Pré-Publicacoes do Departamento de Matemética
Universidade de Coimbra
Preprint Number 18-08

A CHARACTERIZATION THEOREM FOR
SEMI-CLASSICAL ORTHOGONAL POLYNOMIALS
ON NON UNIFORM LATTICES

A. BRANQUINHO, Y. CHEN, G. FILIPUK AND M.N. REBOCHO

ABSTRACT: It is proved a characterization theorem for semi-classical orthogonal
polynomials on non-uniform lattices that states the equivalence between the Pearson
equation for the weight and some systems involving the orthogonal polynomials as
well as the functions of the second kind. As a consequence, it is deduced the
analogue of the so-called compatibility conditions in the ladder operator scheme.
The classical orthogonal polynomials on non-uniform lattices are then recovered
under such compatibility conditions, through a closed formula for the recurrence
coefficients.
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1. Introduction

Semi-classical orthogonal polynomials on non-uniform lattices (snul) are
related to a divided difference operator, say D, whose support is the so-called
g-quadratic lattice [14, 18]. Under some specifications, D is the Askey-Wilson
operator [1]. Such families of orthogonal polynomials are well-know within
the theory of discrete orthogonal polynomials, and find many applications
within a vast list of topics from Mathematical Physics (see, amongst many
others, [8, 14, 15, 16, 18)]).

In the classification of lattices and corresponding divided difference oper-
ators (see [18, Sec. 2, Table 2]), the ¢g-quadratic lattices are a generalization
of other lower complexity lattices, such as the quadratic, ¢-linear and linear
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lattices. Such a hierarchy of lattices is related to the well-known ¢-Askey
scheme [9)].

The main motivation for this paper concerns some properties that char-
acterize semi-classical orthogonal polynomials on the continuous setting, the
so-called structure relations, that is, differential relations connecting two con-
secutive polynomials,

AP =L,P,+ M,P, 1, (1)
or, in view of the three-term recurrence relation,
AP = L,P, + M,P, 1, (2)

with A, L,,, M,,, L,,, M,, polynomials of degree independent of n (the degree of
P,). The classification of orthogonal polynomials via such a kind of equations
has a long history, see, for instance, [13]. On a more general framework, (1)—
(2) are the lowering and raising relations, deduced in the ladder operator
scheme [5]. Similar equations to (1)—(2), with the derivative replaced by
difference operators, are well-known in the literature (see, for instance, the
introduction of [10] and references therein). For the snul case, see [11, 18].

In the present paper we give a characterization of semi-classical orthogonal
polynomials on snul via difference systems that involve the polynomials as
well some related functions, the so-called functions of the second kind (see
Section 2 for more details). Combining such systems with the three-term
recurrence relation we then deduce difference equations in the matrix form,
giving some fundamental relations that we regard as the discrete analog of
the ones appearing in the ladder operator scheme [5]. Here, we would like to
put emphasis on the formula for the determinant in Corollary 2. Through
such a formula, we obtain a closed form equation for the recurrence relation
coefficients of the so-called classical families of orthogonal polynomials on
snul [7].

The remainder of the paper is organized as follows. In Section 2 we give the
definitions and state the basic results which will be used in the forthcoming
sections. In Section 3 we show the main results of the paper, Theorem 1
and Corollaries 1 and 2. The compatibility conditions are discussed in Sub-
section 3.1. In Section 4 we show the formulae for the recurrence relation
coefficients of the classical polynomials on snul.
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2. Preliminary results

We consider the divided difference operator D given as in [11, Eq.(1.1)],
with the property that D leaves a polynomial of degree n —1 when applied to
a polynomial of degree n. The operator ID, defined on the space of arbitrary
functions, is given in terms of two functions yi, 3o (at this stage, unknown),

f(a(z)) = f(yi(x))
(Df)(z) = @) — @) (3)

The functions yi, y2 may be obtained as follows: applying D to f(z) = «
and f(z) = 23, one obtains, respectively,

y1(x) 4+ yo(z) = polynomial of degree 1, (4)
(11(2))* + y1(z)ya(2) + (y2())* = polynomial of degree 2, (5)

the later condition being equivalent to wy;(z)y2(x) = polynomial of degree
less or equal than 2. Hence, conditions (4)—(5) define y; and y, as the two
y-roots of a quadratic equation

ay? + 2bay + éa® +2dy + 26z + f =0, a#£0. (6)
Set \ = 02 — aé, T = ((13 —ad)(d — af) — (bd — dé)2> /a.
If A # 0, as yi1, y2 are the roots of (6), we have

yi(x) =p(z) —v/r(x), y(x ) 4+ /7 (7)

with p,r polynomials given by

~ A ~ A 2
ba +d A bd — aé T
plx) = ———, r(z) == <x+ ) o (8)

a a a\

The g-quadratic lattices correspond to the case A7 # 0 [2, 11, 14, 15]. There
is a well-known parametrization of the conic (6), say © = z(s),y = y(s), such
that

yi(z) =a(s—1/2), y(x) =x(s+1/2),
given as [2, 14, 11]
r(s) = K1q° + Kaq ° + K3,
for some appropriate constants k’s, and ¢ defined through

A
q+q1=dé—2, q#1. (9)
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Note that, in this case, we have the divided-difference operator (3) given as
flex(s+1/2)) — f(x(s—1/2
D (a(sy) - L +1/2) = Flals = 1/2)
r(s+1/2) —x(s—1/2)
In such a case, the polynomials p, r are then recovered under

w(s+1/2)+ (s —1/2) = 2p(x(s)), (2(s+1/2) — (s —1/2))* = 4r(z(s)) .

(11)

The fundamental quantities to be used in the sequel depend on the data

p(x),r(x),q previously defined. Throughout the paper we shall use the no-
tation A, = y» — y1. From (7), there follows

A, =27,

In this paper we will consider the general case A7 # 0, and the divided diffe-
rence operator given in its general form (3). We will also use some operators
defined [11], as follow. The operators E; and Es, acting on arbitrary functions

f as

(10)

(Eif)(z) = f(n(z)), (Exf)(x) = f(y2()),

which gives us (3) given as

(Eaf)(z) — (Eif)(2)

P = By} ) = Baa) )
The companion operator of D, defined as
Some useful identities involving I and M are listed below (see [11]):
D(gf) =DgMf +MgDf, (13)
2
M(gf) = MgMf + —=DgDf, (14)
_ Dy
D(/) = g7 (19
_ My
M(1/f) = EfE,f (16)

Eq. (13) has the equivalent forms
D(gf) =DgELf +DfEag, D(gf) =DgEsf +DfErg. — (17)
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Also, one has the two equivalent forms

1f Eaof E,fEof

Note that M f is a polynomial whenever f is a polynomial. Furthermore,
if deg(f) = n, then deg(Mf) = n.

We shall consider orthogonal polynomials related to a (formal) Stieltjes
function defined by

(18)

S(z) = Z T (19)
n=0

where (u,), the sequence of moments, is such that det [uiﬂ']jj:o #£0,n>0.
Without loss of generality, we will take uy = 1. The orthogoﬁal polynomials
related to S, P,, n > 0, are taken to be monic, and we will denote the
sequence {P,},>o by SMOP.

Monic orthogonal polynomials satisfy a three-term recurrence relation [17]

Poii(x) = (x — Bn)Pu(x) — yPu1(x), n=0,1,2 .., (20)
with P_1(z) =0, Py(x) =1,and v, #0, n>1, o= 1.
Associated with {P,},>o we define two objects: the sequence of associ-

ated polynomials of the first kind, {Pél)}nzo,, which satisfies the recurrence
relation

PW(z) = (z — B)PY (2) = vPYy(z), n=1,2,..

n

with P£11>(:17) =0, Po(l)(x) = 1, and the sequence of functions of the second
kind, g,,n > 0,

Gn+1 :Pn+1S—P,§1), n>0,q=>5.
The sequence {g,}n>0 also satisfies a three-term recurrence relation,
Qn+1(x) = (I _ BH)QR(:U) - ’YnQn_l(x) ) n = 07 17 27 R (21)

with initial conditions ¢_1 = 1, qo(x) = S(x).
Semi-classical orthogonal polynomials on non-uniform lattices are defined
through a difference equation for the corresponding Stieltjes function [11],

A(z)DS(x) = C(x)MS(x) + D(z), (22)
where A(x),C(x), D(x) are polynomials in z, A # 0.
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From (3), (12) and (19), there follows that A, C, D are polynomials such
that

deg(A) <m+2, deg(C) <m+1, deg(D) <m, (23)

where m is some nonnegative integer.
In the sequel we will use the following matrices:

o P Qn+1/w
yn_[ P qn/w , n>0. (24)

In the account of (20) and (21), ), satisfies the difference equation

yn:Anyn—ly An:[x_lﬁn _(;Yn], ’I?,Zl,

r— B q/w

with initial condition ), = [ 1 g

]. The matrix A, is, as usual,

called the transfer matrix.

Orthogonal polynomials related to Stieltjes functions such that (22) holds
satisfy the difference equations, for all n > 0 (put B = 0 in [4, Theorem 1]
or [11])

ADP, 1 = (I, + Aymy)E1 Py — C/2E2 Py + ©,E,P, (25)
ADgpi1 = (I + Aymn)E1gne + C/2E2q,11 + 0, Erg, .
Equivalently, we have
ADP, 1 = (I, — Aymy)Eo Py — C/2E Py + ©,Eq P, (26)
ADg 1 = (I — Aymy) Eogry1 + C/2E g1 + O, Eag, .
Here, [, ,, ©, are polynomials of degrees bounded by
deg(©,) < max{deg(A) — 2,deg(C) — 1}, (27)

deg(l,) < max{deg(A) — 1,deg(C)}, deg(m,) < deg(C) — 1. (28)
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Relations for [,,m,,®, can be obtained through the so-called compatibility
conditions, stated later on, in Section 3. They are as follow, for all n > 0 [6]:

1 n+1 @k;—l
n - -3 ) 2
Tn+1 5 kz:% e ( 9)
O,
ln—l—l + ln + M<$ - ﬁn—&—l) =0 ) (30)
Yn+1
A; _ I+l
—A + M(ﬁl}' — ﬁn+1)(ln+1 — ln) - 7(7‘-”—#1 + ﬂn) + @n—‘rl - ~ @n—l ) (31)
with initial conditions
m1=0, my=—-D/2, (32)
2
I_1=C)2, ly= —M(z — 5))D — C/2. (34)

3. Characterization of semi-classical orthogonal polyno-
mials on snul

Theorem 1. Let S be a Stieltjes function related to a weight w, and let
{Vn}tns0 be the corresponding sequence defined by (24),

| P Q1] W
{y”_[ P, qn/w ]}">0'

The following statements are equivalent:
(a) the weight w satisfies a Pearson type equation,

ADw = CMuw; (35)

(b) the Stieltjes function satisfies ADS = CMS + D ;
(c) YV, satisfies the matriz equations

C
ADyn:Bn,lElyn_§E2yn7 nzlu (36)
and
AID)yn:Bn,ZE?yn_gElyn) n = 17 (37>

2
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with the matrices By, ;, j = 1,2, given by

B .= ln+(_1)j+1Ay7Tn On
R b + (1 Ay + S Bz — 6,)]

(38)
where the l,, T, and O, s are the polynomials in (25).
Proof: (a) = (b). See [18, Prop. 4.1]).
(b) = (¢).
Take the first equation in (25) for n and use the recurrence relation (20),
thus getting

A]Dpn = (ln,1 + Ayﬂn,1 + Gn—l/’}/n El (SIZ — Bn))Elpn — 0/2 EQPn
— Oy 1/ E1P . (39)

Take the second equation in (25) for n and use the recurrence relation (21),
thus getting

ADg, = (ln—l + Ayﬂ—n—l + @n—l/'Yn £y (:13 - Bn))El%z + 0/2 Eagn
- G)nfl/’}/n E1Qn+1 . (40)
Let us now compute AD (4=).
From (18) we have
D (Qn+1> _ Dgp41 Eow — Dw Eogy 11
w ]Elw ]EQUJ .

If we multiply the above equation by A and use (40) as well as (35), we
obtain, after some cancelations,

n n C n n
AD (q “) = (Ip + Aym)E,y (q “) 8 (q “) +O,E, (q—) (41)
w w 2 w w
Now let us write (41) for n — 1 and use the three term recurrence relation

for ¢, Gn—1 = —Gns1/7m + (& — B)/Vnqn. We obtain

AD (%) = (lh1 + Aymp1 + On1 /1 Ei(x — B,))Es (%) — %EQ (%)
B On-1 E, <Qn+1> . (42)
Tn w

Writing the first equation in (25) together with (39), (41) and (42) in the
matrix form, we obtain (36).
The proof of (37) proceeds on a similar way.
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(¢) = (a).

One has

D(detY,) = AD (Pn+1%) —AD (q”“Pn) . (43)

w

Let us first compute AD (Pn+1 C]_n)
w
Using (17), one has

AD (P ™) = AD(Py)Er (22) + AD (1) EoPos.
w

The use of the equations resulting from positions (1,1) of (37) and (2,2) of
(36) in the above formula yields

AD(P”“%) = (I — Ay Eo Pyt By ( ) +OnE2 P Iy (w)

_ % (El (pn+1%> + E, (Pn+1%>) — @;n_l]EQPn—i—lEl (qgl)

O,
+ (ln L Ay = 1E1(x—ﬁn)) ( )]E2Pn+1 (44)

n

Now let us compute AD (qwan).
w
Using (17), one has

AD <Qn+1pn) — AD (%H—l) EQPn+ADPnE1 <Qn+1> .
w w w

The use of the equations resulting from positions (1,2) of (36) and (2,1)
of (37) in the above formula yields

AD (q”“Pn) = (I + A1) Es Py By (q”“) + O,E,P, E, (q—")
w w w

< (B (P2) 4B, (R - Onlp p B (%)

2 w n

o, .
n (zn_l — Ay + 2 By — m) E,P, E, (qw“) . (45)

Tn
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The substitution of (44) and (45) in (43) yields, after some cancelations,

Dt 30) =~ (B (P~ RA) + s (P~ R2))

2
O,_ dn
- 1E1($ — 5n)> EoPyi1 Eq <5)

@n—l

n

+ (_Ay(ﬂ-n - 7Tn—1) + ln + ln—l +

— <Ay(7Tn - 7Tn—1) + ln + ln—l + EQ(.T — Bn)> ]E2Pn El (QT;}{-1> ’

that is,

AD(detY,) = —C M(det Y,)
@n—l

Tn

+ (—Ay(ﬂ'n - 7Tn—1) + ln + ln—l + El( Bn)) ]E2 n+l1 El ( )

O©,_ .
- (Ay(ﬂn = Tt) b+ bt + ——Ea(z — 5n)> Eo P, By (q;> .

n

Taking into account (30) we obtain

AD(det V,) = —C M(det V) — &, (E2pn+1 El( ) L E,PE, <qn+1)>

w

(46)

where o
En = Ay (T — mp1) + 27;_1 (Eo(z = Bn) — Ea(z — Bn))
thus,
O,
& = Ay(mn — Tir + 2%1) .
In the account of (29) we get &, = 0. As detY, = [[;_,m/w, from (46)
—D
with &, = 0 we get AD(+) = —CM(+). Using D(1/w) = m and
M

M(1/w) = W we obtain ADw = C' Muw, as required. |

As a consequence of Theorem 1 we obtain the results that follow.

Corollary 1. Let S be a Stieltjes function related to a semi-classical weight,
w, satisfying ADw = C'Mw. The following equation holds:

Ap1 DY, = (B, —C/21)MY,, n>1, (47)
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where )

An—l—l = A+ Tyﬂ-na

I is the identity matriz, and B, is given as

Br = [—@fi/% s+ O oM (o m)} | (48)

Proof: Let us write the matrices B, ; given in (38) as
Bui =B+ AL, + 6, 1 /7, B, (49)
Bus = By = AT, + 0,1 /7, Baky (50)

~ [ C) 7T 0 0 0
n — ! " Y Hn - " 9 ICn - .
B [_@nl/'}/n lnl] [ 0 7"_nl] [O (:C o ﬁn)]
The sum of (36) with (37) gives us

A A
O,
+ 5 - (B0 By + BokC, Body) - (51)
Taking into account the property (14), one has
1 A?

3 (B, E Y, + Eok, Ep),) = MK, MY, + IyIDICn DY, . (52)

Also, one has
The substitution of (52) and (53) in (51) yields

= A2 ®n—1 A2
ADY, = (B,—C/21)MY, — anDyn + MK, MY, + Iy}“]]))yn ,

00

with F = DK,, = {O 1

] , thus we get

A? A? ~
(AI—I— 7yHn _ I1/@”1‘/r> DY, = (Bn —C/21+ @n_lM/Cn> MY, .
Tn n

(54)
Taking into account (29), from (54) we get (47). u
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3.1. Compatibility conditions. From Eqs. (36)—(37) we obtain the com-
patibility conditions, as given in [6],
ADAn = Bn,l ElAn - ]EQ.An Bn—l,l 5 (55)
ADA, = B2 By A, —E1A, B, 1. (56)
Egs. (55)—(56) yield (29)—(31) (see a proof in [6]).
Further relations, from which we obtain compatibility relations, are de-

duced in the following corollary. We will use the notation X; ;) to denote
the element in position (7, j) of a matrix X.

Corollary 2. The matriz B, given in (48) satisfies the following identities,
for allm > 1:

tr B, =0, (57)

S
detBn:—AZWQeretBloJrAZ —
i Ik

(58)

Here, det By; = det Byy = AD — C?/4.
Proof: Eq. (57) is (30). To deduce (58) we start by using (55), thus, we get
det(By,1) det(ErAy) = det(EqAy) det(Br-11) + A (B2 An Buo11) 99 -

As det(E;A,) =7, 7 =1,2, and (EsA, Bn_l,l)(m) = (Bn-1,1)(1,2), We get
On_1

det(BnJ) = det(Bn_Ll) + A Y (59)
Similarly, we get
det(B,2) = det(B,_12) + AG”‘1 (60)
Tn
[teration on (59) as well as in (60) yields, for all n > 1,
©
det(B,.1) = det(By) +AZ L (61)
i k
Op—1
det(B,.2) = det(Boys) + A Z . (62)

i Jk
On the other hand, we have
det(Bo’l) — det (B()Q) . (63)
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A direct use of (38) gives us, after some simplifications where we use [,,_1 +
EM(2 — B,) = —ly and m, 1 — P =7, (cf. (29) and (30)),

2y
1 2 On-1 2_2
Thus, in the account of (61)—(63), and taking into account that 3, can be
written as
l ©
B, = " ", 65

[_@n—l//yn _ln] ( )
then (64) gives us

O

det(Bo1) + A == =det(B,) + A’r?.

=1

thus, we get (58) as required. |

Taking into account ©_1 /79 = D (see (29) and (33)), an equivalent equa-
tion for (58) is

02
det B,, = —Azﬂi - 2Am, (66)
that is,
2
—1%(z) + @n(x)@”‘l(x) = —Alm — % — 2Am, . (67)
In

Remark . Eq. (58) is the analogue of Magnus’ summation formula [12] (see
also [3, Cor.1]).

Let us emphasize that (30), (31), and (58) can be regarded as the analogue
of (51), (S2), and (55), respectively, in the ladder operator approach [5].

4. The recurrence relation coefficients of classical or-
thogonal polynomials on snul from compatibility con-
ditions

We consider the families of classical orthogonal polynomials (see, amongst
others, [2, 15] and [7, Th. 5]). We have A(z)Dw(z) = C(x)Mw(x) with
deg(A) <2, deg(C) < 1.

Therefore, in the account of (27)—(28), deg(l,) = 1, deg(m,) = deg(©,,) = 0.
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We will use the following notations:
Az) = apr® + a1z +ag, C(z) = 1o + ¢y, D(x) = dy,
() =lpax +Lhp, m(x) =m,, Oy(x) =06,, m,, 6, constants.

In the next lemma we show that some quantities, to be used in the se-
quel, depend only on the lattice as well as on the coefficients of the Pearson
equation.

Lemma 1. Under the previous notations, the quantities {1, ©,/Vn+1 and
m, are given, for all n > 0, by

n+l _ ,—(n+1) s} n__ ,—n
bny11 = (q — 4 ) (50,1 +p1—0> + (%) o, (68)
¢t —q M ¢t —q
O _ (q—<n+l> - q) ((1 to+ah, @)
Ynt2 gt —q p1 M
—(n+2) _ n+2 s}
+ (q S ) 2o (69)
gt —q M
do O
Ty, - —
+1 2 2
1 I I e A, 14+qg)(1+q¢1 O
_T<q1 — )(( )( )go’ﬁ_o
2(¢7! — q) 1—gq 1—gq 1 00!
B — — = 70
2(Q‘1—Q)<q —¢1 T ¢ ) (70)
oy 72 4 ;
fro = T T 6261/ Tam s (71)
n,1

with the initial conditions

B ¢ Oy —ay+ i + 2do(r2 + pi)
50,1——291030—5, - = 5 3
84! pi — T2
d,
T = —507 loo = —(po — Bo)do — co/2. (72)

Here, dy = —(a2+01p1)/(p%—7’2), p1, 72 are the leading coefficients of p(x), r(x),
respectively, defined in (8), and q is defined through (9).
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Proof: Eqs. (68)—(70) are deduced from B = 0 in [6, Lemmal]. The x-
coefficient of (67) gives us (71). n

Theorem 2. Let A(x)Dw(z) = C(z)Mw(x) with deg(A) < 2, deg(C) < 1.
Let {P,}n>0 be the SMOP related to w, satisfying the recurrence relation
(20). Under the notations of the previous lemma, the recurrence relation
coefficients are given by the following equations:

02 o — droms — c§/4 — 2a9m,

Tn+1 — 0, 0, 1 , n=>1, (73)
Yn+1 In
14 l C)
B, = mad éﬂ/j ]ji It s (74)
n/ In

with v1 and By given by
(a0 + poco + pido — rody — cofo — 2podofo + doB3) (pt — 12)
—ag + cipr + 2do(ry + p?)
8, = ay + pico + poci + 2pop1dy — T1do | (76)
c1 + 2pidy
with dy = —(az + c1p1)/ (P} — 72).

Proof: The equation (73) follows from the independent coefficient of (67),

Moo= ) (75)

_6721 0+ Yo+t On Ons = —47“07@% — 0(2)/4 — 2a9m,, n>1.
’ Tn+1 In
The equation (74) is obtained from the independent term of (30),
Cot1.0+ oo+ (Po — Bnt1) O =0, n>0.
Tn+1
To obtain By and y; we equate coefficients in (34) and (33), thus getting

lor = —pido —c1/2, (77)
loo = —(po— Bo)do — co/2. (78)
0 = a1 —rido — (bo1 — c1/2)(po — Bo) — (boo — co/2)pr,  (79)
Oy = ag—rodo — (Lo — co/2)(po — o) - (80)

The use of (77) and (78) in (79) yields fy. From (80) we have, using (78),
Oy given by

Oy = ap — rodo + ((po — Bo)do + co)(Po — o) - (81)
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From ©g /v, given by

S) 1
A (—aa/p1 + 2p1dy + 1)
g P1
combined with (81) we get 7. _

4.1. Askey-Wilson polynomials from compatibility conditions. The
Askey-Wilson operator [1] is obtained under the following specializations.
Let us define the base ¢ = €2 and consider the projection map from the
unit circle {z = €, § € [—m,7[} onto [~1,1] by z = 3(z + z7'). Consider
the symmetrised and canonical form of the lattice defined through (6) (see,
e.g., [18, Sec. 2])

a = ¢, arbitrary and non-zero, b = —acos(n) , d=¢=0, f=—a sin®(n) ,
(82)
and 0 = 2sn. Then we get the parametrization x(s) given by
1 S —S
z(s) =5(¢"+4q7), (83)

2
and we obtain, from (10), the Askey-Wilson operator (see [8, Eq. (12.1.12)])

f3(q" 22+ ¢7'27) = f5(a P2 + ¢ 227
Df(z) = ? %(ql/Q _ (]—1/2)(22 — 27 '

Using (11) combined with (83) or by plugging the data (82) into the definition
of p(z),r(x) in (8), we get

1 1

§(q1/2 +q Nz, r(z) = E(f]m — q71/2)2($2 —1). (84)

Let us take the Askey-Wilson weight [1] (see also [9])

p(x) =

h(z, Dh(z, —D)h(z, ¢"*)h(z, —¢'/?)
V1= 22 h(x, a1)h(x, ag)h(x, az)h(x, ay)

w(z; {on, g, az, aq}) =

where
+oo

h(z, o) = H(l — 2axq" + o?¢*"), = cos(h).
k=0
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Let us denote by o; the j-th elementary symmetric polynomial of oy, ..., oy,
that is,

o1 =01+ o+ a3+ qg, 09 = Q1o + Qa3 + a0y + Qog + a0y + i3y
03 = (1 a(x3 + X1 oy + a3y, 04 — o304 .
We have ADw = CMw, with the polynomials
A(z) = apa® + a1z + ag, O(x) = 17 + ¢
where [18, Prop. 5.1]
ay =2(1+04q7?), a1 = —(¢ o1 +q%03), ag=—1+q ‘oo — ¢ 04,
(85)
V26, — 732,
g2 — ¢-1/2

q 2oy —1 261_
—5———75, C0 =
J2 — g1

¢l =4 (36)

The recurrence coefficients of the SMOP { P, },,>¢ orthogonal with respect
to w are determined through (73)—(74). Thus, we recover the recurrence
coefficients for the monic Askey-Wilson polynomials,

Bo = [oulg+0ou(¢®™ —q" = ") +o3(1 = ¢" = ¢"" + oug™ )]

n—1
q
>0 87
8 2(1 — 04¢*")(1 — 04g®2)’ n=0, (87
1 (1—q¢")(1 — 04g"?)G,
n — s Z 1, 88
7 41— 022 (1 — 0ag® 221 — oyg21) (88)
where

Gn= (1 —a1asq" (1 — ajasg" (1 — ayaug™™t)

x (1 — asasq" ) (1 — agaug™ ") (1 — asauq" ).
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