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1. Introduction

In this work we obtain sharp geometric regularity estimates for bounded
weak solutions of quasilinear parabolic equations (possibly singular and de-
generate) of p-Laplacian type, whose prototype is given by

u; — div(|VulP"*Vu) = f. (1.1)

In order to assure the existence of solutions in suitable Sobolev spaces (see
(M, &2, I3, 22, 2] for more details), p is chosen such that

LN G
max _— 0.
"n+2 p

In our studies the source term f is assumed to be in the anisotropic Lebesgue
space LT (Qr) (where  C R™ is an open, bounded set, 7' > 0 and Qg :=
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2 x (0,7T)), which is a Banach space endowed with the following norm:

T : ;
| [l zarr) = </0 (/Q\f(x,t)\qda:> dt) .

Throughout the paper we will assume the following compatibility condi-
tions: ,
S <
ro'opg C
(1 -1y (9 — 2 n (C)
{maX{O,(l J2-pf<i+i<l,

where ¢ > n and r > 2. The first inequality provides the minimal integra-
bility condition, which guarantees the existence of bounded weak solutions
of () (see, [20, Ch.2, §1]). The second compatibility condition defines
the fashion in which the gradient of weak solution has a universal Holder
modulus of continuity.

T
=
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|
=

FIGURE 1. Regions of definition of { + % € [(2 —p)(1— %) 1)
for max{l, n2—f2} <p<?2

The regularity of weak solutions of quasilinear evolution problems received
wide attention in the last decades (see, for example, [I, 2, 9, I3, 16, I8, 20,
21, 22, 23, D5, PR, 29, B0, 31, 32, B9, A1), 42]) due to its connection to a number
of problems arising in biology, chemistry, mathematical physics, geometric
and free boundary problems, etc (cf. [I0] and [25] for complete essays on
regularity of evolution equations with degenerate diffusion). Although weak
solutions of () under the compatibility assumptions (0) are known to be
locally of the class C'*® (in the parabolic sense) for some o € (0,1), the
sharp exponent is known only for some specific cases (see [H, 6, 26, PR, 33]).
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This type of quantitative information plays an essential role in the study
of blow-up analysis, related geometric and free boundary problems and for
proving Liouville type results (see [3, @, 2, [6, I8, 40] for some enlightening
examples).

We recall (see [20, 25, 31, B2]) that when p > 2 and

1 n 2 n

-+ <1<+

ropq roq
weak solutions of (1) are of class C* for some a € (0, 1). Using compactness
and geometric tangential methods (see [3, 4, [, 012, 14, 19, B6, B7]) and

intrinsic scaling techniques (see [16, 20, 24, @1]), the sharp value of o was
revealed in [39, Theorem 3.4]. The latter, however, leaves open issues in the
following scenarios:

1 2

——|—£<1 and __|_E:1

T pq roq
and

1

n 2 n
-+ —<1 and -+—-<1.
ropq roq

In this work we will solve it in the second scenario. More precisely, our main
result reveals that bounded week solutions of () are locally of the class
C17@ (in the parabolic sense) in the critical zone (i.e. where gradient is small
enough, see Section B), with

(i) . (1.2)

p[1_(1%+%)}_[1_(%+%>}7% ’

where ay € (0, 1] is the optimal regularity exponent for solutions of homoge-
neous case (f = 0). Note that the denominator in (I22) is strictly positive.
Indeed,

e N O T

Such a quantitative estimate in (I=2) constituted a long-standing open issue
and it was solved up to now only in the linear setting (p = 2). Notwithstand-
ing, the analyse for the case p # 2 is considerably more challenging.

In our approach, we makes use of an adjusted f—intrinsic scaling technique
inspired by [39] and [41] (see also [I6]), where § > 0 is the intrinsic scaling

Q= min



4 AMARAL, DA SILVA, RICARTE AND TEYMURAZYAN

factor for the temporal variable, which depends on the magnitude of the
gradient inside the critical zone in the following way:

0 =2+ (2—p)log,(p” + |Vu(0,0)]), (1.3)

where p € (0, %) is a universal constant (see Lemma for details). Fur-

thermore, when p > 2 our result remains true outside of the critical zone as
well (see Section B2 for details).

Our estimates are natural extensions (regarding to C'*® scenario) of those
obtained in [39, Theorem 3.4] and [36, Theorem 4.1] concerning of C* range,
and to some extent, of those from [{], [8, Theorem 5.5 and 5.9], [19, Section
5], [37, Theorem 3]. The novelty of our approach consists of removing the
restriction of analyzing the desired C1*® regularity estimates just along the
a priori unknown set of critical points of solutions (i.e. along the set where
gradient vanishes), where the diffusivity of the equation collapses (see, for
example, [I5, 16, 7, I8, 37] and [38], where sharp and improved regularity
estimates are obtained along the set of certain degenerate points of solutions).
Furthermore, unlike [16], [19], [39], we also treat the singular case, i.e., when
max {1, n2—j:2} < p < 2, which is a non-trivial task, because in this setting the
degeneracy degree of p-Laplacian blows-up along critical points.

Heuristically, in order to obtain the desired C'*® regularity estimate, one
should approach solutions by suitable affine functions. However, in a specific
iterative scheme, these functions “are not in the kernel of operator”, which
provides an accumulative error in each step of approximation (see section
for details, also compare with [4], [T9, Section 4 and 5] and [37]). To overcome
this obstacle, we use a technique based on the notion of geometric tangen-
tial analysis. More precisely, by using a suitable approximation argument,
we show that for each inhomogeneous equation with flattened source term
there exists a fine tangential profile, which connects to weak solutions with
a small prescribed approximation error - transporting the regularity back to
the original equation (Lemma P21 and B71). We then iterate this estimate in
a systematic manner, properly adjusted to the intrinsic scaling of equation.
Inspired by the recent results from [5, 6, 8] and [39], we obtain an estimate
(Theorem B2), which provides a precise control of the oscillation of weak
solution of () in terms of the magnitude of its gradient.

Another fundamental aspect in our approach concerns to the geometry of
the parabolic cylinders for which our geometric estimates hold. Unlike [39]
(see also [14] and [16]), we must adjust such cylinders according to range
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of p. Summarily, for the singular case, we consider the standard parabolic
cylinder with the #-intrinsic geometry. On the other hand, for the degenerate
counterpart, we must correct the geometry of corresponding cylinders by
adjusting (in a suitable manner) its height in order to access the desired
regularity estimate via an iterative proceeding (see Section B for a complete
explanation about such a construction).

It is worth mentioning, that under appropriate structural conditions, the
techniques used in this paper allow one to treat the case of more general
evolution equations as follows

up — div(A(z, t, Vu)) = f,

as long as the operator has suitable p-Laplacian structure, which gives access

to existence and regularity theory to weak solutions (see, [20, Ch.2, §1]).
Observe that our result is in accordance with well-known estimates ob-

tained in some specific cases. For example, when p = 2 from (I2) we obtain

n 2
o (24,
q T
which is the optimal C1T* exponent for the inhomogeneous heat equation (as
was obtained by energy methods in [28], see also [19] for the fully nonlinear
setting). Another example would be the case of bounded (or else, indepen-
dent) in time force term, that is, roughly speaking, r = oo, then (I2) implies

it )
a=miny ———, ag ¢,
ap—1) "
which is the optimal O regularity exponent for the elliptic equation for
p > 2 (see [[d]). Moreover, if also ¢ = oo (i.e. the source term is bounded),

then (I2) gives
: 1 _
a = Imin {]:, CVH} 5

which is the expected optimal regularity in certain scenarios of elliptic equa-
tions (see [A], [6] and [8]).

The table below provides a global picture (recent advances) between the
elliptic (cf. [B], [6], [7] and [36, Theorem 4.1]) and parabolic regularity theory
(cf. [39, Theorem 3.4], see also [19]) for equations of p—Laplacian type:

Up to date, the sharp regularity on the borderline conditions ¢ = n and
q = oo (resp. i 2 =1 and ¢ = r = 0o) were established (in general) just
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feLyBy) Sharp Regularity feLe (@) Sharp Regularity
% < g<n ClOo,énm{Oég ,B(n,p,q)} % + 72 >1> 71 + % par — Cl%c? P> 2
g=n Open problem 2+ Z=1>1+ -2 | Open problem
1,min{a§,%} . 1+a
n<qg<oo|Cp, a“wr ,p>2 Condition (C) par — C "
¢ = oo lloinin{aﬁsﬁ}. P> 9 g=r=00 C]E:lin{aﬁ’ﬁ}
Elliptic Theory Parabolic Theory

for some special sceneries, in particular for the linear case and for p-Poisson
equation in 2—D, see [B, Theorem 1], [6, Theorem 2], [19] and [2]] for details.

The paper is organized as follows: in Section B we show that solutions
of (1) can be approximated by suitable p-caloric functions. In Section
we prove the main result of this paper (Theorem BIl) by obtaining sharp
estimates inside and outside of the critical zone. As a consequence, we find
precisely how the modulus of continuity degenerates (improves) along certain
e-layers related to borderline conditions in () (Corollary and Corollary
33).

2. Preliminaries

In this section we prove that weak solutions of (Il) can be approximated
by p-caloric functions. We start by the notion of weak solutions.

Definition 2.1. A function u € Cioe(0,T; L*()) N LE (0, T; W,5P(Q)) is
called a weak solution of (L) in Q x (0,T], if for every compact set K C (€,
every [t1,ts] C (0,T] and ¢ € HL (0,T; L*(K)) N LY (0,T; W,"P(K)) there

loc loc
holds

to to to
/ wpdr| + / / [~y + |VulP*Vu - Vi dedt = / / fi dx dt.
K tl t K t1 K

An equivalent definition of weak solutions via Steklov average allows to
prove the next Caccioppoli type estimate, which plays an essential role in
proving the existence of p-caloric approximation of weak solutions.

Proposition 2.1. Let K x [t1,t3] C Q x (0,T]. If u is a weak solution
of (M), then there exists a constant C' > 0, depending only on n, p and
K X [t1,ts] such that

to
sup /u2§pd:c+/ / |Vul|PEP dz di
t1<t<to JK t1 K

tg t2
< / / WP (€ + |VEP) de dt + C / / 2606\ da dt + O || por,
t K t K
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for every & € Cg°(K x (t1,12);[0,1]).

Proof: We sketch the proof here. It follows by taking ¢ = u&P as a test
function, where uy, is Steklov average of u, i.e.

1 t+h
—/ u(-,7)dr if te€ (0, T — hl,
t

Up - — h
0 if te (T —h,T).

With the usual combination of integrating in time, passing to the limit as
h — 0 and applying Young’s inequality, we get the desired estimate. We
refer the reader to [24, Ch.3, §6] for details. |

In order to state the next result, we set
Qy(0, 1) := B, x (to — o', o),
where B, is the ball of radius p > 0 centered at the origin. Note that
Q1 :=Q1(0,0) = By x (—1,0].

Lemma 2.1. If u is a weak solution of (ILT) in Q1 with ||ul[z=(g,) < 1, then
Ve > 0 there exists d = 6(p,n,€) > 0 such that whenever || f||rorg,) < 0 there
exists a p-caloric function ¢ : Q1o — R such that

max {[|u = @l =@, V(1= 0)lrxign | <= (2.1)
Proof: We argue by contradiction. Thus, for an €5 > 0 there is a sequence

up, € Cloe(—1,0; L2(By)) N L2 (—1,0; WP(By))

loc loc

and a sequence

fr € LY (Q1)
such that
(u); — div(|Vug|P V) = fr in @ (2.2)
with
HUkHLoo(Ql) <1 and ||fk”Lq,r(Ql) =o0(l) as k — oo, (2.3)
and at the same time
either ||uk — ¢HLOC(Q1/2) > &g oOr HV(uk — QS)HLOO(Ql/Q) > €0, (2.4)

for any p-caloric function in @ ,, i.e.

¢ — div([VelF?Ve) = 0 in Q.



8 AMARAL, DA SILVA, RICARTE AND TEYMURAZYAN

We now fix a cutoff function § € C§°(Q1, [0, 1]) such that £ =1 in Q;/, and
¢§E=0on Qg/m' From Proposition 21 we obtain

0
HukHV(Ql/z) < §1<1tp<0/ uzfp-i—/l Bl|Vuk|P£p
<[/ [ bt + vep) / | e+ Ul
< C(&, p, n)+o(l) as k — oo,
where

V(Qx I):=L>(I;L*(Q)) N LP (I; W'P(2)),

and C' > 0 is a constant depending only on &, p and dimension. Therefore,
up to a subsequence uj; converges weakly in V' (Q1 /2). Hence,

[(ur)ellzer(@y0) < €
where £ := -5 <p, p > 2 (see [34]), and

[ (ur)ell z2(Q, ) < C,
when max {1, +2} < p < 2 (see [2]). Making use of the embedding

Wt [P C L,
whenever p > 2 and

L? — [P,
whenever max {1, 251 < p < 2, we deduce (see [35, Corollary 4]) that
up — ¢ strongly in LP(Q2), (2.5)

for a function ¢. Using (23) and (23) and passing to the limit in (222), one
concludes that ¢ is a p-caloric function. Moreover, since uj is a bounded
weak solution of (22), then its spacial gradient is locally Holder continuous
(see [9, 13, PO, 21, 22, 23, 25, B, 32, 42]), implying that the convergence
up — ¢ is locally uniform in C'. Therefore,

maX{Huk — @l (@u s |V (i — ¢)\|Lm(Q1/z)} 50 as k- oo,

which contradicts to (24). n
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Remark 2.1. Note that if u is any weak solution of (L) in @, then it is
possible to normalize it in such a way, that the normalized function satisfies
conditions of Lemma [Z1. More precisely, for a 0 > 0 and s > 0 fized, there
exists positive constant p = (9, s) such that the function

v(z,t) == plu(p’z, u't),
satisfies the conditions of Lemma 21, where 7 := 2s(p — 1) > 0.

To see this, observe that
v — Ay = Ty (s, ) — p PPV (Aju) (e, ).
Since 7 = 2s(p — 1), then
T+s=(2p—1)s.
On the other hand, v is a weak solution of
v — div(|VoP 2Vo) = Vs f(pfz, y@r=D5t) = g(z,t).
We estimate

(2p—1)s— (224 Bl

lgllzer(gn) < 1 ZN F 1l zer,-

Set
ko= (2p—1)s— (_n+<2p;1))

q T
= sllp—-1)(1-1)+1 +Sp[1— <pﬂq+%>}.
Using the minimal integrability condition from (), we point out that x > 0
for any s > 0. Therefore, for 6 > 0 fixed, if we choose

LN sV
0 < i < min 1(—) (—) |
2|l oo () Il zar )

then ||v||z~g,) < 1 and [|g||rerg,) < 9.
Next, we analyse some aspects of scaling factor. Set

n 2
: - (5+3)
Q= :
PG d)] = - (2]
Observe that a < @&, where is defined by (Z2). Now, as in (I=3) we consider

O(a) =2+ (2 — p)log, (A" 4+ |[Vu(0,0)]).
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By assuming that |Vu(0,0)| < A for A < 1 we have
AY <N 4 [ Vu(0,0)] < A* + [Vu(0,0)] < 1.
Hence,
& > log,(A* + [Vu(0,0)]) > log, (A + [Vu(0,0)]) > 0.
For max {1, +2} < p < 2 we have the following
2<6(a) <24 (2—p)a.
On the other hand, if p > 2 we obtain
24+ (2—p)a<f(a) <2
Therefore,
min{2,2 + (2 — p)a} < 0(a) < max{2,2+ (2 — p)a}.
Moreover, it is easy to check (for p > 2) that

=R
2+(2—p)a:1_l+L€(1,2)
r p—2
In other words, for p > 2
1+-2+2
1< —22 1 <h(a) <2

3. Sharp regularity estimates

In this section we prove the main result of the paper. Let S be the critical
zone of solutions, i.e.

S;?(Ql) = {(:Ij,t) € Qu; \Vu(a:,t)] < pa}’

where p > 0 is small, and « is defined by (2). In order to proceed, we
define corrected parabolic cylinder

ka (ZE(), to) = Bp X (to — p9(0+k_1), tol ,
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where £ € N and

2
o :=min< 1, i
{ 2+(2—p)a}

Remark 3.1. Ifmax{l,nz—fQ} <p <2, then

Qp(x()a tO) = Qﬂ(x()? tO)

If p > 2, then @p(xo,to) C Qp(xo,to). Also, for any max{l
one has o > 2.

5 h <p < o0
The following theorem is the main result of this paper. We will prove it by
analysing sharp estimates inside and outside of the critical zone.

Theorem 3.1. Let K CC @1, u be a bounded weak solution of (D) in ¢y
and let (Q) hold. If (zo,to) € S5(K), p> 0, then u is C*** (in the parabolic)
at (xg,ty), i.e., there exists a constant M > 0 such that

sup  |u(x,t) — u(wo, to) — Vu(zo, to) - (x — m0)| < Mp'™®,
Qp(x()vt())mK

for p > 0 small enough, and « is defined by (IL2A). Moreover, if p > 2 and
(20, t0) & Sy (K NQ1), then the conclusion of the theorem is still true.

3.1. Sharp estimates in the critical zone. Using an iterative argument,
we prove the desired regularity estimate in the critical zone. The estimate
in Lemma P21 can be further improved up to the sharp exponent in our
compatibility regime (). The following lemma serves that purpose and
provides the first step of such iteration.

Lemma 3.1. Let u be a weak solution of (L) in Qi with ||ul|z=(g,) < 1.
There ezist § > 0 and X € (0,3) such that if || f| zar,) < 0, then

sup |’U,(.CL', t) - U(O, O) - VU(O, 0) ) .%" < )\1—1—&7
Qx

where « is defined by (I2).

Proof: Let ¢ > 0. From Lemma PZ1 we know that there exists a p-caloric
function ¢ and d > 0, such that whenever || f||zer(@,) < 9, then (21) holds.

Taking A € (0,3) (to be chosen a posteriori) and (z,t) € Q), and from
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Holder gradient continuity (cf. [9, I3, 20, 21, 22, 23, 25, B1, 32, 42]) we then
estimate

sup |u(z,t) — u(0,0) — Vu(0,0) - |

Qx

Qx
+ sup|(u—¢)(z, )] + [(u—¢)(0,0)| + [V (u—¢)(0,0)]

Qx
< Csup (\x\ + \/H) e + 3¢

Qx

< C)\(l—l—aH)min{L%"} + 3¢
< CAYfen 4 3¢ (3.1)

where C' > 0 is a universal constant. By fixing

) e <O,min{%, (%)H}) (3.2)

and choosing € € (0, sA'™) in (B), we conclude the proof. m

Note that the previous lemma is not enough to proceed with an iterative
scheme, because a priori we do not know the equation which is satisfied by
(u — Ly,)(NFz, \t)

M\e(1+a) ?

where { Ly } ren is sequence of affine functions (compare with [4], [I4, Theorem
2] and |19, Section 5 and 6] in the fully nonlinear setting). Nevertheless, it
provides the following information on the oscillation of u in @)).

Corollary 3.1. Under the conditions of Lemma 31 one has
sup |u(z,t) — u(0,0)| < A+ A|Vu(0,0)],
Qx

where X\ is a constant satisfying (B2), and « is defined by (I2).

Proof: Using Lemma BT we estimate

sup |u(z,t) — u(0,0)] < sup|u(z,t) —u(0,0) — Vu(0,0) - z| + sup |Vu(0,0) - z|
Qx Qx Qx
< Ao 4 \[Vu(0,0)].
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In order to obtain a precise control on the influence of magnitude of the
gradient of u, we iterate solutions (using Corollary B) in corrected A-adic
cylinders.

Lemma 3.2. Under the assumptions of Lemma 31 one has

k—1
sup |u(z, ) — u(0,0)] < N 4 [Vu(0,0)] Y A, (3.3)
Qi =0

where X\ is a constant satisfying (B2) and « is defined by (IC2).

Proof: We argue by induction. When k = 1, we have (B33) from Lemma BT.
Suppose now that (B23) holds for all the values of [ = 1,2,--- k. Our aim is
to prove it for [ = k 4+ 1. Define vy, : 1 := By X (—/\9("_1), 0] given by

u( Nz, A1) — u(0,0)

vg(x,t) ==

Y

k-1
AR(+0) 4 |T0(0,0)] 3 Mo
=0

where # > 0 is a constant to be chosen later. By induction hypothesis
[0k]] e (g,) < 1. Note also that v(0,0) = 0,

MO (N, NKOt)

k—1
| S Ak+ia
=0

J

MV u( Nz, \kOt)

(0r)i(2, 1) =

Y

AF(te) +1V74(0,0)

Vou(z,t) =

k—1
MNe(+a) + 174 (0,0)| S Aktie
j=0

and
MNP (A ju) (N, \FOt)

Apvp(z,t) = — -1
‘ Z )\k+joz>
=0

J

Ak(1+a) 1 |Vu(0, 0)

Choosing

k-1 2-p
0 := 2+ logx (Ak“ + |Vu(0,0)| Z )\j"‘> ,

j=0
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we obtain

3 ko
(k) — Apuy, = AP0, X71) — =: fr(z,1).

p—1
(i o)

We then estimate

0 ;
1 fell ooy = (/A)( \fk(:z:,t)|qu) dt>

0

1
T

?

= lefHL‘”Qk
( ket |Vu(0,0)] Z AJ“)
()]
= p[i=(pg+ 7)== (5 +7)] HfHLqT(Q ‘)
()\’“UrIVu ZAJQ
NS +2) a{p[l Gt [=CHDI ) £l 2o o)

<
< §p.

Hence, one can apply Lemma B to v; and obtain
sup |vg(z,t) — v5(0,0)] < AT 4+ X\ Vur(0,0)],

Qx
or else
Nz \F9t) — (0,0 plan 0,0
gup NN ZuO O _ v Tu0.0l
Qx \e(l+a) |Vu(0 0)| Z \k+ia \e(l+a) |Vu(0,0)| Z \k+ia
§=0 §=0

which, by scaling back provides

k
sup [u(z,t) — u(0,0)] < AFDIF) 4 [73(0,0) Y - A

Qk+1 =0
The latter is (B33) for &k + 1. m

The next result leads to a sharp regularity estimate in the critical zone.

Theorem 3.2. Under the assumptions of Lemma [Z1 there exists a universal
constant M > 1 such that

sup fu(, £) —u(0,0)] < Mp™** (1+[Tu(0,0)|0™) . ¥p € (0.1),
Qp
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where X is a constant satisfying (B2), and « is defined by (L2).

Proof: Take p € (0,\) and choose k € N such that \*! < p < M. Using
Lemma B2, we estimate

|u(z,t) — u(0,0)] < 1 lu(z,t) — u(0,0)]

Sl}p 1+ — 1+ }lp k(14
0, 0 a \+a 0. A (14+a)

k-1 ]

Z )\k‘—f—ja

1 j=0
1 + |VU(O, O)|W

IA

k—1
— 1+ |vu(0,0)|MaZAja]

L Jj=0

IA

1 1 i
)\1+a (1 + 1 — )\a> (1 + |VU(0,0)|>\ g )

1 1 .
pYE (1 + = Aa) (1+ [ Vu(0.0)]p™)

which concludes the proof. |

IA

As a consequence, we obtain the first part of Theorem Bl

Proof of the first part of Theorem [Z1. Without loss of generality, we may as-
sume that K = Q1 and (zo,%) = (0,0). Using Theorem B3 (re-scaled ac-

cording to Remark 21, if needed), we estimate

sup |u(z,t) — u(0,0) — Vu(0,0) - x| < sup |u(z,t) —u(0,0)| + |[Vu(0,0)|p
Qp Qp
< M (1+|Vu(0,0)[p™%) p** + p'*®
S 3Mp1—|-06.
|

3.2. Sharp estimates outside of the critical zone. Next, we assume
p > 2 and prove the conclusion of Theorem B, despite having (xg,ty) ¢
SHK N Q1), ie., when [Vu(zo,to)| > p° thus, completing the proof of
Theorem Bl As before, without loss of generality, we assume that (xg,ty) =
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(0,0). Since |Vu| is continuous, one can define 7 = |Vu(0,0)|"/* > 0. Take
any p € (0,\). We then analyse all the possible cases.
Case 1. If p € [1, \), then from Theorem B2 we obtain

sup |u(z,t) —u(0,0)| < Mp't® (1+|Vu(0,0)]77),
op
for a constant M > 1. Hence, u is C'™ (in the parabolic sense) at the origin.
Case 2. If p € (0,7), then in order to apply Theorem B2, we need to
properly re-scale u. Let
u(rx, 77t) — u(0,0)

vz, t) = i ,

where 7 := 24+a(2—p). Observe that in Ql = By X (—77("_1), O} the function
v is a weak solution of

v — Apv = LD f (e, 7t = g(a,t).
Note also that

malp=D)+1-(5+7)

HgHqu(Ql) < ‘fHLw(QTy

The choice of « in () guarantees that
—alp-1)+1-(Z+2) >0
q T
Using Theorem B2 and taking into account that v(0,0) = 0 and |Vv(0,0)| =
1, we get
|U(3§', t) — U(O, O)‘

7-1‘1'0[

sup oz, £)| = sup < M(1+ |[Vu(0,0)7~).

o) Q-
On the other hand, u € Cﬁfgﬁ for some g € (0,1) (see [9, 3, 20, 21, P2, 23,
25, 31, 32, 42]). Hence, there exists o > 0 small enough such that
Vo(z,t)| > % (1) € O..
Therefore, v is a weak solution of a uniformly parabolic equation, i.e.
vy — div(A(z,t)Vo) = f,

where A(z,t) is (Holder) continuous and 0 < a < A(x,t) < b < oo, for some
constants a and b. Thus, v € C*¥ locally (see [19, 28]), where the sharp
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exponent is given by
n 2
g*=1- (—+—) > .
q r
The last inequality is true, since p > 2. In particular, v € C1*° so there is
a universal constant C' > 0 such that

sup [o(z,1) = V0(0,0) - o] < Cpj™, Wpo € (0,5).

Qpy
that is
t) — 1 (0,0
S}]_p U(TLC,TTl)Jra U( ) ) o T_QVU(O,()) . $’ < Cfp(l)—i-a’
on
or else

sup |u(7z, 77t) — u(0,0) — Vu(0,0) - (12)] < C’(T,oo)HO‘.
Qp

The latter implies for py € (O, %)
sup |u(z,t) — u(0,0) — Vu(0,0) - 2| < Cpy™™®,
Qpp
which means that u is O™ at the origin.
Finally, if py € {%, 7‘), then

sup [u(z, ) — u(0,0) — Vu(0,0) - 2| < sup|u(z,t) — u(0,0)] + [Vu(0,0)|7
Qp() QP()

07_1—1—04

9 1+a
- oft)

= Cppt.

IA

Therefore, the desired estimate is true, and the proof of Theorem B is
complete.
The next result shows precisely how the O™ modulus of continuity for

solutions of (IT) degenerates along the e-levels of k(n,p,q) =1 — (% + 2)

.
as € vanishes.
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Corollary 3.2. Let u be a bounded weak solution of (L) under the com-
patibility conditions (Q). For any fited 0 < s < 1 and for e < 1, if

fe L8<17L—8)’(1—28>8(Q1), then u is C'T9 (in the parabolic sense), where
I { 2 ‘} — 0 — 0+
- = min , as € :
5 1) — (- 2)(1 —5)e

Finally, we also obtain how the C'*® modulus of continuity for solutions
of () “improves asymptotically” along the e—levels of

nr 2

g(n7p7Q7r> - (7“— 1)q + r—1 - (2_]7)
as € — 0, in the singular scenery, i.e., max {1, %} <p<?2

Corollary 3.3. Let u be a bounded weak solution of (L) under the compat-
ibility conditions (Q). For any 0 < s < 1 and for 0 < ¢ < 1 small enough,

: 2n r — nr
if max{l,m} <p<2and f e LY(Qq), where q = ) (=) and
r= m + 1, then u is C1™ (in the parabolic sense), and

a. —>ag as € — 0+.
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