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ABSTRACT: In this paper we use the Riemann—Hilbert problem, with jumps sup-
ported on appropriate curves in the complex plane, for matrix biorthogonal poly-
nomials and apply it to find Sylvester systems of differential equations for the or-
thogonal polynomials and its second kind functions as well. For this aim, Sylvester
type differential Pearson equations for the matrix of weights are shown to be in-
strumental. Several applications are given, in order of increasing complexity. First,
a general discussion of non—Abelian Hermite biorthogonal polynomials in the real
line, understood as those whose matrix of weights is a solution of a Sylvester type
Pearson equation with coefficients first order matrix polynomials, is given. All these
is applied to the discussion of possible scenarios leading to eigenvalue problems for
second order linear differential operators with matrix eigenvalues. Nonlinear matrix
difference equations are discussed next. Firstly, for the general Hermite situation
a general non linear relation (non trivial because the non commutativity features
of the setting) for the recursion coefficients is gotten. In the next case of higher
difficulty, degree two polynomials are allowed in the Pearson equation, but the dis-
cussion is simplified by considering only a left Pearson equation. In the case, the
support of the measure is on an appropriate branch of an hyperbola. The recursion
coefficients are shown to fulfill a non—Abelian extension of the alternate discrete
Painlevé I equation. Finally, a discussion is given for the case of degree three poly-
nomials as coeflicients in the left Pearson equation characterizing the matrix of
weights. However, for simplicity only odd polynomials are allowed. In this case, a
new and more general matrix extension of the discrete Painlevé I equation is found.
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1. Introduction

Matrix extensions of real orthogonal polynomials where first discussed back
in 1949 by Krein [43] 44] and thereafter were studied sporadically until the
last decade of the XX century, being some relevant papers [11, 38|, [53]. Then,
in 1984, Aptekarev and Nikishin, for a kind of discrete Sturm—Liouville op-
erators, solved the corresponding scattering problem in [53], and found that
the polynomials that satisfy a relation of the form

£EPk([E> = Akpk+1<a:> + kak<£lf) + A271Pk—1($>; k=0,1,...,
are orthogonal with respect to a positive definite measure; i.e., they derived
a matrix version of Favard’s theorem.

In a period of 20 years, from 1990 to 2010, it was found that matrix orthog-
onal polynomials (MOP) satisfy, in some cases, properties as do the classical
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orthogonal polynomials. Let us mention, for example, that for matrix ver-
sions of Laguerre, Hermite and Jacobi polynomials, i.e., the scalar-type Ro-
drigues’ formula [32, 33] and a second order differential equation [12, [30], [31]
has been discussed. It also has been proven [35] that operators of the form
D=0?Fy(t)+0' F(t)+0°F, have as eigenfunctions different infinite families
of MOP’s. A new family of MOP’s satisfying second order differential equa-
tions whose coefficients do not behave asymptotically as the identity ma-
trix was found in [12]; see also [14]. We have studied [3, [5] matrix exten-
sions of the generalized polynomials studied in [, 2]. Recently, in [6], the
Christoffel transformation to m,atrix orthogonal polynomials in the real line
(MOPRL) have extended to obtaining a new matrix Christoffel formula, and
in [7, 8] more general transformations —of Geronimus and Uvarov type— where
also considered.

It was 26 years ago, on 1992, when Fokas, Its and Kitaev, in the context
of 2D quantum gravity, discovered that certain Riemann-Hilbert problem
was solved in terms of orthogonal polynomials in the real line (OPRL), [36].
Namely, it was found that the solution of a 2 x 2 Riemann—Hilbert problem
can be expressed in terms of orthogonal polynomials in the real line and its
Cauchy transforms. Later, Deift and Zhou combined these ideas with a non-
linear steepest descent analysis in a series of papers [25, 26|, 28, 29] which was
the seed for a large activity in the field. To mention just a few relevant results
let us cite the study of strong asymptotic with applications in random matrix
theory, [25, 27], the analysis of determinantal point processes [22], 23], [45], 46],
orthogonal Laurent polynomials [49, 50] and Painlevé equations [24, 41].

The study of equations for the recursion coefficients for OPRL or orthog-
onal polynomials in the unit circle constitutes a subject of current interest.
The question of how the form of the weight and its properties, for example to
satisfy a Pearson type equation, translates to the recursion coefficients has
been treated in several places, for a review see [57]. In 1976, Freud [37] stud-
ied weights in R of exponential variation w(z) = |z|” exp(—|z|™), p > —1 and
m > 0. For m = 2,4, 6 he constructed relations among them as well as deter-
mined its asymptotic behavior. However, Freud did not found the role of the
discrete Painlevé I, that was discovered later by Magnus [48]. For the unit
circle and a weight of the form w(0) = exp(kcosf), k € R, Periwal and She-
vitz [54, 55], in the context of matrix models, found the discrete Painlevé II
equation for the recursion relations of the corresponding orthogonal polyno-
mials. This result was rediscovered latter and connected with the Painlevé I11
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equation [40]. In [9] the discrete Painlevé II was found using the Riemann—
Hilbert problem given in [10], see also [56]. For a nice account of the relation
of these discrete Painlevé equations and integrable systems see [21], and for a
survey on the subject of differential and discrete Painlevé equations cf. [18].
We also mention the recent paper [20] where a discussion on the relationship
between the recurrence coefficients of orthogonal polynomials with respect to
a semiclassical Laguerre weight and classical solutions of the fourth Painlevé
equation can be found. Also, in [19] the solution of the discrete alternate
Painlevé equations is presented in terms of the Airy function.

In [15] the Riemann-Hilbert problem for this matrix situation and the
appearance of non—Abelian discrete versions of Painlevé 1 were explored,
showing singularity confinement [16]. The singularity analysis for a matrix
discrete version of the Painlevé I equation was performed. It was found
that the singularity confinement holds generically, i.e. in the whole space
of parameters except possibly for algebraic subvarieties. The situation was
considered in [17] for the matrix extension of the Szeg6 polynomials in the
unit circle and corresponding non—Abelian versions discrete Painlevé IT equa-
tions For an alternative discussion of the use of Riemann—Hilbert problem
for MOPRL see [39].

Let us mention that in [51],52] and [13] the MOP are expressed in terms of
Schur complements that play the role of determinants in the standard scalar
case. In [I3] an study of matrix Szegd polynomials and the relation with
a non—Abelian Ablowitz—Ladik lattice is carried out, and in [4] the CMV
ordering is applied to study orthogonal Laurent polynomials in the circle.

In this work we obtain Sylvester systems of differential equations for the or-
thogonal polynomials and its second kind functions, directly from a Riemann—
Hilbert problem, with jumps supported on appropriate curves in the complex
plane. The differential properties for the weight function are fundamental.
In this case we consider a Sylvester type differential Pearson equation for
the matrix of weights. We also study whenever the orthogonal polynomials
and its second kind functions are solutions of a second order linear differ-
ential operators with matrix eigenvalues. This is done by stating an ap-
propriate boundary value problem for the matrix of weights. In particular,
special attention is paid to non—Abelian Hermite biorthogonal polynomials
in the real line, understood as those whose matrix of weights is a solution of
a Sylvester type Pearson equation with given first order matrix polynomials
coefficients.
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Several applications are given, in order of increasing complexity, as well.
First, we return to the non—Abelian Hermite biorthogonal polynomials in
the real line, and give nonlinear matrix difference equations for the recurrent
coefficients of the non—Abelian Hermite biorthogonal polynomials. Next, we
consider the orthogonal polynomials and functions of second kind associated
with matrix of weights, that satisfy a differential matrix Person equation
with degree two polynomials as coefficients. To simplify the discussion, only
a left Pearson equation is considered. In this case, the support of the measure
belongs to an appropriate branch of an hyperbola, and the recursion coef-
ficients are shown to fulfill a non—Abelian extension of the scalar alternate
discrete Painlevé I equation. Finally, a discussion is given for the case of
degree three polynomials as coefficients in the left Pearson equation charac-
terizing the matrix of weights. However, for simplicity only odd polynomials
are allowed. In this case, a new and more general matrix extension of the
discrete Painlevé equation is found. To end this study we present a compar-
ison with the results already obtained by several authors in the scalar and
matrix cases.

The layout of the paper is as follows. In § 2l we introduce the basic objects
and results fundamental to the rest of the work. Then, § [3 is devoted to
study the interplay between fundamental matrices with constant jump and
structure formulas. In §[4and [bl we characterize sequences of orthogonal poly-
nomials whose matrix weight satisfy a Pearson—Sylvester matrix differential
equation by means of a Sylvester matrix differential system and a second
order differential operator. Finally, in § [l we show how to derive Painlevé
equations for the matrix recurrence coefficients of orthogonal polynomial se-
quences associated with matrix weight functions of “exponential” type.

2. Riemann—Hilbert problem for Matrix Biorthogonal
Polynomials
2.1. Matrix biorthogonal polynomials. Let
wan oo LN
W('Nvl) e W(N,N)
be a N x N matrix of weights with support on a smooth oriented non self-

intersecting curve v in the complex plane C, i.e. WU*) is, for each j, k €
{1,..., N}, a complex weight with support on . We define the moment of
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order n associated with W as

1
Wn:% 7z”I/V(z)dz, neN:={0,1,2,...}.
We say that W is regular if det [Wj+k]j 0. 7 0,n € N. In this way, we de-

fine a sequence of matrix monic polynomaials, {P};(z)}neN, left orthogonal and

right orthogonal, {Pf(z)}neN with respect to a regular matrix measure W,
by the conditions,

1

5 /WPk(z)W(z)zk dz=0,,C, " (1)
1
%Asz(z)Pf(z)dz = 5n,k071_17 (2)
for k=0,1,...,n and n € N, where (), is an nonsingular matrix.

Notice that neither the matrix of weights is requested to be Hermitian nor
the curve v to be the real line, i.e., we are dealing, in principle with nonstan-
dard orthogonality and, consequently, with biorthogonal matrix polynomials
instead of orthogonal matrix polynomials.

The matrix of weights induce a sesquilinear form in the set of matrix poly-
nomials CV*N[2] given by

1
P.Quw =5 [ POWEIQE) A 3
TiJ,
Moreover, we say that {Py(z)} _ and {PJ(z)} _ are biorthogonal with
respect to a matrix weight functions W if
(P, PR) o = 00mC n,m € N. (4)

As the polynomials are chosen to be monic, we can write

P){(Z) = Iz" —'_pi,nzn_l _'_pianN—Q + o _'—p?I:L,n)
Pr(z) = I2" + prpp2™ ™ + Prn?" 7+ + D

with matrix coefficients pf n,pﬁ L ECYVN E=0,...,nand n € N (imposing
that p(ﬂ’n = p%,n =1, n € N). Here I € CV*¥ denotes the identity matrix.
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2.2. Three term relations. From (Il) we deduce that the Fourier coeffi-
cients of the expansion

n+1

2Pz }:elgi

are given by ﬁﬁk =0y, k=0,1,...,n—2 (here we denote the zero matrix by
On), 0,1 =C, 1C,_1 (is a direct consequence of orthogonality conditions),
Loy =1 (as PY(2) are monic polynomials) and 0, = an ptnﬂ =: gL
(by comparison of the coefficients, assuming Cy = I).
Hence, assuming the orthogonality relations (), we conclude that the se-
quence of monic polynomials {Pk(z)}neN is defined by the three term recur-
rence relations

2Py (2) = Pyyi(2) + B Py (2) + 7 P (2), neN, ()

with recursion coefficients
/67[_5 = pi,n - pi,n+17 ’Ylﬁ = Cﬁlan,
with initial conditions, Pt; = Oy and P} = I.
Any sequence of monic matrix polynomials, {Py'f(z)}neN, with deg PR =
n, biorthogonal with respect to {Py(z)} _ and W(z), i.e. @) is fulfilled,

also satisfies a three term relation. To prove this we compute the Fourier
coefficients of zPR(z) in the expansion

n+1

. 1
SR A T ey R CLCTACLE

From () we have (g, =1, (§, = C.3;C " (g, = CoaCy 'l and (), =
On, K =0,...,n— 2, i.e. the sequence of monic polynomials {Pf )}neN
satisfies

2P (2) = Pii(2) + Pr(2) By + Pa(2) s n €N, (6)
where

B = CuBrCy T = ComCy ' = Can G,

with initial conditions PR, = Oy, PR = I, and the orthogonality condi-
tions (2)) are satisfied.
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2.3. Second kind functions. We define the sequence of second kind matrix
functions by

L Z/
Qi) = L / il )W<z’>dz', 7)

211 2 —z

27r1/W 2 —z ’ (8)

for n € N. From the orthogonality conditions (Il) and (2) we have, for all
n € N, the following asymptotic expansion near infinity for the sequence of
functions of the second kind

Qn(z)=—=C M Iz 4 gl 27" 241, (9)
QS(Z) = _([anq + q%{,n:f"*2 + .- )C’;l. (10)

Assuming that the measures WU, j ke {1,..., N} are Holder continuous
we obtain, by the Plemelj’s formula applied to () and (8)), the following
fundamental jump identities

(Qn(2)), = (Qu(2)")_ = Pi(x)W(2), (11)
(@n(2), = (@n(2))_ = W(2)By(2), (12)

z € 7, where, (f(2)), = Gligi f(z + i€); here £+ indicates the the posi-

tive/negative region according to the orientation of the curve ~.
Now, multiplying this equation on the right by W and integrating we get,
using the definition (7)) of {Qh(z)}neN, that

/ L /
L / Dy (yd s = Q8 (2) + BEQL (=) + €O (2).

211 zl—z

= 1+ -, from the orthogonality conditons () we conclude that

2Qn(2) = Qn+1( )+ BrQu(2) + € O Q4 (2), n €N,

with initial conditions Q',(z) = QR,(2) = —C~] and Q}(z) = QR(z) =
Sw(z) == 5= ., Z( dZ/, where Sy (z) is the Stieltjes-Markov transforma-
tion of the matrix of Welghts W, which is a complex measure of orthogonality

for { Py(z)},  —direct consequence of Fubini theorem and Cauchy integral

Asz
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formula. It can be seen that

PR = 5 [P az s L [ BBy az

211

i.e. we have the Hermite—Padé formula for the left orthogonal polynomials,
Pi(2)8w(z) + Py (2) = Qh(2), nen,

where

1 PL / _PL
PL,(l)(Z) _ / n(z) n(Z)W(Z/) dw, n e N,

211 2l — 2z

is a polynomial of degree at most n — 1 said to be the first kind associated
polynomial with respect to {Pk(z)}neN and W (z). Similarly, for the right
situation we have the associated

PR
PR 2 /W TH-l ) TH—l( )dw, n e N,
T

" 2 —z

and the corresponding Hermite-Padé formula for the right orthogonal poly-
nomials,

Sw(2) PR(2) + PRV (2) = QR(2) neN.

2.4. Reductions: from biorthogonality to orthogonality. We consider
two possible reductions for the matrix of weights, the symmetric reduction
and the Hermitian reduction.

i) A matrix of weights W (z) with support on 7 is said to be symmetric if
(W(2)" =W(
ii) A matrix of weights W (x)
(W ()" = W(), zeR.

These two reductions leads to orthogonal polynomials, as the two biorthog-
onal families are identified; i.e., for the symmetric case

PR(z) = (PX(2)) ", QR(2) = (Q4(2)) ", 2 €C,

and for the Hermitian case, with v = R,

PR(z) = (P(2)", QR(2) = (QL(2)", zeC.

), zZ €.

with support on R is said to be Hermitian if
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In both cases biorthogonality collapses into orthogonality, that for the sym-
metric case reads as
1

— | Pu(2)W(2) (Pm(z))T dz=0,,C " n,m e N,
211 o
while for the Hermitian case can be written as follows
1
— | Py(z)W(x) (Pm(ac))Jr do = 6,01, n,m e N,
27'('1 R

where P, = PT';.

2.5. Fundamental and transfer matrices vs Riemann—Hilbert prob-
lems. We can summarize the left three term relation as follows
Pyia(2) n(2) ] [=I -8y G Py (z) Q5 (2)
—C Py (2) —Cn@Qy(2) —Cn Oy | [=ChaPyy(2) —Cha@Qpy(2)

and
P-Y(2)

n—1

~Cp P (2)

Py | [ -p ¢
—c, P~V L ~Cn On

In terms of the left fundamental matriz Y*(z) and the left transfer ma-
triz T-(2),

PL(2) QL (2) 2l — B Ot
L - n n TL - n n
o (Z) [_Cn—lpvlz'—1(z) —Cn—lQ!%—l(Z) ’ n(z) —C, On |’
we rewrite the above identities as follows

Y(2) = Ty (2)Y, (2), n € N.

From these we see that det V'(2) = det Y (2) =1, as det T- =1, n € N.
For the right orthogonality, we similarly obtain from ([@]) that

[PEH(Z) _PE(Z)CH:| _ [PE(Z) —P51(Z)Cn—1} [21—55 —Cn]

R(z) —QR(2)C, QR(z) —QR_1(2)Ch ! On
and also
2zl — 65 _Cn
PR~V (0] = [ —PE*?(z)OHH c ON]

as we have the Hermite-Padé formula for the right orthogonal polynomials,

QR(2) PR(2) + PR (2) = QR (2) .
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Taking the right versions of fundamental matriz YR(2) and transfer ma-
triz TR(2),
PR(z) —PR (2)C,_, 2l —BR —C
YR - n n—1 n TR — n n
@= gy ~ohman) me= [T T

we see that det YR(2) = det Y(2) = 1, because det TR =1, n € N.
Note that,

-1
C, 0 C, 0
R . n N L n N
O A E O [ T
As a conclusion we arrive to the following left Riemann—Hilbert problem.

Theorem 1. The matriz function Y,\-(2) is, for each n € N, the unique
solution of the Riemann—Hilbert problem; which consists in the determination
of a 2N x 2N complex matrix function such that:

(RH1): YH(2) is holomorphic in C\ v;

(RH2): has the following asymptotic behavior near infinity,

Yi(z) = (I+0(z:) [{)f: Igfyn] ;

(RH3): satisfies the jump condition

I W(z)
vk = (v} € 7.
(re). = ok [ M =
As well as its right version.

Theorem 2. The matriz function YR(2) is, for each n € N, the unique
solution of the Riemann—Hilbert problem; which consists in the determination
of a 2N x 2N complex matrix function such that:

(RH1): YR(2) is holomorphic in C \ ~;

(RH2): has the following asymptotic behavior near infinity,

Y (2) = [6’? I%Yn] (I+0(z"h);

(RH3): satisfies the jump condition

(V(2)), = {Wl(z) O;V] (YR(2))_, z € 7.
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Remark 1. Conditions (RH2) and (RH3) are direct consequences of the
representation of the second kind functions (), (I0) and the inverse formu-
las (), (I2)), respectively.

Remark 2. For the symmetric and Hermitian reductions these two
Riemann—Hilbert problems are the same and for the fundamental matrices we

have YR(z) = (YnL(z))T, symmetric case, YR(2) = (YnL(Z))T, Hermitian case.
In both cases, we will use the notation Y, (z) := Y,-(z).

We define the family of normalized left fundamental matrices {S%(z)}
associated with {YnL(Z)}neN by means of

L L L I[z=" ON
st =i 15" 7).

neN

n € N.

Taking into account the representation of { P (z) }neN and {QF(2) }n o 10 (B),
we arrive to the asymptotic representation for the normalized fundamental
matrices

St(z) =1+ { %n _1Cn1] e { PE,nl _C;nlqa,n 2240279,
—bn-1 QL -
for |z| — oo, where
Pl = Plor = By
Pin = Piny = »@Epim +C,'Ch,
p?ﬁ,n - p?ﬁ,nﬂ = kpﬁn + Cﬁlcn—lpi,n—h
and

1 1 4R
Ain —4dLn—1 = Pn>

) )

Observe that we will also have the following asymptotics for |z| — oo,

1 _Cfl
SL -1 — ] — [ pL,n n ] -1
( n(z)) —Cn,1 qa,n_l y4

1 _ 112 2 -1
+ ([ pL,n Cn ] . [_ pL,n Cn qL,n] >22—|—O(Z3)

1 1 2
_ON—l qL,n—l Cvn—lpL,n—l qL,n—l



MATRIX BIORTHOGONALITY: FROM HERMITE TO PAINLEVE 13

For the right version we have normalized right fundamental matrices,
{SS(Z)}RGN, associated with {YnR(Z)}neN

Iz7" Oy

s = | ] v

with asymptotic behavior at infinity given by

1 1
Pry —Ch1| pR n —Prn1Cn-1] 9 -3
SR(z) =1+ [ ] Z7h+ [ : ] 224+ 0277,
( ) C ! qFli,n—l qR nC ! qFQQ,n—l ( )

n

for |z| — oo, and the asymptotics for the inverse matrix is

- R, —Cu
SR(z 1:I—[pR" nﬂz_l
( ( )) C 1 q%{,n—l

Here
1 1 _ 4R
PrRn — PLnt+1 = B
2 2 _ .1 pR -1
Prn = PLn+1 = pL,nﬁn + Cn—lcn )
3 3 _ .2 R 1 -1
PRn — PRp+1 = pL,nﬁn + pL,anCnflcn :
and

1 1 __nL
drn — dLpn—1 — ﬁn?

) ?

qan_ﬂf _QLnﬂ +C +1C

3

Theorem 3. Let Y- and YR be, for each n € N, the unique solutions of the
Riemann-Hilbert problems in Theorems [l and[2, respectively, then

ot =Ygl |7 ] e (13)
Proof: Let us remember that { Py} _ satisfy (G), i.e
2Pi(2) = Pryy(2) + BBy (2) + O Cut Py (2), n €N,
with initial conditions P, = Oy and P} = I; and {Pr'f}neN satisfies ([G)), i.e.
tPy(t) = P (t) + P ()CB,C + BL (G Oy, neN,
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with initial conditions PR, = Ox and PR = I. Multiplying the first equation
on the left by PRX(¢)C, and the second one on the right by C,P(z) and
summing up, we arrive after applying telescoping rule

(2 —1) ZPk JCiPy (2) = P ()CuPri(2) = Pra()CuPyr(2),  (14)

n € N, hence for t = z,
P(2)CoPrii(2) = Py (2)Co Py (2), neN; (15)

As {Qh}neN (respectively, {QS}%N) satisfy (@) (respectively, (@), with ini-
tial conditions Q-, = QR, = —C~}, Q} = QR = Sy (2), proceeding in the
same way with {Qy} o and {QR} _ in place of {Py}uen and { P}

respectively, we arrive to

neN’

(z—1) Y QR)CLQL(2) = QR(1)CuQh 1 (2) — QF (1) Ch@5(2),  (16)
k=0

n € N, hence for t = z,

Qn(2)CuQri1(2) = Qi1 (2)CuQy(2), n€N. (17)
Applying the same procedure mixing the P’s and the (Q’s we get, for alln € N,

(Z—t)ZQ;S(t)CkPHZ) = Qn()Ch Py (2) = Qi ()CoPy(2) + 1, (18)

(z—1) Zpk )CrQp(2) = Py (H)ChQy11(2) — Py (1) CuQy(2) — (19)

and when ¢t = z we arrive to, for all n € N,

Qni1(2)CaPy (2) = Qn(2)CPryy (2 )—1 (20)
Pi(2)CaQp 1 (2) = P (2)Ca@y(2) = (21)

Equations (I4), (I6), (IX) and (I9) are known in the literature as Christoffel-
Darboux formulas. Now, from (IH), (I7), (20) and (2I) we conclude that

R

— _NR
gl S e = neN
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and as

_PEEIESEHT _pf%?i?] = {_O I é] Y (2) B —01] . neN,

we get the desired result. n

Corollary 1. In the conditions of theorem [3 we have that for alln € N,

Qn(2) P (2) = Pr(2)Qn 1 (2) = Oy, (22)
Py 1(2)Qn(2) = Quy(2) P (2) = C.Ly, (23)
Qn(2)P(2) = Pr(2)Qp(2) = 0. (24)

Proof: As we have already prove the matrix
{— n-1(2)Cn1 —QE(Z)]
P (2)Cor PR(2) |7
is the inverse of Y1(2), i.e.
o5 5]
and multiplying the two matrices we get the result. u

Corollary 2. In the conditions of theorem [3 we have that for alln € N,

1 0—1 2 1 0—1
St =T+ Rn-1 “n | -1 4 4R,n—1 4Rn P
( n( )) Cn*1 le,n p%,n—lcn*1 pQR,n

1 C 2 C pl
SR = T4 [qL,nl n1] sl { ILn-1 n=1PLn-1]
(50 () i ClRon P

72_|_...

,n

3. Constant jump on the support, structure matrices
and zero curvature

So far we have discuss the connection between biorthogonal families of
matrix polynomials for a given matrix of weights W and a specific Riemann—
Hilbert problem. Now, to derive difference and/or differential equations sat-
isfied by these families of matrix polynomials we will we move to a simpler
setting and we will assume that the following holds:

i) The matrix of weights factors out as W(z) = WH(2)WR(2), z € 7.

ii) The factors W and WR are the restriction to the curve + of matrices

of entire functions W(z) and WR(z), z € C.
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iii) The right logarithmic derivative ht(z) := (WL(Z))/(WL(Z)) " and the
left logarithmic derivative ht(2) := (WR(Z))_l(WR(z))/ are also entire
functions.

We underline that for a given matrix of weights W (z) we will have many

possible factorization W (z) = W(2)WR(2). Indeed, if we define an equiva-

lence relation (W, WR) ~ (WY, WR) if and only if WrWR = WLIWR, then
each matrix of weights W can be though as a class of equivalence, and can

be described the orbit

{(W"qﬁ, ¢ TWR), ¢(2) is a nonsingular matrix of entire functions} :

3.1. Constant jump on the support. Given assumptions i) and ii), for
each factorization W = WEWR, we introduce the constant jump fundamental
matrices which will be instrumental in what follows

2 =0 | "y ] 25
Ry . | WR(2) On
Zn(2) = [ Oy (Wi(z))?

Taking inverse on (25)) and applying (I3) we see that ZR given in (26) admits
the representation

] YR(2), n € N. (26)

O AN O e B neN. (@)

Proposition 1. For each factorization W = WEWR, the constant jump fun-
damental matrices Z-(2) and ZR(2) are, for eachn € N, characterized by the
following properties:

i) They are holomorphic on C\ .

ii) We have the following asymptotic behaviors

22 = (1406 [0l

R o ZnWR(Z) ON 1
Zn(2) = [ Oy (WR(Z))lz"} ([+O(2 ))7

for |z| = oc.
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iii) They present the following constant jump condition on -y

L L I 1 R I On| /. r
#E), - @) | 1] @)= %] @)
for all z € v in the support on the matrix of weights.

Proof: We only give the proofs for the left case because their right ones
follows from (27)).

i) As the W'(2) and WR(z) are matrices of entire functions the holomor-
phity properties of Z- is inherit from that of the fundamental matri-
ces YL

ii) It follows from the asymptotic of the fundamental matrices.

iii) From the definition of Z-(z) we have

Wh(z2) 0

L _(vL N
(2, = ). "0 sy
and taking into account Theorem [Il we arrive to

(Z42)), = (V=) [O; WL(Z)IWR(Z)] [WoLf) (WRO(]Z))J |

now, as

R | T B T

we get the desired constant jump condition for Z&(z). m
Remark 3. For the symmetric and Hermitian reductions we respectively have
Whz) = pl2), WR(z) = (0(2))", W (=) = p(2)(p(2)) . 2%(2) = (2(2))
Whe) = p(2). WRE) = (@) W =p(2)(0(2))".2%() = (2"(2)) "

In both cases, we will use the notation Z,(z) == Z:(2).

3.2. Structure matrices. In parallel to the matrices Z-(z) and ZX(z),
for each factorization W = WLWR we introduce what we call structure
matrices given in terms of the right derivative and left derivative (logarithmic
derivatives), respectively,

ME(z) = (Z5(2)) (252) . MR(2) = (2R(2) " (28(2))"
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It is not difficult to prove that

0 —1I 0 I
R _ L
- [0 we [ ] aen
Proposition 2. The following properties hold:
i) The structure matrices M-(2) and MZ(z) are, for each n € N, matrices
of entire functions in the complex plane.
ii) The transfer matriz satisfies

Ty (2)Z(2) = Zy 4 (2), Zp()T3(2) = Z34(2), neN.
iii) The zero curvature formulas are fulfilled for all n € N.
O] = MEA )T E) — THE) M), (28)
_ON ON_ n n n n
o =T MR () — MRG)TRG:) (29
_ON ON_
iv) The second order zero curvature formulas are satisfied for all n € N.
(1 On] 40 L I 0Oy
_ON ON_ Mn(z) +Mn+1(z) [ON ON_

= (ML, ,(2))°TH(2) — TH(2) (ME(2))?, (30)
[T Oy I 0Oy]
_ON ON_ M?irl(z) +M7§(Z> [ON ON_
= TR(2) (MR, 1(2))" — (MR(2))"TR(2).  (31)

Proof: Again we only give the proofs for the left case. We begin to prove that
the sequence of matrix functions { My (z)} _ is a sequence of matrices with

()7

+

neN
coefficients given by entire functions. In fact, (M}) L= ((Z},;)/>

and applying the constant jump condition we get

] oA [T 17T 1) /) ]
(M), = ((2)) oy 71 oy 1 ((Z)7) = (45:)
It follows from the definition of Z- that

-1 -1
Tr(2) = Y (2) (Yo (2)) = Zya(2)(Z5(2)
Taking derivatives with respect to z on T),(z) we get, for all n € N,

(TH(2)) = (Z5,1(2)) (ZE(2)) 7" = 25,0 (2) (ZE(2)) 7 (Z25(2)) (2L ()

+
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and so, taking into account that

(Zvlz_+1( ))/(Zk(z)) (Zyl:wrl( )) (Zyl:wrl( )) Z7I’;+1( )(Zvlz_(z)) T7|{+1ML

we get (28). Using the same ideas we derive (29). Now, for (B0) just replace
the expressions for the derivative of the transfer matrix in (28). Multiply-
ing (28) on the left by M:, | we get

M [ O] = (I T - (MEATHE) M)

and again by (28) applied to the term M", T-(z) we get (30). |

Higher order transfer matrices

Tre(2) 1= Typy(2) - T (2), Toe(2) =T (2) - Tr(2),

satisfy

Yo(2) = Tro(2) Y, (2), V() = Yo (2) Ty (2).

Proposition 3. The following zero-curvature conditions hold, for alln, ¢ € N

(Tke(z)) Mn+€+1( )TL( ) — Tk(z)Mﬁ(z),
(TRi(2)) = TR(2) MR, 111(2) = ME(2)T(2).

n

Proof: As before we only give a discussion for the left situation. It is done
by induction, assuming that it holds for ¢ we prove it for ¢ + 1:

(T7I”L_,€+1(Z))/ = (Tn+£+1( )TL (2 )) (Tn+£+1( ))/T o(z )+T+£+1( )(Trtﬁ(z))/
(M75+£+2( )Tn+€+1( ) Tn+€+1( )ML+£+1( ))Tnﬂ(z)
= +T+€+1( )(Mn+€+1(Z)T7|{,( ) — TTIZ_,E(Z)MTI;(Z))7
- ML+£+2( )Tn+£+1(z)TnL,£( ) — Tn+£+1( )Tkg(z)Mk(z)

and the result is proven; recalling that for £ = 0 it is just the already proven
zero-curvature condition. ]

Proposition 4 (Computing the structure matrices). If the subindex + indi-
cates that only the positive powers of the asymptotic expansion are kept, for
each factorization W = W WR, we have for all n € N, the following power
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expansions for the structure matrices

-1

L) = [ sb(s (WL(Z))/(WL(Z)) On L) !
M() (snu[ ! (WR(Z))I(WR(Z)),] (S5(2) >+, (32

Ren  (rarpon-t | (@) (wRe) O .

Proof: Using assumption i) in Proposition 2], we find the expressions for the

left structure matrix, ME(z), in terms of St(z) and W (z) = WH(2)WR(2).
For doing so we require the use of the definition of St(2), i.e.

2 =550 i)
and consequently, we find
ME(2) = (S5(2)) (Sh(=)) !

Ly | (70) (7)o ox L)
5 (2) [ on (WR(Z))l(WR(Z))’ml] (Sp(2))

Given assumption iii) in the begining of this section, on the entire charac-

ter of the right derivative, (WL(Z))I(WL(Z))A, and of the left derivative,
(VVR(Z))_1 (WR(Z))/, and since (57';(2))/(57';(2))_1 have only negative powers
of z in its Laurent expansion, and given that the structure matrix M"(z) has
entire coefficients, the asymptotic expansion of M:(2) about oo must be a
power expansion.

A similar approach holds for the right context, and we can determine MR(z)
in terms of SR(2) and W(z). Indeed, from

O R LA S )
we get
MR(z) = (SR(2) 7' (SR(=))’
B (WR(Z))Iwan’l On

R, -1 | (WR) R,
+(S(e)) [ O (WL(Z))I(WL(Z))lnzll on2):

and reasoning as for the left case we derive the desired result. u
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Notice that given the matrices of entire functions h'(z) and hR(z) the
structure matrices, using (B2), can explicitly determined in terms of the
coefficients in St(z) and SR(z). Moreover, when hl(z), hR(z) € CN*VN[¢]
are matrix polynomials, only the first elements, as much as the degree of
the corresponding polynomial, in the asymptotic expansions of St(z) and
SR(z) are involved, and we will have that M"(z), MR(z) € C*V*2N[] are
also polynomials with degree deg ML(z),deg ML(2) = max(ht(2), hR(2)).

Remark 4. For the reductions we have
MR(2) = (Mk(z))T, symmetric,
MR(z) = (Mk(z))*, Hermitian.
In both cases, we will use the notation M, (z) = M\(z).

4. Matrix Pearson equations and Differential equations

4.1. Matrix Pearson equations. As we have seen, the left and right
logarithmic derivatives,
hh(z) = (WH2) (WH) ™, and  KR(z) = (WR(2)) T (WR(2)),

play an important role in the discussion of the structure matrices. This
motivates us to adopt the following strategy: assume that instead of a given
matrix of weights we are provided with two matrices, say ht(z) and hR(z2),
of entire functions such that the following two matrix Pearson equations
are satisfied

dwt

1 =R EIH), 34
= W) (3)

and given solutions to them we construct the corresponding matrix of weights
W = WWR. Moreover, this matrix of weights is also characterized by a
Pearson equation.

Proposition 5 (Pearson Sylvester differential equation). Given two matrices
of entire functions h-(z) and hR(2), any solution of the Sylvester type matriz
differential equation, which we call Pearson equation for the weight,

Z_VZV = hH(2)W (2) + W (2)hR(2) (36)
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is of the form W = WYWR where the factor matrices W- and WR are solu-
tions of (34)) and (BH), respectively.

Proof: Given solutions W' and WR of (B4) and (3], respectively, it follows
intermediately, just using the Leibniz law for derivatives, that W = W'WR
fulfills (B6). Moreover, given a solution W of (B6) we pick a solution Wt
of (B4)), then it is easy to see that (W!')~'W satisfies (35). |

Remark 5. The matriz of weights W does not uniquely determine the left
and right factors; indeed if W = WYWR with factors solving (34) and (33),
respectively, then WL =WLC and WR = C”lWRme/‘VC a nonsingular matriz,
gives also another possible factorization W = WYWR with factors solving
the partial Pearson equations [B4) and ([B3). This indeterminacy disappears
when one considers the right and left derivatives of the factors.

Remark 6. Given two matrices of entire functions h(2) and hR(z) and
a matriz of weights W characterized by the matriz Pearson equation (B)
we have the left and right fundamental matrices Y-(2) and Y.R(2) satisfying
corresponding Riemann—Hilbert problems. The associated structure matrices
are from ([B2) and ([B3) given by,

M) = (sﬁxz) o ] (Sk(z))l) , (37)

_|_

R(.\ _ Ry -1 [RN(2) O R
ME(z) = ((Sncz)) [ o | ste) ] (38)
+
Remark 7. For the symmetric and Hermitian reductions, we have

hR(z2) = (hL(z))T, symmetric,
hR(z2) = (hL(Z))T, Hermitian,

d
and (B4) and (B3) collapses into a single equation d_p = h(2)p(z), where
2
h(z) := h*(2), and the Pearson equation (B8) reads

(Z_V: = h(2)W(2) + W(2)(h(2))", symmetric,

CL_VZ = h(2)W (2) + W (2)(h(2))T, Hermitian.

(39)
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4.2. Sylvester differential equations for the fundamental matrices.
Following the standard use in Soliton Theory, given a matrix of holomorphic
functions A(z) we define its Miura transform by

M(A) = A'(2) + (A(2))".

Observe that when A is a right (left) logarithmic derivative A = w/w™!

(A =w ') we have M(A) = w"w™! (M(A) = w w").

Proposition 6 (Sylvester differential linear systems). In the conditions of
Proposition [3, the left fundamental matriz Y- (2) and the right fundamental
matriz Y.X(2) satisfy, for each n € N, the following Sylvester matriz differ-
ential equations,

() = MievHE - v ' L o
R ' 3R R . hR(Z) ON R .
() =y - [0 e, an

respectively.

Proof: As M1(z) = (Zn"(z))/(ZJ;(Z))_1 is the right derivative of the constant
jump structure matrix from (25) we get (40); (A1) is proven analogously. m

We write

L Mlln(z) M1L2n(z) R Mlln(z) MlR:Q,n(Z)
My (=) = M21n(2) M2L2n(z)] 7 My (2) = {an(z) M2R:2,n(z) ’

to express the previous results in the following manner.

Corollary 3. The Sylvester matriz differential equations (A0) and (@) split
into the following Sylvester differential systems

((PL(2))' + PL(2)hH(2) = My, (2) PL(2) — My, (2)Casi Py (2),

3 (PEi(2) + Py(2)ht(2) = =C. Y Man( )Py (2) (42)
\ M%Qn(z) n— 1P ( )
((Qh(2))" + QL(2)hR(2) = ML, ,Qk ( ) an( )Cr1Q 1 (2),

( b—l(z))lﬂLQ%A(Z)hR(Z) = -G, Man( Q5 (2 (43)

)
\ M22n(2) n— 1@ 1(2),

N\
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(PR(2)) + HR(2)PR(z) = PRIME, ,(2) — PRy (2)Coa M, o(2),
3 (PRA(2) + BR(2) PR\ (2) = = PR(z) MR, . (2)C,
+P§—1(Z)Cn—1M2|?2, (2)C, - !

(QE(Z))/f’lL(Z)QE(Z) = Qn(2)MTy,(2) = QR _1(2)Cr1 M5y, (2),
(Qr-1(2)) + PN (2)QR 1 (2) = —QR(2) My, (2)C Y
L + QR _1(2)Cy 1M22n( )

We first observe from the linear differential systems (42) and (43]) satisfied
by the left and right matrix orthogonal polynomials, respectively, we will be
able to extract in some scenarios, see next section on applications, a matrix
eigenvalue problem for a second order matrix differential operator, with ma-
trix eigenvalues. The differential systems ([42) and (43)) for the left and right
second kind functions also provide interesting information, and we will use
them discover nonlinear equations satisfied by the recursion coefficients.

o\

Remark 8. For the reductions we have

—h(Z) ON

(Ya(2)) = My (2)Ya(z) — Ya(2) oy —(h(z))7]" symmetric,
/ — Y, (z [h(2) On ermaitian
(Yn(z)) = My (2)Yn(2) — Ya(2) O —(h(Z))T._ , H twan.

5. Second order differential operators

We firstly derive, as a consequence of the Sylvester differential linear sys-
tems, second order differential equations fulfilled by the fundamental matri-
ces, and therefore by the matrix biorthogonal polynomials and also by the
corresponding second kind functions.

Proposition 7 (Second order linear differential equations). In the condi-

tions of Proposition 3, the sequence of fundamental matrices, {YnL}neN and
{YnR}neN, satisfy
L / hL ON
+ YL( ) (hL ) O = M(ML(z))YL(z) (44)
ON M( . hR(Z)> n n ’
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ey =2 "0 i ey
n M(g;(Z)) N (_o% (Z))] Yi(z) = YREM(MR(2)). (45)

Proof: We prove ([@4]). First, let us take a derivative of (40) to get
L))" Y. hH(z)  On L, (h-(2))’ On
R I B E T
= (My(2) Y (2) + My (2) (Y, (2)
but again by (40)

ME(2) (YH(2)) = (ME(2))"VE(2) — ME(2)Y,H(2) [hL(Z) O ]

ON —hR(Z)

and if we substitute

MYYAE) = (YA(2) + V) [

hL(Z) ON ]
ON —hR(Z)

we finally get

ME(2) (V=) = (ME(2)2VH(z) — (VE(2)) [Wz) On }

n n n n ON —hR(Z)
hz) oy |
L N
v | ]
and the result follows. [

Definition 1. For the next corollary we need to introduce the following
C?VN>2N walued functions in terms of the difference of two Miura maps

| =Mt - M ([00 % 1), o)
| = MOIRE) - M ([59 Ty @)

Corollary 4. The second order matrix differential equations (44) and (45
split in the following differential relations

(P2)"(2) +2(Py) (2)h(2) + Pr(2) M(h(2))
= (M(P(2)) + H1 10 (2)) Pr(2) = Hig,(2) P (), (48)

Hll_,l,n(z) HILQ,W,(Z)
Hi(2) = [Hg_m(z) H 2.0(2)
H?.l,n(z) H|1?72.,n(z)
HS(Z):[ () HE 5 (2)

R R
H2,1,n Z H2,2,n Z
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(@0)"(2) —2( ><> "(2) + Qu(z)M(=hR(2))
) lln( ))Q!}( ) — Hli,2,n(2> Iﬁ—l(z)a (49)

N

—~
N
~—
—

(PR)"(2) + 2hR (2 nR 2) 4+ M(hR(2)) PR(2)

= 5( )(M< ( ) +HY (2 )) — P (2)H5,,.(2), (50)
(QY)"(2) — 2h(= )( QR)'(2) + ( ( )) NE)

= ()(M( ( lln ) Q 1 H2Rln() (51)

Proof: Is a direct consequence of Proposition [7l n

5.1. Adjoint operators. We now elaborate around the idea of adjoint
operators in this matrix scenario.

Definition 2. Given linear operator L € L(CN*N|z]) and a matriz of weights
W (z), its adjoint operator L* is an operator such that

(L(P), Pyw = (P,L*(P))w, P(z), P(z) € CVN2],
in terms of the sesquiliner form introduced in (3.

Care must be taken at this point because in this definition of adjoint of a
matrix differential operator we are not taken the transpose or the Hermitian
conjugate of the matrix coefficients as was done in [30].

Definition 3. Motivated by ([A8) and (B0) we introduce two linear operators
¢" and €R, acting on the linear space of polynomials CVN*N[2] as follows

~(P) := P" +2P'h- + PM(RY), €X(P):= P" +2h%P" + M(R®)P.

Lemma 1. Let us assume that the matriz of weights W(z) do satisfy the
following boundary conditions

Wloy =0, (W' =20"W)[, =0x, (W =2Wh")|, =0x, (52)

where 07 is the boundary of the curve vy, i.e. its endpoints. Then, W (z)
satisfies a Pearson Sylvester differential equation (B6]) if, and only if, W (z)
satisfies the following second order matriz differential equations

W —2(h"W) + M(BHYW = WM(RR), (53)
W —2(WhR) + WM(hR) = M(RHW . (54)
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Proof: Taking derivative on (36]), we get
W = MWW + W M(RT) + 2ntWw R
But, it is easy to see that
(W) = MESW + h-WRR, (WHR) = WM(RR) + htWhR,

and so we arrive to (53) and (54)).
The reciprocally result is a consequence of adding the equations (53), (54)
and the boundary conditions (52). ]

Now, we will see that these two operators are adjoint to each other with
respect to the sesquilinear form induced by the weight functions W.

Proposition 8. Whenever W (z) satisfies (36]) and the boundary conditions
(52), we have that

= (), (55)
or, equivalently,
(L (P), P)y = (P, R (P))yw, P(z), P(z) € CV*N[2].
Proof: By using the linearity of these operators it is sufficient to prove
(), PSyw = (P &5(P))w, nkeN.
If we omit, for the sake of simplicity, the z dependece of the integrands in

the integrals, we have

(P, PRw = [ (P W EE d
v
+2/(P;)’(hLW) PR dz+/P7§M(hL)WP,§ dz,
Y v

and, using integration by parts, we find
(P, P = (PYWPE),, ~ [ (phy (WR) ~ 20w ) PRas
gl

+ / P-M(MHYW PR 2

Y
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and so

Oy

n

(@28, PRyw = (PYWEE) |, = (P (WP = 20w ) PE))
+/PL (W PY" —2(h"W PY) + M(RH W PY) dz.

Now, considering the boundary conditions (52)) and taking into account that
(W PRY" = W PR+ 20" (BFY + W (P,
(W P) = (h-W) B + (h- W) (Pf)',

we arrive to

(L~ (PLY, PRy = /P;(W” —2(h" W) + M(K")W)PRd 2

7y

+2 / Pr(W' — B*W)(PY) d = + / P-W(PRY'd 2;
Y Y
and so, for all n, k € N,

@W%J%W:/%WW%”QWWW+MWWﬁd%

or, equivalently,
(" (Py) s Bow = (P, €(PO))w
which completes the proof. u
Remark 9. For the symmetric or Hermitian reductions we find that
R(P) = (EL(PT))T, symmetric,
R(P) = (fL(PT))T, Hermitian,

where in the last case we take x € R. Relation (B) reads in this case as fol-
lows

C(P)= (P, symmetric,
¢ (P) = (¢(PM)T, Hermitian;

for P any matriz polynomial and € = €-.
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Definition 4. Let ot and aR be two N x N matrices and define the following
linear operators acting on the space of matriz polynomials CN*N|2] as follows
L(P) := P" 4+ 2P'h" + Pat, LR(P) := P" +2h%P' + oRP.

Observe that
LY(P) =€~(P) — PM(h") + Pat,  LR(P) =€}(P — M(W®)P + R P.
We have the following characterization.

Theorem 4. The following conditions are equivalent:
i) LR = (EL)* with respect to the matriz of weights W (z).
ii) The matriz of weights W (z) satisfies the matriz Pearson equation (30))
with the boundary conditions (B2) as well as fulfills the constraint

("= M)W =W (a® — M(RR)). (56)

iii) The matriz of weights W (z) satisfies the boundary conditions (52)) as
well as

W’ —2(hW)" + o'W = Wak, (57)

W —2(WhR) + Wak = ot (58)

Proof: Following the ideas in the proof of Proposition [§
(L(P), Pyw = (P, LX(P))w
if and only if
(=P M(hY) 4+ Pat, PYy = (P, —M(hR)P + o P)yy

that is (B6]) takes place, and so i) is equivalent to ii).
To prove that 1) is equivalent to iii) observe that, adding (57)) and (E8]), the
following holds

W’ = (hW) + (WhRY',

which transforms (B6]) if we integrate requesting boundary conditions (52]).
Moreover, if we subtract (57) and (58)) we arrive directly to (54]). |

Remark 10. For the symmetric or Hermitian reductions we find that
LYP) = (,CL(PT))T, symmetric,
LR(P) = (EL(PT))T, Hermitian,
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where in the last case we take x € R.
Moreover, the following are equivalent conditions

i) Equations
L(P)=(L(P")T, symmetric,

LX(P) = (L(PMH)T, Hermitian; (59)

are satisfied by any matriz polynomial P, where £ := L".
ii) The matriz of weights W (z) satisfies the matriz Pearson equation (39)
with the boundary conditions

Wla, = O, (W' —2nW) \87 = Oy, (60)
as well as fulfills the constraint
(a— M)W =W(a" —M(h")), symmetric,
(= M(h))W = W(aT — M((h(é))T)), Hermitian,

iii) The matriz of weights W (z) satisfies the boundary conditions (60) as
well as

w’ — 2(hW)/ +aW =Wa', symmetric,

1

W’ — 2(hW)/ +aW =Wal, Hermitian. (61

5.2. Eigenvalue problems. Now we discuss a result that links our results

based on the Riemann—Hilbert problem with previous seminal results by

Griinbaum and Duran [30, 31, 33, B34]. The next theorem shows when the

polynomials and associated functions of second kind are eigenfunctions of a
second order operator.

Theorem 5 (Eigenvalue problems for Hermite matrix orthogonal polynomi-
als). Let h'(2) and hR(2) be of degree one matriz polynomials, i.e.

hH(z) = A2 + B, AR(2) = ARz 4 BR A% AR Bt BR e V¥V,

with AL, AR definite negative, and W (z) a matriz of weights a solution of (57)
and (B8) subject to the boundary conditions (52)). Then, the following condi-
tions are equivalent:

i) The operators L+ and LR are adjoint operators with respect to the matrix

of weights W (z), i.e. LR = (EL)*.
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ii) The biorthogonal polynomial sequences with respect to W(z), say
{Pr%(z)}neN, {Pf(z)}neN, are eigenfunctions of LY and LR, i.e. there
exists N x N matrices, \-, AR such that

LH(Py) = APy, LY(PY) = P, (62)
with \-CL = C IR, noe N,

iii) The functions of second kind, {Q(2)} _ and {QR(2)}, . associated
with the biorthogonal polynomials, {Pk(z)}neN and {PnR(z)}nEN, fulfill
the second order differential equations,

(@r)"(2) = 2(Qr) (2) hR(2) + Qi(2) (@R — 24%) = X Qi (2), (63)
(@R)"(2) = 2h*(2)(QF) (2) + (" =245 QR(2) = QF AY. (64)
Proof: ii) implies i). If n # m
(L(PE(2), PR(=)w = ASPH(2), PR(2))w = O,
(PL(2), LR(PR())w = (PL(=) , PREDWAR, = O
and for n =m
(LL(PE(=)), PR = MO, (PE(=), LR PR = C7AR, me N,

which implies that (LY(PL(2)), PR(2))w = (P:(2), LR PR(2)))w, n,m € N.
i) implies ii). Let us note that the space of matrix polynomials of a given
degree is invariant under the action of the operators £- and £LR; hence

ﬁL(Pr%) - Z Asz,kPkL-
k=0

Now, taking into account the biorthogonality of the sequences P- and PR
with respect to W and using that the operators £ and LR are adjoint oper-
ators we have

AuiCi ' = (L5 (), Phw = (P, LY(PO))w = C A0, mom €N,
so it holds that £H(PLY) = ALPL and also LR(PR) = ARPR where \:C 1 =
CIAR,

ii) implies iii) We return back to equations (48)) and (62)) and see that

[M(R(2"), Pr()] + Hiy () Py (2) = Hp(2) By (21)

= —P (") o+ M- PHY).



32 BRANQUINHO, FOULQUIE AND MANAS

Now, multiplying this equation on the right by W (z')/(z—2') and integrating
along v, taking into account the boundary conditions, we get

M(R"(2)) Qp(2) = Qp(2) M(=h%(2)) + Hi 1, (2) Q5 (2) — Hi o, (2) Q51 (2)
= Qn(2) (24% = af) + A Q1 (=)
Now, from ([AJ) we get (63). We have proved that if {Py} oy Satisfies a
second order linear differential equation the associated functions of second

kind also does.
We have that

/M(hL)(Z/)P;;(Z/)W(Z/)dZ/

2 —z

- / (AP + (A% BT}/ + A" + (B

2 —z

Pr()W () d?,
with the anticommutator notation {A, B} = AB + BA. Now, as

/ (,Z/)Q PH)W () dZ = / MR&(%)W@’) d2' +22Qy(2)

Z —Z Z —Z

B / (2 + ) PH W () A2 + 2Q5(2),

5
and, in the same way,

/ ,Z/ P-YW () d 7 = / PR W () A2+ 2Qh(2)

Z —Z v

we finally obtain
M(hH)()

2l — 2z

Pr ()W () d2" = M(h") Qi (2), n=2,

gl

where we have used the orthogonality conditions for {Pk}n - We also have
LY(./y _ AL BRY(2)) — R
/P;(z')M(h &) =0y nay = /P;(z')W(qu( &) —oy
- 2=z - 2l —z

= Qn(z) M(h5)(2) = a¥), n=>2.
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Using the same ideas we prove that for alln > 1, j =1, 2,

Hll_jn( /)PL /W / d HL L 65
o n—j—f—l('z) (Z> 1_77’L( ) n— 3—1—1( ) ( )
.
In fact, by definition (@6) we know that the matrix polynomials Hf ;. (2') are

of degree at most one, i.e.

L / L,0 L,1
Hl]n( ) Hlj?’L +Hljn7 Hl,j,n7H ]

NxN
1,4,m C )

Summing and subtracting in (65) H}

Iin(2) we get in the left hand side

/ H%J"(Z)Pk M( W) d

z
H n 1 n(z)
i P (W) A+ HE ()@ (2)
hence, as
Hll_,j,n(zl) Hll_,jn(z) HL’O
/ - "'1,3n>

we arrive to
Hi; ()
/yﬁpn (@)W () d7
[ PEL WA+ H (20,
0

and by the orthogonality of { Py ; 1(2)} _ with respect to W(z) we get for
j=1,2,and for alln =1,2,.. ., that (-) holds true.
From (B0) and taking into account that LR(PR) = PRAR we get
[Pr(2), M(B5) ()] + P (Z)HY (7)) — P (2)H3 ()
— —aR PR(Z) + PR(Z) AR,

Now, multiplying this equation on the left by W (z')/(z — 2’) and integrate
(using the boundary conditions) over v, we get

Qn(2) M(IF)(2) = M(=1")(2)@5(2) + Qu(2)HT 1 (%) — Qi1 (2)H3 1, (2)
= (24" - ah) Q1 + QA
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and so, from (BIl) we arrive to (64)).
iii) implies ii). Taking derivatives with respect to z we get, after inte-
gration by parts and using the boundary conditions

L Z’ Z’
Q) = [ s
L Z/ Z/ L Z/ Z/ "
P2 [BEWE, ,_ [EEWE,,

(2 — 2)3 2 —z

(@

Moreover,

-2Q ) =2 [ P = g

o [ ) M) 0 —agioane [ W EIE)

Y

dz.

2 —z

Now, we plug all this information into (63)) and deduce that

/ (P2)'W +2(Py) (W' = WhY) + Pr(W" = 2(WhY)) + WaF)
. 2=z
PL
— )\7';/ /"W dz';
vy R TR

by the hypothesis over W we get
[P £ A Pl N
gl

PRW(Z) dZ = 0.

2 —z

Hence, we get that {PnL}neN satisfies (62). Using analogous arguments it
can be proven that the equation (G4) for {QF} <y implies that {PX} N
satisfies (62). |

The interpretation in terms of adjoint operators, inherits from the Riemann—
Hilbert problem the characterization for the {Qh}n oy and {Qg}n oy More-
over, Theorems 4] we see that I/ in Theorem [l can be taken as a solution of
a Pearson Sylvester differential equation like (B6) and satisfies (Bd).

Remark 11. For the symmetric or Hermitian reductions we take h(z) =
Az + B, with A definite negative, and W (z) a matriz of weights a solution
of (61)) subject to the boundary conditions (60). Then, the following condi-

tions are equivalent:
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i) Fquation (B9) is satisfied.

ii) The matrixz orthogonal polynomials with respect to W (z) are eigenfunc-
tions of L.

iii) The functions of second kind, {Qn(z)} associated with the ma-

neN’

triz orthogonal polynomaials, {P”(Z)}neN fulfill the second order differen-
tial equations,

(Qn)”(z) - Q(Qn)/(z) (h(2))" 4+ Qu(2) (' —2AT) = X, Q,(2), symmetric,
(@1)"(2) = 2(Qn)(2) (M(2))" + Qu(2) (o — 241 = X, Qu(2), Hermitian.

The equivalences, described in the previous remark, excluding the one for
the second kind functions (which is new), coincide with those of [31]. There-
fore, these results could understood as an extension of those by Durdn and
Griinbaum to the non Hermitian orthogonality scenario.

6. Nonlinear difference equations for the recursion coef-
ficients

Using the Riemann—Hilbert approach we will derive in this section non-
linear matrix difference equations fullfilled by the recursion coefficients. We
will consider three different possibilities for the Pearson equations satisfied
by the matrix of weights.

6.1. Nonlinear difference equations for Hermite matrix polynomi-
als. We now explore the most simplest case when max(hk(2), h¥(2)) = 1 in
full generality. We take

ht(z) = Az + B, hR(2) = ARz + BR,

for arbitrary matrices At, Bt, AR, BR € CM*V | with A, AR definite negative
matrices. Thus, the matrix of weights W (z) is a solution of the following
Pearson equation (a Sylvester linear differential equation)

W'(z) = (A2 + BHYW (2) + W(2)(ARz + BY).

For simplicity we take v = R. Hence, the structure matrices have, for all
n € N, cf. (37) and (3]), the following form,

B4 |:pI{,n7ALi| CLAR4 ALC !

. (66
oot AL ARG,y —BR— gl AR (66)

R AR
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The Silvester differential system (40) for the left fundamental matrix is, for
all n € N.

pay CrlARANC?

Y,
sy [t |

() + [re, [ w]] = |
that is, for all n € N,

(Py) + [PnL, Atz 4+ B = [pl,, APy — (C,'AR + AYC, ) Ca Py, (67)
Co1(Qh 1) — {Cn1Q7Lz—1a ARz 4+ BY]

= (Cor A"+ A1) Q5 = (g1, AT Con @iy, (68)

Cri(Py_y) + Cpa Py (AY2 + BY) + (ARz + BY) G, Pry
= (Cn—lAL + ARCn—l)P){ - [Qﬁ,nq, AR] CoaPyy,  (69)
(QL) = QL(AR= + BR) — (A + BY)Q,
= [py, A" Q1 — (CTAR + AC N CiQr 4. (70)

n n

Taking the (n —1)-th z power of the ([67), the —n-th of (68), the —(n —1)-th
of (69) and the —(n 4 1)-th of (T0) we get, for all n € N,

nIy + [pL, B + [pE., AY] = [pl,. A ph — (C, ' AR+ AYC N Gy,

TLIN + [Qi—h BR} + [qanfh AR}
= —(Con A"+ ARC,) O+ (a1, AN 0l

Cn—lBL + BRCn—l + Cn—l [pi,nfla AL}
= - (Cn—lAL =+ ARCn—l) Iﬁfl - [qa,nfla AR} Cnfla
BRC, + C,B"+ [ql ,, AY]C,, = —=Cy [pl, AY] — (ARC, + €AY By,

After some cleaning we reckon that the system is, for all n € N, equivalent to

J —

n—1
LBE— | Y gAY + A
k=0

=C'C, A" — O L ARG, — AC L O+ O AR O,
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and
n—2
¢, 1B+ BRC, , - C, [Z B, AL]
k=0

n—1
= —(C 1A+ ARC, )8 | — [ZCkﬂ,';(Ck)l,AR Cror.
k=0

6.2. A matrix extension of the alt-dPI. We now discuss the case
max(ht(z), h¥(2)) = 2, but we perform a strong simplification as we take
hR = 0x and Rt = X\ + pz 4+ v22, with \, u, v € CV*V arbitrary matrices but
for v being negative definite nonsingular matrix. Thus, the Pearson equation
will be

W'(2) = A+ pz + v W(z). (71)

We obviously drop off the notation that distinguish left and right polynomials
and only describe the results for the left case. The integrals are taken along
v, a smooth curve for which we have a simple Riemann—Hilbert problem as
depicted in the following diagram:

Branch of hiperbola 32? — y? = 3
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The structure matrix, cf. (87), is a second order polynomial M, (z) = M?2%+
M}z + M? with
MOI v ON M1: /”L_[Vap}z] VOn_l
" On On|’ " —Chv 0 |’
and
2
M2 | [ﬂ,pﬂ*[v,pﬂ +V(p£) Pt P+ CL Cr (u* [V,pﬂ +75n)0,§1
! ~Cor (ptph v} ~Conav O

Proposition 9 (Matrix alt-dPI system). The recursion coefficients 5, v, of
the matriz orthogonal polynomials with matrix of weights a solution of the
Pearson equation ([1l) are subject to the following system of equation,

(M + [Va nz_:l 54 +v(Bn + 5n+1))7n+1 = —(n+1)I, (72)
A+ + Yor1 + B) — 1 + [u,n 154( In + 5n)
k=0
+[u,§7m— > 5m5k]+[u,n 1,6;{}712_:1 By =0y, neN. (73)
m=1 0<k<m<n-—1 k=0 0

Proof: Given the asymptotics about oo,
_CnQn(Z) — INZ_n_l + qiz_n_Q + ..

—n—1

-

we read the coefficient of z coming from

CoaQ@)y1(2) = M (2)Qu(2) + M(2) Cos@ua ().

with M3 = —C), vz — Coor(p+ v —vpp) My = —C,_wC 1t we
get (72); and from

Q(2) = M{ﬁ Qn(2) — M1n2(2) Cn1Qn-1(2),
with
My = vz
+ (1= [pt]) e+ (N = [moph] = [mpd] +v(ph)" +vCy oy — plvpl)
My =vCy 2+ (n— [vipn) +v6.)Cr

we deduce (73)) from the 27" -coefficient. |
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Another form of writing this result is

Proposition 10 (Matrix alt-dPI system). Given matrixz orthogonal polyno-
mials with matriz of weights W (z) supported on v, a solution of the Pearson
equation ([[1)), the recursion coefficients -y, can be expressed directly in terms
of the recursion coefficients B, for alln € N,

Yni1 = —(n+1) (5 + {’Y, nziﬂkz} +7(Bn + 5n+1)>1.
k=0

The coefficients B, fulfill, for all n € N, the following non—Abelian alt-dPI,

n—1
A+ v (3 + Yust + 52) = B+ 8.3 8| (I + 5,)
k=0
n—1 n—1 n—1
D DD DR A 2 S |
m=1 0<k<m<n-—1 k=0 k=0
Proof: From ([72)) we get the 7, in terms of 3, plugged this relation into the
second one gives the following nonlinear equation for the matrices (,,. u
If we assume that v = —1I as expected strong simplifications occur. In the

first place we find that

Tn+1 = _<n + 1)(:“ - 571 - Bn+1)_17

and, secondly, we derive the following simplified version of a non—Abelian
alt-dPI equation

A— /32 + n(ﬁ - 571—1 + ﬁn)_l =+ (TL + 1)(:u o 571 - 5n+1)_1 o :uﬁn
n—1
k=0

Moreover, when we choose v = —I and u = Oy the non local terms disappear
and the equation simplifies further to

_n(ﬁnfl + 571)71 o (TL + 1)(571 + Bn+1)71 + 62 = >\

Let us remind the reader how the alt-dPI equation appeared for the first time.
Going back to the scalar context, in Magnus’ work [47], associated with the
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weight functions solution of the Pearson equation W’(z) = (22 + )W (z), we
can find the following scalar alternate discrete Painlevé I system

Yo+ Vo1 + B+t =0,

n+ v (Bn + Ba-1) =0,
which can be written as

n n—+1

- - +B.4+1t=0.
571 =+ anl 571 + 5n+1

6.3. The matrix dPI system. We now increase further the degree of
the polynomials appearing in the Pearson equations. We consider the case
with max(ht(z), hR(2)) = 3, but we perform a strong simplification we take
AR = Oy and At = pz + v23, with p,v € CY*V arbitrary matrices but
for v being negative definite nonsingular matrix. Now we take v = R. Ob-
serve that we have non taken the more general possible polynomial of degree
three, but an odd one, with well defined parity on z, this simplifies widely
the computations.

The associated Pearson type equation for a matrix of weights of Freud type:

W'(2) = (pz +v2*)W(z) (74)

The struture matrix, cf. (B7), is a third order polynomial, that we write
as follows

M, (2) = M)2° + M}2* + M2z + M

with
o v Oy o v+ pRov]+uC 0Ly On
M, = On ON] ’ M, = I On —Ch_wC
[ Onv pCyt s [ Oy .01
M) = " M = n
" | n—1H ON ’ " | T n—lén—l ON ’

where Sn = QU+ [p7217 V] + V<Cn_10nfl + C{hcn), n € N.
With this at hand we find.

Proposition 11 (Matrix dPI equation). The recursion coefficients ~y,, of the
matriz orthogonal polynomials with matriz of weights satisfying the Pearson
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equation ((T4) fulfill the following non—Abelian dPI equation

n—1
(M + V(%’H—Q + Tn+1 + 771) + [V, ZVk})%H—l - _(n + 1>Ia n €N
k=1

Proof: Compare the coefficients of z~"~! in the ODE for the second kind
functions we get directly (without additional computations) the MdPI equa-

tions for the three term relation coefficients of {P,(z)} €Ny |

Notice the appearance again of non local terms, that disappear if we take
v = —I and the matrix dPI reads

Vsa =NV, — Yo — Vo1 — s n €N,

which was derived in the matrix context for the first time in [15] and the con-
finement of singularities for this relation was proven in [16], [15], see also [39].
In 1995, Alphonse P. Magnus [47] for the Freud weight satisfying the Pearson
equation W'(z) = — (2 + 2tz) W(z) presented the following scalar discrete
Painlevé I equation

In (771—1 + Yo + %’H—l) + 2tvy, = n.
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