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ABsTrRACT: We study nonlinear degenerate parabolic equations of Fokker-Planck
type which can be viewed as gradient flows with respect to the recently intro-
duced spherical Hellinger-Kantorovich distance. The driving entropy is not as-
sumed to be geodesically convex. We prove solvability of the problem and the
entropy-entropy production inequality, which implies exponential convergence to
the equilibrium. As a corollary, we obtain some related results for the Wasser-
stein gradient flows. We also deduce transportation inequalities in the spirit of
Talagrand, Otto and Villani for the spherical and conic Hellinger-Kantorovich dis-
tances.

Keyworps: functional inequalities, Talagrand inequalities, optimal transport,
Hellinger-Kantorovich distance, geodesic non-convexity .
MartH. Susject CrasstricaTioN (2010): 26D10, 35Q84, 49Q20, 58B20.

1.Introduction

Unbalanced optimal transport [33, 29, 10, 32, 11, 39] is a recent variant
of the Monge-Kantorovich transport which is relevant in the situations
lacking the conservation of the total mass, such as processes involving re-
action. Important objects in the field are the conic Hellinger-Kantorovich
distance (also known as the Wasserstein-Fisher-Rao distance) on the set of
Radon measures and the spherical Hellinger-Kantorovich distance on the
set of probability measures, see Section 3.3 below for the definitions and
references.

On both the conic and spherical Hellinger-Kantorovich spaces, some
Otto calculus [36, 46] can be developed [29, 5], and it is easy to formally
define the gradient flows. This paper considers the spherical gradient
flows.

Our basic setting is as follows. Let () be either an open connected
bounded domain in IR? with sufficiently smooth boundary or a flat torus
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T?. Fix functions E € C(Q x[0,00)), f € CH{Q x (0,+0)), and a probability
density m € C(Q)) satisfying

E(x,u) >0, (x,u)eﬁx[O,oo); (1.1)
m(x)>0, xeQ; (1.2)
E(x,m(x))=0, xe€Q; (1.3)
E,(x,u)=—f(x,u), (x,u)€2x(0,+c0); (1.4)
fulx,u) <0, (x,u)eQx(0,+00). (1.5)

Here we opted to fix E, f, m satisfying some hypotheses, but it is possible
to state all the assumptions in terms of f only, and then reconstruct E and
m in a relevant way, see Section 3.1. The function

E(u):LE(x,u(x))dx. (1.6)

will be called the relative entropy.
We are interested in the formal gradient flow

d,u = —grad E(u), (1.7)
where the gradient is taken w.r.t. the spherical Hellinger-Kantorovich
structure on the set of probability measures on (). More specifically, we
study the problem

atu:—div(qu)+u(f—f ufdx), (x,1) € QA x(0,00), (1.8)

0
Lof
81/ =0, (x,t) € dQ x (0, 00), (1.9)
u=ub (x,1) e QA x0, (1.10)
u>0, J udx=1, (x,t) € QA x(0,00). (1.11)
Q

We refer to Remark 1.1 concerning the relation between (1.7) and this
problem. The model (1.8)—(1.11) can be viewed as a reactive nonlinear
equation of Fokker-Planck type, in the spirit of [20], with conservation of
mass. Reaction-diffusion problems with conservation of mass were stud-
ied in [38, 25, 41, 42, 1, 24, 16], see also the references therein. On the
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other hand, after a change of variables, our problem fits into the frame-
work of fitness-driven models of population dynamics, and might be ap-
plicable to some human societies. In Remark 1.3 we discuss this issue in
detail.

Remark 1.1. The right-hand sides of (1.7) and (1.8) formally coincide when
() is a torus or is convex, see [31, 5]. In the case of non-convex QQ we will
still refer to (1.8)—(1.11) as to a gradient flow, although this is sloppy.

Remark 1.2. For the metric gradient flows like (1.7), the geodesic convex-
ity of the driving entropy functional (or at least semi-convexity, i.e., A-
convexity with a negative constant 1) makes a difference [36, 3, 45, 46].
The presence of convexity allows one to apply minimizing movement
schemes [3, 28] to construct solutions to the gradient flow. Moreover, A-
convexity with A strictly positive enables the Bakry-Emery procedure [4]
which usually yields the exponential convergence of the relative entropy
to zero. Minimizing movement schemes for conic Hellinger-Kantorovich
gradient flows of geodesically convex functionals and for related reaction-
diffusion equations were suggested in [22, 21].

Under our assumptions, the entropy, generally speaking, does not pos-
sess neither geodesic convexity nor semi-convexity with respect to either
the spherical or conic Hellinger-Kantorovich structure, or even to the clas-
sical Wasserstein one, cf. [30, 29].

Remark 1.3. The fitness-driven models [34, 13, 14, 23] of population dy-
namics assume that the dispersal strategy is determined by a local intrin-
sic characteristic of organisms called fitness. The fitness manifests itself as
a growth rate, and simultaneously affects the dispersal as the species move
along its gradient towards the most favorable environment. In terms of the
PDEs, this can be expressed [30] in the following manner:

d,U = —div(UVF) + UF, (x,t) € QA x(0,00), (1.12)
Ug—i:O, (x,t) € dQ x (0, 00). (1.13)

U=U° (x,t) € Q x0. (1.14)
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Here U(x,t) is the nonnegative density of individuals, and F is the fitness
which depends on x and U in a certain way. Namely, we assume that

[ U(x, t) ]
v

The direct dependence on x expresses the spatial inhomogeneity of the
resources. The dependence on the normalized population density (in con-
trast with [34, 13, 14, 15, 30] and the references therein, where the fitness
depends on the density U itself) models the phenomenon that the individ-
uals compare the quality of their life with the ones of the other members
of the society, and their fitness is determined by their relative success in
comparison with the others. This model seems to be specifically relevant
for those human societies where the population growth (which depends
on various factors including fertility, ability of kids to survive, longevity
etc.) is an increasing function of the quality of life. The problem (1.12)-
(1.14) resembles a conic Hellinger-Kantorovich gradient flow, cf. [30], but
this guess is wrong. The reason is that (1.15) is not an L? variation of any
functional. Setting

F(x,t) = (1.15)

UO
M := f Udx, u:= f U®dx, u’:= —,
o) M
we recast (1.12), (1.13) in the form
(logM
atu:—div(qu)+u(f—%)), () eQx(0,00),  (1.16)
d
aﬁ 0, (x,t) € dQ x (0,00).  (1.17)
u=u’, (x,t) e QA x0, (1.18)
u >0, J udx=1, (x,1) € QA x(0,00). (1.19)
0
Since u(t) is a probability distribution, we at least formally infer that
d(log M
M:J uf dx, (1.20)
dt Q

arriving at (1.8)—(1.11). On the other hand, given U° (and thus u° and M)
and a solution u to (1.8)—(1.11), we can recover the mass M(t) from (1.20),
and U = Mu solves (1.12)- (1.14).
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In what follows, dyk, dgks, and W, stand for the Hellinger-Kantorovich
distance (which will be also referred to as the conic distance), spherical
Hellinger-Kantorovich distance and the quadratic Wasserstein distance.
Observe that

dyx < dpgs < W, (1.21)

for probability measures (see Section 3.3 below), although dyx is of course
defined for Radon measures of any mass.

In this paper, we prove solvability (Section 3.1) and the entropy-entropy
production inequality (Section 2) for the spherical Hellinger-Kantorovich
gradient flow (1.7), and derive a related transportation inequality in the
spirit of Talagrand, Otto and Villani. We also deduce some results of this
kind for the Wasserstein and the conic Hellinger-Kantorovich gradient
flows. As was already anticipated, we do not assume geodesic convexity
of the driving entropies of the gradient flows. In order to better illustrate
our results and compare them with the existing ones, let us formally write
down the conceivable inequalities.

The following four inequalities are expected to hold under the assump-
tion IQ u=1:

s [ uivsP, (1.22)
5(u)sLu(f—Luf)2+Lu|Vf|2, (1.23)
W3 (1, m) < E(u), (1.24)
s (,m) < E(u). (1.25)

The next two inequalities do not require that fQ u=1:

J uf’+ J ulVFI?, (1.26)

A2 (u,m) < E(u). (1.27)

Inequalities (1.22),(1.23), (1.26) are the entropy-entropy production
inequalities for the Wasserstein, spherical Hellinger-Kantorovich and
conic Hellinger-Kantorovich gradient flows, respectively. Inequalities
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(1.24),(1.25), (1.27) are the transportation (Talagrand) inequalities in those
spaces. Note that (1.22) implies (1.23), and (1.23) yields (1.26) since

[y L= oL

However, the last implication is only valid for probability distributions u,
whereas (1.26) would not be a consequence of (1.23) for u of arbitrary
mass. These three inequalities can be used to derive exponential con-
vergence to the equilibrium m for the corresponding gradient flows, see
[45, 46, 30] as well as Theorems 3.9 and 3.11 below.

Due to (1.21), inequality (1.24) implies (1.25), and (1.25) yields (1.27)
for probability distributions. Generally speaking, (1.27) is not a corollary
of (1.25) (cf. Remark 3.18 below).

Inequality (1.22) was proved in [8] via the Bakry-Emery approach pro-
vided the entropy is geodesically convex w.r.t. the Wasserstein structure
(displacement convex). It may be viewed as a generalized log-Sobolev in-
equality. The classical log-Sobolev corresponds to the case f = —logu.
Inequality (1.23) will be proved in Section 2 without assuming any kind
of geodesic convexity. This inequality can be used to derive (1.22) for
geodesically non-convex entropies (see Section 3.2) provided u satisfies
the Poincaré inequality (this is true for instance when u is a Muckenhoupt
weight [18]). Inequality (1.26) was established in [30] and will be used in
the proof of (1.23). Inequality (1.24) was proved in [44, 37, 9, 12] (mainly
for the case Q) = IR?) for displacement convex entropies. Inequalities (1.25)
and (1.27) will be proved in Section 3.3, again without assuming any geo-
desic convexity.

2.Spherical inequality

Let Q) be an open connected bounded domain in R? with sufficiently
smooth boundary. The results of the section remain valid for the torus Q =

T¢. Throughout the section, we will work with functions E € C(Qx[0, c0)),
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f e CY(Q x(0,+00)), and a probability density m € C(Q) satisfying
E(x,u)>0, (x,u)eQx][0,c0);
m(x)>0, xeQ;
E(x,m(x))=0, xeQ;
E,(x,u)=—f(x,u), (x,u)eQx(0,+o0);
fulx,u) <0,  (x,u)€Qx(0,+00). (2.5

In what follows, bare f stands for f(x,u(x)), where u € U is given; like-
wise, Vf stands for the full gradient of f(x,u(x)) with respect to x.
The following theorem states the main result.

Theorem 2.1. Assume (2.1)—(2.5). Let U be a uniformly integrable set of
smooth probability measures on ). Then

J E(x,u(x))dx

Q

f u(x)(f(x,u<x>>—a>2dx+f u (I f (e u()Pdx|, (2.6)
Q Q

where the constant C may depend on U but is independent of u € U and a € R.

<C

Our strategy of the proof of Theorem 2.1 consists in proving the inequal-
ity
f u(f—a)zdx+f ulVfI>dx > na? (2.7)
Q Q

with a constant % > 0 independent of u ranging over a uniformly inte-
grable set U. Indeed, by [30, Theorem 2.9], we have the inequality

J deSClj- u(f2+|VFI*)dx
@ Q

(we can apply the theorem because uniform integrability ensures that no
sequence in U converges to 0 in measure). Setting

f= Jufdx

and recalling that u is a probability measure, we see that

Lufzdx:Lu(f—f)de+f2,
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so if we had (2.7), we would apply it for a = f obtaining

Lufzdxg(1+%‘1)Lu(f—f)2dx+%‘1LulVflzdx,

and thus,
LdeSC[Lu(f—f) dx+Lu|Vf| dx].

This particular case of (2.6) actually implies (2.6), as

J u(f—f)zdx:minJ- u(f —a)’dx,
Q Q

aclR

which is a consequence of the following instance of the Pythagorean the-
orem in L?(du):

[ wtr-apax= [ wtr-prave o
Q Q

Actually we will prove a slightly stronger inequality than (2.7), as stated
in the following lemma.

Lemma 2.2. Let U be a uniformly integrable set of smooth probability mea-
sures on (); then there exist © > 0 and o > 0 such that

f 1u(x) ((f(x,u(x)) —a)’+ |Vf(x,u(x))|2)dx > na? (2.8)
[u>o]

forall u e U and a € R.

The proof is carried out in the subsequent lemmas.
Given a set M of integrable functions on (), let

wy(0) = sup{J luldx: ue M,AcCQ,|A| < 6}
A
be the modulus of integrability of M. Clearly, wy;: [0,00) — [0,00] is a
nondecreasing function. Denote by
w (1) =inf{o > 0: wy,(0) > t}
its generalized inverse, cf. [17]. Obviously,

M is uniformly integrable & 61im0 wp(0) =0 V> 0: wy(t)>0.
—+
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Remark 2.3. Suppose that f — —oco as u — co uniformly in x. Then if the
entropy is bounded on U, the set U is uniformly integrable. This can be
shown using a simple de la Vallée-Poussin argument. First of all, note that
by L'Hopital’s rule we have

tim 20 i (< (x, 1) = oo,

Uu—00 u Uu—00

where the limits are uniform in x. Given ¢ > 0 take k > 0 such that u <
¢E(x,u) whenever u > k and assume that |A| < ¢; then for any u € U we
have
f u(x)dx < k|A|+ EJ E(x,u(x))dx < (k + supé’(u))e
A Q uelU
proving the uniform integrability.

Given c, the equation

fx&)=c

defines a positive function m, € C(Q), at least if c is sufficiently close to 0.
Clearly, [u > m ]=[f < c], and similarly for other comparisons.

Remark 2.4. If m, exists for some ¢ > 0, then m_ exists whenever 0 < ¢’ <c;
similarly, if m, exists for some ¢ < 0, then m_ exists whenever ¢ < ¢’ < 0.

Remark 2.5. It follows easily from the Mean Value Theorem that if m, exists
for some ¢ > 0, then

c
inf(m—m.) > , (2.9)
B e e
me(x)<E<m(x)
and if m, exists for some ¢ < 0, then
c
inf(m,.—m) > — : (2.10)
e Ty Tl
m(x)<E<me(x)
Clearly, the suprema in (2.9) and (2.10) are finite.
Remark 2.6. Note that
inf(uf), <O0. (2.11)
u>m

Indeed, one only needs to observe that (uf), = f + uf, is uniformly nega-

tive both as u — m (since m is uniformly positive and f, is uniformly
e

negative) and as u — oo (since so is f).
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Lemma 2.7. Suppose that m, exists for some ¢ > 0; then

1
(m—u)dx < , fdx; (2.12)
J;mc<u<m] inf |fu(xf 5)| [me<u<m)]
mq(x)<E<m(x)
likewise, if m. exists for some ¢ < 0, then
1
(u—m)dx < . fdx. (2.13)
£m<u<mc] lnf |fu (‘x’ é)l [m<u<mc]
m(x)<E<mq(x)

Proof: Both inequalities are easy consequences of the Mean Value Theo-
rem if we take into account that f(x,&) = 0 when & = m(x). |

Lemma 2.8. Suppose that m, is defined for some ¢ > 0; then for any u € U we
have

|[u > m]l > wy (igf(m —m,)|[u < m,]

). (2.14)
Proof: We have:

~

1= udx+J udx+f udx
[usm,] [m.<u<m)] [u>m]

r

mcdx+f mdx+J udx
Jtusm,) [me<u<m] [u>m]

~

= (u—m)dx—J (m—mc)dx+fmdx.
[u>m] [u<m,] Q

The last integral equals 1, so

f (u—m)dxzf (m—m,)dx >inf(m —m,)
[u>m] [usm] Q

Now using the positivity of m we deduce

wU(|[u>m]|)2J udxzf (u—m)deigf(m—mc)
>m)| [u>m]

[u

C

IA

C

[u <m]

[u <m]

)

and (2.14) follows, observing that wj;(wy(s)) < s. |

Lemma 2.9. Suppose that m, is defined for some ¢ < 0; then for any u € U we

have .
infq(m.—m

[u < m]| > muZmJ. (2.15)

supg m
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Proof: Mimicking the proof of Lemma 2.8, we obtain

J (m—u)dxzf (mc—m)dxzinf(mc—m)ﬂu 2m6]|.
[u<m] [u=m;] Q

On the other hand, as u is nonnegative, we have

J (m—u)dxgsupm|[u<m]|,
[u<m] Q

and (2.15) follows. |
Lemma 2.10. Let ¢y < c; and suppose that m,, is defined; then for any u € U
we have
J- ulVFf|I>dx
[co<f<e]

5 GO/ Vintm min (|[f < coll |If = a]) . (2.16)

- |Q| 1 0 o) C1 = t0ly = t1 : N
Proof: By monotonicity of f we have u > m. on [cy < f <¢;], s0

J ulVfIzdeinfmclf IVfI>dx
leo<f<e1] ¢ lco<f<e1]
2
> Q| igfmcl (J |Vf|dx) . (2.17)
[co<f<cq]

In what follows, we use some basic results and concepts from the geomet-
ric measure theory, which can be found in [35]. Using the coarea formula,
we have

.f[ ; ]|Vf|dx: imp([f<t];[c0<f<cl])dt

C1

> [ P([f <thleo< f <ci])dt.

J o

The support of the Gauss-Green measure ps is contained in the topo-
logical boundary of the set [f < t], so if ¢y <t < ¢y, we see that the inter-
section of the support with Q lies in [¢y < f < ¢;]. Consequently, we can
take relative perimeter with respect to () and proceed using the relative
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isoperimetric inequality as follows:

ﬁc0<f<C1]|Vf|dx > Jclp([f < t];Q)dt

€o

) ar

> Cq fq min(|[f < t]

co

’

The integrand can be estimated using the obvious inclusions

[f<t]2f sl [fzt]2[fzal (<t<q)

and thus
: (d-1)/d
| x> cates - copmin (17 < ol i > 0]
[co<f<er]
Combining this with (2.17), we obtain (2.16). |

Lemma 2.11. Let ¢y < 0 and ¢, > 0 and suppose that m, (i=0,1) are defined;
then for any u € U we have

J- fdx
[0<f<er]

> inf )Ifu(x,é)l[—

me, (x)<&<m(x

c0|[u > mCO]|

sup  |fu(x, &)l

m(x)gégmc()(x)

—sup m|[u <m.]|| (2.18)
0

Proof: Since u and m are probability measures, we have

—m)dx = —u)dx, 2.19
ﬁu>m](u m)dx £u<m](m u)dx ( )

Let us estimate the sides of (2.19).
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For the left-hand side, we have

j (u—m)dxzj (u—m)dx
[u>m] [uzm]

> inf(me, - m)|[ > me, |

B c0|[u > mCO]|
— sup{lfu(x, &)l m(x) <& <my (x))

where we have used (2.10); for the right-hand side we have

J (m—u)dxzf (m—u)dx+f (m—u)dx
[u<m] [usm, ] [me, <u<m]

< supm|[u < mcl]l
0

1
inf )|fu<x; €)|} wr[mcl<u<m]

ey (x)<E<mlx

+ fdx,

where we have used (2.12). Comparing the estimates, we arrive at (2.18).
u

Now we are in the position to prove Lemma 2.2 for small negative a.

Lemma 2.12. Suppose that m_ exists for |c| < O; then there exist az € (—0,0)
and ns > 0 such that (2.8) holds for all a € (as,0) and u € U with ¥ = x5 and
any positive o < infq m.

Proof: Fix u € U, o <infgmg, and a € (as, 0), the constant a; to be defined
below. We examine the possible alternatives and in each of them, we find
a suitable value for .

Observe that in Q,

f<oeou>ms=u>o.
Consider the following partition of (J:
Q=[f>=0]Ula/2< f<o]U[f <a/2]. (2.20)

Clearly, at least one set on the right-hand side has volume > |Q|/3.
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If |[f > 6]| > |Q)|/3, it follows from Lemma 2.8 that |[f < 0]| > g5 with
05 > 0 independent of u and a. Then Lemma 2.10 guarantees the estimate

C‘
J[> ]u|Vf|2dx2f uIVf|2dx2Cazé—§a2

[0<f<d]

with Cs > 0 independent of u and g, so (2.8) holds with x = x := Cs/5%.
If |[a/2 <f< 5]| > |Q2]/3, we have the following simple lower bound on
the first term on the right-hand side of (2.8):

f u(f—a)2dx2f u(f —a)*dx
[>0] [1m5<u<iyo]

ian m(; (—[ )2
> (f —a)dx
OF Uppacres

ianm(; 2 2
> 0] |[a/2<f <6]| a
Qlinf .
> | |126Q mba2 = %ga2,

so (2.8) holds with » = xj.
It remains to assume that |[f < a/2]| > |Q|/3 and s := |[f > 6]| < |QJ/3.
Using Lemma 2.10 with ¢; = 6 and ¢, = a/2, we obtain

J ulVf|*dx > Cys?@=1V4,
[a/2<f<6]

Of course, the right-hand side is a lower bound for the left-hand side
of (2.8), so if s > |a|”“~1), the inequality holds with x = %}’ = C;.
Thus, assume that
s < |a|d/(d—1)'

Now we evoke Lemma 2.11 with ¢y = a/2 and ¢; = . Taking the supremum
and infimum of |f,| on the right-hand side of (2.18) over the larger set
Q x[-6 < f <], we ensure that these extreme values are independent of a
and the inequality still holds, i. e. we have

A
[ ravsaa-is (4, Blal ol > SPla
[0<f<d] 2
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given that |a| < —as := min((As/(2Bs))?"1,0). Then the first term on the
left-hand side of (2.8) admits the estimate

J[u>a]u(f—a)2dx2igfm5J (f —a)*dx

[ms<u<m]

info m ?
>0 (J dx)
|Q| [O<f<c>]f

2.
Asinfq mg 2 w2
> ————a"=:x; a".
4|Q|

To complete the proof, it suffices to take x5 = min(x;, %3, %3, x3"). u

Lemma 2.13. Let a > 0 and ¢ > 0, and suppose that m, exists; then for any
u € U we have

: 2
L ]u(f—a)zz( inf (1] )u ) czl[f>c]|2. (2.21)

SumeSuSm |fbl|

Proof: Let us again estimate both sides of (2.19).
On one hand, we have

J (m—u)dxzf (m—u)dx
[u<m] [u<m,]

> igf(m— m)|[u < m,]

c|[u < mc]l

sup  |fu(x, &)l

me(x)<E<m(x)

where we take advantage of (2.9).

Before estimating the right-hand side of (2.19), observe that if £ > m, we
can use the Mean Value Theorem and get

Elf (=1 (x, &) —m(x)f (x, m(x))| = |inf (u f),

u>m

(& —m(x)),
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where the modulus of the infimum is uniformly positive by Remark 2.6.
Now, setting & = u(x), we have

-1 o
J (u—m)dx <|(inf(uf), u|f|dx
[u>m)] u>m Ju>m]
-1 o
<|(inf(uf), ulf —aldx
u=m J[u>m]
-1 o
= u;lf(uf)u ulf_a|1[u>m](x)dx
u>m JOo
-1/ 3
< inf(uf)u ( u(f_a)zl[u>m](x)dx)
u>m Jo
1/ ¢ !
=||inf(uf), ( u(f—a)zdx) ,

u=m Ju>m]

since u is a probability measure. Comparing this with the above estimate
of the left-hand side of (2.19), we recover (2.21). m

Now we prove Lemma 2.2 for small positive a.

Lemma 2.14. Suppose that 6 > 0 is such that mg,, is defined; then there exists
s > 0 such that inequality (2.8) holds with % = x5 and any positive 0 <
infq mg,, for all u € U and a € (0, 0).

Proof: Fix 0 <infqmg,, u € U, and a € (0,0). Observe that in (),

0
f<§<:>u>m5/2:>u>0.

By Remark 2.4, m,/, is defined. Consider the partition

o-[r> 2=}

Obviously, at least one of the sets on the right-hand side has volume >
1Q2]/2.
Suppose that
o
2 —

>3
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Using into account inequality (2.21) for ¢ = a/2 and observing that

sup |fulz sup |ful

Mg/ SUSMm ms/pSusm
with the right-hand side independent of a4, we obtain
J M(f—a)zdeJ u(f —a)*dx > uja?
[u>0] [u>m]

with some constant x; independent of 2 and u.
If, on the other hand, we have

<4

'[ u(f—a)deZJ u(f —a)*dx
[u>0] [f<a/2]

el
_2;

then

with x§ independent of u and a.
To complete the proof, it suffices to take x5 = min(x, xJ). u

Lemma 2.15. Suppose that 6 > 0 is such that mg is defined; then there exists
s > 0 such that inequality (2.8) holds with % = x5 and any positive 0 <
infomg for all u € U and a < -29.

Proof: Given a < -26 and u € U, write

ar=[r s3] z<s59

= 51+52+S3+S4.

+ +|[0<f<6]|+|[f26]|

Clearly,

Q
maxs; > |T4| (2.22)

It follows from Lemmas 2.8 and 2.9 that a lower bound on |[f > 6]| =5
yields a lower bound on |[f < O]l <s;+s, and a lower bound on s; = |[f <
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a/Z | < |[f < —5]| yields a lower bound on |[f > O]| = s3 + s4. Together
with (2.22) this implies that at least one of the following inequalities hold:

s>@ >IQI
2 = 4’ 3 4

min(s; +$,,54) > 2¢s5, mMin(sz +S4,5;) > 2¢s,

where cs > 0 is independent of u and a. Assuming for definiteness that
cs < |Q|/4, we easily check that either

=3

‘[%<f<5”:sz+s3205. (2.24)

min( ) min(sy,Ss) > C (2.23)

or

On the set [a/2 < f < 6] we clearly have u > ¢. Thus, if (2.23) is true,
using Lemma 2.10 we obtain

2
J ulVfIzdeJ uIVf|2dx24%g(6—E) > usa’
[u>0] [a/2<f<d] 2

If, on the other hand, (2.24) holds, note that a/2 < f < 6 implies f —a >
—a/2 > 0, and estimate

J u(f—a)2dx2f u(f —a)’dx
[u>o] [a/2<f<$]

s

a-,
> —infmy
4 O

> %gaZ

Thus, one can take x5 = min(x, xJ). |

Lemma 2.16. Suppose that 6 > 0 is such that mg is defined; then there exists
s > 0 such that inequality (2.8) holds with x = »s5 and any o < infmg for all
ueUanda>20.

Proof: The partition

=[f <oJU[f 2 9]
ensures that either |[f < 5]| > |Q2]/2 or |[f > 5]| > |Q)]/2. In the latter case
Lemma 2.8 guarantees a lower bound on |[f < O]l and hence on |[f < 6]|
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Either way, we can write

If <8255,

where s; is independent of a and u.
As f <o implies u >0 and f —a <0 —a < —a/2, we have the estimate

J- u(f—a)zdxzf u(f—a)zl[f<5](x)dx
[u>o] Q

r

2
> ”lf_a|1[f<6](x)dx)
Ja

~

= ulf—aldx)

J[u>mg)

\%

1 2,
Zsélgfmé) a
and (2.8) follows. |

Now we can assemble the proof of Lemma 2.2 from established particu-
lar cases.

Proof of Lemma 2.2: Take 6; > 0 such that m, exists whenever |c| < 6,. By
Lemma 2.12, there exist »x; > 0, 0y > 0, and a; € (-0,,0) such that (2.8)
holds with % = %, and ¢ = 0, for all u € U and a € (a;,0). Set 6, = —a;.
This is a suitable value of 6 for Lemma 2.14, so we conclude that (2.8)
holds with % = %, and 0 = 0, for u € U and a € (-9,,0,) and, moreover, m,
is defined whenever |c| < 0,. Now in order to find x and ¢ such that (2.8)
holds for all u € U and all real g, it suffices to evoke Lemmas 2.15 and 2.16
with 6 = 6,/3. |

3.Applications

3.1.Spherical gradient flows. Let () be an open connected bounded do-
main in RY with sufficiently smooth boundary and let v be the outward
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unit normal along dQ). We are interested in nonnegative solutions of

Qtu:—div(qu)+u(f—J ufdx), (x,t) € QA x(0,00), (3.1)
Q

of _
=" = 0, (x,t) € dQ x (0, 00), (3.2)
u=u°, (x, 1) e QA x0, (3.3)
u >0, J udx =1, (x,t) € QA x(0,00). (3.4)
0

Here u is the unknown function and f = f(x, u(x,t)) is a known nonlinear
scalar function of x and u. The initial data u° is a probability density.
For the sake of brevity we will denote

f:J;)ufdx.

Remark 3.1. The Neumann boundary condition (3.2) can be substituted
with the space-periodic one without affecting the validity of the results of
this section.

Throughout Section 3.1, we make the following assumptions about the
nonlinearity f. Some of the results do not require all of these assumptions:
it will be explicitly indicated where relevant.

f € C*(Qx(0,00)) N Lj, (Q x [0, 0)), (3.5)

uf,uf, € C(Qx[0,+)), (3.6)

f. <0, (3.7)

Flow) <g(u) aa u>0; g €Lk [0,00) (3.8)
ulfy (%, ) + ul f 6, 10)| < (1) @ 2. 1 > 05 @ €L [0,00),  (3.9)
(ufo)|,_, =0, (3.10)

either f, = 0 for large u or ii_r)gof(x,u) = —co Vx€Q, (3.11)
either f, =0 for small u or uh—{?of(x’ u)=oco VxeQ, (3.12)

ulf2+wf,)*+(uf,)*|=0(1), u - 0uniformly inx € Q, 3.13)
|2+ (Wfu) + (uf,) y
uf,, =0(f,) asu— 0uniformlyin x € Q. (3.14)



SPHERICAL GRADIENT FLOWS 21

Assumption (3.7) ensures non-strict parabolicity of the problem. The
remaining assumptions are technical. It is easy to check (see [30, Remark
3.4]) that (3.11) and (3.12) ensure that given v € L?(Q) bounded away
from 0, there exist m,, and m,, (this notation was introduced in the begin-
ning of Section 2) such that m, <v <m_, a. e.in Q. In particular, taking
v==and v = 2|Q| in this observatlon We infer existence of m,, m., such

that
1
J;mc1 dx < > LmCdez 2.

This implies (cf. Remark 2.4) existence and uniqueness of a C?-smooth
probability density m: Q — (0,00) such that f(x,m(x)) is constant on Q.
Since problem (3.1)—(3.4) does not change after adding constants to f,
without loss of generality we will assume that

f(x,m(x)) =0. (3.15)

Let us introduce the energy and entropy functionals for equation (3.1)
as well as the notion of weak solution.
Bound (3.9) ensures that

D(x,u) = —J;u Efu(x, &)dE, W(x,u)= LMCD(x,E)dE

IQI

are well defined and belong to C'(Q x [0, 00)), whereas

CD(X, 0) — O q)u = _uful
D, = J\ éfxu x,& ¥, =9,
ufu ur D,, = _ufxu-

Note that both @ and W are nonnegative and strictly increase with respect
to u.

Observe that the superposition operator L® — L* associated with @ is
bounded, i. e. if u is a nonnegative function of x and, possibly, ¢, then an
L*-bound on u is translated into an L*-bound on ®(-, u(-)). The same is
true of ®,, ®,,, ¥, and V.

In accordance with [30], we call the functional

= f W(x,u(x))dx
0
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the energy of problem (3.1)—(3.4).
Define

E(x,u):—ft )f(x,é)dé. (3.16)

It follows from (3.8) that E is well-defined and continuous on Q x [0, o).
Moreover, E > 0 and E(x,u) = 0 if and only if u = m(x), and the super-
position operator associated with E is bounded in L — L. Thus, for
u € LL(Q) we can define the relative entropy of equation (3.1) as follows:

E(u) = J;)E(x,u(x))dx. (3.17)

Lemma 3.2. Let u be a classical solution of (3.1)-(3.4) on [0,T]. Then u
satisfies

(1) the energy identity
oW(u) = —J IVD|> dx + J (D +uf,) - Vodx
Q Q

+J u(f - f)@dx t>0; (3.18)
Q

(2) the entropy dissipation identity

8t8(u):—Lu((f—f)2+|Vf|2)dx t>0; (3.19)
(3) the bounds

inf £ (x, u(x)) < f (x, u(x,1)) < sup f (x, 1" (x))
Q

(x,t) € QA x(0,00). (3.20)

Proof: Straightforward computation proves (i) and (ii).

Let us prove the first inequality in (3.20). Assume that the infimum
is finite, because otherwise there is nothing to prove; denote it by c. It
follows from (3.11) that the function m.: Q — R satisfying f(x, m(x)) = c
is defined. We have

8tf (u—m.),dx = J. O(u—m,)oudx,
0 0
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where

1 ifs>0,
(7] =
(5 {o ifs<0

is the Heaviside step function. Substituting the right-hand side of the
equation for d,u, we obtain

8tL(u —m.),dx = —Le(u —m.)div(uVf)dx

[ ow=mautr-iax
= -1 +L,.
Writing
I, = f O(u—m,)div(uVf -m/Vf(x,m./x)))dx,
Q

we can use [30, Lemma 3.1] and conclude that I; > 0 (though the lemma
is proved for C* functions, it holds for C? functions by density).

Now, if
f udx =0,
[u=m]

we have u < m_ a. e. in () and consequently, I, = 0. Otherwise,

f[u>m ]uf dx
I, = j udx| —— —f
[u=m,] J[uZmC] udx
since the average of f with weight u over the set [u > m.] = [f < c] is no

greater than the weighted average over the whole Q).
Thus, we see that

>0,

&Jlu—mmﬁxsa
Q

and as this integral equals 0 at t = 0, it equals 0 for any ¢, which is equiva-
lent to u < m, and to the first inequality in (3.20).
The second inequality in (3.20) is proved in the same way. _

The integral on the right-hand side of (3.19) is called the entropy produc-
tion. We denote it by DE(u), so that (3.19) can be written as

d,E(u) =-DE(u). (3.21)
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Remark 3.3. We can extend the definition of the entropy production to
functions u € L®(Q) such that (-, u(-)) € H(Q) by the formula

- 1
DE(u) = J. u(f—f)zdx+J- —|-VD + D, +uf|*dx,
Q [u>0] U
where the second integral on the right-hand side may be infinite. This is

relevant for the weak solutions which will be introduced in Definition 3.6.

Lemma 3.4. If u is a classical solution of (3.1)—(3.4) on [0, T] satisfying
lullieo(or) < R,
then
10D (u)ll;c0,m;wreo ) < C(R, T)
with C(R, T) > 0 independent of u.
Proof: For a given test function ¢ € C([0, T]; W'*(Q)) we have

(0, D (u), )| = YO, d,udxdt
JQr

[ po, (—divuVf) + u(f - ) dxdt
JQr

< ”l,b”C([O,T];WL‘XJ(Q))(J\ ulVo,||Vfldxdt
Qr

+f ul®,||Vfldxdt
Qr

+ [ ulq)ullf—fldxdt]
Qr
= [[dllcqo,rpwre@y Iy + I + I3).

Our goal is to show that the integrals I, are bounded from above.
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By (3.13), (3.14) there exist C > 0 and ¢ > 0 both independent of u such
that

ulf,l* <C, (3.22)
w|fl> <C, (3.23)
ul®,|* < C, (3.24)
D, < Clful (3.25)

whenever 0 < u < ¢. Moreover, if we allow C to depend on T, we can
assume that (3.22)—(3.24) hold on Q x (0, T], since the left-hand sides are
continuous and |f, | is positive.

For I, we have

]
L= u(|®ullVul+1®,,])IVfldxdt
JQr

< | u(ClflIVul+ ul )V Fldxdt
JOr

a

< | w(ClfVu+fil+ClL+ulful)IVfldxdt
JQr

< CJ ulVf|*dxdt
Qr

1/2 1/2
+(2f (Cu|fx|2+u3|fxu|2)dxdt) (f u|Vf|2dxdt)
Qr Qr
~T

<C'| (DE(u)++DE(u))dt
JO
~T

T 1/2
<C’ Dg(u)dHC'\/TU DS(u)dt) .
0

«

0

As we assume an upper bound on u, the integral

T
f DE(u)dt = £(0) - £(T)
0

is bounded, so we see that I; is bounded uniformly in u.
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Further, we have

1/2 1/2
12+I3§(J uICDulzdxdt) (2J- u(IVf|2+|f—f|2)dxdt)
Qr Qr

T 1/2
SC”(I Deuodﬁ ,
0

where the last term is bounded. ]

Lemma 3.5. For any smooth probability density u®: Q — (0, o) satisfying the
non-flux boundary condition, problem (3.1)—(3.4) has a classical solution.

Proof: Equation (3.1) can be cast in the form
atu = —uquu - Vu - (fx +fuvu) B u(fxx + 2fxu -Vu +fuu|vu|2 _f +]E) (3'26)

Since the initial data u° is strictly positive, any classical solution u is a
priori bounded away from 0 and co. Indeed, evoking [30, Remark 3.4], we
can find m. and m,, strictly positive such that ¢, <0 <¢; and

m, (x) < u’(x) < me(x) (x€Q).
Then (3.20) and (3.7) yield
me, (x) < u(x, t) <mg(x), (x,t)€Qx(0,00).

Hence we can avoid degeneracies or singularities in (3.26) and apply [2,
Theorem 13.1] to secure existence and uniqueness of a maximal weak so-
lution i in the sense of Amann. This solution is global in time provided
we can control its norm in a certain Sobolev space. Viewing

ﬂm:Lm%wmm%mm

as a given coefficient, we “desactivate” the nonlocal term in (3.26). Boot-
strapping and employing the results of [2, Sections 14 and 15], we can
improve the regularity of f (as a function of time) and that of i (as a func-
tion of time and space). We conclude that # is actually a global smooth
solution to (3.1)—(3.4). |

Definition 3.6. Let u° € L*(Q)) be a probability density. A function u €
L*®(Q7) is called a weak solution of (3.1)—(3.4) on [0, T] if fQ u(x,t)ydx =1
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for a.a. t € (0, T), @(-,u(-)) € L*(0, T; H(Q)), and
T
J J (u&t(p+(—VCD+CDx+ufx)-V(p+(f—f)u(p)dxdt
0o Ja

:J u’(x)p(x,0)dx (3.27)
Q

for any function ¢ € C'(Q x [0, T]) such that ¢(x, T) = 0. A function u €
L5 ([0,00); L®(Q))) is called a weak solution of (3.1)-(3.4) on [0, c0) if for
any T > 0 it is a weak solution on [0, T'].

Theorem 3.7 (Existence of weak solutions). Suppose that f satisfies (3.5)—
(3.14). Then for any probability density u® € L=(Q) there exists a weak solu-
tion u € L$(€) x (0, 00)) of problem (3.1)—(3.4) enjoying the following proper-
ties:

(1) u satisfies the energy inequality

O W(u) < J ( —|VOP + (D, + uf,) VO + u(f —f)cp)dx (3.28)
Q
in the sense of measures and
ess lim sup W(u(t)) < W(u°); (3.29)
t—+0

(2) u satisfies the entropy dissipation inequality

d,E(u) <-DE(u) (3.30)
in the sense of measures and
ess sup E(u(t)) < E(u). (3.31)
£>0

Proof: It is easy to see that we can approximate the initial data u° by
smooth and strictly positive probability densities u satisfying the bound-
ary condition in such a way that

gy < C, (3.32)

ud - u® weakly" in L*(Q) and a.e. in Q, (3.33)
W(ul) — W(u?), (3.34)

Eul) — E(u). (3.35)
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The last two convergences can be secured using the Lebesgue dominated
convergence theorem. Let u, be the classical solution starting from u?.
Put

fn :f(x; Uy, (x, t)), fxn :fx(xf un(xr t)),
D, = D(x, u,(x, t)), D, = Dy, u,(x, 1)),
W, =W(x,u,(x,t)), E, = E(x,u,(x,t)).

Given T > 0, by Lemma 3.2 the sequence {u,} is bounded in L*(Q7), and
so are the sequences {u,f,}, {u,fu} {Pu} { P}, {W,}, and {E,}. It follows
from the energy identity (3.18) that

IW(u,) < —%J VD, |*dx + C, (3.36)
Q
whence the integral
J IVD,[*dx < 2(W(u2) -W(u,(T))+ CT)
Qr

is bounded, i. e. {®,} is bounded in L?(0,T; H!(Q)). By Lemma 3.4 the
derivatives {d,®,} are bounded in C(0, T;(W'*~(Q))]*. Hence, [40, Corol-
lary 7.9] implies that {®,} is compact in L*(QT). This is true for any T, so
{®,} is compact in L{ ([0,00); L*(Q)) and there is no loss of generality that
®, — ¢ in this space and a. e. in (2 x (0, 00).

Fix (x,t) € QO x (0, 00) such that

D(x, u,(x, 1)) = Dy (x, t) = P(x, ).

Assuming that [|u,[| < Qx(0,c)) < R and taking into account that @ increases
in u, we have @, (x,t) <®(x,R) and so 0 < ¢(x,t) < D(x,R). As @ is continu-
ous in u, there exists a unique u(x, t) € [0, R] such that ©(x, u(x,t)) = ¢(x,t),
and as the inverse of @ with respect to u is continuous in u as well, we
have u,(x,t) — u(x,t). Thus, we have defined a function u € L(Q x (0, c0))
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such that for any T > 0 we have
U, > u
Unfo = uf a.e.in Qr,

Upfen = Ufx| strongly in any LP(Q7), 1 < p < oo,

® @ [ weakly* in L™(Qy), (3.37)
D, — D, and in the sense of distributions,
v —->WV¥
fo— f (3.38)
V®, —» V@ weakly in L*(Qr). (3.39)

where we write @ for ©(-, u(-)), etc.

The function u is a weak solution of (3.1)—(3.4) on [0, T] as it follows
from (3.33) and (3.37)—(3.39) that one can pass to the limit in the weak
setting for the approximate solution

T
f J (16,000 + (=T, + Doy + 16 fn) - Voo + (fo = Folttp) dxdt
0 Q

:f ud(x)p(x,0)dx, (3.40)
0

where ¢ is an admissible test function.

In order to show that u satisfies the energy inequality on [0, T] in the
sense of measures, we take a smooth nonnegative test function y € C*(IR)
vanishing outside of [0, T| and write the energy inequality in the sense of
measures for the approximate solutions:

—J \I’nx’(t)dxdtﬁ—f VO, |>x(t)dxdt
Qr Qr

+ J- XDy + Uy fry) - VD, dxdt + J u,(f — f)@ux (t)dxcdt
Qr Q

T

Here one can use convergences (3.37) to pass to the limit in all the terms
but for the first one on the right-hand side. Further, (3.39) implies that

VX VO, — /x VO weakly in L*(Qr), so

f le@lzdxdtsliminff x|V, > dxdt,
Qr " Qr

—00
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and the energy inequality follows.
Let us check (3.29). By (3.36), the approximate solutions satisfy

ess sup W(, (1) < W(ul) + Ce.

te(0,¢)
It follows from (3.37) that
W(u,) > W(u) weakly* in L*(0,¢),

so we get
ess sup W(u(t)) < liminfess sup W(u,(t))
te(0,¢) =00 te(0,e)
< lim W(u?) + Ce
=W(u°) + Ce.

Now sending ¢ — 0 we recover (3.29).

Let us show that u satisfies the entropy dissipation inequality on [0, T] in
the sense of measures. Let y € C* be a smooth nonnegative test function
vanishing outside of [0, T|]. The approximate solutions satisfy the entropy
dissipation inequality in the sense of measures, so we have

—f Enx’(t)dxdts—f (B, (f, - f.)? dxdt
Qr

Qr

t
—f X\ v+ 4t Pdxdt
u,;>0

Uy

Consequently, for any 6 > 0 we have

, x(t) ;
_ L E,x(t)dxdt < -LT gy lf = f dxat

t

_J XDyt s, Pdxdr (3.41)
Or max(u,,9)

Observe that

a.e.in Qr,
t t
x(t) — x(t) strongly in any L?, 1 <p < oo, (3.42)

max(u,, 0)  max(i,0) ,n 4 weakly* in L®(Qr),

v, = -V, + Dy, + 1, fr, —» VO + D, +uf, weaklyin L*(Q). (3.43)
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In [30, claim (3.24)] it was proved that

XD Y s ufPdrdt
o, Max(u, o)
S llmlnf\[ #j)é)' — vq)n + q)xn + Mnfxn|2 dth (344)
n—c0 Qr x(u,,

and using (3.37), we pass to the limit in (3.41) obtaining

_ : o _x®) A
LTEX (t)dxdt < LT (g U~ ) s

u,o)

On the set {(x,t) € Qp: u(x,t) = 0} we have uf, = 0 (by virtue of (3.10)),
@, =0 and @ = 0, whence also VO = 0 a. e. on this set. Thus, we can write

) X(t) £\\2
—JQTEX (t)dxdt < —LTm(u(f—f)) dxdt

t
[ XD _ye + @, +ufPdxdt
4>0 Mmax(u, o)

—f #|—vq>+q>x+ufx|2dxdt.
Qr X

Letting 6 — 0, by Beppo Levi’s theorem we obtain the entropy inequality.
Inequality (3.31) is proved in the same way as (3.29) given that it holds
for the approximate solutions. m

Theorem 3.8 (Entropy-entropy production inequality). Suppose that f sat-
isfies (3.5)—(3.8). Assume that the second of the alternatives in (3.11) holds,
and the limit is uniform w.r.t. x. Let U C L*(Q)) be a set of probability densi-
ties such that for any u € U, we have ®(-,u(-)) € H'(Q) and

sup&(u) < oo. (3.45)
uelU

Then there exists Cy; such that
E(u) < CyDE(u) (uel). (3.46)

Proof: Let us show that (2.6) holds with U merely satisfying the hypothe-
ses of Theorem 3.8. According to Remark 2.3, condition (3.45) ensures the
uniform integrability of U. As explained before Lemma 2.2, it suffices to
ensure that inequality (2.7) holds for U.
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Given u € U, we use the construction presented in the proof of [30, The-
orem 1.7] and approximate the function ®@(-,u(-)) with smooth functions
®,, in such a way that

®, » D(,u(-)) in H'and a.e.in Q,
while the functions u, € C*(Q) satisfying ®(x, u,(x)) = ®@,(x) are well-

defined and
|1l < C,
u,—u a.e.in Q. (3.47)

There is no loss of generality in assuming that u,, are probability measures,
since we can normalize them taking into account that

laller) = llellprq) = 1.

By Lemma 2.2, we have

| w4 VAP x> 7 (3.48)
[u,=0]

with ¢ > 0 and % > 0 independent of n, where as usual f, stands for
f(x,u,(x)), etc. Inequality (3.48) can be written as

n

J-Q (1[un20]u f fn [LZ>G] | - Vq)n + (Dxn + unfxnlz) dx

> uf2.
As the integrand vanishes whenever u, < o, one can pass to the limit as
n — oo (cf. [30]). Observing that

limsup 1, >01(x) < 11501(x) a.e.in (),

we obtain
J (1[u>g]u(f )2+ — VO + D, +uf]*|dx>xf?,
which is stronger than (2.7). |

Theorem 3.9 (Convergence to equilibrium). Suppose that f satisfies (3.5)—
(3.8). Assume that the second of the alternatives in (3.11) holds, and the limit
is uniform w.r.t. x. Let u be a weak solution of (3.1)—(3.4) with the initial
data u® € L(Q), [, u® = 1. Suppose that u satisfies the entropy dissipation
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inequality (3.30) and inequality (3.31). Then u exponentially converges to m
in the sense of entropy:

Eu(t) <Eu)e™ a.a t>0, (3.49)
where y > 0 can be chosen uniformly over initial data satisfying
Ewy<C (3.50)
with some C > 0.

Proof: As the entropy decreases along the solution, the set

U:{uELi"(Q): J. u=1, S(u)SC}
Q

is invariant under the flow generated by the problem: more precisely,
u(t) e U for a. a. t > 0. Let Cy; be correspondent constant in the entropy-
entropy production inequality granted by Theorem 3.8. Combining the
entropy dissipation and entropy-entropy production inequalities for a
given solution u, we obtain

2,£(u(t)) < -Ci'E(u(t)) a.a.t>0.

Letting e(t) = S(u(t))ecl_flt, we see that d,e(t) < 0 in the sense of measures,
whence e a. e. coincides with a nonincreasing function. Moreover,

ess supe(t) = ess lim supe(t) = ess lim sup £(u(t))ev f < E(u°)
>0 t—0 t—0

yielding (3.49) with y = C;/. _

3.2. Nonlinear Fokker-Planck equations and generalized log-Sobolev
inequalities. Let us return for a moment to the setting (2.1)-(2.5). Note
that we still do not assume any displacement convexity. Theorem 2.1 im-
mediately implies

Corollary 3.10 (Generalized log-Sobolev). Let U be a uniformly integrable
set of smooth probability measures on (), which satisfy the weighted Poincaré
inequality

2
J;)u(x)(g(x)—J-ng) decJ-Q u(x)|Vg(x)|* dx (3.51)
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with a uniform constant c independent of u € U and g € C'(Q). Then

f E(x,u(x))dx < CJ u(x)|Vf(x, u(x))* dx, (3.52)
Q

0
where the constant C may depend on U but is independent of u € U.

Consider the nonlinear Fokker-Planck equation

d,u = —div(uVf), (x,1) € Q x(0,00), (3.53)
ug—{/ =0, (x,t) € dQ x (0, 0), (3.54)
u=u’, (x,t) € QA x0, (3.55)
u>0, Ludx: 1, (x,1) € Q x(0,00). (3.56)

Here u is the unknown function and f = f(x,u(x)) is a known nonlinear
scalar function of x and u, satisfying (3.5), (3.7). The initial data u° is
a probability density. As in Remark 3.1, (3.54) can be replaced by the
periodic boundary conditions.

For simplicity, assume that u° is bounded away from 0 and co. Then the
behaviour of f at u = 0,00 is not important, and we do not lose any gen-
erality in assuming existence and uniqueness of a C?-smooth probability
density m: Q — (0,00) such that f(x,m(x)) = 0 (cf. Section 3.1). Define
the relative entropy £ by (3.16), (3.17). The existence of a unique classical
solution (which is smooth for ¢ > 0) for such initial data is straightforward.

Theorem 3.11 (Convergence to equilibrium without reaction). Assume
(3.5), (3.7). Let u be a solution of (3.53)—(3.56) with the initial data u® €
L2(Q), IQ u’ =1, x, <u’ <x, ae in Q with some x,,%, > 0. Then u expo-
nentially converges to m in the sense of entropy:

E(u(t)) < Eu’)e™", (3.57)
where y = y(x1,%,) > 0 is independent of u°.

Remark 3.12. A particular case of Theorem 3.11 when f(x,u) = Efﬂ, p(x)

is a given function bounded away from 0 and oo, r = cst > 0, with () be-
ing a torus or a bounded convex domain, has recently been established
in [26, 27]. The corresponding Wasserstein gradient flow is related to
the problem of quantisation for probability measures. In this situation
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it is even possible to prove the exponential convergence merely if certain
Lebesgue norms of u° and ﬁ are finite, since under this hypothesis any
solution instantaneously [27] becomes bounded away from 0 and oco. This
assumption at least visually resembles the definition of the Muckenhoupt
weights [43], which are known [18] to satisfy the Poincaré inequality. In
view of Corollary 3.10, it is plausible that similar exponential convergence
results hold for general entropies when u° is, for instance, merely a Muck-
enhoupt weight.

Let us sketch the proof of Theorem 3.11. Since the behaviour of f at
u = 0,00 is not relevant, we may assume (3.11) and (3.12). Using [30,
Remark 3.4], we find m,, and m,, strictly positive such that ¢, <0 < ¢, and

me (x) <x; <k <mg(x) (x€Q).

Now observe that problem (3.53)- (3.55) (without fixing the mass to
be 1) admits a comparison principle: u{(x) < uj(x) a.e. in Q implies
uy(x,t) < uy(x,t), t > 0. This follows from [30, Lemma 3.1] by mimick-
ing the proof of [30, Lemma 3.2]. Hence, the set U of smooth probability
measures satisfying m. < u < m,, is invariant under the flow generated
by this problem. Corollary 3.11 guarantees that (3.52) holds for this U.
A standard Wasserstein entropy-entropy production argument [45] yields

(3.57).

3.3. Unbalanced transportation inequalities. For simplicity, here we
restrict ourselves to the spatially periodic setting, although everything
seems to work for bounded convex domains. Let M™ and P be the sets of
Radon and probability measures, resp., on the flat torus T?. The Hellinger-
Kantorovich distance, cf. [29, 32, 33, 10, 11, 39], on M* and the spherical
Hellinger-Kantorovich distance, cf. [31, 5], on P can be introduced as fol-
lows.

Definition 3.13 (Conic distance). Given two Radon measures py,p; € M*
we define

1
lpop = ot ([ (P iePrdp)ar s
0 T

A(po.p1)
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where the admissible set A(py, p;) consists of all (p;, a;,v;)e[0,1] such that

p €Cy([0,1]; M),

Plizo = P05 Pli=1 = p1

(u,v) € L2(0, T; L*(dp,) x L} (dp,)?),

d,p; +div(p,v;) = p;a;, in the weak sense.

Definition 3.14 (Spherical distance). Given probability measures pg, p; €
P we define

1
Gstpop = inf [ ([ @l eiaPrdo)an 659
0 T

Ai(po.p1)
where the admissible set \A;(pg, p1) consists of all (p;, a;, v;)se[o,1] such that

p €Cy([0,1];P),

Plizo = po;  Pli=1 = p1

(u,v) € L*(0, T;L*(dp,) x L*(dp,)*),

d;p; +div(p;v;) = pra; in the weak sense.

The relation between the two distances is given by the fact that (M*, dyx)
is a metric cone over (P,dygs) [31, 5] (see, e.g., [7, 6] for the abstract defi-
nition of a metric cone). The definitions above and the classical Benamou-
Brenier formula immediately imply that

Ak (Po,01) < duxs(Po, 1) < Walpo, P1) (3.60)

for all py,p; € P(T?), where W, stands for the quadratic Wasserstein dis-
tance.

The conventional transportation inequality (1.24) (also known as Tala-
grand’s inequality [37, 9, 12]) estimates the Wasserstein distance by dis-
placement convex relative entropies. Here we present similar inequali-
ties for the spherical distance dpys and the conic distance dyg, but for
a much wider class of entropies. In view of (3.60), our results are inter-
esting merely for the entropies which are not geodesically convex in the
Wasserstein space.

Remark 3.15. In Section 3.1 we defined the relative entropy £(u) for
bounded probability distributions, but we can actually use any absolutely
continuous probability measure u, although the entropy may become in-
finite. Moreover, the relative entropy can be defined in the same way for
distributions of any mass, and without assuming that the implicit function
m defined by (3.15) is a probability measure (cf. [30]).
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Theorem 3.16 (Spherical Talagrand inequality). Suppose that f satis-
fies (3.5)—(3.8). Assume that the second of the alternatives in (3.11) holds, and
the limit is uniform w.r.t. x € T9. Let u® € L'(T?) be an absolutely continuous
probability density with £(u°) < co. Then

dixs(u’,m) < CE(uP), (3.61)
with C independent of u®.

Proof: The proof is an adaptation of the Otto-Villani strategy [37]. We
first observe that it suffices to prove the theorem when u° is smooth and
strictly positive. Indeed, every u® € L!(T?) with finite entropy can be ap-
proximated with bounded (from above and below) functions y;ou’, where
X (s) = max(k~!, min(s, k)). Since both dyx and W, metrize the weak topol-
ogy of P(T?), (3.60) implies that dyxs metrizes the same topology. This
fact and Beppo Levi’s theorem imply that both sides of (3.61) are contin-
uous w.r.t. our approximation. Each of the x; o u° can be approximated
by smooth bounded (from above and below) functions, cf. the proof of
Theorem 3.7, so that both sides of (3.61) are continuous w.r.t. the approx-
imation. The claim follows by a diagonal argument with renormalization
of the masses in order to have an approximating sequence of probability
distributions.

Since the left-hand side is always bounded by m? [5], we only need to
consider the case when &(u°) is bounded, say, by 1. Consider the classical
solution u to problem (3.1), (3.3), (3.4) on T? (cf. Lemma 3.5 and Remark
3.1),and let f = f(x,u(x,t)). As in the proof of Theorem 3.9, with the help
of Theorem 3.8 we can find a constant C; such that

E(u,) < CyDE(uy), t > 0. (3.62)

A simple scaling observation shows that the triple

(us+th: h(fs+th - fs+th)' hvfs+th)

belongs to the admissible set A, (u,, u,,;,), s > 0, h > 0. By the definition of
the distance,

dHKS (qu us+h)

)
- h\/f (.fd(lfs”h ~ fornl® + IV fornP i dx | dt.
0 T
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As h — 0, the square root on the right-hand side converges to DE(u,), and
we infer

d I+
27|, Arks (U thsp) < VDE(uy). (3.63)
Consequently,
i +dHKS(ut; ug) =lim sup dHKS(uf’ Usp) — Aprs (g, )
dS h—0 h
< limsup dHKS(IZS' Ut < \JDE(w), t<5. (3.64)
h—0

Consider the function

P(s) := 24/ C1 E(ug) + dyrs(up, ug), s 2 ¢,

By (3.21), (3.62) and (3.64),
Cng(us)
S et il i |
\ )
Therefore

rixs(Uy 115) < P(3) < P(t) = 24/C1E (1) < 24/Cre v E(u). (3.65)

The cone (M™,dyk) is a complete metric space (cf. [29]), hence [6] the
sphere (P,dyks) is also complete. Now (3.65) yields existence of u,, € P
such that u;, — u,, as t — oo in (P,dygs) and thus weakly as probability
measures. Fix ¢ > 0 such that there exists m_. (actually any ¢ > 0 would
work since the second alternative in (3.11) is assumed). Observing that
E,=—f >cfor u > m_,(x) we can deduce existence of a continuous func-
tion a : T — R such that

4
ds

P(s) < VDE(u,) < 0.

E(x,u) > a(x) + cu. (3.66)

Taking into account that E,, > 0 and using the results of [19, Subsection
6.4.5] we infer that the entropy functional £ is lower-semicontinuous w.r.t.
the weak convergence , whence £(u,,) = 0, and u,, = m. Letting t = 0 and
s — 400 in (3.65), we get the claim (3.61). |

Using a similar argument and the entropy-entropy production inequal-
ity obtained in [30, Theorem 2.9] for the Hellinger-Kantorovich gradient
flows, we can get a transportation inequality for the conic distance. From
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now on we do not assume that that the implicit function m defined by
(3.15) has mass 1 (cf. Remark 3.15).

Theorem 3.17 (Conic Talagrand inequality). Suppose that f satisfies (3.5)—
(3.8). Let u® € LY(T%), £(u°) < co0. Then

di(u,m) < CEuP), (3.67)
with C independent of u°.

Proof: As in the previous proof, we may assume that u° is smooth and
strictly positive. In the case when £(u°) < £(0) the proof mimicks the
previous one, basically substituting the objects related to the spherical
Hellinger-Kantorovich distance with the conic ones. Let us merely de-
scribe the small differences that show up. Consider the classical solu-
tion u to the conic Hellinger-Kantorovich gradient flow [30]. The con-
dition (3.11) is not needed because the conic entropy-entropy production
inequality [30, Theorem 2.9] does not require it. However, in order to ap-
ply that theorem we need to find a set U containing the trajectory u; of
the conic gradient flow starting from u° such that no sequence in U con-
verges to 0 in the sense of measures. An argument involving Lebesgue’s
dominated convergence theorem shows that we can simply take

U= {u e L(Q): E(u) < Eu°) < 5(0)}.

It remains to treat the case £(u°) > £(0). Since £(0) is a positive constant,
it suffices to prove the inequality

A2 (u®,m) < C(1+&(u?)). (3.68)

We recall [10, 31, 5] the upper bound for the Hellinger-Kantorovich dis-
tance in terms of the masses,

déK(uO,m)Sﬁl(f uO+J m)
T T

Consequently, it is enough to show

f u® <C1+Eu). (3.69)
T4

Let c be a small positive constant such that the implicit function m_, exists.
As in the previous proof, we can deduce (3.66) with ¢ just defined and
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some function a(x) independent of u. Hence,

J u’ < C+ c‘lJ. E(x,u’(x))dx,
T T4
proving (3.69). _

Remark 3.18. Inequality (3.67) follows from (3.61) and (3.60) provided u°
and m are probability measures. However, when the masses of u° and m
do not coincide, (3.67) is not an immediate consequence of (3.61).
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