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ACCURACY OF A COUPLED MIXED AND GALERKIN
FINITE ELEMENT APPROXIMATION FOR
POROELASTICITY

SILVIA BARBEIRO

ABSTRACT: In this paper, we consider a coupling mixed finite element and continu-
ous Galerkin finite element formulation for a coupled flow and geomechanics model.
We use the lowest order Raviart-Thomas space for the spatial approximation of the
flow variables and continuous piecewise linear finite elements for the deformation
variable while we consider the backward Euler method for the time discretization.
This numerical scheme appears to be one common approach applied to existing
reservoir engineering simulators. Theoretical convergence error estimates are de-
rived in a discrete-in-time setting. Previous a priori error estimates described in
the literature e.g. [2][19], which are optimal, show first order convergency with
respect to the L?-norm for the pressure and for the average fluid velocity approxi-
mation errors and with respect to the H'-norm for the displacement approximation
error. Here we prove one extra order of convergence for the displacement approx-
imation with respect to the L?-norm. We also demonstrate that, by including a
post-processing step in the scheme, the order of convergence for the approximation
of pressure can be improved. Even though this result is critical for deriving the L>-
norm error estimates for the approximation of the deformation variable, surprisingly
the corresponding gain of one convergence order holds independently of including
or not the post-processing step in the method.

KEYWORDS: Maxwell’s equations, leap-frog DG method, stability and convergence.

1. Introduction

Poroelasticity theory is used to model the interaction of fluid flow and the
mechanical response in fluid-saturated porous media. The deformation of the
medium influences the flow of fluid and vice versa. The development of the
necessity coupled geomechanics and flow models emerged in the context soil
mechanics, in particular with the seminal work of Karl von Terzaghi [24] and
the theory proposed by Maurice Anthony Biot [4][5], known as Biot Theory.

Poroelasticity models are widely used in geomechanics and reservoir en-
gineering, and they have relevance in diverse other fields as, for example,
biomechanics and environmental engineering. Due to high interest of applica-
tions there is an ever-growing demand for reliable models and numerical tools.
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Applications range from reservoir simulation [9][20][22][23], modelling carbon
sequestration [12], the study the mechanical behaviour of fluid-saturated liv-
ing bone tissue [11], among others as highlighted in [18].

As a prototype of the geomechanical coupling between the single-phase flow
of pore fluids and the deformation of the solid skeleton, in this paper we con-
sider the linear poroelastic Biot Theory. The flow (pressures and fluxes) and
deformations (displacements) in the poroelastic medium are modeled based
on the Darcy’s law and the momentum and mass conservation principles.
The momentum equation is similar to linear elasticity, with a fluid pressure
term acting as a force.

We summarize the governing equations below. Let Q € RY, d = 2 or 3,
denote the domain of interest. The coupled balance equations are written as
follow: find (u,p) such that

—(A+ ) V(V-u) —puVu+aVp = fin Qx (0,7]

Gi(cop+aV -u) =LV - K(Vp—prg) = s;inQx(0,7T]
p = pponl,x(0,T]
~ K (Vp—psg)-n = qonTyx(0,T] (1)
u = uponyx(0,7T]

5'77 = Iy on FN X (O,T]

p(0) = p’inQ,
where 0 = I') UT'y and 092 = 'y U I'y, with meas(I'y) > 0. The symbol
n represents the outward normal vector on 9¢€). The primary variables are
the pressure p and the deformation u. The physical parameters of the model
are: A, i, the Lamé constants, c,, the constrained specific storage coefficient,
«, the Biot-Willis constant, ¢, the fluid viscosity, py, the fluid mass density
and g, the body force per unit of mass. The effective stress o, is the standard
stress tensor from elasticity,

o(u) = 2ue(u) + Atr(e(u))!,
where 1
e(u) = 5 (gradu + (grad u)t),
and [ is the identity matrix in R? x R?, and the total stress, &, is given by
g(u,p) =o(u) — apl.

The Biot-Willis constant has the range of values 0 < a« < 1. K denotes the
symmetric permeability tensor. We require the existence of the inverse of
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the operator K and we assume that K ! is uniformly bounded and positive
definite, that is, there exists a positive constant ( such that, for all s €
(L2()),

(K_l(X, t)S,S) > CHSHLQ(Q), Vx e (Ot e [O,T], (2)
and we assume the storage coefficient to be strictly positive and uniformly
bounded,

0 <7 <c(x) < L, Vx € (3)

In practice, if the initial condition p° is unknown, then p° can be found by
considering Vp(0) = pyg and then use the first equation of (1) to find u(0).

The complete system (1) can be solved either simultaneously, in a fully
coupled approach, or sequentially, in a loosely coupled scheme. The analysis
of the fully coupled numerical method, combining a mixed method and a
continuous or discontinuous Galerkin method, was considered e.g. in [2], [13]
and [19]. The iteratively coupled solution methods were considered e.g. in
[14], [16] and [27].

In this paper we focus on the fully coupled method which combines lowest
order Raviart-Thomas mixed finite elements for the Darcy flow and Galerkin
piecewise linear finite elements for elasticity. We analyze the effect on conver-
gence of considering a post-processing step in the scheme and we prove second
order of convergence in space for the pressure approximation. Moreover we
derive L?-error estimates for the approximation of the deformation and we
also obtain second order of convergence in space. Both results, which are here
proved considering the fully coupled approach, are also useful to analyse the
iteratively coupled schemes which converge to fully coupled schemes [27].

2. The coupled variational formulation

In order to introduce the mixed formulation for the flow [17] [21], we con-
sider the variable for the flux z = —Ml—fK(Vp — pr8).

For the mixed variational formulation of the problem (1), the function
space for pressure is L*(2). The space used for the flux variable is

H(div) := {s € (L*(Q)?: V-s € L*(Q)}
and we define its subset
S := {s € H(div) : s - n|p, = 0}.
The function space for the deformation is
Vo= {veH (Q)):v|, =0}
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Associated to this space we define the bilinear form ay(.,.) by

au(u,v) = /Qa(u) ce(v) dx,

or equivalently

(1, v) = /Q (2ule() : e(v)) + AV - u)(V - u)) dx.

The bilinear form is continuous and coercive in Vi x Vg ([7]); therefore, for
some positive real number C,,,; and Cle holds

au(u,v) S CcontHuHHlHVHI—Ila \V/U,V € V07 (4)

aa(V, V) > Coper||V||51, ¥V € V.

We define the linear functional

él(v):/f-v+/ ry-v, VvE&E Vg,
0 Ty
Eg(w):/sfw, w e L*(Q),

0

Eg(s):—/ pDS-77+/pfg-s, seS.
r 0

p

Since the boundary conditions are allowed to be inhomogeneous, we need to
select, for each t € [0, T, a function ugy(.,t) € (H'(22))? such that ug(.,t)|r, =
up(.,t) and a function z4(.,t) € H(div) such that z4(.,t)|r, - n = q(., 1).

The variational problem becomes: find u € ug + H([0,T]; Vo), p €
HL([0,T); L*(Q2)) and z € z4 + L*([0,T];Sp) such that

auw(u,v) —a(V-v,p) = l1(v), (5)
(co%,w> +a<%v-u,w> +(V-z,w) = lr(w), (6)
pi(K~'z,8) — (p, V- 5) = L5(s) (7)

holds for all (v,w,s) € (Vg, L*(2),Sg) and t € [0,T].
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We also make the following smoothness assumptions, in order the above
variational formulation makes sense:
f el ([0,T]; (H(2)),
sy € C([0.T]: 1(9),
pp € C([0,T]; LX(T,)),
qe C(0,T);TrS), TrS={s- Me, 1S € H(div)},
up € C'((0, T]; (H'*(Ty))"),
ry € CY([0, TY; (H 1/2( v)),
g € C([0, TT; (L*(2))9),
u’ € (H'(Q))Y,
P’ € L2(Q).

In order to approximate the variational problem (5)-(7) with a finite ele-
ment scheme we need to provide some definitions.

Let &, and &y be two nondegenerate partitions of the polyhedral domain
(2, with maximal element diameter h and H, respectively. The elements of
En and Ey are triangles, if d = 2, and tetrahedra, if d = 3.

Let (W}, Sy) C (L*(R2) x H(div)) denote a standard mixed finite element

space on &, called lowest order Raviart-Thomas approximating space (RT0)
(e.g. [8], [21]) and

Sh,O = {SESh:S-n|Ff ZO}.

We consider the linear operators IIj, : H(div) — S;, and I, : L? — W)}, which
satisfy the following properties:

(V- (s—=1Is),w) =0, Ywe W,
Is = Ipslz2) < Chlls|n o)
v Hh — I,V
(V-sp,p—1Inp) =0, Vs, €8y,
1P = Inpllr2) < Chllpllme)

Let Vg be the space of continuous piecewise polynomials of degree 1 defined
on £y and

VHO = {V eEVy: V‘FO = 0}
The elliptic projector Ey : (HY(Q))? — V is defined by

ay(u— Egu,vy) =0, Vvy € Vg, (8)
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and satisfies (see [7])
Hu—EHuHau S CHHUH(HQ(Q))d (9)

Let ugy(x,t) = Egug(x,t) and zg(x,t) = [ze(x,t). We define At =
T/N, where N denotes the number of time steps and t" = nAt and we will
use the following notation ¢" = ¢g(.,t").

The fully discrete method is derived by discretizing the time derivatives.
Here we considered the backward Euler method.

The complete numerical formulation becomes: find u} € ujj; + Vg,
py, € Wy, zj € zj;, + Sp 0 such that

au(u?ia V) o a(p;ﬁia V- V) - ESL(V)) (10)

n __ ,n—1 n -1
(Q}%,ﬂ)) +oz(V- %,w) + (V- zp,w) = l5(w), (11)
pr((K™ 'z, s) — (pp, V-s) = 63(s), (12

for all (v,w,s) € (Vmo, Wh,Sho). Here (0,,)} is defined locally in £y by

(7 = —str(or ().

Additionally, we consider the initial conditions u% € u%;; + Vo, p) € Wy,
such that

au(Ug, V)|, = aw(u’,v), Vv € Vy,

(phaw)h:o - (pO’w)’ Vw € Wh-

The fully coupled scheme involves calculating u%, p; and z; simultaneously.
The convergence result in the next theorem can be found in [2], [19].

Theorem 1. Let (u,p,z) be the solution of (5)-(7) and (uy,pp,zs) be the
solution of (10)-(12). Then, for At small enough, there exists C' > 0 such
that

a —upl|pe) + P = pullez) + 12 — 2ol 222) < C(H + h) + O(At),
(13)

where C' depends on the model parameters, and on the true solution but is
not dependent on H, h and At.
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3. Post-processing step for pressure

The objective of this section is to obtain a higher order approximation for
pressure. To improve accuracy, a post-processing step can be included in the
numerical scheme, following the idea by Arbogast and Wheeler in [1].

We start by defining the space W), consisting of functions that are discon-
tinuous and piecewise linear over the grid &£,. We locally post-process the
pressure by finding p, € W), such that on each element of R € &,

(Co(ﬁz - p2)7w)R =0 VYwe Wha (14)
(K"Vpp 42z, V), =0 Yw € W, (15)

We will demonstrate that this post-processing technique improves the ap-
proximation p so that the L*error between p' and p(t") is of second order
in space.

In the error analysis we will compare the post-processed finite element
solution to an elliptic projection of the solution of (5)-(7). We define the
projection (P, Zy) € Wy, x Sy, of (p,z) [1] [26], by

(co(Py—p)yw)+ (V- (Zp—2z),w) =0 Yw € Wy, (16)
1 (Kﬁl(Zh—z),s) :(Ph—p,V'S) Vs € Sy, (17)
and on each element R € &, we define f’h € Wh by
(co(ﬁh — P, w)R —0 Vwe W, (18)
(KVf’h v 7o, Vw)R —0 Ywe W, (19)

For convenience, we now introduce some additional notation, in particular
for auxiliary and projection errors:

' =ph— P €Wy & =ph—FBeW, ("=z-Zj€S)
and
n't=r—p", 0" =h5-p"
To simplify the notation in we use |||, ||-||cc and ||.||1, respectively, for the
L?, L™ and H'! norms.

Lemma 1. The following inequalities hold

IVe€"lo < veo™ o, (20)
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(ca(€ =, ") < QU™ 30, (21)
where ) depends on the positive upper and lower bounds for ¢, and K.

Proof: For any element R € &, by (14), (15), (18) and (19) we note that

(@ =€,1) =0, (22)
(K"VE" + (", Vw), =0, w € W, (23)
Since £" is constant on R, from (22) we have
(" € = (ol = €67+ ("€") .

and (20) follows.
For a good choice of the constant C', we get

(ol =g, 8" ") = (el —0,8") = (al@—em.8-C)
< QIIVeo(E" = Elo.IIVE lo. P
and then
IVeo(€" = EMlor < QIVE o,z .
Taking w = £" in (23) results
I(E™Y2VE lo.p < (K™ o5,
and we obtain (21). |

The detailed arguments that proof of the next lemma can be found in the
demonstration of Theorem 2 of [1].

Lemma 2. Assume sufficient reqularity of data and of the true solution of
(5)-(7). For each t € (0,T] and for h sufficiently small, holds

[nllo = 1P = pllo < Cllz]1h, (24)
I7llo = 122 = pllo < C (2l + IV - 2]l1) A, (25)

1@ello = I(Pr = p)ello < C (2l + IV - zll1 + [[(2)elly + IV - ze]l1) 2, (26)
where C' 1s independent of t, p, h and At.

The next result will be central in the convergence analysis.
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Lemma 3. Let Ey be defined by (8). The following estimate holds
o
IV - Egu =V -ugllo < llp = pallo. (27)

Proof: For any element R € £ we have
AV - (Egu —up)|g g < au(Egu — uy, Egu — uy)
=a(p—pn V- (Egu—uy))y
=a(p—pn V- (Egu—up))y
< allp—pullorllV - (Egu —ug)|lor
|

The convergence result for the post-processed numerical solution for pres-
sure is given in the next theorem.

Theorem 2. Consider that &, and Eg coincide or &, to be a refinement of
Ey. Assume sufficient reqularity of the true solution and that the initializa-
tion error satisfy

155 — °llo < Co(po)P?,
or some constant Cy depending on py. Le satis 2+ > an
f tant Cy depending on py. Let At satisfy AtEL > Qh* and
At = ¢ H? for some positive constant ¢'. If 0‘72 < i%, then for h and H
suffictently small,

max [|p" — Fillo < C(p)(h* + H?), (28)
where C'(p) depends on p but not on h, H or At.

Proof: For convenience, we use the notation

ly(u,w) = a(%v -u, w),

n n—1
) _ Uy — Uy
ly(uly, w) = a(V A7 ,w).
Combining (6), (11) and (14), we obtain, for all w € W),

(co(Ph —p")sw) = (co(Py " — P 1) w) + AV - zj, w)

ﬁn
—/ (V- z,w)dt
tn—1
ﬁn

= At (Eg(w) — E4(11?{, w)) — /t (Eg(w) — 54(11, w)) dt.

n—1
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Then
(ol + "), w) = (col& ™+ 771, w) + AUV - ¢, w)

tn

+AH(V - Zy,w) — / (V-z,w)dt

tnfl
tn

= At (ly(w) — ly(ufy, w)) — / (ly(w) — ly(u,w)) dt,

tnfl

and by (16) we get

(ol + i7", w) = (ol 47", w) + AUV - ¢, w)

+ /tn1 (ﬁg(w) — 64(11, w)) dt

ﬁn

= At (la(w) — ly(ufy, w)) +/ (V-z,w)dt — At(V - 2", w)

tn—l

+ At (con™, w) . (29)
Combining (7), (12) and (17), we have
py (K¢ s)
=, V- 8) + (bs,8) — g (K12 —2").8) — iy ((K") 2", 8)
= (P}, V- s)+ (l3,8) — (P}, V -8) — py (K™ '2",8) + (p", V - 5)
= (§", V- s). (30)

Taking in (29) and (30) w = " and s = (", respectively, we obtain
(col€ + "), €") = (o€ + 7" 1), €") + AUV - ", €")
lo(E") — ¢ ") d
+ [ (e~ e a

tn

= At (6(€") — ly(ufy, €7)) + /tnl(v 2, M) dt — AH(V - 2", E7)
+At(e,n", E")
and

pr (K71 CM) = (€1, V- (7). (31)



ACCURACY OF A COUPLED MIXED AND GALERKIN FEM FOR POROELASTICITY 11
Using (18) we get
(co™,€") = (co™,€7) + Aty (K7'¢"C7)
_ /tn (V-z—V-2z" ") dt + /tn O(u, €7 dt — Atly(uly, €)
1

n— tnfl

—(1 = At)(coif", €") + (co™ 1 7). (32)

Since
(e 67) < 3 (e 8Y) + 5 (e, €1
then
(cof &) = (0 .6) > (€)= 5 (e, 871) = 5 (e, €7).

From (14) and (18) we obtain (COE”,S”‘) = (c,€", £") and consequently,
(e, €)= (e 67) = 2 (i €") — 5 (" 6)

(e b ) - n8).

We will now analyze the right-hand side of (32). Bramble-Hilbert Lemma
(e.g. [10]) implies that

tr m
H/ V.z—V-z"dt]y < C(At)3/2\|/ (V- z) dt|o,
tnfl tnfl

where C' is independent of ¢, z, h and At. Hence,

ﬁn

tn
/ (V.z— V.2 e)dt < C (Hgnngm +/
t t

n—1 n—1

(v z>t\|3dt<At>2) - (34)

Summing and subtracting (Eyu)”, where Ey is the elliptic projector defined
by (9), we have that

t" "
/ 54(11, fn) dt — Attl(u%, fn) = / 64(11 — EHII, én) dt
t t

n—1 n—1

+ Atll((EHu)” — u”H, fn) (35)
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Let us now consider the first term of the right-hand side of (35). For any
e > 0, holds

ﬁn
/ ly(u— Egu, ") dt < CALH ||y zoo(z2)[1€" |0
t

n—1

C — n
< 4—€AtH4HutHioo(H2)+6AtH Nes (36)

For the other term, we use Lemma 3 and (25) to obtain the estimate

Atly(Bgu — g, ") < —([p" = sillo + [Ip" ™" = 2~ o) 1€" lo

N
ESh

VAN
wqy

(™o + 115" Mo + 1€ 1o + 1€™ o) 1€™lo
(HZHLOO o+ HV 2| o)) B2(1€7 o

H€ Ho+ H£” 5. (37)

[t remains to analyze the last term of the right hand-side of (32). Using
Lemma 2 we deduce that

t’n

(o ) + (o, E7) = — / (o) €7)

ﬁn
<o ([ N+ leiza)

tn
<0 (i [Vl + 17l + Nl + 19 sl e+ eRA) (39

n—1
and

At(con", €") < CR*AL (12|17 + IV - 2"[[) + [€"[FAL. (39)
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Combining (32) with (33) and using (21), (34), (36), (37), (38) and (39)

we obtain
5 (08 8) = (e &) 4 ((K™) ¢ ¢7) Aty — S @R)
~ tn
<c (ngnu% + [ z>tn3dtm) At

n—1

C 4 2 2| ¢n (2 3a? D) 1o Sn—1112
+4—€AtH HutHLoo((tn—l,tn),m)"'GAtH 1€ HO+§7H£ "0—'—57"5 15

t'n/
+c(h4 [ Vel 419 -1+ o + HV-th?dt>

n—1

+ CRAL (||2"|]] + |V - 2"||7) - (40)

A summation on n, and an application of Gronwall’s inequality yield to

T
max [|€"[[j < C(|\£°|\3+h4/0 l2l3 + IV - 2lff + [ (2)ell + [V - Iy dt

+h (HZH%OO((O,T),Hl) + |V ZH%“’((O,T),HU) + H4HutH%°°((O,T),H2)>'
(41)

Remark 1. [t is interesting to observe that equation (10) remains unaltered
if we replace py by py, under the assumption that &, and Ex coincide or that
En s a refinement of Eg. In fact, for any test function v € Vo we have that
V - v is constant in every element R € &, and consequently (p},V - v)p =

(ﬁz, V . V)R.

4. The L? estimates for deformation

The objective of this section is to derive the convergence order for the
displacement approximation error with respect to the L?-norm. The estimate
we will derive is based on duality techniques.

Let e = u" —u%. We will restrict our study to the case ey € V), which is
satisfied for example when the Dirichlet condition for u in I'y is homogeneous.
If the general case of inhomogeneous Dirichlet data for u in I'y, the analysis
required is more involving. We refer the paper [3] for some insight in this
question, even though therein the study is restricted to the Laplace equation.
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Consider the dual problem: find ¢ € V), such that
au(p,v) = (e}, V), Vv € V. (42)

For the derivation of L? error estimates we assume that the problem (42) is
H?-regular, that is, ¢ € H*(Q) and

llz2 < Cregllegllo; (43)

where C), is a positive constant which depends on the domain 2. A sufficient
condition for the H? regularity estimate (43) to hold is that the domain
is a convex polygonal domain in R? and that (42) is a pure displacement
problem (I'y = 0€2) [6]. Other conditions which guarantee (43) to be true are
discussed for instance in [15] and [25].

In the next theorem we present the L’-estimates.

Theorem 3. Under the foregoing assumptions of Section 4 and the same
conditions as in Theorem 2, the following estimate holds:

lu—ug| =2 < C(H? + h?). (44)
Proof: Let Ig¢ € Vg be the nodal interpolation of ¢. It is well known that
|6 = Tadlly < Cinterp H [ 9]] 12 (45)
Since ey € V| then,
lefills = an(@, ehr) = aulely, & = [nd) + au(ely, Ind)
= au(ely, ¢ — Ind) + (V- Iy, p" — p})
= au(€f, & — Ind) + (V- (Ind — ¢),p" — pp) + (V- ,p" — ).

Now, the trick is to sum and subtract the post-processed approximation for
pressure. We get

lef 15 = au(efr, & — Ing) + a(V - (Ing — ¢), " — Bp) + a(V - 6, p" — pp).
Using (4), (43) and (45), we obtain

HenHH(Q) < CcontcinterpcregHHe?IHlHe%Ho + O‘CcontcmterpcregHHe%Houpn —Dhllo

+ aCreglleflol[p" — Dhllo, (46)
and consequently,
lefllo < C(Hllef |y + H[p" = phllo + 10" = Prllo) - (47)
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5. Conclusion

In this paper we have analyzed the convergence of a fully coupled numerical
method for a coupled flow and geomechanics model. The numerical scheme
combines lowest order mixed finite elements and Galerkin piecewise linear
finite elements. We proposed a post-processing procedure to increase the or-
der of convergence of the numerical approximation of pressure. Moreover, we
were able to gain one order of convergence for the numerical approximation
of displacement, estimating the error in the L*norm when compared to the
error in the H'-norm.
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