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1. Introduction

Topological hedgehogs keep generating interest in point-set topology as
they are a rich source of counterexamples and applications (for a compre-
hensive survey on topological hedgehogs we refer to [1]; see also [9]). They
may be described as a set of spines identified at a single point. Specifically,
for each set I of cardinality k, the classical metric hedgehog J(k) is the dis-
joint union | J,.,[0,1] x {i} of k copies (the spines) of the real unit interval
identified at the origin, with the topology generated by the metric

d: J(k) x J(k) — [0, 4+00)
given by (see e.g. [1, pp. 28] or [9, pp. 251])
t—s|, ifj=i

({800 [(s.)) {t IR AR}

One of the differences between point-set topology and pointfree topology
is that one may present frames by generators and relations (similarly to the
presentation of groups by generators and relations). Then, for a frame L
defined by generators and relations one may define a morphism with domain
L just by specifying its values on the generators; it is a frame homomor-
phism precisely when it turns the defining relations of L into identities in the
codomain frame.

In this paper we present the frame of the metric hedgehog, by specifying its
generators and relations. This is done just from the rationals, independently
of any notion of real number. For that we need to recall first that the frame of
reals £(R) (see e.g. [4]) is the frame specified by generators (p, q) for p,q € Q
and defining relations

(R1) (p,q) A (rs) = (pV g N s),

(R2) (p,q) V (r,8) = (p,s) whenever p <r < q < s,

(R3) (p,q) = VA(r,s) [p<r<s<qj,

(R4) \/pqe@(n q) =1

Equivalently, £(IR) can be specified (see [18]) by generators (r, —) and (—, )
for r € Q, subject to relations

(rl) (r,—) A (—, s) = 0 whenever r > s
(r2) (r,—) V (—,s) = 1 whenever r < s
(r3) (r,—) = Vs, (s, ), for every r € Q
(14) (— 1) = \/S<,,( ,s), for every r € Q
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(1'5) \/TE(@(ra *) - 17

(16) Vg 7) = 1.

By dropping relations (r5) and (r6) one has the frame of extended reals £(R)
(1),

We introduce the metric hedgehog frame as a cardinal generalization of
£(R). Specifically, let k be some cardinal and let I be a set of cardinality
k. The frame of the metric hedgehog with k spines is the frame £(J(k))
presented by generators (r,—); and (—,7) for r € Q and ¢ € I, subject to the
defining relations

(hO) (r,—)i A (s,—); = 0 whenever i # j,

(h1) (r,—)i A (—,s) =0 whenever r > s and ¢ € I,

(h2) V,ey (ri, )i V (—, s) = 1 whenever r; < s for every i € I,
(h3) (T’ 7)2 - \/s>r (87*)717 for every r € Q and 7 € [7

(h4) (—,r) =V, (- s), for every r € Q.

The purpose of this paper is to present some of the main properties of the
metric hedgehog frame (that from now on we shall mostly refer to as simply
the hedgehog frame), as well as of the corresponding continuous hedgehog-
valued functions. We prove that for each cardinal x, the hedgehog frame
£(J(k)) is a metric frame of weight x - Ny, complete in its metric unifor-
mity. Then we show that the countable coproduct of the hedgehog frame
with x spines is universal in the class of metric frames of weight - Ny, that
is, every metrizable frame of weight « - N is embeddable into a countable
cartesian power of the hedgehog frame. Being the hedgehog frame a funda-
mental example of a collectionwise normal frame, we take the opportunity
to study collectionwise normality in frames, a concept originally introduced
by A. Pultr ([22]) in connection with metrizability. First, we show that col-
lectionwise normality is hereditary with respect to F,-sublocales and that
it is a property invariant under closed maps. Then we present the counter-
parts of Urysohn’s separation and Tietze’s extension theorems for continuous
hedgehog-valued functions. They both characterize k-collectionwise normal-

1ty.
2. Preliminaries and notation

A frame (or locale) L is a complete lattice (with bottom 0 and top 1) such
that a A\/ B = \/[{a Ab | b€ B} foralla € L and B C L. A frame is
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precisely a complete Heyting algebra with Heyting operation — satisfying
the standard equivalence a A b < ¢ iff a < b — c¢. The pseudocomplement of
an a € L is the element a* =a - 0=\/{be L|aAb=0}. A frame L is
regular if, for each x € L, x = \/{y € L | y < x} where y < x means that
y*Vao=1.

A subset B of a frame L is a base for L if each element in L is join-generated
by some set of elements in B. Given a base B for L, the pseudocomplement
of a € L is obviously given by a* = \/{b € B|aAb=0}.

A frame homomorphism is a map h: L — M between frames which pre-
serves finitary meets (including the top element 1) and arbitrary joins (in-
cluding the bottom element 0). Note that h(z*) < h(x)* for every x € L. A
frame homomorphism h is said to be dense if h(a) = 0 implies a = 0 and
it is codense if h(a) = 1 implies a = 1. We denote by Frm the category of
frames and frame homomorphisms.

As a frame homomorphism h: L — M preserves arbitrary joins, it has a
(unique) right adjoint h,: M — L determined by

ho(b) = \/{a € L | h(a) < b}.

In particular, id; < hyh and hh, < idy;. The frame homomorphism A is a
surjection if and only if h, is an embedding if and only if Ah, = idy,.

An important example of a frame is the lattice OX of open subsets of
any topological space X. The correspondence X +— X is clearly functorial
(by taking inverse images), and consequently one has a contravariant functor
9 : Top — Frm with the category Top of topological spaces and continuous
maps as domain category. The functor © has a right adjoint, the spectrum
functor X: Frm — Top, which assigns to each frame L its spectrum XL,
that is, the space of all homomorphisms £: L — {0, 1} with open sets ¥, =
{£€XL | £(a) = 1} for any a € L, and to each frame homomorphism
h: L — M the continuous map Y h: XM — XL such that Xh(§) = £ o h.

The category Frm and its dual category Loc of locales and localic maps
are the framework of pointfree topology. The contravariance of the functor
9 indicates that on the extension step from classical topology into pointfree
topology, it is in Loc that the classical notions have to be considered. For
instance, the generalized pointfree subspaces are subobjects in Loc (the sublo-
cales), that is, quotients in Frm. A map of locales (localic map) f: L — M
is the unique right adjoint h, of a frame homomorphism h: M — L. They
are precisely the maps that, besides preserving arbitrary meets, reflect the
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top element (i.e., f(a) =1 = a = 1) and satisfy f(h(b) - a) =b — f(a) for
every a € L and b € M. The reader is referred to [19] for more information
on frames and locales.

Regarding the frame of reals mentioned at the Introduction, it is worth
pointing out that the assignments

(r,)—{teQl|t>r} and (,r)—{teQ|t<r}

determine a surjective frame homomorphism from £(R) to OQ (the usual
topology on the rationals) as it obviously turns the defining relations (rl)-
(r6) into identities in OQ. Consequently, (r,—) # 0 # (—,r) for every r € Q.
Moreover, (r,—) A (—,s) = 0 if and only if r > s, and (r,—) V (—,s) = 1 if
and only if r < s.

For any frame L, a continuous real-valued function [4] (resp. extended
continuous real-valued function [6]) on a frame L is a frame homomorphism
h: £(R) — L (resp. h: £(R) — L). We denote by C(L) and C(L), respec-
tively, the collections of all continuous real-valued functions and extended
continuous real-valued functions on L. For each r € Q, we denote by r
the constant function defined by r(p,q) = 1 if p < r < ¢ and r(p,q) = 0
otherwise.

There is a useful way of specifying (extended) continuous real-valued func-
tions on a frame L with the help of scales ([12, Section 4]). An extended scale
in L is a map o: Q — L such that o(p) V o(q)* = 1 whenever p < ¢q. An
extended scale is a scale if

Voalp)=1=V o)
peQ peQ
For each extended scale o in L, the formulas
h(p,—) =V o(r) and h(—q)= Vo), pqeQ (1)
T>p r<q
determine an h € C(L) ([6, Lemma 1]); then, h € C(L) if and only if ¢ is a
scale.
For more about continuous real-valued functions on frames we refer to [4].

3. Metric hedgehog frames

Consider £(J(x)), the hedgehog frame with  spines which was introduced
earlier. It is obvious that £(J(1)) = £(R) (since condition (h0) is vacuously
satisfied in this case). Moreover, £(J(2)) is also isomorphic to £(R). The
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isomorphism is induced by the following correspondences (where ¢ denotes
any increasing bijection between Q and Q):

£(J(2)) = £(R) :

(r, = ((r), ), (r,)ar— (- —e(r)),

(7)== (=e(r), ) A e(r).

£(R) = £(J(2)) :

r>0:(r, )= (e (), . T <0: () (LT (=) V S\g/@ (s,

P01 (59) (7 (s) s 5205 () (e DV V(e

We now introduce the following notation in £(.J(k)):

(rys); = (r,—)i A (—, 5).
The set

B, ={(—n)|reQtu{(r,—)i|lreQ,icl}u{(rs)|r<sinQ, icl}

forms a base for £(J(k)) (since it is closed under finite meets by (h3) and
(h4)). Hence a* = \/{b € B, | a Ab =0} for any a € £(J(k)).

Remarks 3.1. (1) For each i € I the assignments

BT
O L I e pay
0 if j #£14
determine a surjective frame homomorphism h; from £(.J(x)) to £(R): they
obviously turn the defining relations (h0)—(h4) into identities in £(R). Con-
sequently, (r,—); # 0 # (—,r) for every r € Q. Moreover, we have:
(i) (r, )i A (s,); =0 if and only if ¢ # j.

(ii) (r,s); = (r,—)i A (—,s) =0 if and only if r > s.

(iii) V,er (ri, )i V (—,s) = 1 if and only if r; < s for every i € I.
Note that £(J(k)) is compact if and only if  is finite. Indeed, if |I| = & is
infinite, then

C={(1)}u{(0,-)i|iel}
is a cover of £(J(x)) (by (h2)) with no proper subcover. On the other
hand, if |I| = & is finite then, using the compactness of £(R) and the frame
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homomorphisms h;, it can be proved that £(J(k)) is compact (we omit the
details of the proof).

Proposition 3.2. The spectrum 3£(J(k)) is homeomorphic to the classical
metric hedgehog J(k).

Proof: For each h € X£(J(k)) define
a(h)=V{reQ| Vh((r,-)) =1} €R and

iel
B(h) = N{s € Q| h(~,s) =1} €R.
For any r,s € Q such that \/,.; h(r, ); = 1 = h(—,s) one has

AV ()i A (0 8) = VAl ) AR s) = 1.

el el
Then, by (h0), r < s. It follows that a(h) < S(h). By (h2), one has a(h) =
B(h), as otherwise one could take r,s € Q such that a(h) < r < s < h(5)
from which it would follow that

0= \/ h((?“, *)2) \% h(*7 S) = h(\/(?“, *)i \% (*7 S)) =1,

iel i€l
a contradiction.

If a(h) # —o0, then there exist r € Q and iy, € I such that h((r,);,) =
Further, by (h1), we conclude that this i, € I is unique and that h((s, ),)
0 for all s € Q and j # 7p,. B

Now, consider an increasing bijection ¢ between Q and QN|0, 1] and define

m: XL(J(k)) = J(k) as follows (where we identify equivalence classes [(¢,7)]
with their representatives (¢,7), with ¢ # 0, and denote by 0 the class of

(0,7)):

1.

(Sp(a(h))ﬂh)? if a(h) 7é —0oQ,
0, otherwise.

hl—>7T(h){

In order to check that 7 is one-one, let hy, he € LL(J(k)). If there exists
r € Q such that, say, hi(—, ) =1 and hyo(—,r) = 0, then, by (h4),

L= In(-r) =V Ju(9)

s<r

and consequently there exists s < r such that hy(—,s) = 1. Then, by (h2),
we have a(hy) < s < r < a(hy). Therefore w(hy) # mw(he). On the other
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hand, if there exist r € Q and ¢ € [ such that, say, hi((r,—);) = 1 and
hao((r,—);) = 0, then a(hy) > r since, by (h3),

L=nhi((r,)i) =V h((s,)i)

s>

and, consequently, there exists s > r such that hy((s,—);) = 1. One also has
in, = . If

V ha((r,—);) =0,

jel
then a(hy) < r. On the other hand, if

\/ hQ((n*)j) =1,

jel

there exists j # ¢ such that ho((r, );) = 1 and, consequently, iy, = j # i =
in,. Therefore m(hy) # m(hy). The arguments for the other cases are similar.
Furthermore, 7 is also surjective. Indeed, given (¢,7) in J(k) let us define

hiay: £(J(k)) — 2
by
ha(— 1) =0iff o(r) >t
and
hia((r,—);) = 1iff p(r) <t and j = .

It is straightforward to check that h( ;) turns the defining relations (h0)-(h4)
into identities in 2 and that 7(h( ;) = (£,4). We conclude that 7 is a bijection
with inverse

p=n"":J(k) = LL(J(K))

given by p(t,7) = h;).
It only remains to be checked that 7 is a homeomorphism. For that purpose
let r,s € QN [0,1] and i € I. Then one has

p((r, 1] x {i}) = {hpq) € BE(J(K)) |t > 1}
= {h(iy € BLJ(K) | hapy((@™(r), )i) = 1} = Se1(. ),
and
p(B(0,s)) = {h; € ZL(J(k)) | t < s}
= {hj) € DL(J(K) | hjy (0 (s) =1} = S 1)



HEDGEHOG FRAMES AND A CARDINAL EXTENSION OF NORMALITY 9

Hence 7 is continuous. On the other hand, let 7, s € Q and i € I. Then one
has

T(X ) =A{m(h) | h € BL(J(r)) and h((r,—);) = 1}
= {m(htj) | hgy € BL(JI(K)) and h z)((r,)i) = 1}
={(t,j) € J(k) | j =i and p(r) <t}
= (p(r), 1] x {i}

and
m(X( ) ={m(h) | h € X&€(J(k)) and h(—,s) = 1}
= {m(h@ ) | hj) € BL(J () and b j)(—, s) = 1}
={{t,J) € J(r) | ¢(s) > 1}
= B(0,¢(s)).
Therefore p is also continuous and, consequently, Y£(J(k)) is homeomorphic
to J(k). u

The spatial reflection of a frame L is the unit map of the adjunction O - 3,
that is, the frame homomorphism

np: L —O¥XL, a— X, ={{eXL|&(a)=1}.

In the present case, as seen in the previous proof, the homeomorphism
p: J(k) — 2L(J(k)) induces an isomorphism OYX.£(J(k)) — OJ(k) mapping
X, to (p(r), 1] x{i} and X, to B(0, ¢(r)). Hence, we have the following
result:

Corollary 3.3. The frame homomorphism £(J(k)) — OJ(k) taking (—,r)
to B(0,¢(r)) and (r,—); to (w(r), 1] x {i} is the spatial reflection map of the
frame £(J(k)).

Lemma 3.4. Let £(J(k)) be the frame of the hedgehog with k spines and
r,s € Q. Then:

(1) ()" = Vier ()i

(2) (T7 *)i* - ijé@? (37 *)j Vv (*7 T)'

(3) (r,s)i" = \/#«5 (t, =)V (=7)V (s, )i

(4) (7)™ = (1), (r, )%** = (r, )i and (r,s);" = (1, );
(5) If s <7 then (— 1)V (s, )i = (1) V V,eq (D, )i

(6) If s <q <r then (g, )iV (s,7)i = (s, )i
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Proof: We only prove the first equality. The other ones follow in a similar
way. By Remark 3.1 (1) we have the following:

(i) (1) A(—58)=(—rAs)#0forall rse€Q,

(ii) for each i € I, (—,r) A (s,—)i = (s,7); =0 iff s > r, and

(iii) for each s <tinQand i € I, (—,r)A(s,t); = (s,7 At); = 0iff s > rAt,
that is, s > r. Consequently, by (h3),

() =V V(s )iVV V (st)=V(r, ) m

i€l r<s el r<s<t el

Corollary 3.5. £(J(k)) is a regular frame.

Proof: Let r,s € Q. From Lemma 3.4, applying (h2), (h3) and (h4), we get:

i) (—s)*V(~r)=Vig(s,)iV(,r)=1ie (—5) < (-, r) whenever

s<rand (—7)=V,,(9)

(ii) (57*)2'* V(r,—)i = \/jyéz' (t7*)j V(s V(r—)i=1le (s,); < (r,—)
teQ

whenever s > r and (r, ); = V., (s, ).

(ii) (r,8)i"V (', 8")i = Vi ()3 V (1) V (5, )i V(' )i = 1, ie. (1, 87) <
teQ
(r,s); whenever r <1’ < s <sand (r,s); =V, g, (r,5)i

Since B, is a base of £(J(k)), we may conclude that £(J(k)) is regular. =

Remarks 3.6. (1) For each i € I, the map o;: Q — £(J(k)) given by
oi(r) = (r,—); is an extended scale in £(J(k)). Indeed, if r < s then, by
Lemma 3.4 (2) and (h2), we have

ai(r) Voi(s)" = (r,—)i V (s,-)i" > (r,—)i V (V (r,);) V (—5) = 1.

JFi
By (1), (h3), Lemma 3.4 (2) and (h4), the formulas
mi(p,—) =V (s,)i=(p, )i and

Ti(—q) = S\</q (s,-)i" = 5\</q((\?{. (r,—);) V(- 9))
= ( \4 (r,);) V (—q) = (g, )

determine a continuous extended real-valued function m;: £(R) — £(J(k)).

(2) Furthermore, the map o,: Q — £(J(k)) given by o,(r) = (—,r)* is also
an extended scale in £(J(k)). Indeed, if r < s then, by Lemma 3.4 and (h2),
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we have that

ou(r) V on(s) = () Vv () = (V (o)) v (s) = L

iel
Hence, by (1), Lemma 3.4, (h3) and (h4) the formulas
Trfi(p7 7) = \/ (*7 S)* = \/ \/ (87*)2' - \/ (p7*)z = (*,p)* and

$>p s>piel el
Tl a) =V (8)"=V(,s)=(9
s<q s<q

determine a continuous extended real-valued function 7, : £(R) — £(J(k)).

Note that, for any p € Q,
\/ Wi(pa *) — \/ (py *)Z — (*7p>* — 7Tﬂ(p? *>7
i€l i€l
that is, \/;,c; m = 7.
Recall that the weight w(L) ([10]) of a frame L is the smallest infinite
cardinal for which there exists a base B for L of cardinality |B| < w(L).

Theorem 3.7. For each cardinal , the frame of the metric hedgehog £(J(k))
1s a metric frame of weight K - Ny.

Proof: First note that B, is a base for £(J(k)) of cardinality |B,| = x when-
ever k > Ny (otherwise, |B,| = Ng), hence £(J(k)) has weight x - V.

We only need to prove that £(J(x)) is a metrizable frame, and for that it
suffices to show it carries a uniformity (its metric uniformity) with a count-
able base.

So, for each n € N, let C,, = Cl U C2 U C? C B, with
Cl={(.,r)|r<-n}, C*={(r, )i|r>n,icl} and
Ci={(rs)|0<s—r<i iel}.

These C,, are clearly covers of £(J(k)) and C,1 < C,, for all n, since C), 11
is obviously contained in C),. Thus, we have a countable filter base of covers.
Further, for each n € N, (s, - (3, < C,,:
(1) For each (—,7) € C}
Con(—, 1) =V{z €Cs |z A (1) #0}=(,=3n+3) € Ch.
(2) For each (r,—); € C2,,
Csn((r,—)i=\{zx €Cs |z A (r,—); #0} =\ (3n — S%L,—)i € C.

el
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(3) For each (r,s); € C3 |

(=3 V(r—ss5+3)i <(—=3n+5), ifr<-3n
Con(r,s)i=q (r—g5,5+5,)iV(3n, )i < Bn— 55, )i, if 5> 3n,

1 1 :
(r—35-,5+3)i otherwise,

and so Cs,(r, s); € C,,.

Finally, for the uniform below relation <1 defined by = <y in £(J(k)) iff
C,x <y for some n € N, we have:

(3.7.1) For each n € N and r < n we have that C,(—,r) = (7 + 2).
Therefore, if r < s then, C,(—,7r) < (—, s) for any sufficiently large n
and thus (—7) < (—, s).

(3.7.2) Foreachi € I, n € Nand s > —n we have that C,,(s,—); = (s — £, ).
Therefore, if < s then C,(s,—); < (r,—); for any sufficiently large n
and hence (s,—); < (r,—);.

By (h3) and (h4), this proves the admissibility of the covering uniformity,

that is, that x = \/{y € £(J(k)) | y <z} for every x € £(J(k)). m

It may be worth pointing out that the formula
d(x) =inf{27" | x < ¢ for some ¢ € C,}

from [21, Theorem 4.6] provides the expression for the metric diameter
on £(J(k)) induced by the metric uniformity. Of course, this is a totally
bounded metric frame if and only if Kk < Nj.

Corollary 3.8. For each cardinal k, the coproduct @, . £(J(k)) is a metric
frame of weight K - N.

Proof: Any countable coproduct of metrizable frames is a metrizable frame
[15, p. 31], hence @, .y £(J(r)) is a metric frame, clearly of weight x or R
as the case may be. |

A uniform frame L is said to be complete whenever any dense surjection
h: M — L of uniform frames is a frame isomorphism.

In the proof of next result we shall make use of the following well-known
fact about surjective frame homomorphisms h: M — L:

(3.9.1) If M is regular and the right adjoint h, is also a frame homomorphism,
then h is an isomorphism.
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(One first notes that y < x in M iff h,h(y) < z, since
y'Va>hh(y) Ve >hh(y)Vae >y Ve

Then, by regularity, h.h(z) = \/{hh(y) |y < 2} = V{y | y < 2} = z, which
shows that A is one-one.)

Proposition 3.9. £(J(k)) is complete in its metric uniformity.

Proof: Let h: M — £(J(k)) be a dense surjection of uniform frames (where
£(J(k)) is equipped with its metric uniformity). We need to show that h is a
frame isomorphism. Let h, be the right adjoint of h. Since h is a surjection,
hh, = idg(s(x)). Then, using (3.9.1), it suffices to show that h, is a frame
homomorphism, that is, it turns the conditions (h0)-(h4) into identities in
M. For checking that, we need to recall two well-known facts concerning
dense surjections h: M — L of uniform frames ([4, pp. 25|, see also [3]):

(3.9.2) The uniformity of M is generated by the images h,[C] of the uniform
covers C' of L.

(3.9.3) For any a € L, h.(a) = \/{h«(z) | © < a} for the strong inclusion <
on L induced by its uniformity:.

(h0): Need to check that h.(r, —); A hi(s,—); = 0 whenever ¢ # j. This
follows from the facts that h, preserves arbitrary meets and h,(0) = 0 (by
the density of h).

(h1): Similarly as with (h0).
(h2): It follows from (3.9.2) that, for any n, h.[C,] is a cover of M.
(h3): By (3.9.3), hy(r,—); = \/{h«(x) | z < (r,—);}. Consequently, by (3.7.2),

V (s, )i < Viha(z) |2 < (r )i

s$>r

On the other hand, it is easy to check that C, -z < (r,—); implies x <
(r + %, —); for any n so that

V (s, )i = V{ha(2) [ 2 < (r, )i}

Hence we have h.(r,—); = V-, h«(s, —); as required.
(h4): By (3.9.3), hu(—,7) = V{hs(x) | z < (—,7r)}. Moreover, by (3.7.1),

V ha(s) < Viha(z) [z < ()}

s<r



14 ). GUTIERREZ GARCIA, I. MOZO CAROLLO, J. PICADO AND J. WALTERS-WAYLAND

It is also easy to check that C), - x < (—, r) implies z < (—r — %) for any n

so that
V (o 8) = V(@) [z < ()}
Hence we have h,(—,7) = \/,_, h.(—, s) as required. m

4. Continuous hedgehog-valued functions and join
cozero k-families

Definition 4.1. Let L be a frame. A continuous (metric) hedgehog-valued
function on L is a frame homomorphism h: £(J(k)) — L.

Of course, in order to specify a continuous hedgehog-valued function on L,
we only need to define it on the generators of £(J(x)) and to check that it
turns the conditions (h0)-(h4) into identities in L.

Now recall that a cozero element of a frame L is an element of the form

cozh = h((-,0) vV (0, )) = V{h(p,0) vV h(0,9) [ p <0 < ¢ in Q}
for some continuous real-valued function h in L. Equivalently, a € L is a
cozero element if and only if there exists an h € C(L) such that 0 < h <1
and a = h(0,—). This is the pointfree counterpart to the notion of a cozero
set for ordinary continuous real-valued functions. For more information on
the cozero map coz: C(L) — L we refer to [5]. As usual, Coz L will denote
the cozero lattice of all cozero elements of L.

Remark 4.2. Note that an element a € L is a cozero element if and only
if there exists an h € C(L) such that a = \/,.q h(r,—). This can be easily
checked by considering an increasing bijection ¢ between Q N (0, 1) and Q.

In the sequel, we refer to a disjoint {x;}icr C L whenever z; A z; = 0 for
every i # j. Recall that by a discrete {y;}icr in L it is meant a collection
for which there is a cover C' of L such that for each ¢ € C, ¢ Ay; = 0 for
all ¢ with possibly one exception. Note that any discrete system is clearly
disjoint: if there is a cover C such that for every ¢ € C, ¢ A y; = 0 for all ¢
except possibly one, then ¢ A y; Ay; = 0 for every c € C' and i # j, that is,
Y; VAN yj = 0.

Definition 4.3. Let x be a cardinal. We say that a disjoint collection {a;};er,
|I| = K, of cozero elements of a frame L is a join cozero k-family whenever
V.cs @i is again a cozero element.
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Proposition 4.4. Let h: £(J(k)) — L be a continuous hedgehog-valued func-
tion and a; = \/,.cq M((r, —)i) for each i € I. Then {a;}ics is a join cozero
k-famaily in L.

Conversely, given a join cozero k-family {a;}icr, there exists a continuous
hedgehog-valued function h: £(J(k)) — L such that a; = \/,cq h((r, —)i) for
every i € 1.

Proof: First note that by Remark 3.6 (1), h o7 € C(L) and thus, by Re-
mark 4.2,

V (hom)(r,—) =V h((r,)i) = a

reQ reQ

is a cozero element for each 7 € 1.
On the other hand, it follows from (r0) that

aiNaj =\ h((r;—)i) Ah((s,—);) =0

r,s€Q

whenever 7 # j. B
Finally, by Remark 3.6 (2), h o m, € C(L) and hence

V (hom)(r,—) = V (h(V (r,-)i)) =V V h(r,—)i) = V a

reQ reQ i€l iel reQ el

is a cozero element (by Remark 4.2 again). This shows that {a;};cs is a join
cozero k-family in L.

Conversely, let {a;};c; be a join cozero s-family in L. For each i € I there
exists h; € C(L) such that 0 < h; < 1 and h;(0,—) = a; and, additionally,
there exists hy € C(L) such that 0 < hy < 1 and ho(0, ) = V., ai. Let ¢
be an increasing bijection ¢ between Q and Q N (0, 1. The formulas

h((r,—)i) = holp(r), ) Z(ap(r),—) and
h(—,1) = ho(0,0(r)) v (V (0, 0(1)))

el

(r € Q, i € I) determine a continuous hedgehog-valued function. Indeed:
(hO) If ¢ # j then A((r,—)i) AR((s,—);) < hi(0,—) Ahj(0, ) <a; Naj =0.
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(h1) If » > s then

h((r,—)i) A h(—,s)
— holp(r), ) A Z-(go(?“),)/\(ho(@@(s))\/(\!jhj(o,ép(s))))
= ho((r), ) A hi(e(r),—) A (V 12;(0,0(s)))

Jel

< (hilp(r), =) ARi(0,0(5))) V (Rilp(r), =) A (V B0, (5))))

J#
Sai/\(\/aj) = 0.
J#

(h2) If r; < s for each ¢ € I then

Va((ri,—)i) V (- s)

= V (ol (i), ) A i), D) v (o0 2(5) v (V. 150, 0(5)))
>V (ho(plr), =) Al <)) V (o0, 9() V 10, 9(5)))

> .\G/I(hO((P(Ti%) V ho(0,¢(5))) A (hi(e(rs), )V hi(0,0(s))) = 1.
(h3)

h((r,—)i) = ho(p(r), ) Ahae(r), =) = (V holip(s), ) A (V hile(s), )

= S\>/T hO(Qp(S)?*) A hi(@(s)vf) - s\>/rh((87)l)
(h4)
h(— 1) = ho(0, p(r ))\/(\G/Ih( p(r)))
= (V 1a(0.960) V (V. V 1(0,9(5)

=V ho(0,(s)) V (V hi(0,0(5))) = V h(—,5).

s<r el s<r
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On the other hand, for each ¢ € I, we have

V h((r,)i) =V hole(r), ) Ahi(e(r), )

reQ reQ
—~ (\e/@ ho(p(r),—)) A (\e/@ hi(p(r),—))
= ho(o,—) N hl(o,—> = (\/ CL]‘) Nx; = a;. |

jel

Remarks 4.5. (1) If k = 1 then, of course, a join cozero k-family is precisely
a cozero element.

(2) Since any finite or countable suprema of cozero elements is a cozero
element, it follows that in the case k < Ny, a join cozero x-family is precisely
a disjoint collection of cozero elements.

(3) A frame L is perfectly normal ([13]) if for each a € L there is a countable
family (b, )nen in L such that a = \/, b, and b, < a for all n € N. Perfectly
normal frames are precisely those frames in which every element is cozero.
Therefore, in any perfectly normal frame a join cozero x-family is precisely
a disjoint collection of elements.

(4) By Lemma 1 of [14], for any locally finite collection {a;};c; of cozero
elements, its join \/,.; a; is still a cozero element. Consequently, any locally
finite disjoint collection of cozero elements {a; };cs is a join cozero k-family. In
particular, any discrete collection of cozero elements {a; };cs is a join cozero k-
family. However, not every join cozero s-familiy is locally finite; for example,
{V,eo((r,—)i) }ier is a join cozero k-family in £(J(x)) (by Proposition 4.4),
but it is locally finite if and only if « is finite.

As a consequence of Remarks (3) and (4) above and Proposition 4.4, we
get:

Corollary 4.6. Let L be a perfectly normal frame and {a;}icr a disjoint col-
lection of elements. Then there exists a continuous hedgehog-valued function
h: £(J(k)) = L such that \/ .cq h((r, —)i) = a; for each i € I. m
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5. Universality: Kowalsky’s Hedgehog Theorem

Recall from [10] that a family of frame homomorphisms {h;: M; — L}c;
is said to be separating in case
a < _\/Ihz'((hz')*(a))
1€

for every a € L.

Remark 5.1. (See [10, Fact 3.3]) A family of standard continuous func-
tions {fi: X — Y;}ier separates points from closed sets if for every closed
set K C X and every x € X \ K, there is an ¢ such that f;(z) ¢ fi[K].
The family {f;: X — Y;};e; separates points from closed sets if and only if
the corresponding family of frame homomorphisms {Of;: OY; — O X} is
separating.

We need now to recall the following result ([10, Theorem 3.7]), stated here
in frame-theoretical terms.
Let {h;: M; — L};cr be a family of frame homomorphisms. Then there is

a frame homomorphism e: €, ; M; — L such that, for each ¢, the diagram

Mo DM,

¢ iel

N
L

commutes, where ¢;: M; — @,.; M; is the i" injection map. The map e
need not be a quotient map, but one has the following:

Theorem 5.2. ([10, Theorem 3.7]) If {h;: M; — L}, is separating then e
1S a quotient map.

Furthermore, given a fixed class IL of frames, a frame 7" in LL is said to be
universal in this class ([8]) if for every L € IL there exists a frame homomor-
phism from 7" onto L. We now have the following:

Theorem 5.3. For each cardinal k, the coproduct @, . £(J(K)) is universal
in the class of metric frames of weight K - Ng.

Proof: Step 1. (Corollary 3.8) €5
K - No.

men £(J(k)) is a metric frame of weight

Step 2. Let L be a metric frame of weight x. Then L has a o-discrete base (cf.
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[19, Theorem 4.7]), i.e. there exists a base B C L such that B = |, .y Bn,
where B,, = {a’ }ic;, is a discrete family. We can assume with no loss of
generality that the cardinality of | J, .y I, is precisely k.

Step 3. As it is well known (see e.g. [7]), any metric frame is perfectly
normal. Hence, it follows from Corollary 4.6 that for each n € N there
exists a continuous hedgehog-valued function h,: £(J(k)) — L such that
a;, = Vyeq Pn((r,—);) for every i € I.
Step 4. The family {h,: £(J(k)) — L},en is separating:
Let a € L. Then for each m € N there is a C,, € B,, such that a =
V,en V Cin. For each a!, € C,, we have

(hm)slay) = (i) (V R (1)) =V () (Bon((r,)2)) =V ()i,

reQ reQ reQ

thus

V hn((hn)*(ain)) > hm((hm)*(afn)) >V ha((r,—)i) = afn'

neN reQ
It then follows that \/, .y hn((hn)«(a)) > a.

Step 5. We can now apply Theorem 5.2 to conclude that the frame homo-
morphism e: €,y £(J(k)) = L such that, for each n € N, the diagram

e(J(r)) — . D LJ(K))

neN

e

L
commutes, is a quotient map. u

This is the pointfree extension of Kowalsky’s Hedgehog Theorem ([17]) that
shows that every metrizable space is embeddable into a countable cartesian
power of the metric hedgehog space.

6. k-Collectionwise normality

Being metrizable, the hedgehog frame is collectionwise normal [22, Theo-
rem 2.5]. Recall that collectionwise normality is a stronger variant of nor-
mality introduced by A. Pultr in [22]: while a frame L is normal whether
for any x,y € L satisfying x V y = 1 there exist disjoint u,v € L such that
rVu=1=yVuo, it is collectionwise normal if for each co-discrete system
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{x;}ies there is a discrete {u; };e; such that z; V u; = 1 for every ¢ € I. Here,
by a co-discrete {x;};cr it is meant a collection for which there is a cover C
such that for each ¢ € (', ¢ < z; for all 7+ with possibly one exception.

More generally, for a cardinal k > 2, we say that L is k-collectionwise nor-
mal if it satisfies the definition of collectionwise normality for sets I with car-
dinality |/| < k. Hence collectionwise normality is k-collectionwise normality
for any cardinality <. If K < X\ are two cardinalities, then A-collectionwise
normality implies k-collectionwise normality. Hence, k-collectionwise nor-
mality implies normality for every k.

Remarks 6.1. (1) A pair {x,y} is co-discrete if and only if xVy = 1. However,
{x1, 29, ...,2,} is co-discrete only if 1 Vo V- - -Vz,, = 1 but the converse does
not hold. On the other hand, {z,y} is discrete if and only if z*Vy* = 1. It
then follows that 2-collectionwise normality is just normality. More generally,
it can be proved that x-collectionwise normality coincides with normality for
every £ < Np.

(2) Note that, since ¢ < zf if and only if ¢ A z; = 0, a system {z;};er is
discrete if and only if {x}};c; is co-discrete.

(3) Moreover, for any co-discrete system {z;};c; and any y € L, yV \,.; xi =
Nicr(y V ;) ([22]). It then follows that for any discrete system {x;};c; such
that ; <y forallie I, V., z; <y ([22]).

(4) Tt is an easy exercise to check that frame homomorphisms preserve co-
discrete sets (i.e, the image of any co-discrete set is co-discrete).

(5) Note also that surjective localic maps preserve disjoint sets, just because
ontoness implies the preservation of the bottom element.

We start with a characterization of normality that will be useful in our
study:

Lemma 6.2. A frame L is normal if and only if for every a,b € L satisfying
aV b =1 there ezists a system {u,}tnen such that:
(N1) V (aVu,)=1.

neN
(N2) A(bVu,)=1.
neN
Proof: The implication ‘=’ is obvious: by the normality condition, there
is some v € L satisfying a Vu = bV u* = 1; take u,, = u for every n.
Conversely, let a Vb = 1. By hypothesis, there are {u,}, and {v,}, such
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that \/nGN<avun) =1= /\neN(b\/U;) and \/nEN(b\/v”) =1= /\nEN(a\/U:;)'

Let
u=\ (u, A A\ v;) and wv:i=\ (vnAm/<\nu;,L).

neN m<n neN

Then
aVu=\ ((aVu)A(aVv A v,)) =V (aVuy,) =1
neN m<n neN
Similarly, b V v = 1. Finally,
uhv=\ (un N N\ vpy ANow A N\ upy) =0. u
n,n’ m<n m/<n/

We need now to recall some facts and notation about sublocales ([19]):

An S C L is a sublocale of L iff the embedding S < L is a localic map.
This means that S is closed under arbitrary infima and moreover x — s € S
for every z € L and s € S. The set S(L) of all sublocales of L forms a coframe
(i.e., the dual of a frame) under inclusion, in which arbitrary infima coincide
with intersections, {1} is the bottom element and L is the top element. There
are two special classes of sublocales: the closed ones, defined as ¢(a) = ta
for each a € L, and the open ones, defined as o(a) = {a — b | b € L} for
each a € L. The F,-sublocales are the countable joins of closed subocales in
S(L) ([16)).

Any sublocale S of a frame L is a frame with meets and Heyting operation
as in L but joins may differ. Denoting by ¢g the left adjoint of the embedding
S < L, we have

S
VA=ps(VA) = N\seS[s=VA 2V A
In the particular case of an Fj-sublocale S =\/, .y ¢(a,) one gets from the
formula for the joins in the coframe of sublocales that

S=V cla,)={NA|AC LEJNTan}.

neN

It then follows easily that:

(Fy1) ps(a) = N\, en(an V a). In particular, 0g = ¢g(0) = A\, e n-

(F52) a Ab=0—ps(a) A ps(b) = 0s.

(F,3) ps(a)*s (i.e. the pseudocomplement of pg(a) in S) satisfies the fol-
lowing: @g(a)™ > ps(a”) = a”.

(F54) ¢c(a)(z) = 2 V a for each z € L.

(F55) @o(a)(x) = a — x for each z € L.
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Remark 6.3. Defining a collection {S;};e; of sublocales as being discrete
whenever there is an open cover C of sublocales such that for each C' € C,
C'NS; = {1} for all i with possibly one exception, it is obvious that a co-
discrete system {x;};c; in L corresponds precisely to the discrete collection
of closed sublocales {¢(z;)}ic; whereas a discrete system {y;}ic; in L cor-
responds precisely to the discrete collection of open sublocales {0(y;)}icr-
Therefore, a locale is collectionwise normal if and only if for every discrete
collection {c(z;)}ier of closed sublocales of L there exists a discrete collec-
tion {o(y;)}ier of open sublocales such that ¢(z;) C o(y;) for all i € I. This
shows that the pointfree notion of collectionwise normality is precisely the
formulation of the classical notion in the category of locales.

The next result is the extension to locales of the classical result, due to
Urysohn [24], that any F,-subspace of a normal space is normal.

Proposition 6.4. Any F,-sublocale of a normal locale is normal.

Proof: Let F' =\/, .y ¢(ay) be an F,-sublocale of a normal locale L. We shall
F
denote joins in F' by \/. Let a,b € F with

F
l=aVb=yprlaVb) = A (a,VaVb).

neN
Then a, VaVb =1 for every n € N and by the normality of L it follows that
there exists u,, € L such that
ap,VaVu,=1=bVu,.

In order to show that F' is normal it suffices to check that the family
{or(uy) }nen satisfies the conditions (N1) and (N2) of Lemma 6.2:
(N1) Using property (F,1) we obtain

F

\/neN (a \l; @F(un)) = SOF( \G/N(a \I; SOF(un))) > QDF( \G/N(a \% un))
= A (an\/ \ (a\/un)) =1.
neN neN

(N2) By (F,3) we have

F F
bV op(u,) T >bVu,>bVu, =1

for every n € N. |
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The following lemma identifies the difference between normality and k-col-
lectionwise normality.

Lemma 6.5. A frame L is k-collectionwise normal if and only if it is normal
and for each co-discrete {x;}icr, |I| < K, there is a disjoint {u;};c; such that
u; Vx; =1 for every 1 € 1.

Proof: The implication ‘=" is obvious since any discrete system is disjoint
as remarked above.

Conversely, let {x;};cr be a co-discrete system. By hypothesis, there is a
disjoint {w; };er such that u; V x; = 1 for every i. Now let

D={x € L|xAu;#0 for at most one i}

and d = \/ D. Evidently, u; € D and thus u; < d for every i. Then, using
Remark 6.1 (3), we have
I iel iel
Since L is normal, there are u,v € L such that uV \,.;z; =1=0vV d and
u Av =0. The system
i = ui AN uier

is the required discrete system that shows that L is collectionwise normal.
Indeed, C' = D U {v} is a cover of L (since \/C =d Vv = 1), each c € C
meets at most one y; (since y; Av < u Av = 0 for every i) and moreover
yiVa,=wVa)ANwVe)=uVe >uV .z =1forevery i. ]

The next lemma is the counterpart of Lemma 6.2 for x-collectionwise nor-
mality:.

Lemma 6.6. A frame L is k-collectionwise normal if and only if for each
co-discrete {x; }ier, |I| < K, there exists a system {u}'5 such that:
(CN1) For eachie I, \/ (z;Vu})=1.

neN
(CN2) For eachie€ I, N (z;V A\ (uj)") =1,

neN J#i
Proof: =: By Lemma 6.5, there is a disjoint {u;};c; such that u; Va; = 1 for
every i. Put u' = u; for every i € I and n € N. (CN1) is obvious. Regarding
(CN2), since {u;}ies is disjoint, u; < u} for every i # j. Hence

A (xz\//\(u?)*) :xi\//\u;f > Vu; = 1.

neN ji ji
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«<: If a Vb =1 then {a,b} is co-discrete and by hypothesis there exists
{tn }nen and {vy, }nen such that
Vevu,)=1=\ (bVv,) and A(avVu)=1= A(BVu).
neN neN neN neN

This shows that L is normal (by the characterization in Lemma 6.2). We
shall conclude that L is moreover collectionwise normal by way of Lemma 6.5.
Let {x;}icr, |I| < K, be a co-discrete subset of L. By hypothesis, there is
some {u?}"SN C L satisfying conditions (CN1) and (CN2). Set

ui=V (i A A A @]))

neN m<n j#i

for each ¢ € I. Clearly, z; V u; = 1 for every i € I:

L= (Vi V) A (A AGEY)) =V (v o) A Ay A7)

! " " m j#i
< \n/((scZ Vo) A m/<\n(sci v ./;.(u;ﬂ)*)) _ \n/((xZ V) A (z; v m/én /;(u;n)*»
= \n/(x@ V() A m/<\n /?}(u;")*)) = x; V u;.

Moreover, the collection {u; };es is disjoint, since
u; A uj < \/ (uf‘ A u?l AN (ugn)* AN (u;”/)*) =0
n,n’ m<n m'<n/

for every ¢ # j. Indeed, for n < n/,
AU AN @A N @) < u A A () =0

m<n m'<n/ m/<n’
and for n’ <n,
wp Auf AN (@A A () <l A ) =0, .
m<n m/<n/

We are now ready to prove the counterpart of Proposition 6.4 for x-collec-
tionwise normality.

Proposition 6.7. Any F,-sublocale of a k-collectionwise normal locale is
k-collectionwise normal.

Proof: Let F' = \/, .y ¢(an) be an Fj-sublocale of L. Let {z;};c; be a co-
discrete family in F' with |I| < k. Then there is a cover C' of F' such that

for each c € C, ¢ < z; for all i except possibly one. (2)
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F
Since each a, V\/C € F and \/ C = 1, we have a, V\/C =1 for every
n € N. Hence each C,, := C U {a,} is a cover of L. From (2) it is obvious
that these covers assert that {x;V a, }ies is a co-discrete family in L for every
n. Since L is k-collectionwise normal, it follows that for each n € N there is
a discrete {u}'};er C L such that

x; Va, Vu! =1 for every i € I. (3)

Now, take {@r(u?)}2S¥ C F. In order to conclude that F is collectionwise
normal, it suffices to check that this family satisfies conditions (CN1) and

(CN2) of Lemma 6.6:
(CN1) For each i € I we have, by (F,1),

Vs (2 o) = or(V (20 ¥ gp(at))) = r(V (@ v )

neN neN

= A(a, v V(@ va)) =1.

neN neN
This is equal to 1 by (3).
(CN2) Since {ul'}es is discrete, it is disjoint. Therefore, by (F,3), for every

j # i we have pp(u})*" > (u})* > uj. Hence, for each i € I and each n € N
we have

xl\lj N or(uj)™ > v A ()" >z \f;uf = A, V;Vu)=1. =
J#i J#i neN
This is the pointfree counterpart of the classical result, originally proved
in [23], that k-collectionwise normality is hereditary with respect to Fj-sets.
(It may be worth emphasizing that the localic proof is much simpler.) In
particular, it follows that any closed sublocale of a collectionwise normal
locale is collectionwise normal.
Let h: M — L be a frame homomorphism, with corresponding localic map
h.: L — M, right adjoint to h. Recall that h is closed if

he(z V h(y)) = ha(x) Vy
for every x € L and y € M. Lemma 6.5 has another nice consequence:

Proposition 6.8. Let h: M — L be a one-to-one closed frame homomor-
phism and k a cardinal. If L is k-collectionwise normal, then so is M.
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Proof: The fact that M is normal follows from the normality of L by [11,
Corollary 9.4]. Let {y;}ier be a co-discrete subset of M. By Remark 6.1 (4),
{h(y;) }icr is co-discrete and thus there exists a disjoint {u;};e; € L such
that w; V h(y;) = 1 for every ¢ € I. Now, by Remark 6.1(5), {h«(u;)}icr
is disjoint. Finally, using the hypothesis that h is closed, we conclude that
hi(ui) V y; = ha(u; V h(y;)) = he(1) = 1 for every i. _

Formulated in terms of locales, this result shows that the image of a collec-
tionwise normal locale under any closed localic map is collectionwise normal.

7. k-Collectionwise normality and the metric hedgehog

In this section, we characterize r-collectionwise normality in terms of con-
tinuous hedgehog-valued functions. The first theorem extends Urysohn’s

separation theorem for normal frames ([4, 2]), which corresponds to the par-
ticular case k = 2, as £(J(2)) = £([0, 1]).

Theorem 7.1 (Urysohn-type theorem). A frame L is k-collectionwise nor-
mal if and only if for each co-discrete system {x;}icr, |I| < K, there exists
a frame homomorphism h: £(J(k)) — L such that h((0,—)}) < z; for each
1€ 1.

Proof: Let L be a k-collectionwise normal frame and let {z;},c; € L be
a co-discrete system in L. By Lemma 6.5, there is a disjoint {w;};e; such
that u; V x; = 1 for every ¢ € I. By the well-known pointfree Urysohn’s
separation lemma (in the formulation of [12]), there is, for each i € I, a

frame homomorphism h;: £(R) — L such that
V hi(— 7)<z, and 'V hi(r,—) < u,.
reQ reQ
Let h be a frame homomorphism £(J(k)) — L determined on generators by

h(—r) =V Ahi(—t) and  h((r,)i) = hi(r, )

t<ricl

for all » € Q and ¢ € I. This assignment turns the defining relations (h0)-
(h4) into identities in L:

(hO): If i # j one has h((r,—):) A h((s,);) < u; Auj = 0.

(h1): If r > s then h((r,—)i) AR(—,s) < hi(r, ) Ahi(—,s) =0 for every i € I.



HEDGEHOG FRAMES AND A CARDINAL EXTENSION OF NORMALITY 27

(h2): Let r; < s in Q for every ¢ € I. First notice that, by Remark 6.1 (2),
{u}ier is co-discrete. Moreover, by (12),

1= hi(T’, —) V hz(—, r+ 1) < hi(’l“, *) Vo,

from which it follows that uf < h;(r,—) for all i € I and r € Q. Hence
{hi(r,—) }ier is also co-discrete for all » € Q. Now, let C' be the cover that
witnesses the co-discreteness of {u!};c; and let ¢ € C'. We have:

(a) If ¢ < u} for every i € I, then ¢ < h;(—,t) for all i € [ and t € Q.
Consequently,

¢ <V A () =h(-,5) <\ h((r,—)i) V h(—s).

t<siel el

(b) If ¢ £ uj, for some iy € I, let £y € Q such that 7, < ty < s. Then
c < ul < hi(—to) for all i # 4y. Since {h;(to,—)}ics is co-discrete, by
Remark 6.1 (3), one has that

V h((ri,—)i) V h(—, 8) = iy (73, ) V (N hi(— 1))

i€l el
= Qj(hio(riov) V hi(—. o))
Z (7{\ hj(—, to)) A (hio(’l“io,—) V hio(—, to)) Z C.

Hence \/z'eI h((rlﬁ*)i) N h(*v 5) > \/ceC c=1
(h3) and (h4) are obvious.

Finally, it follows from Lemma 3.4 (2) that, for each i € I,

(0, )7) = h(V (s, ); vV (,0) =V hi(s, )V VA By t)

e B t<0jel
seQ seQ
< (V) Vv (Az) <z
i jel

as uj < x; if © # 7, since x; = (u; Aw;) Vo, = uj V.

Conversely, L is clearly normal (by the pointfree Urysohn’s lemma). Fur-
ther, by hypothesis, given a co-discrete system {z;};c; there exists a frame
homomorphism h: £(J(k)) — L such that h((0,—)) < x; for all i € I.

7

Let u; = h((—1,—);) for each ¢ € I. By (h0) the system {u;};cs is disjoint.
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Moreover,

ui Vg > h((=1,-)) V 1((0,-)7) = h((=1, )i V \7{ (=L );V(,0) =1

for every ¢ € I. Hence L is k-collectionwise normal by Lemma 6.5. |

Our second theorem is a Tietze-type extension theorem for continuous
hedgehog-valued functions. To prove it we need first to introduce some ter-
minology and to recall, from [20], a glueing result for localic maps defined
on closed sublocales (that we reformulate here in terms of frame homomor-
phisms).

For each sublocale S of a frame M, we say that a frame homomorphism
h: L — S has an extension to M if there exists a further frame homomor-
phism h: L — M such that the diagram

I h

S
N
M

commutes. In that case we say that h: L — M extends h.

Proposition 7.2 (Cf. Theorem 4.4 in [20]). Let L and M be frames, a1, as €
M, and let h;: L — ¢(a;) (i = 1,2) be frame homomorphisms such that

hl(iﬁ) V a9 = hz(x) V aq

forallz € L. Then the map h: L — c(a1)Ve(as) given by h(x) = hy(z)Aho(z)
1S a frame homomorphism that extends both hy and hs.

Theorem 7.3 (Tietze-type theorem). A frame L is k-collectionwise normal
if and only if for every closed sublocale ¢(a) of L, each frame homomorphism
h: £(J(k)) — ¢(a) has an extension to L.

Proof: (i)=-(ii): Let L be a k-collectionwise normal frame and |I| < k. Fur-
ther, let @ € L and let h: £(J(k)) — c¢(a) be a frame homomorphism. By
Remark 3.6 (2) we have a continuous extended real-valued function h, =

homg: £(R) — ¢(a) given by
he(r,—) =h((—,r)") and hg(—1r)=h(—71).
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By the well-known pointfree Tietze’s extension theorem (in the formulation
of [12]), h, has a continuous extension h,: £(R) — L. Let

F=V ¢(hor) =V o(h(r,)) = o(V ha(r, ).
reQ reQ reQ

This is an open F,-sublocale of L, hence k-collectionwise normal (by Propo-
sition 6.7).

For each 7 € I, let
zi = N h((r,—);).
reQ
Since h((r, )?) > h(—,7) = h(—,7) = h(—,7)Va > h(—,r) for every r € Q
and ¢ € I, it follows that

z; € \/ c(@(—, r)) =F

reQ

for all 4 € I. Moreover, the system {x;};c; is co-discrete in F'. Indeed, let

~

¢ = N (hu(— 1)V V h((s,—);) € F

reQ seQ
for every ¢ € [ and C'={¢; | i € I'}. Then C is a cover of F: in fact, since
V h(r =) <V halr, =) = V h((-r)) = V V A((r)) <€ Ve
reQ reQ reQ reQiel 1€l

~

and F' = o(\/,cq hx(r, ), it follows that

V= (Vintr )= (V) =1

el reQ el

Furthermore, ¢; < x; whenever 7 # j, since in that case

~

hi(r) VoV R((s,—)i) < A (1) VIV (s, -)i) < h((r-)j)

s€Q s€Q

for all r € Q.
Thus, we can apply Lemma 6.5 to get some disjoint {u;};e; € F' such that

F
u; V x; = 1 for every ¢ € I. This means that
Ja ~
1 = u; V; = ( \/ h,{(r,—)) — (ul \/in),
reQ
that is, f;(r, —) < wu; Vux; forevery r € Q and i € I.
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Let ho: £(R) — ¢(\/,c; u;) be the frame homomorphism given by
ho(r,—) =\ u; and ho(—r)=1.
el
We claim that h,(z) V. u; = ho(z) Va for all z € £(R). Indeed, let r € Q.
First note that

h((r,—)i) < h((— 1)) =hg(r,—)=aV f;(r, ) <aVuVz;=u V.
Since h((r,—);) ANx; = a for all r € Q and i € I we have
h((r,—);) = h((r,—)i) A (u; Va;) = (h((r,—);) Au;)) Va <u; Va

and therefore

iel icl iel iel
= (V w) Va=hy(r,—)Va.
el
On the other hand, we also have h((r —1,—);) <u; Va for all i € I and thus
h(— 1)V (V w) =h(—7r)V(Vuw)>h(—r)VVh(r—1-)) =1
iel iel el
Hence h(—,7)V (Vi wi) =1 =ho(—,1) Va.
Since the identity h.(z) V \,c; ui = ho(z) V a holds for any generator of
£(R), it then holds for all z € £(R). B
It follows from Proposition 7.2 that the map g: £R) — c(a A ;o ui)
defined by
g(r,—) = h(r,—) AN ho(r,—) = h((—1)") A \/qu
1c
and
g(—71) = hy(— 1) Nho(—,7) = h(-—T)
is a frame homomorphism. Then, by the pointiree Tietze’s extension theorem

again, ¢g has a continuous extension to L, say g: £(R) — L.

Finally, let & be the frame homomorphism £(J(x)) — L determined on
generators by

R((r,):) =g(r,—) Au; and  h(—,7)=g(—, 7).

for all » € Q and ¢ € I. This assignment turns the defining relations (h0)—
(h4) into identities in L:

(h0) If i # j one has h((r, )i) AR((s, );) = G(r, ) Aus AG(s, ) Auj = 0.
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(h1): If r > s then A((r, )i) AR(( ) =g(r, ) Au; AG(,s) =0 for every
1€ 1.

(h2): Let r; < s in Q for every ¢ € I. Then
el el
= V(g(ri, ) Vgl s) Aui Vg s)) =
:(\/uz)\/g—s :( uz)\/ho— s) =
el
iel (ZEI
(h3) and (h4) are obvious.
extension of h.
For each r € Q we have
On the other hand, if j # ¢ then hA((r,);) Au; < (u; Va) ANu; =aAu; < a.
Consequently,

V h((ri, i) V h(—8) = V (§(ri, =) Aw) V() =
iel
= (Vw)Vh(—s)>(Vhir,)))Vh(,s) =1
We conclude the proof of this implication by proving that h is the required
h(r)Va=g( ,r)Va=ho( ,7r)Va=h( ,r)Va=h(r).
h(r,

= (g(r,) Awj) Va=(g(r,—)Va) A (v Va)=
= (ho(r,—) Va) A (u; Va) = (ho(r,—) Au;) Va
= (h((— 7)) Aw)Va=(\V h((r,—);) ANu;) Va

jel
= (h((r,—)i) Aw)) Va=h((r,—)) A (u Va) =h((r,—);).
Since the identity 2(z)Va = h(z) holds for any generator of £(J(k)), it then
holds for all x € £(J(x)). Hence ¢4 o h = h.
(ii)=(i): Let {x;}ier be a co-discrete system in L with |I| = . Further, let
a= N i, ai = ]\ ;4 v; foreach i € I and let h: £(J(x)) — c(a) be a frame
homomorphism determined on generators by
h(—7)=a and h((r,—);) = a;

for all » € Q and ¢ € I. This assignment turns the defining relations (h0)-
(h4) into identities in L:
(hO): If ¢ # j one has h((r,—);) A h((s,);) = a; N aj = a.
(h1): If r > s then h((r,—);) A h(—,s) = a for every i € I.
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(h2): Let r; < s in Q for every ¢ € I. Further, let C' be the cover that
witnesses the co-discreteness of {x;};c; and let ¢ € C'. We have:
(a) If ¢ < x; for every i € I, then c < a=h(—,s) <\,  h((ri, )i) VR(—,s).
(b) If ¢ £ x;, for some iy € I, then ¢ < a;; = h((Tiy, )iy) < ey R((15,)i) V
h(—,s).
Hence \/z’el h((rlﬁ*)i) N h(*7 5) > \/ceO c=1
(h3) and (h4) are obvious.

Note also that h((0,—)f) < z; for every ¢ € I. Indeed, for each i € I,

h((ovf);ﬁ) - h(\/ (37*)‘7‘ \% (*7 O)) = \lh((‘s?)J) \% h(*7 O) =

J7i

sEQ s€Q
= (V Am) v (A=) <.
JFIk#] =

Then, by hypothesis, there exists a frame homomorphism h: £(J(K)) — L
such that o) o h = h. In particular,

R0, )) < (peta 0 1) ((0,)7) = h((0,)}) <

for each 7 € I. The conclusion that L is k-collectionwise normal follows now
from Theorem 7.1. ]

Note that, by letting x = 2, this theorem yields Tietze’s extension theorem
for normal frames ([2]) as a particular case since £(J(2)) = £([0, 1]).

Corollary 7.4. The following are equivalent for a frame L:

(i) L is collectionwise normal.
(ii) For every cardinal k and every closed sublocale ¢(a) of L, each frame
homomorphism h: £(J(k)) — ¢(a) has an extension to L. n

8. An alternate description of metric hedgehogs

We end the paper with a brief description of an alternate description of
metric hedgehog frames that provides further evidence for our presentation
of the metric hedgehog frame by generators and relations.

Given a frame L and a set [ with cardinality x consider the frame product
L* = [l,e; L, that is, the cartesian product ordered pointwisely, regarded
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as the collection of all maps ¢: I — L ordered by ¢ < ¢ if and only if
(i) < (i) for every i € I, with projections

pi=(p=e()): L" =L (jel)
For each a € L and i € I, let 7, o' € L* be given by
a, if 3 =1,
0, ifj#1,
for any 5 € I. Suppose L has a point, that is, a completely prime filter F

(specifically, a proper filter satisfying \/ A € F = a € F for some a € A).
Given such L, k and F let LY be the subframe of L* generated by

B ={pf|ac F}U{y,|be L\ FandicI}.

Note that B forms a base of LY since it is obviously closed under finite
meets.

pn(j) =a and soé(j)={

Lemma 8.1. If L is reqular, then so is LE.

Proof: First, let a € F. By regularity, a = \/{c € L | ¢ < a}. As F is
completely prime, there exists some by € F' such that ¢y < a. If ¢ < a then
cVe<aandcVce € F. Hence

a=\{cVe|beLl b<a}=\{ceL]|c<c<a}l

Further, if ¢ € F' then ¢* € F, (otherwise 0 = ¢ A ¢* € F, a contradiction).
Therefore, for each ¢ € L such that ¢y < ¢ < a, one has that ¢, ©* € BF
and ¢'. € Bl for every i € I and hence \/,_; ¢’. € LE. Moreover,

i ANV e =0 and ;v V. =1,
icl iel
thus ¢f < ¢ in LY. Consequently,
v =V{gl lao<c=al <V{v e L | v < ¢} < o
Secondly, let b ¢ F', i € I and ¢ < b. Note that ¢ ¢ F, since F is a filter,
and ¢* € F, since ¢* Vb =1 and F is prime. Therefore, ¢! € BI, @] € BF
for every j # i and % € BE. Hence
=9V Ve el
J#i
Obviously, ¢’ A =0 and ¢} V ¢ = 1, hence ¢! < ¢} in L. Consequently,
v, =V{gele =} < Vv € L [ ¥ < g} < o),
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As BI is a base of Lt and we have shown that every element in B is a
join of elements rather below it, we may conclude that L% is regular. |

Theorem 8.2. The metric hedgehog frame £(J(k)) is isomorphic to £(R)p
for the completely prime filter

F ={a € £(R) | there is some r € Q such that (—,r) < a}.
Proof: Let ®: £(J(k)) — £(R)} be defined on generators by
()= @f y and (1, —)i = ¢,

for all r € Q and ¢ € I. Tt is straightforward to check that these assignments
turn the defining relations (r0)—(r4) into identities in £(R)%. Ontoness fol-
lows from the fact that the elements (—,r) and (s,—) with r,s € Q form a
subbase of £(R) (that is, £(R) is the smallest subframe of £(R) containing
all those elements).

In order to show that ® is one-one it suffices to show that it is codense,
since both £(.J(k)) are £(R)} are regular. For that purpose, note that any
element a € £(J(k)) is of the form

a = \/Al\/\/AQ\/\/AS
where
A C{(—r)|reQ}, A C{(r,—)i|reQandiecl}
and
A3 C{(r,s);|r<sinQand i€ I}.
Then, ®(a) =1 if and only if, for every i € I,
@(a)(z) - \/ (*7 T) \% \/ (TJ *) \% \/ (T7 S) =L
(*,T‘)EAl (T,f)iEAQ (’I",S)l‘EAg

Consequently, for each i € I there exist (—, 1) e Ay, (s, ); € Ay and
{(wa 3%)@ nmio C Ajz such that

i

o <s,r <s, and 71, <s, ;<s, forn=1...,m".

By repeated application of assertions (6) and (5) in Lemma 3.4 one gets

mt

a>(s)Vvr )V \:/O (7“72, S;)Z = (,s)V (ré,—)i = (,s)V \6/Q (p,—);-
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As this holds for every i € I, then by (h4) it follows that
= V()Y V (b)) =1L

1€l peQ

We may conclude that ® is codense, hence injective. ]

Corollary 8.3. £(J(k)) is isomorphic to OJ (k).

Proof: This follows from the fact that O.J(x) is isomorphic to 9]0, 1]%, , where
Ny is the filter of all open neighborhoods of 0, and the fact that there is an
isomorphism from 9[0, 1] to £(R) that maps Ny onto F. u
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