the optimal rate d.".

Theorem 3.6. There exist positive small constants C,d, depending on uni-
versal parameters, but independent of €, such that

Cil ds(l’O)a'y S UE(I()) S C(da(xO)O&Y + 8045’
for each xy € O{u. > ™}, with d.(xy) < d.

Proof: The upper estimate follows directly from Theorem B2.

We first prove the lower estimate for the case ¢ = 1. Put v := u; and
suppose, for the sake of contradiction, that there exists a sequence x, €
o{v > 1}, with d,, := d(z,,0{v > 1}) — 0 as n — oo, and

1
v(x,) < Edg‘”. (3.13)
n dn . o . .
Set v, (y) := MIT:?J) and note that v, is a minimal solution of
— Aty = v, Byyq, (Un), (3.14)

_O['\/

where B4, (s) =0, for 0 < s < kgd, . By Theorem B2, for some universal
constant C' > 0, there holds

vn(y) < Cly|* + v,(0).
From (B13), by taking n > 1, we have v,(0) < % and so, for

y| < p o= ('{0)1/%

we have v, (y) < kg < kgd,"". Therefore, by (814), v,, satisfies
—Axv, =0 in B,.
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By Harnack’s inequality, for some universal C' > 0, we have

supv, < Cv,(0) — 0 as n — oo,
B,/2
which contradicts the nondegeneracy estimate of Theorem BZ3.
For the general case, we set
U ([EO + Ey)
vly) =
which is a minimal solution of —A, v, = v-7Bj(v.). From the previous case,
for some universal constant ¢ > 0, we obtain

v:(0) > edist(0, 0{v. > 1})* = c (e~ d.(20))™

and so u.(xg) > cd-(zg)™. _

3.2. The limiting free boundary problem. Here, we address the genuine
free boundary problem (1), by letting ¢ — 0 in the penalized problem ([FJ).
Such analysis provides an existence result as well as geometric and analytic
properties for the limit problem.

Due to Theorem B, the family {u.}.~q is C*-equicontinuous. Therefore,
up to a subsequence,

4

limu. =:up € e (£2),
uniformly in €. This implies that ug solves the singular free boundary problem

—Axtiy = Uy X{u>0p in 0
(Fo)
u = f on Of).

Indeed, for each xy € {ug > 0} fixed, we set up(zp) =: ¢. By continuity, there
exists a small p > 0 such that

up > /4 in B,(xo)

and so, since u. converges to uy uniformly on compact sets, for ¢ < 1, we
have

Ue > L/8 > (1 + Iio)&?a” in Bp/g(xo).
Therefore, u. solves explicitly the equation —Ayu, = u_7 in B,/s(x). By
the stability of viscosity solutions under uniform limits, we finally conclude
that ug solves ([F]).
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Due to Corollary BA and the fact that u. converges locally uniformly to
up in C'*, we are able to obtain strong upper and lower bounds for limiting
solutions.

Theorem 3.7. There exists a a universal constant C' such that, for each
T € {U() > 0} N B1/27
and 0 < r < 1, there holds

C~r* < sup uy < Cr™ + ug().
B, ()

As a classical consequence of Theorem B (see [3] for more details) we
obtain that the free boundary R(ug) is locally a porous subset in Bj.

Corollary 3.8. There exists a universal small number § > 0 such that R(uy)
is a §-porous set. More precisely, for all x € R(ug) and 0 < r < 1, there
exists y € B,(x), such that

Bs:(y) C Br(z) \ R(uo).
Moreover, there exists a universal small constant ¢ such that
LM(By(x) N {up > 0})
LB, (x))
Finally, Theorem B@ provides one of the most important consequences of
the uniform convergence: the optimal growth rate for the limiting solution

ug, for points close to the singular set R(ug) := 0{ug > 0}. Here, we set
do(x) = dist(z, R(up)).

>c> 0.

Theorem 3.9. There exist positive universally small constants C, d such that
C 1 dy(wo)™ < up(zo) < Cdp(o)™,

for each xy € {ug > 0} with dy(xy) < d.
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