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ABSTRACT: Let V be an arbitrary linear space and f : V x ... x V — V an n-linear
map. We show that, for any choice of basis B of V, the n-linear map f induces on V a
decomposition (depending on B) V = @V as a direct sum of linear subspaces, which is
f-orthogonal in the sense f(V,...,Vj,...,Vj,...,V) = 0 when j # k, and in such a
way that any Vj is strongly f-invariant in the sense f(V,...,V},...,V) C V;. We also
characterize the f-simplicity of any V. Finally, an application to the structure theory of
arbitrary n-ary algebras is also provided. It is the full generalization of some early result [6].
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1.Introduction

The main idea of the present paper is to prove the n-ary version of early result
of the first author about of decomposition of linear spaces induced by bilinear
maps [6]. The paper is organized as follows. In the second section we develop all
of the techniques needed to get our main results. We begin by introducing con-
nection techniques, previously used in different algebraic contexts [1-8]], in the
framework of linear spaces V. As a consequence, we get that any choice of basis
B of V gives rise to a first decomposition of V as an f-orthogonal direct sum of
linear subspaces. In order to improve this decomposition we introduce an ade-
quate equivalence relation on the above family of linear subspaces, which allows
us to get our first main result asserting that V decomposes as an f-orthogonal di-
rect sum of strongly f-invariant linear subspaces. In Section three it is discussed
the relation among the previous decompositions of V given by different choices
of bases of V. It is shown that if two basis B and B’ of V belong to the same orbit
under an action of a certain subgroup of GL(V) on the set of all of the basis of V,
then they give rise to isomorphic decompositions of V. In Section four we prove
that any of the linear subspaces in the decompositions of V given in Section two
is f-simple if and only if its annihilator is zero and it admits an ¢-division basis.
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Finally, in Section five an application of the previous results to the the structure
theory of arbitrary n-ary algebras is provided.

2.Development of the techniques. First decomposition theorem

We begin by noting that throughout the paper all of the linear spaces V consid-
ered are of arbitrary dimension and over an arbitrary base field IF. Hereinafter, V
is a linear space and f : V X --- X V — V an n-linear map on V, n > 2. We start
recalling some notions concerning V and f.

Definition 2.1. Two linear subspaces V; and V5 of V are called f-orthogonal if
FOV Vv vy =,

foralli,7 € {1,...,n}, i # j, where the notations Vl(i) and VQ(j ) mean that V;
and V5 occupy the i-th and j-th entries of f, respectively.
It is also said that a decomposition of V as a direct sum of linear subspaces

V-
jeJ
is f-orthogonal if V; and V), are f-orthogonal for any j, k € J with j # k.

Definition 2.2. A linear subspace W of V is called f-invariant if f(W,... , W) C
W. The linear space W is called strongly f-invariant if

fF(V,... w9 v)ycw,

foralli € {1,...,n}. The linear space V will be called f-simpleif f(V,... V) #
0 and its only strongly f-invariant subspaces are {0} and V.

Definition 2.3. The annihilator of f is defined as the set
Ann(f) ={veV: f(V,...,0W ... V)=0, foralli € {1,...,n}}.
Let us fix a basis B = {e;};c; of V. For each e; € B, we introduce a symbol
€; ¢ B and the following set
B:={e :e; € B}
We will also write (¢;) := ¢; € B, V* := V'\ {0} and P(V*) the power set of V*.

We define the n-linear mapping

F:P(V*) x ((BUB) x --- x (BUB)) — P(V*) (1)
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(i) F(0,BUB,...,BUB) = 0.
(ii) Forany ) #U € P(V*)and & € B,i=1,...,n—1,

FU, . 6n) = U {f(&y--u®, o omony) ru e UY |\ {0},

F(U7gl 7777 En—l) = U {’LL ev: f(go(l) ----- u(k) 7777 Ea(n—l)) € U} \{O}
ke{l,..., n}
ocES,_1
(iv) F(U,&,...,801) =0, if thereare 4, j € {1,...,n — 1}, i # j, such that
& € B, Sj e B.

Remark 2.4. It is clear that
F(U7 60(1)7 s 750(71—1)) = F(Uv 517 s 7571—1)7

and B B B B
F(U7 50(1)7 S 750(71—1)) - F(U7 517 SR 7571—1)7
forall&,... .6, 1 €B, ..., 1 €EB, 0 €S,
Lemma 2.5. Concerning the mapping F' previously defined, we have
1. Foranyv e Vand & € Bi=1,...,n—1, _

w € F({v}, &, ..., 1) if and only if v € F{w}, &, ... &)
2. ForanyU € P(V*)and & € BUB, i =1,....,n—1,

v € F(U. &, ..., &) ifand only if F({v}, &, ..., &, 1) NU # 0.

Proof: 1. Let us start admitting that w € F({v}, &, ...,&,-1), being v € V* and
& € B, i=1,...,n— 1. This means that

w = f(go(l)7 s 7U(k)7 cee 750(71—1))7
forsome k € {1,...,n— 1} and o € S,,_1, and thus

v E F({w}aga(l)a S 730(71—1))'
According to the previous remark, we have:

NS F({w}7gla <. 7%7@—1)'

The reciprocal result can be proved analogously.
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2. Suppose that U € P(V*) and §; € BUB, i = 1,...,n — 1. Let us first admit
thatv € F(U,&1,...,&§,-1). Thenv € F({w}, &1, ..., &,-1) for some w € U. By
item 1., this is equivalent to w € F'({v},&;,...,&,_,) and thus

we F({vh&,... &) NU #0.

The reciprocal assertion can be proved in a similar way. ]

Definition 2.6. Let ¢;, e; € B. We say that e; is connected to ¢; if either,
(1) €; = ¢; 0or
(ii) there exists an ordered list (X1, Xo, ..., X,,), where X; = (a;1,...,0in_1)
such that a;, € BUB,i € {1,...,m}, k€ {1,...,n — 1}, satisfying:
L F({e;}, X1) # 0,
F(F({ei}, X1), X2) # 0,

F(.. (F(F{ery, X1), Xo), ., X 1) £ 0.
2. ¢, € FF(.... (F(F({es}, X1), Xa), ooy Xt ), Xon).

In this case we say that (X, X, ..., X,,) is a connection from e; to e;.

Lemma 2.7. Let (X1, Xo, . .., X;n_1, X)) be any connection from some e; to some
e;, where e;,e; € B with e; # e;. Then the ordered list (X, Xm-1,..., X2, X1)
Is a connection from e;j to e;.

Proof: The proof will be done by induction on m. In the case m = 1 we have that
ej € F({@Z}, Xl) = F({e,}, al, .. ., aln_l) implying that

e; € F({ej},an, - ,aln_l) = F({ej},yl),

by 1. of Lemma 2.5/ Thus (.X) is a connection from e; to e;.

Admit now that the assertion holds for any connection with m > 1
elements, and let us show this assertion also holds for any connection
(X1, Xo, ..., Xpn, Xpna1) with m + 1 ((n — 1)-tuples) elements. So, consider a
connection (X1, Xo, ..., X, X;nt1) from e; to e;. Let us begin by setting

U= F(F(...(F(F({e:}, X1), Xa)s o+ oy Xonen)s Xon)-

Applying 2. of Definition we have that e; € F(U, X,;,41). Then, by 2. of
Lemma2.5] F'({e;}, X;ni1) N U # 0. Admit that

T € F({ej},ym+1) NnU 75 0. (2)
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Since = € U we have that (X1, X, ..., X,,_1, X},) is a connection from ¢; to x
with m elements. Henceforth (X,,, X,,_1,..., X2, X1) connects z to e;. From

here, and by Equation (2)), we obtain
e; € F(F(...(F(F({e;}, Xmy1), Xim)s - - -, X2), X1),

which means that

(Xm—l—laymu s 7Y2771)
connects €; to e;. |

Proposition 2.8. The relation ~ in B, defined by e; ~ e; if and only if e; is
connected to e;j, is an equivalence relation.

Proof: The relation ~ is clearly reflexive (see (i) of Definition 2.6) and symmetric
(see Lemma[2.7). Hence let us verify its transitivity.

Admit that e;, e, e, € B are pairwise different such that ¢; ~ e; and e; ~
er (the cases when two among those elements are equal are tivial). Then there

are connections (X,...,X,,) and (Y7,...,Y},) from e; to e; and from e; to ey,
respectively. Therefore, (X1,..., X, Y1,...,Y)) is a connection from e; to e,
showing the transitivity of ~ and the result is proved. |

Henceforth, by the above defined equivalence relation, we introduce the quo-
tient set
B/ ~={le;] : e; € B},
where [e;] stands for the set of elements in B which are connected to e;.
For each [e;] € B/ ~ we may introduce the linear subspace
‘/[67:] = @ ]Fej,
eje[ei]
allowing us to write

V = EB V[el.}. (3)

Next we show that this is a decomposition of V in pairwise f-orthogonal sub-
spaces.

Lemma 2.9. For any [e;], [e;] € B/ ~ with |e;] # [e;], we have that
FOV, L vkt ) =, 4)

] 7 lej] 2

forall kv, ko € {1,...,n}, ki # ko.
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Proof': In order to prove (4) it is sufficient to show that

k1 ko
f(go(l)u . '7‘/[;.] )7 .- '7‘/[23'])7 s 750(71—2)) =0

for any permutation o € S, o, &1,...,&,_0 € B. Admit the opposite assertion.
Then there are e, € [¢;], e, € [e;] and v € V* such that
f(go . (kl)v ey 61(0k2)7 ce 750(71—2))7 (5)

for some o € S,,_». By definition of F', from (5) we may deduce two facts:
(1) v e F({Gk}, ep7 517 cee 757172)
(ll) (S F({ep}7 ek‘7€17 <. 7571—2)

From (ii) and 1. of Lemma[2.5 we have

(iii) e, € F({v}, &, &1, Epa)
From (i) and (iii), we observe that (X7, X5), where
Xl - (6]?7&.17 s 7€n—2) ?XQ - (ékagh s JE’N/—Q)

is a connection from ey, to e,. Thus, [e;] = [ex] = [e,] = [e;], causing a contradic-
tion. |

As consequence of Lemma [2.9]and Equation (3) we have.

Proposition 2.10. Given V and f as initially defined, V decomposes as the f-
orthogonal direct sum of linear subspaces

V= @ Vi

[e;]€B/~

The family of linear subspaces of V formed by all of the V., [e;] € B/ ~,
which gives rise to the decomposition in Proposition [2.10}, is not good enough for
our purposes. So we need to introduce a new equivalence relation on this family,
as follows.

We begin by observing that the above mentioned decomposition of V allows us
to consider, for any V|, the projection map

HV[EZ_] 1V = Ve
Also, let us consider these family of, nonzero, linear subspaces of V,

F = {Vie) : [el] € B/ ~}.
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Definition 2.11. We will say that V}.,) = V| if and only if either V}.,; = V., or
there exists a subset

{6 &), [6m] B/ ~,

such that
() [51] = [67} and [fm] = [6j]'
(ii)
3 [HVM( POV, VD v W) Ty (F(V Vv V))} £ 0.
1<ki<ka<n

(k1) (k2) (k1) (k2)
3 [H‘/[£2](f(V,...,‘/[£3] VR ) ety (VL Vv V))] £0.

1<k <ka<n

Clearly ~ is an equivalence relation on J and so we can introduce the quotient

set
35/ ~i= {[‘/[ez]] : ‘/[ei} S 37}

PN
V[ei]

For any [V|.j] € F/ ~, we denote by the linear subspace of V

v P V.. (6)

Also, we can assert by Lemma [2.9] that

k1) A=(k2)
FV, o Ve yoees Vigy) ., V)=0

when [Vi. ] # [Vl ] in F/ ~, forall ky, ks € {1,...,n}, ki # ko.

=
Proposition 2.12. For any [Vi.)] € F/ =, V. is a strongly f-invariant linear
subspace of V.
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Proof: We begin by proving that

k1) —(k2) ~ =
f(V,...,V[ei} ,...,V[ei] ,...,V)Cv[ei]. (7)
Indeed, in case some 0 # w € f(V,..., Vi, ..., Viey ,-..,V), decompo-

sition ({6 allows us to write

w=w;+wy+ -+ Wy

=
for some 0 # w; € V) for j = 1,...,m and {; € B. Observe now that
~~
Lemma [2.9| gives us that there exist nonzero z,y € V|, with V., C V|, and
21, ... 2n—o € V, such that
O%w:f(zl,...,x(kl),...,y(kz),...,zn_g) (8)

=
Let us consider 0 # wy € Vg1, being so wy € V. | for some Vi ; C V).
By Equation (8) we have Iy, (f(21,... k) yRR) o 0)) = wy # 0.
That 1s
Ky ko
My, (F(V,..., v v vy #0

lex] 7 [ex]

and we get that the set {[e;], [e,]} gives us V}.,; = V. ;. Hence
Viey & Vew & Ve # Vigy

PN
V[ez‘]

~~
and we conclude Vi¢ | C . From here w; € V., . In a similar way we get that

~~ A~
any w; € Vi, for j =2,...,mand sow € V], . Consequently, the inclusion H
holds, as desired.

Finally, by decomposition (6)), Lemma [2.9] and Equation (7)), we have the fol-
lowing inclusion

i =) A=
OV, Ve V) SV
j=1

Theorem 2.13. Let V be a linear space equipped with an n-linear map f : 'V X
... xV = V. For any basis B = {e; : i € I} of V we have that V decomposes as
the f-orthogonal direct sum of strongly f-invariant linear subspaces

~~
V= & V..
[Vv[f’l]]egj/%
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Proof: Consider the decomposition, as direct sum of linear subspaces
=~
V= D Ve
[V[ei]]eff / ~

given by Equation (6). Now Lemma shows that this decomposition is f-

=
orthogonal and Proposition [2.12 that all of the linear subspaces V|, are strongly
f-invariant. |

3.0n the relation among the decompositions given by different
choices of bases

Observe that the decomposition of V as an f-orthogonal direct sum of strongly
f-invariant linear subspaces given by Theorem is related with the initial
choice of the basis. Indeed, as it was exemplified in [6] (for n = 2), two different
bases of V may lead to two different of those decompositions of V. Let V be the

R-linear space V := R* equipped with the n-linear map f : R* x --- x R* = R*
defined as

f(@1,..., @) =

(z11721, 11291, 0, 0),

where

T = (Tit, .., Tig)
foreachi € {1,...,n}

Let us consider the following two bases of R*:
B:={e1,...,eq4},

that is, the canonical basis, and
B/ = {(1, 0, 1, 0), (1, 0, —1, O), €9, 64}.

Then it is possible to observe that the decomposition of V = R*, given in The-
orem [2.13] with respect to the basis B is given by

R* = (Re; @ Rey) @P(Res) P (Rey).
However, the same kind of decomposition with respect to B’ is given by
R* = (R(1,0,1,0) ®R(L,0, —1,0) @ Rey) @D (Rey).

Thus, it will be an interesting task to find a sufficient condition for two differ-
ent decompositions of a linear space V, induced by an n-linear map f and two
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different bases of V, being isomorphic. The following notion will help us in this
purpose.

Definition 3.1. Let V be a linear space equipped with an n-linear map f : V X
-+ XV — V and consider

I=V=@ViandI':= V=W,
el jeJ
two decompositions of V as an f-orthogonal direct sum of strongly f-invariant

linear subspaces. It is said that I" and IV are isomorphic if there exists a linear
isomorphism g : V — V satisfying

f(g(vl)7 .- g(vn)) - g(f(vh S 7Un))

for any vy, ...,v, € V, and a bijection o : I — J such that
g(Vi) = Wi
forany: € 1.
Lemma 3.2. Let V be a linear space equipped with an n-linear map f : V x - -- X
V — V and consider B = {e; : i € I} a fixed basis of V, and let g : V — V be a
linear isomorphism satisfying
Flg(&), - 9(&n)) =g (f (&, 6n))

for any & € B. Then for any U € P(V*) and &, € B, k € I, the following
assertions hold.

@) g(F U &;-- &-1)) =F(9(U),g(&),- ., 9(&-1)),
i) g (F (U8, &)) = F (90), 9 (@), 9 (&),
where F is the mapping defined by Equation ([I)).
Proof: (i) We have

g(F(U&,. . 6n1)) = U {g (f(&r(l) ----- ut, gd(nfl))) Pu € U} \ {0}
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(i1) In this case we have

= U {u ev:f (g (&o1)) s+ u® g (fg(n—l))) € Q(U)} \ {0}

kedl,..., n}
(S Sn—l
= F (9(U),g (€): .9 &)
Observe that in both cases we took into account Remark 2.4, n

Proposition 3.3. Let V be a linear space equipped with an n-linear map f :
V x--xV = Vand consider B = {e; : i € 1} a fixed a basis of V. Further,
admit that g : V — V is a linear isomorphism satisfying

f(g(&),-,9(&) =g (f (&, &)

for any &; € B. Then the decompositions

A I
' =V = @ ‘/[ei} and T’ =V = ‘/[g(el-)]a

[ViegleF/~ Vigen]€F"/~

corresponding to the choices of B and B' := {g(e;) : i € I} respectively in
Theorem are isomorphic.

Proof: Firstly, let us observe that, according to the previous result, we may state
that if e; is connected to some e¢;, for some 4,5 € I, e;,e; € B through a con-
nection (X1, Xo,...,X,,), where X; = (aji,...,ai_1) such that a;, € BUB,
ie{l,...,m}, ke {l,...,n— 1}, then g(e;) is connected to g(e;) through the
connection (¢(X1), g(X2), ..., 9(X,)), where g(X;) := (g9(ain),- -, 9(ai—1)) and

g(ai) € B'U B/, (where g() := g(er.)). Thus, it is possible to conclude that

9(Ve) = Vigeea)
for any [e;] € B/ ~. Further, it is also clear that the mapping x such that
#Vie) = Vigteo)

defines a bijection between the families F := {V}., : [e;] € B/ ~} and F" :=
{‘/[g(ei)] : [g(ez>] S B// N}
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Since Lemma([3.2] also gives us that

(k1) (k2) _ (k1) (k2)
g (v PV VD VD W) =Ty (FOV e VS Ve )

[es]
fori,j € I and k1, ks € {1,...,n}, with k; < ky. This allows to deduce that
~ = =
9(Vie) = Vigeen) ©)
for any [V|.)] € F/ =, which induces a second bijection, o, now between the
families ¥/ ~ and F’/ ~ given by

o([Vieal) = Mgtean]- (10)
From Equations (9) and we conclude that the decompositions I" and I" are
isomorphic. -

Being f an n-linear map on V, the following set
Of(V) ={g € GL(V) : f(g(v1),..., g(vp)) = g(f(v1, ..., vy)) for any vy, .. ., v € V3,
(where GL(V) denotes the group of all of the linear isomorphisms of V), is known

as the orbit of V (associated to f). We have that O;(V) is a subgroup of GL(V).
If we also denote by B the set of all of the bases of V we get the action

Of(V) xB — B (11)
given by (g,{e;}icr) = {g(€;)}icr. The previous result states that if two bases
B and B’ of V belong to the same orbit under the action given by Equation (1)),
then they induce two isomorphic decompositions of V. Finally, this can be stated
as follows.

Corollary 3.4. Let V be a linear space equipped with an n-linear map f : V X

- XV — V and fix two bases B = {e; : i € [} and B' = {u; : i € I} of
V. Suppose there exists a bijection p : I — I such that the linear isomorphism
g : V =V determined by g(e;) := w, ) for any i € I, satisfies

k k k k
f (g(vl), o ,uL(;;, o ,uL(j)), . ,g(vn_2)> = g(f(vy, ... ,ez(. 1), ol 65. 2), )
foranyi,j €1, ki, ko € {1,...,n}, with ky < ky. Then the decompositions
P ~~
Pr=V= @ Vadl'=V= @ V.
[ViealeF/~ (Vw1 1€F"/~

corresponding to the choices of B and B’ respectively in Theorem are iso-
morphic.
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4.A characterization of the f-simplicity of the components
Our aim in this section is to establish a characterization theorem on the f-

=
simplicity of the linear subspaces V., which appear in the decomposition of
V' given in Theorem [2.13

Let us begin by recalling several concepts from the theory of algebras.

Let A be an algebra equipped with an n-ary multiplication [.,...,.] : A x -+ X
A — A and B a basis of A. The basis B is said to be an i-division basis if for any
e; € Band by, ...,b,_1 € A such that

[bl,...,egk),...,bn_l] :w;é()

forsome k € {1,...,n} wehave thate;, by,...,b, 1 € J(w), where J(w) denotes
the ideal of A generated by w.

The above notion can be generalized to the case of a linear space V equipped
with an n-linear map f : V x --- x V — V. We refer to the minimal strongly f-
invariant subspace of V that contains v as the strongly f-invariant subspace of V
generated by v, and will be denoted by J(v). Observe that the sum of two strongly
f-invariant subspaces of V is also a strongly f-invariant subspace, and that all of
V is a strongly f-invariant subspace.

Definition 4.1. Let V be a linear space, B = {e;};cs a fixed basis of V and f :
V x -+ xV — V an n-linear map. It is said that B is an ¢-division basis of V
respect to f, if for any ¢; € B and by, ...,b, 1 € V such that

f(bl,...,egk),... nl)—w%()

forsome k € {1,...,n} wehave thate;, by,...,b,_1 € J(w), where J(w) denotes
the strongly f-invariant subspace of V generated by w.

Let us return to the decomposition of the linear space V, given an n-linear map
f:Vx..-xV =V and fixed a basis B,

=
V= EB V[ei]
Ve J€F/~

as deduced by Theorem [2.13| For any V[ ] We can restrict f to the n-linear map

~~ A~ =
' Vieg %o X Viey = Ve

= =
and consider on 'V}, the basis B’ := B N V}.,. Then we can assert:
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=

Theorem 4.2. The linear space Vi, is ['-simple if and only if Ann(f') = 0 and

. . . . . . /\
B' is an i-division basis of 'Vi.,) with respect to f'.

Proof: Suppose that V is f’-simple. Observe firstly that Ann(f’) is a strongly
/\
f'-invariant subspace of V., and thus Ann(f’) = 0. Additionally, if we consider

~~
some ¢; € B"and by, ...,b,_1 € V|, such that
f(m”.§ku¢wgzw¢o
~~
for some k € {1,...,n}, since V|, is f'-simple, we have
A~
J(w) = V[ei]
and so e;,b1,...,b,-1 € J(w). Thus, the basis B’ is an i-division basis of 'V

with respect to f’.
Conversely, let us suppose that Ann(f') = 0 and that the set B’ is an i-division
basis of 'V}, with respect to f’. Consider any nonzero strongly f’-invariant linear

~ = )
subspace W of V., and take some nonzero w € W. Since Ann(f’) = 0, there
are nonzero elements

oo G €8
such that
07& f <§17"'7w0)7"'7£n1> eW
for some j € {1,...,n}. Since B’ is an i-division basis, we get

& e W, (12)

forallk € {1,...,n—1}.

Let us now prove that Vi) C W foreach k € {1,...,n — 1}. To do so, we
have to show that for any v; € [&] such that v; # &, we must conclude that
v; € W. Itis clear that {; is connected to any v; € [{], and thus there is a
connection (X1, Xs, ..., X,,), where X; = (a1, ..., @pn_1) such that a; € BUB,
ie{l,...,m}, le{l,...,n— 1}, from & to v;.

Recall that we are dealing with an f-orthogonal and strongly f-invariant (read
Theorem decomposition of V. Thus, we may claim that the elements a;
satisfy

aig € B'UB, (13)
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. BN
and that the whole connection process from & to v; can be deduced in V1.

We have that
F({fk},Xl) = F({Sk}a airi, .. 7a1n71) 7é @

There are two cases to discuss.

First case: a;; € B, 1 =1,...,n — 1 and so there exists
O#x:f(an,...,ﬁg),...,aln_1>,
forsome r € {1,...,n}.
= . =
Second case: a;; € B’, 1 =1,...,n — 1 and so there exists 0 # x € V|, such
that

f (&11, ce ,J}(T), ce ,alnl) = fk,

for some r € {1,...,n}.

Consider the first case. As a consequence of the inclusion (12]), we obtain = €
w.

Consider now the second case. By the ¢-division property of the basis B’ and

due to inclusion (12)) we conclude that z € J(§;) C W.
So, in both cases we have shown that

F({&} X1) cW. (14)

By the connection definition, we have

F(F({Sk}le)aXZ) 7é @7

where F'({&},a1) C W as seen in (14).
Given an arbitrary ¢t € F(F({{}, X1), X2), as before, we have two cases to
distinguish. In the first one ay; € B, [ = 1,...,n — 1 and so there exists z €

F({&:}, X1) such that
0 ;é Z = f <a,21,...,§](grl),...,a/2nl> )

forsome ' € {1,...,n}.
In the second one ay € B’, and then there exists z € F({;}, X1) such that
0 75 f(agl,...,t(r),...,agnfﬂ =z.

In the first case the inclusion (14]) shows that ¢ € . In the second case the
i-division property of B’ gives us thatt € J(z) C W.
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In both cases, we have
F(F({&} X1), Xa2) C W
Iterating this argument on the connection (13)), we obtain that
vi e F(F(...(F(F({&}, X1), Xa), ..., Xino1), X)) C W

and so we can assert that

‘/[gk} cW. (15)
To finish the proof, we must prove that all V], ) such that V}, ) ~ V|, verifies
Vi cW.
Under the above assumption, there exists a subset

{6kl [l s [y © B/ ~ (16)

satisfying the conditions in Definition [2.11, From here,

(@) @) (i) @)
3 [Hv[sk](f(V ..... Vi V) Ty, PV VL v V))}#O.

1<i<i’<n

Therefore, there are i,7' € {1,...,n} with ¢ < ¢/, such that
My, (f(V,. Vi Ve, V) #0

or
My, (F(V,. Ve, V)W) #0.

Consider the first case, in which

0 @
My, (F(V,.. Ve, Vi) W) #0.

Then there exist e}, ¢} € [¢;] and by, ..., b,—o € V such that

07&f(bl,...,ez(i),...,eg(il),...,bn_g):xz—f—c

where 0 # 73 € V,,jandce P V.
[vj]#(ve]
Since Ann(f’) = 0, and taking into account Lemma there exist
€y ... €5 1 € [1o] such that

O%f(€/217"'7x2(r)7"'76/2n—1) :q
for some r € {1,...,n}. By Lemma[2.9]and we have that

i il (r)
O7&f(e'21,...,f(bl,...,eﬁg(),...,eﬁ ),...,bn_g) ey €y 1) =
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Fleby, o (ma+ ), ey )= flehy, ..., m"), e ) =qEW.
From here, by the i-division property of B’ we conclude that
6/217 L) 6/271—1 S J(Q) C W
Concerning the second case, recall that we have
(4) (i)
Hv[gk}(f(V, . .,V[y?],...,V[VQ] ..., V) #£0.
Similarly to the first case, there exist €}, €5 € [15] and by, ..., b, o € V such that
0% Fbr,....eb” e b)) =2+ d

where 0 # 7 € Vigjandd € @ V},,). Again, since Ann(f’) = 0, there exist
[v51#8x]
€1y« s €y € [&k] such that

0% f(€, .- AL 1) =S

forsome r € {1,...,n}.
By Lemma 2.9)and inclusion (I5]) we have that
i i (r)
0# [(Ehyyees fbryeed e ) ) =

From here, by the i-division property of B’ we conclude that
6/217 I el2n—1 S J(Q) C w.

Applying the i-division property of B’ this leads to

For, .. e e b, ) € (s) C W
A second application of the i-division property of B’ allows us to write e, € .

At this point, we have shown in both cases that there are elements in [1] be-
longing to 1W. Hence by using the same previous argument as done with &, (see

inclusions and (15)), we get that
V[VQ] cCW.
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It is clear that this reasoning can be repeated for all other elements of the set
(16). Henceforth

Vi cW
and consequently, since
A~ A=
Vie)g = Vig) = Viey
Vie;1€[Vig, 1]
we proved that
=
Vi) =W,
=
thatis V., is f-simple. |

Remark 4.3. The above result can be restated as follows.
The linear space Vi is ['-simple if and only if Ann(f’) = 0 and every non-zero

. A . . . . . .
element in 'V}, is an i-division element with respect to f'.

5.Application to the structure theory of arbitrary n-ary algebras

In this section we will apply the results obtained in the previous sections to the
structure theory of arbitrary n-ary algebras.

We will denote by 2l an arbitrary n-ary algebra in the sense that there are no
restrictions on the dimension of the algebra nor on the base field I, and that no
specific identity on the product (n-Lie (Filippov) [9], n-ary Jordan [10], n-ary
Malcev [11], etc.) is supposed. That is, 2l is just a linear space over [F endowed
with a n-linear map

o] A X o x A=A

(X1, ..oy xp) = [T, . )
called the product of 2.

We recall that given an n-ary algebra (2, |-, ..., ]), a subalgebra of 2l is a linear
subspace B closed for the product. That is, such that [®B, ... B8] C B. A linear
subspace J of 2 is called an ideal of 2 if [, ... I LA € 7, for all r €
{1,...,n}. An n-ary algebra 2 is said to be simple if its product is nonzero and
its only ideals are {0} and 2(. We finally recall that the annihilator of the algebra
(24, [.,...,.]) is defined as the linear subspace

Anmn() ={zeA:[A,....2W . A =0, forallk € {1,...,n}}.
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If we fix any basis B = {e;};cr of 2, and denote the product [., ..., .] of 2 as f,
Theorem [2.13|applies to get that 2l decomposes as the f-orthogonal direct sum of
strongly f-invariant linear subspaces

Now observe that the f-orthogonality of the linear subspaces means that, when
[Q[[ei]] 75 [Ql[ejﬂ, we have

(k1) k2)
[Ql,...,Ql[e.},...,Ql[e.],...,Ql] =0,

J

for all k1, ko € {1,...,n}, k1 # ko, and that the strongly f-invariance of a linear

=~ ~
subspace 2l.,) means that %1, is actually an ideal of 2(. From here, we can state:

Theorem 5.1. Let (2, [, ..., -]) be an arbitrary algebra. Then for any basis B =
{e; : i € I} of A one has the decomposition

A= P )

[Rlfe;)]€F /=

=
being any R, an ideal of 2A. Furthermore, any pair of different ideals in this
decomposition is f-orthogonal.

=~
In the same context, if we restrict the product [-, ..., -] of 2 to any ideal e,

A . . . .
we get the algebra (., [-,...,]). Now, by observing that the f’-simplicity of
(e, [+ - -+, -]) is equivalent to the simplicity of (2d,, [-,...,-]) as an algebra,

A~
and that Ann(f") = Ann(®l.)), Theorem 4.2 allows us to assert the following.

i

A~ A~

Theorem 5.2. The ideal (), |, ...,-]) is simple if and only if Ann(2l.) = 0
A~ PENN

and B' := B N Ay, is an i-division basis of .
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