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1. Introduction

Erwin Schrodinger won the Nobel prize for physics mainly due to the paper
‘Quantisierung als Eigenwertproblem’ which appeared in 1926 in four parts
in the first of which, the Schrodinger equation is announced. In the third
part, [S, p. 481] , he investigates spectra using his wave mechanics and in
particular is led to consider a determinant which he writes as

—& Em+1,m
<(‘:Tn—l—l,m —€& 5m+2,m

Em+2,m —&

—& El-1,m

El-1,m —&

defining €, ,,, = —6lg\/ (ZLTZ,)Lgfme), see [S, p. 480]. Here g is a constant and

[,m,n are positive integers, so that the matrix is ({ —m) x (I —m) and n
may assume the values m,m + 1,...,1 — 1; m the values 1, ..., — 1.
Schrodinger then says: ‘If one divides each term by the common factor 6lg
of the ¢, and views k* = —% as unknown, then the equation [determi-
nant=0] has the roots k* = £(I—m—1),+(l—m—3),£(l—m —5), ... which

series stops with +1 or with 0 (inclusively) depending on whether the degree
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2 A. KOVACEC

[ —m is even or odd. The proof of this, unfortunately, you do not find in the
mathematical appendix, since I did not succeed in finding it ...” (author’s
translation; emphasis by Schrodinger).

The 1991 paper [TT, p. 342] claims that Schrodinger unwittingly consid-
ered in his famous paper determinants known as Sylvester Kac determinants.
This claim is from time to time repeated; see e.g. [BR, p.408]. The Sylvester
Kac determinant is given as

SK,(z) = n—2
r n—1
1 T

= (—n+1+2)(—n+3+2)---(n—3+z)(n—1+2x).

According to the history reported in Taussky and Todd [TT], this formula
was first stated without proof by Sylvester in 1854 in a half page long paper
reprinted in [TT], but a proof was provided only in 1866 by F. Mazza; in
1947 Mark Kac [K] and in 1957 P. Résza [R] independently, not knowing
about the earlier results found other proofs; all these are reviewed in [TT] .
But perhaps the best proof this author knows of can be found in Edelman
and Kostlan’s paper [EK, p.18]. Note that depending on whether n is odd or
even, 0 is or is not a root; that is an eigenvalue of the underlying zero-axial
matrix.

It seems not at all obvious how to deduce from the results known about the
Sylvester Kac matrix the value of the Schrodinger determinant and in spite
of a thorough search through the literature on tridiagonal matrices we have
not found any paper that would have Schrodinger’s conjecture as a topic of
investigation. The claim in [TT] seems due to a confusion not free of pe-
culiarities: At about the same time Schrodinger wrote his famous series of
papers, he also published together with F. Kohlrausch a short paper [KS] on
Boltzmann’s H-theorem which the present author had the possibility to see*
and in that paper indeed stumbled in the second section over a linear system
whose matrix (never written down) would be essentially that of the Sylvester
Kac matrix. Now the 1968 appendix of Mark Kac’s Chauvenet prize-winning

*Thanks to magnificent libraries Coimbra University possesses.
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paper [K],[A], on Brownian motion to which [TT] refers, contains in its ref-
erences [KS] but not [S], while [TT] has in its references [S] but not [KS].
Furthermore, as we saw, for the n x n Schrodinger determinants the values
of the n x n Sylvester Kac determinant are predicted. For example, we have
after substituting —e by x and putting

o = /T

An?2 — 1

8/v/13 and €y,41.m = 24/6/5 and get the determinants

for (I,m) = (10,5) and (I, m)
v
\/% T 2 %
2 % x 6
61/ 55
2

T 2%
2,/8 @ 2y/%8
85 3 2% T
14
2\/ 17 30%
T

(11,6), respectively, the values €41, =

respectively. Both these determinants are equal to the 5 X 5 Sylvester Kac

determinant which is

z 1
4 x
3

[NCREST NG)
_ 8 W
SIS

Is this so in general?

=(—4+2)(-24+2)(x)(2+ 2)(4 + x).

If we define n = [ — m, then we have I> — (m +14)?> = (n —)(2m + n + i),
and Schrodinger’s n X n determinants can be written

Sch,,(z)

r €12
€12 T €23
€23 X

En—l,n
xT

En—1,n
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where 1 = 1,2,....,n — 1, m € Z, is a free parameter which we mostly will
suppress in notation and the €;14; = €;14+,(m) > 0 are defined by

5 iln—14)(2m+1)(2m + n +1)
i, = .
T Om 420 —1)(2m + 20 + 1)

From this formula and an argument in Section 2 it is clear that
as m — 0o, we have €; 14, — i(n — 1)

and so whatever the Schrodinger determinant is, it converges to the Sylvester
Kac determinant of the same size. Schrodinger’s conjecture Schy,(z) = SK,, ()
says of course much more: namely that the polynomial in z, Sch,(x), has
coefficients that do not depend on m. From observations on partial fraction
decomposition it will follow in Section 3 that the coefficients of the polyno-
mial Sch,(z) must be Q-linear combinations of the fractions

1/2m—+2i—1),i=1,2,..,n—1.

Hence we shall have to show that the coefficients of these fractions are all
0. To prove this is the topic of sections 4 and 6. Section 5 proves some
special cases, partly to cover limiting cases not transparently covered by the
arguments for the typical case, partly to prepare the reader’s mind for the
somewhat technical section that follows.

Since any of the underlying zero axial Schrodinger matrices of given size n
has the same n distinct eigenvalues that the zero axial Sylvester Kac matrix
of size n has, these matrices are similar to each other. The author has
not worked on the problem to find parametrized similarity transforms that
diagonalize the Schrodinger matrices of given size in dependence of m or that
transforms them into Sylvester Kac matrices. It might be hard to find such
transforms but at the other hand they might yield a more elegant proof. A
deeper understanding of Schrodinger’s determinant might also come from the
relation existing between orthogonal polynomials and tridiagonal matrices
via Favard’s theorem; see e.g. [Ch]. We should also note that a number of
generalizations of Sylvester Kac determinants are known (see e.g. [MM] or
papers on Cayley continuants and others relating to Favard’s theorem) but
as yet this author was not able to use them in a productive way to tackle
Schrodinger’s conjecture.
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2. Translation to a conjecture for coefficients

Chapter XIII of the famous treatise by Muir enlarged by Metzler, [MM],
is completely dedicated to ‘continuants’, nowadays better known as determi-
nants of tridiagonal matrices. [MM] defines the compact notation

ai by
c1 az by
b1 by -+ by ¢y as bs
K laiay -+ ap_1ay| = o ;
C1 C2 - Cp—-1
: bn—l
Cp—1 ap

which if context allows [MM] abbreviates to K(1,n).

After some combinatorial reasoning [MM, §545] concludes that the deter-
minant K (1,n) can be formed from ajas...a, by replacing in all possible ways
0,1,2, or more pairs of consecutive as by the signed product of bs and ¢ that
have the same index as the first of the consecutive as. In other words for
each pair a,a;,, replaced we have to write —b,.c,.

Thus for example
a1a2a30405 —+ (—blcl)a3a4a5 + al(—bQCQ)a4a5 +

w4 b; bCQL b;;bzla B a1a2(—b363)a5 —+ a1a2a3(_b464) +
PR BT (—bie)(=bses)as +  (=bier)as(=bscs)  +
C1 Co C3 C4

aq (—bgCg) (—b4C4).
An important obvious consequence is

Lemma 2.1. Assume by, ¢y, ..., by 1,¢p1 and by, ¢, ..., 0. 1, | are complex

numbers such that fori=1,...,n — 1 there holds bic; = bic;. Then

by by -+ b, 1 oobly - b

n—1
Klaas ---ap1a,| =K |aray ---ap_1a,]. N
/ / /
Cl CQ A Cn_l Cl CQ A C’rlfl

We write from now on
¢ =¢; and ¢ =i(n—i).
By the previous lemma, the n x n Schrodinger determinant then is

€1 €2...€6p-1
Schy,(z) =Kz =z x|,
1 1.1
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while the n x n Sylvester Kac determinant is

Ci1 Ca...Ch—1
SK,(z) =Kz = x
1 1.1

According to the previous arguments, a tridiagonal n X n matrix whose di-
agonal consists entirely of xes must have as determinant a monic polynomial
in = of degree n with coefficients of 2”71, "3, ... equal to 0. Hence we have

. !/
for certain reals coef, and coef, developments

|n/2] |n/2]
Schy, ( Zcoefn o "% and SK,( Zcoef

From this it follows that for n odd, x|Sch,(z) so that 0 is an eigenvalue of
the underlying zero axial matrix. To keep notation simple, the Muir’s rule
suggests to define a < b to say that b — a > 2. With this we can write the
nonzero coefficients of Sch,(z) and of SK,,(z) as follows.

coef, = 1 coef, = 1
/!
coef,, o = — > e coef, , = — > G
1<i<n—1 1<i<n—1
/
coef,, 4 = + > ee coef, , = + > g
1<i<j<n—1 1<i<j<n—1
i
Coef”—Qﬂ = (_1)M Z €i1Ciy """ €iy, Coefan;L - (_1>M Z CirCiy **  Ciy,

1§i1<i2...<iﬂgn—1 1§’L'1-<i2...-<’t'“§n—1

Thus the conjecture is equivalent to:

Conjecture 2.2. Forallu=0,1,2,..., [n/2] there holds coef,,_y, = coef]

that 1s,
g €i16i2 e eiu = E CZ-ch-2 e CZ.N'

1<y <ig...<i, <n—1 1<y <ig...<i, <n—1

n—2u

After skimming over Proposition 3.1 below, the reader will have no dif-
ficulty to follow the proofs of some of these equalities, namely the cases
pw=0,1,and n even ,u = |n/2| , given in Section 5.
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3. Notation and auxiliary results

Our proof of Schrodinger’s conjecture unfortunately makes necessary a
number of abbreviations in order to obtain manageable expressions. Also,
we avoid repetitions giving certain letters a fixed meaning.

Throughout the rest of the paper, the letters n, T, u, £ have the following
meanings.

n is a fixed integer > 3; it indicates the size of the determinant.

i is a fixed integer € {0, 1, ..., |[n/2]}; it refers to the p in Corollary 2.2.

T is a fixed integer € {1, ...,n}. Its significance is explained below.

x will replace 2m as the parameter in e;. (x is not used anymore in the
previous sense. )

The symbols ¢;, d;, t;, €;, €i4,..;, and E are defined as follows:

¢ = i(—i+n) 1€ 7L
d; == 1/(x+2i—1) 1=1,...n
t, = _2_10—1+icidi 1=1,...,n
e = G (a:—ii—z)(x—i—n—i—.z) 1=1,...n—1
(x4+2i—1)(z+20+1)
Civig..i, = €i1€Cip €,
E = > €i,€iy """ €,

1<iy <ig...<i,<n—1

Proposition 3.1. Among the ¢;,d;, t;, and e; there hold the following rela-

tions
e = ¢+t —1tiy
didj = 2_1(j — Z)_l(dz — d]) i #£J
dit; = —27%(j — i) reo1yyei(di — dj) i# ]
titj = 2_3(j — i)_16_1+¢CiC_1+jCj(di — dj) 1 7éj
0 = co91;j—2¢+co; +8 1€ 7

and fori #£ j,7+1:
diej = 272cj(Ad; — co11j (7 — )7 (di — dj) + craj(1+ 5 — )7 (di — diy)).

Proof: The identities claimed can all be verified by direct computation. For
example, the computation

Ci+ti—tiyi = ¢ — 27 coicidi + 27 cieridiy
= (1 =2 oy pidi + 27 e yidi)
“H—1+4i)(1—i+n -1 1)(—1—i4+n
_ ci(l—Z (—1+9)(1 +)+2 (14i)(—1 +))

T rt2i1 T+2i+1
(x+i)(z+n+i)

T+ 2i—1) (@t 2i+1)

= Ci(
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proves the identity given for e;. |

Of particular importance in these formulas is that d;d; (for i # j) is a
linear combination of d; and d; obtained by partial fraction decomposition.
The fractions 1,dy, ...., d, are as elements of the rational function field Q(x)
evidently linearly independent over Q. Since the ¢; are rational multiples of
the d; we have by iterative use of the multiplication formulae for d;d; the
following important fact.

Corollary 3.2. Every polynomial in Qldy,....,d,,t1, ..., t,] in which the d;
and t; occur in degrees 0 or 1 only and in a product never with the same
indices can be written uniquely as a Q-linear combination of 1,dy, ....,d,.

Example. 3did3 — 2d,drd3 = %dl + %dQ — ds3, that is
3 2 1 1 1

G+ D)@+ @+D@+3)@+5) 2@+1) 2@+3) (@+5)

Consequently if p € Q[dy, ...., dy, t1, ..., t,] is such a square free polynomial,
then we can define cf(p) as the rational coefficient of dy in the presentation
of p as a Q—linear combination of the 1,d,ds, ..., d,. Also, by speaking of
‘the coefficient of dp in p’ or ‘the cf of p’, we shall mean cf(p). Thus if p is
the polynomial of the example and T' = 2, then cf(p) = 1/2; if T' = 3, then
cf(p) = —1.

It is easy to see that E € Q[ty, ..., t,] is a square free polynomial in the said
sense.

Corollary 3.3. If T # 5,7 + 1, then
cf(drej) = 27%cj(4 —co1yj (G = T) 7 + ey (L +5 = T)7).

Proof: This follows from the formula found for d;e; putting ¢ = T" and ex-
tracting the coefficient of dr. |

Lemma 3.4. Assume p,q are polynomials in dy, ..., d,, in which each d; has
degree at most 1 and q 1s dp-free, i.e. does not have tr or dr as a variable,

Then cf(pq) = cf(p)ct(drq).

Proof: After developing p into a linear combination of the d;, we can write
p = cf(p)dr + r, where r is dp-free. Then cf(qp) = cf(qcf(p)dr + qr) =
cf(qct(p)dr) + cf(qr) = cf(p)cf(gdr) + 0. m
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Convention. Whenever we write a sum of the form ) el,,...1,, where the [;
can be partially fixed (by context), it will always be assumed that

1<h<..<l,<—-1+n.

Furthermore we allow notations of the form ) {s; : i € I'} instead of )., s;,
whenever the description of the index set over which summations have to be
done is complicated.

Indeed, later we have to consider sums of the form

) o . 1<41<...<15_;<1s<a,
{67'17"'71537'157"'71/1. : b§2t<21+t<<1#§fl+n }
which will often be abbreviated to

Z{eil,...,is,it,...,iu : Zbé?} or even to Z{ 25;}

Example. Assume, say, n = 15,7 = 4. Then the sum

§ ... . 1358
{611,T713,Z4,l5 : 11§i4}

consists of the 2 x 3 x 3 = 18 summands associated to the 5-uples 71, 4, 13, 14, 5
for which iy € {1,2}, i3 € {6,7,8}, (i4,45) € {(11,13),(11,14),(12,14)}.

Sums whose conditions are unsatisfiable, are of course to be considered 0.
Thus if in the example above e.g. T' = 2, then the sum would be 0.

4. Definition of E..4

If we recall that e; = ¢; + t; — t144, then it is obvious that the polynomial
at the left hand side of Conjecture 2.2, when expanded, has as the subsum
of its ¢t _-free terms the right hand side. Thus we need to prove that for an
arbitrary T' € {1,2,...,n}, the coefficient of dy in E is 0. Given that we
consider 7" fixed we have to show simply that cf(F) = 0. But F in expanded
form has many terms that cannot contribute to the coefficient of dp. So we
begin by focusing on the important ones. The summation conventions made
in Section 3 are full in place.
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Proposition 4.1. Assume u > 2. Define the polynomial E.eq, by the follow-
ing sum of 1 +2(p—2)+1=2u—2 sums :

Bred = ) € 14T 14 Tisiiyy T
Zeil,—1+T,1+T,i4,...,iM =+ Z€—2+T,T,i3,...,iu
z61‘1,ig,—1+T,1+T,z’5,...,z’u + Zez’l,—2+T,T,i4,...7iu
Zeil,2'2,ig,—l—&-T,l—I—T,iG,...,iM + Z€i1,¢2,—2+T,T,¢5,...,z‘H

Z ell ,’1:2,...,2-},‘_3,*2+T,T,7:“
E 621 ;i27---a7;u737iu727_2+T7T7

Z eilai27"'7i/t—2771+T71+T

Then
cf(Ereq) = cf(E).

Proof: Evidently a necessary condition for e; ;, .;, to contribute terms in
which occurs dr, is that {7 occurs in e;, ;, . ;,. Since by definition €;,;, ;, =
P _(ci, + ti, — t144,), for the occurrence it is necessary that T € {i;, 1 +

i1, ..., iy, 1 +14,}. By the definition of ‘<’ , it can happen only for at most one
ve{l,2,...,u}, that T € {i,,1414,}. Hence cf(F) equals the cf of

E €—1+4Tig,...i, T E €T iy, iy T E Ciy,—14T,is,....i, T E Ciy Tig,..ri,

+ T + Z €i17i27i37'~-7i#717_1+T + Z el’l,ig,l’g,...,iﬂth'
We shrink this sum further. We look first at the case T' € {i1,1 + 4;} and

compare
I

€ 14 Tigi, = (Coror + o1y —t7) [ (ci, +ti, — t1ys,)

v=2

with p
€T y,...i, = (cr +tr —tiyr) [T (e, +ti, —tigs,)

Note that, whenever T < 75 then also V—21 + T < iy and then the cfs of
€_14Tyiy,....i,, and eq, ; are simply the cfs of —t7 [])_,(ci, + i, —t144,) and
tr [1)_s(ci, +ti, —ti+i,), respectively , and hence cancel each other. Therefore
the coefficient of dr in ) € 14Tyig,..iy + > €Tiy,...i,, €quals this coefficient in
the surviving terms containing ¢7 and these pertain to the #9i3....7, for which
19 = 1+ T. So the coefficient of dr of the sum of the two sums equals
Cf(z €—1+T,1+T,i3,...,iu)-

Next we compare, supposing 2 <[ < u — 1,

Citoitri— 1+ Tyt 1siy, = (C=147 + torgr — t7) - [1(ci, +ti, — ti4i,)
vl
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with

eil>~-'7ilfl7T77’.l+17"~7ip, - (CT + tT - t1+T> ’ ]._[ (Czu + tlu - tl"‘ly)'
v#l
Whenever 7, 1 < —1 4T and T" < 21, then both of above es occur in the

sum F but the coefficients of their respective dr are opposed and so cancel.
The strings of indices subordinated to es that do not cancel are those with
171 = —2+ T and those with 4;,1 = 1+ T. So we see that the coefficient of
dr in Y € i1 14 Tigrsi, T 2 Ciroi1 Thirsr,d,  ©quals the coefficient
of drin D € iy o 24T Tiirprrin T D Citoitrs— 1T Tyt oo

Finally we look at the coefficient of d7in Y e;, i, \ —147+ D €y, T
If 9,-1 < =1+ 7T, then i, 1 < T. By analogous reasoning as in the cases
before, it follows that the coefficient of dp of the present sum is that of
Y €iy,.in_s—2+T,7- This proves the proposition. ]

Lemma 4.2. There hold the following equalities, by which we also define
nonzero reals C.,.

a. cf(dre_1_i17) = cf(dreirr) = C; (1 # —1,0)
b. cf(e_1iriir) = —cf(e_airr) = =27 c_oyre_rirererr = —Co

Proof: a. We have by Corollary 3.3 the equalities

cf(dre—1—ivr) = comipr(14+272(1+0) ooy — 275 teipr)
cf(dreivr) = cior(1 =272 e 1 ir +272(1 +14) o).
One now proves by a lengthy but straightforward computation that the

quantities at the right hand side are equal.
b. Since ey, has ty not as a variable, we find by Lemma 3.4 that

Cf(€_1+T€1+T) = Cf(€_1+T)Cf(dT€1+T).

Now cf(e_i.7) = 27tc_1,rcr, while by Corollary 3.2 and Proposition 3.1,
cf(dreryr) = 27 3¢14 (8 — 27 + coyr) = —273¢_o,rer 7. Hence follows part
of the claim. The other part follows by very similar computations. |

Corollary 4.3. Assume p > 2. With the definitions

o4
Co = 27%c_ayrc_1irerciir,

-1 <=3+T
I(V) = Z ei1,...,iy—1,iy+2,...7iu . 13J:T§iuj__2 (V = 1,..., -1+ ,u)

by 1<—44+T
]](V) = Z eil,...,Z’l,_l,i,,_i_g,...,iu : ZQ_i_l;SZ'V:; (V = 1, cey —1 —+ /J)
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there holds

—14p
cf(Brea) = Co Y cf(dp(—I(v) + I1(v))).
v=1
Observation. In the cases v = 1,v = —1 + p occur in I(v), [1(v) formally

conditions involving 7y or i14,. These should be discarded.

Proof: Recall that a typical sum occurring in the left column in the definition
of Fieq in Proposition 4.1 has the implicit requirement i,_; < —1 + T <
14+ T < 1i,.9. This is taken care of via the specifications introduced in the
definition of I(v). A similar remark holds for the sums of the right column
in Feq and I1(v). By the multiplicative definition of e we can put in the
left column of the proposition the products e_; 7147 into evidence and in
the right column the products e_oy77. So we get

—1+p —1+p
Ered = Z e_1+ra+7l (V) + Z e_orrrlI(V).
v=1 v=1

Using that I(v), I1(v) are dp-free polynomials, lemmas 3.4 and 4.2 yield

H(B) = 3 efleririr ) + 5 ol(e sral1())
- _:f;l”cf(e_HT,HT)cf(dTl(u))+_§ cf(e—zrr)ef(drl(v))
_ _f;” _cocf(dTI(u)H_lfj Co(ct(drII(v))
o _g cf(dr(—I(v) + II(v)).

This analysis refers to the ‘typical’ case that 2 < v < —2 4 pu holds. The
general formulation bears the vestiges of this case. If v = 1 the natural
translation for FE,q given in Proposition 4.1 to the formula for F..q given
above requires evidently the interpretation 7(1 {eZ gy 13+ T < ig} )
So either one discards the condition 7o < —3 + T or, equivalently, assumes it
automatically satisfied. Similar remarks hold of course for I(1+ p). See also

the treatment of the case u =5 in the next section. ]
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5. The equation of Conjecture 2.2 for ;=0,1,2,3,5,n/2

We prove the equation of conjecture 2.2 for the cases © = 1 and n even,
@ = n/2 in a direct manner using for these simple proofs very little from
the general developments above. The cases u = 2, 3,5 are also treated here.
Their study will ease the digestion of the proof for general i in the next
section since they rely on showing cf(Fyeq) = 0.

CASE = 0. The equation of conjecture 2.2 says for u = 0 the triviality
that the leading term of Sch,(z) as well as that of SK,,(z) is 2. n

CASE p = 1. Then we have to prove
S oa- Y o
1<i<—14n 1<i<—1+n
Since e; = ¢; +t; — t;11, the sum at the left yields
dYooat+ > (ti—ti)= D it (ti—t),
1<i<—1+4n 1<i<—14n 1<i<u

by telescoping. But t; = —27'¢oc1d; and t, = =27 c_14ncnd, and ¢y = ¢, =
0. Done. ]

CASE p = 2. Then

E = g ei; and  Eed = e_147147 + €241 T

1<i<5<—-14n

Thus cf(Ereq) = cf(e—11r147) + cf(e—orrr) = 0 by Lemma 4.2b. ]

E = Z €ijk,

1<i<j<k<—-1+n

CASE p = 3. Then

and
Erda = Y e isrmismh+ €0k + D €i—147147 + D €i—o4TT
= e 11O _{en 3+ T <k}+>{e:i<-3+T})
+e_orrr(D e : 24+ T <k} +> {e;:i < —4+T})
= e_11ra+7(L(1) +1(2) + e—orrr(11(1) + I1(2)).

Again by Lemma 4.2b, we have that cf(e_117147) = —Cp, while cf(e_or77) =
Co. Expressions I(.) and II(.) are dp-free polynomials. Also note that the
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set of k for which 3+ 7T < k differs from the set of k for which 2+ T < k by
the single element 2 + T'. Hence

I +1I(1) == {ex:3+T <k}+» {ex:2+T <k} =ear.

Similar considerations can be made for —I(2) 4+ 11(2) and are underlying
many of the equations we later write down. Therefore by the lemmas 3.4
and 4.2a, putting there ¢ = 2, we find

cf(Ereqd) = —Cocf(dp(I(1) + 1(2)) 4+ Coct(dp(11(1) +11(2))
= Cocf(dp(—1(1) + 11(1)) + Cocf(dp(—1(2) + 11(2)).
= Cycf(drearir) + Cocf(dr - —e_347)
= CyCy — CyCs
=0 =
We now jump to the case p = 5 since here the phenomena relevant in the

general case can be better seen than in case u = 4.
CASE p = 5. Here

E:Z{eijklm:1§i<j—<k—<l<m§n—1}
and hence

Ered = Y€ 14Ta+Thim + 2 €24 T Thdm + O €im1+T1+TLm + 2 €i—24TTlm
+ D i1 T A4 Tom T D €iji—24T Tm + D €ij k14T, 14T + D €ijk—24+T.T
= e parnar(I(1) + I1(2) + I(3) + I(4))+
teoprr(I1(1) + I1(2) + T1(3) + I1(4));

and so, for similar reasons as in case explained before,

of (Bred) = Coct(dr(—1(1)+TI(1)—I(2)+11(2)—I(3)+11(3)—I(4)+II(4)).
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Hence we can write

Cf(Ered) 2 C()Cf(dTX
(— Z {eklm : 3+T§k¢} + z {eklm : 2+T§k}
=Y e Sirg b+ XAeam Sirk
= {eim: e} F X ACim Birem
— Z {eijk : kS—3+T} + z {eijk : k§—4+T}))
2 Cycf(dpx
( €T Z{elm 44T S l}
—e_gir > {em :3+T <1} + exr ). {eim : ﬁ}?ﬂf
—e giry{em: Sipem} + exrdfeyj<—44+T}
—egir ) {eij:j < —5+T} )

= CQCQCf(dTX

O Aem : 4+T <} — >Hem: 3.+T <}
+3 {eim: Trem ) — 2 lem: Sirim

+> {e sy — Y {e; 1§ < =5+1T}))

- C()CQCf(dTX
(—esyr Y {em : 5+7<m }
—€34T Z {ei : i§—5+T} + e_y47 Z {em : 4+T§m}

€_44T Z {ei T i<—6+T }))

= C()CgC;ng(dTX
(=S {em: s+1<m} + > {ey: 4+T<m}
— > {e; i1} 4+ > {ej: i<—6+T}))

B CQCQCg(Zf(dTX
( €44T
—€_54+T ))

= CoC2Cs(Cy — Cy))
= 0.
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Here in ‘2’ we used the definitions of I(v),II(v) for the case u = 5 and

transcribed them to the notation ijklm in place of i1i9i3i4%5. In ‘=’ we carried
through line for line the additions of the lines of the previous block. Consider
for example

1)+ 112) = = feam: 527+ > {eam: 5t

Whenever ilm is so that i < —4 4+ T&3 + T < [ (supposing as always
i < 1 < m) then e, will occur in both sums and hence cancel. There remain
thus the triples ¢lm with ¢ = —3 47T in the left sum and those with [ =2+ T
in the right sum. Putting them into evidence the net result for —1(2)+117(2)
is given as indicated by the second line of the second block as

—e-aird e 34T <+ enr 3 {ewn s fir

To obtain ‘2’ note that the block after the ‘x’ in ‘2’ represents a dp-free
polynomial which comes as a sum in the form —e_3,7q;+e2,7¢2 (with evident
q1,4q2). So, using Lemma 3.4 with the pairs (p,q) = (dr - —e_317,¢1) and
(dr - ear7,q2) and Lemma 4.2a we get

cf(dr(—e_strq1 + ea17rq2)) = cf(dr — e_si7)ct(drqr) + cf(dressr)ct(drgs)
= Coct(drga) — Coct(drqr) = Coct(dr(q2 — q1))-

This yields the block introduced by *3. The block %4 is obtained from block
x3 similarly as block s is obtained from *;. Block *5 from block %4 similarly
as *g from %o using that cf(dres.r) = cf(dre_4117) = C5. Block g comes
from block %5 just as block *4 is obtained from block %3 . Finally block 7
comes from *g using cf(dreqr) = cf(dre_5.7) = Cy. ]

Remark. Note that in case it happens that one of the C; = 0, then the
desired fact cf(Eq) = 0 follows at an earlier instance in this arguments;
that is in this case one needs not the full reasoning here presented.

CASE n even and p = n/2. In this case the equation boils down to the claim
€1€3 - €y 36,1 = C1C3 -+ - Cp—1. Now working directly with the definitions of
the e; we find

—1+n

€163 €p—_36p—1 = C1C3 " Cp—3Cp—1 * H (
i=1
iEQl

(x+i)(x+n+1)
r+20—1)(x+2i+1)
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Evidently the first of the products at the right is independent of z. The
second product can be rewritten by substituting the admitted product index
i by 2 + 1 and ranging with ¢ from 0 to § — 1. We then get that this second
product equals

("ﬁ‘l (@ +2i+1)(z +n+2i+1)

-0 (it 1)(z+4i+3)
The product of the first factors in the numerator equals

(x+1)(x+3)---(z+n—1)

while the product of the second factors equals
(x+n+1)(x+n+3)---(x+2n—-1).

The product of these products is easily seen to be the product of the denom-
(n/2)-1
inators. So the product [] ...=1. _
i=0

6. Proof of Conjecture 2.2
We start from the equation for cf(E,q) found in Corollary 4.3:

—I4u

Erea) = Gy Z cf(dr(=1(v) + 11(v))).

We have
—I(v)+11(v)
— . . . L. iu71§_3+T . 3 3 L. iV,1§—4+T
- 621,...,zu_1,zu+2,...,zu © 34T <, 0 + ezl,...,zl,_l,z,,+2,...,zlt © 24T <y 0
_ iy_o<—5+T iy <— 4+T
- _€—3+T§ :{ 3+T<iy4o }+e2+T§ :{ 4+T<zu+3 :
The explanation is a generalisation of one given in Section 5, for the case
p = 5. Whenever 1, ..., %1, %42, ..., 1, is an uple so that i, | < —4+T &3+

T <,y holds, then €;, . i, ..., occurs in both the sums of the first line
but with opposite signs and therefore cancels. Noting

Z§_3+T = {—3 + T} %) Z§_4+T and Z§3+T ) {2 + T} = Z§2+T,

one sees that the signed e;, i, ,i,,,..i, Which do not cancel are those of

the form —e; i, , 347 i 45,5, and those of the form e; i . 2:¢7i,,5..,-
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Putting e_s,7 and ey 7 into evidence, this and the abbreviation conventions
introduced earlier explain the second equation above.

Now by Lemma 4.2 we find cf(dre_3,7) = cf(dressr) = Cs, and by Lemma
3.4 and using that the inner sums in *; below are dp-free, we find cf(Eleq) = 0
iff the following holds:

—1+p

s ref(dr( ) (=) {5, Y+ ) i, D) =0.
v=1

This is the beginning of an inductive procedure in which the sum outer sum
> o, extends over less and less summands till it vanishes. We define more
generally the claim x; as follows and and show how to deduce *q.;:

—l+u
, Z iy 0 <—4 l—|—T IHZ iy 1<—3—I+T .
k- Cf(dT 2 : {2+Z+T<lu+z+1 {3+Z+T<lu+l+2} )_ O’
v=1

QV ql/

The first step is to write Z;f{“ ... as

—l+p —1—I+p
Z (_lqy + 1+le//) _ _lql + Z ( 1—|—lqu + _qu_V) 4 — 1—|—lq/ Lin
v=1 v=1
—1—l+p
= ! Z (_qu + Q1+V)7
v=1

where we used ¢; = 0 for it involves an undefined 7_; in its conditions, and
q . , = 0, since it involves 4,5 in its conditions.
Now
iy 1 <—1—3+T

—q,’, + Qv = — Z{eil...iy_l,mlﬂ...iu © BT <iyqi40 }‘|'
+ Z{eil...z'y,l,mm...i# : ;ﬂf{é:ii}
= — Z{eil...2'1,_2,—3—Z+T,z'1,+l+2...iu ; ;’Ilffgl;iji -+
+ Z{eil...z'l,,l,2+Z+T,iu+l+2...iu ; Z:lfj“_gl;ﬁf;}
= —€_3-14T Z{ éisziZiﬂ } Te2+14+T Z{ i?lffgliﬂ ;e

N
qu q1+v
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Here we used that the e’s with indices 4;...9,—1, 9y4142...7, for which
(/l:y_l S —l—4+T) & (3+Z+T§ ?:l/-i-l—l—2)

hold occur in the two sums with opposite signs and thus cancel. The e’s that
do not cancel are those with 7,1 = —3 — [ + T in the left hand sum and
those with i,,.;,0 = 2+ [+ T in the right hand sum. Thus the sum of the
two sums can be rewritten as in the second equality.

So the left hand side of claim *; can be processed as follows:

—1—-l+u
lThs(x;) = cf(dT-—l > (=, +q))
v=1
—1-l4p
= ! > cf(dp(—e—s—isr - G, + e2visr - Gi4v))
v=1
—1—l+p
= - Z (Cf(dT . —8_3_1+T)Cf(dTle//) +Cf(dT62+l+T)Cf(dTle+y))
v=1
—1—l+p
= =1 > (=Cop)ef(drd,) + Copict(drgity))
v=1
—1—-l+u
= Cop Y (="ef(drg,) + —'cf(drits))
r=1
— O f(dr - S 1+~ _lx
bt (dr 2_31 (— 3, + —"G1+0))-

Therefore if Cy1; # 0, then by the definitions of ¢, ¢, we can conclude

—1-l4+pu
l y—2<—1—=5+T l v <l4T
Cf(dT( Z (_1+ Z{§+l2-FTﬁiu+—:_+2}+ Z{ jl—f—ll—FT<zy+—l’—+2 >)) =0.
v=1

In other words we have proved that if Cy.; # 0, then x; is equivalent to *;;.
That Cy.; # 0 can be assumed will follow at the end by a similar argument
as the one given in the final remark for the case ;1 = 5 in the previous section.

We finally infer the truth of these claims by verifying claim *,_3. Indeed
for [ = p — 3 the sum

—1—l+u

Z (_qu + ql—i—y)

v=1
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is
2
Z(—qf, + Qi) = —q{ + g2 — qé + qs3
v=1
jo<—pu+T jo<—1—u+T
==Y U Y ) A ret,
iW<—p+T i1 <—1—p+T
a Z{ Mlﬁ‘_TﬁuiLl ;o Z{ 1j‘_u+T§ui:Lr+1 }
= — Z{eiu: u+T§i#} + Z{eiu: —1+p+T<i, }_
— Z{eilz ili*lHrT} + Z{(BZ’II ilﬁflf,quT}
= € 14p+T — €—p+4T-
Since
Cf(dT€—1+u+T) = Cf(dTe—/H-T)
claim *,_3 follows and Schrodinger’s conjecture is proved. |

Acknowledgements. The author gratefully acknowledges support from
Centro de Matematica da Universidade de Coimbra — UID/MAT /00324,/2013,
funded by the Portuguese Government through FCT/MEC and co-funded by
the European Regional Development Fund through the Partnership Agree-
ment PT2020. He also profited from conversations with José Carlos Petron-
ilho.

References

[A] J. Abbot, The Chauvenet papers, Vol. I., MAA 1978.

[BR] T. Béros and P. Résza , An explicit formula for the singular values of the Sylvester Kac
matriz, Linear Algebra Appl. 421, (2007) 407-416.

[Ch] T. Chihara, An Introduction to Orthogonal Polynomials. Dover 2011 reprint of 1978 publi-
cation.

[EK] A.Edelman and E. Kostlan, How many zeros of a random polynomial are real?, Bull. Amer.
Math. Soc. 32 (1) (1995) 1- 34.

[K] M. Kac, Random Walks and Brownian Motion, Amer. Math. Monthly 54 (1947) 369-391.
Reprinted with an appendix in [A]

[KS] K. W. F. Kohlrausch und E. Schrédinger, Das FEhrenfestsche Modell der H-Kurve,
Physikalische Zeitschrift, 27, (1926) 306-313.

[MM] T. Muir, A Treatise on the Theory of Determinants, revised and enlarged by W. Metzler,
Dover 1960.

R] P. Résza, Bemerkungen tber die Spektralzerlegung einer stochastischen Matriz, Magyar.
Tud. Akad. Mat. Fiz. Oszt. Kozl. 7.: 199-206 (1957) Zbl. 101:254

[S] E. Schrodinger , Quantisierung als Figenwertproblem: Dritte Mitteilung: Storungstheorie
mit Anwendungen auf den Starkeffekt der Balmerlinien, Ann. Physik 80 (1926), 437-490.



SCHRODINGER’S TRIDIAGONAL MATRIX 21

[TT] O. Taussky and J. Todd, Another look at a matriz of Mark Kac, Linear Algebra Appl. 150
(1991) 341-360.

ALEXANDER KOVACEC
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3001-545 COIMBRA, PORTUGAL

E-mail address: kovacec@mat.uc.pt



