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1. Motivation

Orthogonal polynomials on ¢-quadratic lattices are part of the discrete
families of orthogonal polynomials. These families are widely spread in the
literature of special functions and applications. Some works we refer to the
interested reader include [7, 13, 14], where a comprehensive approach to
orthogonal polynomials is given, gathering, amongst many other topics, the
analysis of divided difference operators, related problems on classification,
connections with the Sturm-Louville theory, etc.

In the present paper we consider the general divided-difference operator D
[10, Eq. (1.1)] having the basic property of leaving a polynomial of degree
n— 1 when applied to a polynomial of degree n. It is well-know that D yields
the Askey-Wilson operator [1] under appropriate specifications. The related
lattice, commonly known as a non-uniform lattice, is obtained from a conic
defined by (2) [11, Sec. 2] and involves the g-quadratic lattice due to its
parametric representations (more details are given in Section 2.1). The main
problem to be analysed in the present paper lies within the so-called direct
problem (see, e.g., [17]): to extract information on recurrence coefficients
of orthogonal polynomials, given some data on the corresponding Stieltjes
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function or the orthogonality measure. We take the difference equation sat-
isfied by the Stieltjes functions, say ADS = CMS + D, where A, C, D are
polynomials, subject to restrictions deg(A) < 3, deg(C) < 2. According to
the classification from [8], this is the so-called class one (see Section 2.2).
Our main goal is to give a closed form expression for the recurrence coeffi-
cients of orthogonal polynomials in the symmetric case, that is, when one of
the recurrence coefficients is zero (cf. Section 3). Such a closed formula is
given in terms of the lattice as well as in terms of the polynomials A, C, D.
To the best of authors’ knowledge, these results are new in the literature.
Furthermore, as the calculus on non-uniform lattices generalizes the calculus
on lattices of lower complexity (see [13], [18, Sec. 2]), our results may be re-
garded as a generalization of some of the results on semi-classical orthogonal
polynomials of class one, for instance: [12], on symmetric orthogonal polyno-
mials when D is Hahn’s difference operator; [2], on orthogonal polynomials
when D is the derivative operator; [4], on orthogonal polynomials when I is
the forward difference operator.

The paper is organized as follows. In Section 2 we give the definitions
and state the basic results which will be used in the forthcoming sections.
In Section 3 we present the main results of the paper, namely, a closed
form expression for the recurrence coefficients of the symmetric orthogonal
polynomials (see Theorem 1).

2. Preliminary Results

2.1. The General Divided Difference Operator, ¢g-Quadratic Lat-
tices, and Orthogonal Polynomials. We consider the divided difference
operator D given in [10, Eq.(1.1)], with the property that D leaves a polyno-
mial of degree n — 1 when applied to a polynomial of degree n. The operator
D, defined on the space of arbitrary functions, is given in terms of two func-

tions, y1, Y2,

_ F(le) ~ Fn(x)
PO = v

The functions ¥, y» may be defined as the two y-roots of the quadratic equa-
tion

ay® + 2bzy + éa’ +2dy +26x + f =0, a#£0. (2)
In the present paper we shall consider the g-quadratic case, related to the so-
called non-uniform lattices, which appears whenever A\t # 0, A = b>—aé, 7 =
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((52 — aé)(d® — af) — (bd — aé) ) /a. In such a case, y1, Yo are given by

() = plx) = (), (e )+ V/r( (3)
with p, r polynomials given by
. . . 2
bx +d A bd — aé T
— - . 4
pa) = -2 dz(w . ) T (@)
We shall use the notation A, = y2 — y;. From (3), it follows that
Ay =2r. (5)

For the g—quadratic case there is a parametric representation of the conic
(2), x = x(s),y = y(s), such that [11, pp. 254-255]
o(s) =z +EValg" +q7%), yls )Zyc+£\/7( T2 gt (6)
T = (ae—bd) /X, yo = (ed—be) /N, & = f/(4N\), [ = f—ay?—2bzey.—éa?,
and ¢ defined by

AR
=2 (7)

We have y1(z(s)) = y(s), ya(z(s)) = y(s + 1). Thus, in the account of (3),
we have

and

y(s+1)+y(s) = 2p(x(s)), (y(s+1) —y(s))* = 4r(x(s)).
In the present paper we shall operate with D given in its general form (1).

We now define other operators related to (1). Firstly, by defining E; and E,
(see [10]), acting on arbitrary functions f as

(Ef)(z) = f(yu(2), (Bof)(x) = f(y2(2)),

the so-called companion operator of D is defined as (see [10])

Note that M f is a polynomial whenever f is a polynomial. Furthermore,
if deg(f) = n, then deg(Mf) = n. Indeed, in the account of (3), one has

Ej(a") = (p(a) + (/@) s G =12,
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From the binomial identity

n

n n i n—i
(p+V7) =Z< Z- )p (EVr)"
i=0

we get, for n odd,

(n—1)/2 n (n—1)/2 o
n __ 2i,.(n—2i—1)/2 n __ 2i+1,.(n—2i—1)/2
Dx_z(%)pr ’ Mx_;(zzﬂ)p " ’

(9)

and for n even,

(n—2)/2 n/2
n __ n 2i+1,.(n—2i—2)/2 no__ n 2, .(n—2i)/2
Dx—;<2i+1)p r , Mz —ZO:<2Z.>pr .
(10)
In the remainder of the paper we use the following notation:
n—1 n
Dz" = Z dn,kxk ., Maz" = Z mn,kxk . (11)
k=0 k=0

We shall consider orthogonal polynomials related to a (formal) Stieltjes
function defined by

S(z) =) upz ", (12)

where (u,), the sequence of moments, is such that det [u”j]Zj:O #0,n >0,
and, without loss of generality, ug = 1. The orthogonal polynomials related
to S, P,, n > 0, are taken to be monic, and we will denote the sequence

Monic orthogonal polynomials satisfy a three-term recurrence relation [16]

Poii(x) = (x — Bn)Pu(x) — yPu1(x), n=0,1,2 .., (13)
with P_1(z) =0, Py(z)=1,and v, #0, n>1, o= 1.
The quantities f3,,, v, are called the recurrence coefficients of {P,},>0.
Another important sequence, related to { P, },>0, is the sequence of associ-

ated polynomials of the first kind, denoted by {Pﬁl)}nzo, which satisfies the
three term recurrence relation

PW(z) = (z — B,) PV (2) = v Py (z), n=1,2,..

n
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with P (2) =0, PV (z) = 1.
In the framework of the Hermite-Padé Approximation (see [9]), the poly-
nomials P, are the diagonal Padé denominators of (12), and the polynomials

Prsl_)l are the numerator polynomials, thus, also determined by the relation

S(z) — PV (2)/Py(z) = Oz, 2 o0.

2.2. Semi-Classical Orthogonal Polynomials on Non-Uniform Lat-
tices: the Class One and General Difference Equations. Semi-classical
orthogonal polynomials on non-uniform lattices may be defined by a differ-
ence equation for the Stieltjes function [10, 18],

ADS = CMS + D, (14)

where A, C, D are irreducible polynomials (in ). In general, the polynomials
A, C, D in (14) satisfy, in the account of (1), (8), and (12),

deg(A) <m+2, deg(C) <m+1, deg(D) <m, (15)

where m is some nonnegative integer. When m = 0 we get the so-called
classical polynomials [6, 15].

In the present paper we will study class one (see [8, Def. 8 and Th. 9)),
that is, we will take the difference equation (14) for S with m = 1 in (15),
under the following condition (in order to avoid degenerate cases):

deg(A) =3,1 < deg(C) <2 or deg(A) < 3,deg(C) =2. (16)

A very useful result on semi-classical orthogonal polynomials concerns the
difference equations studied recently in [3, 5, 11]. In particular, SMOP related
to (14) satisfy the following difference equations, for all n > 0:

An+1DPn+1 = (ln - C/2)MPH+1 —|— @nMPn , (17)
ApiDPY = (1, + C/2)MPY + DMP,,, + ©,MP", . (18)
with

2
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Here A, is defined in (5) and [,, ©,, T, are polynomials in x satisfying, for
alln >0,
n+1

1 Or-1
_ = 2
Tn4+1 9 kz_% Vi 3 ( 0)
O,
anrl + ln + M(:U o 6n+1) =0 ) (21)
Yn+1
Ai _ In+l
—A+M(x — Bpi1)(lps1 — 1) — 7(7n+1 + ) + Opp = T@n—l , (22)
with initial conditions
7T_1:O, WOI—D/Q, (23)
AQ
971 :D, @OZA—IyD—Uo—C/Q)M(SE—ﬁQ), (24)
11 =C/2, ly=—M(z — By)D — C/2. (25)

3. Main Results: the Symmetric Orthogonal Polynomi-
als of Class One

The symmetric families of class one satisfy (13) with 5, =0, n > 0, that
18,

Poii(z) =2P,(z) — v Pro1(z), n=0,1,2,..,
and they are related to the Stieltjes functions such that (16) holds. Let us
now proceed to the determination of the recurrence coefficients ~,,.

The polynomials A, I,,, ©,, m, in the difference equations from the previ-
ous section satisfy deg(A,) = 3, deg(l,) = 2, deg(0,) = deg(m,) = 1 [3].
We set

A(x) = azz® + apr® + a1z + ag, C(z) = cox® + 1 + ¢,
D(z) =dyx +dy, Ap(z) = an73x3 + an,2x2 + ap1x+ anp,
Lo(2) = Loox® + Loz + Log, On() = 0n17 + O, Ty = M@ + T,
p(x) = prz + po, r(x) = rex® + rix 41y
In accordance with (16), we will take the case
las| + |co| # 0. (26)

In the following we shall also assume p; # 0, p? —ry # 0, that is, abé # (0 in

2).
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The polynomial D is defined in terms of the polynomials A, C. Indeed, by
collecting the coefficients in (24) and (25), we get

dy = —(as + cop1) oy =

—ay — c1p1 — Copo + (11 — 2pop1)dy
— .
P17 — T2

2
Y )

(27)

Theorem 1. Let {P,},>0 be a SMOP related to a Stieltjes function S sa-
tisfying A(z)DS(x) = C(x)MS(z) + D(z) with deg(A) < 3, deg(C) < 2,
deg(D) < 1 under condition (26) in the previous notation. Let the recurrence
relation

Poii(x) = 2P (x) — vPoa(z), n=0,1,2,...

hold with vy = 1. Under the previous notations we have, for alln >0,

ToD(xo) + > 5o G T
WD) Y6 o)
7%7%+1

= (a1 + c1po + copr + do(2pop1 — 1) + di(p3 — 10)) (pF — 12) (29)
—az + cop1 + 2dy(re + p%) ’

where

xo = —po/p1, Cn = A(zo) + 2r(z0)(Tp1 + ™) (20) , Tr = On(20)/ Vi1 -

The quantities C,,T,, are given in terms of the polynomials A, C' as well as
of p,r defined in (4). Indeed, there holds the following explicit formulae. For
all n > 0,

Oni11 ¢ " Mg+ 1)(¢"? 1) ¢ " (¢*"? = 1) O,

= lo2 + , 30
Vit (g —1)p: 7 g—1 - (30)
SR .- ) S g ((Q-i- D™ -1, (-1 @0,1)
" 2 2m 2pi(g—1)? 7 2(¢—1)? ’Vl( )
31
O,
20 = 2(Tnt1,0 = Tnt20), (32)
Tn+2
n n k -1
Tnt1,0 = H Sk | o0 + Z (H 3j> i |, (33)
k=0 k=0 \j=0
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with
+ 2
5y = Ao (34)
2p1 — fnt10
 famr o+ farta T + faiTea + PoOn.1/VYn+1
ty = : (35)
2p1 — fas10
2rod
foo = M) (36)
Mp41,n+1
1 m
fog = ——— (27’2 (dn+1,n—1 — dn—i—l,nﬂ) + 27’1dn+17n) , (37)
Mp4+1,n+1 Mp4+1,n+1

C 1 Mnp+1,n
fn = = + — (CLS (dn+1,n—1 - dn+1,n—+L> + a2dn+1,n)(38)

2 Mp41,n+1 Mp41,n+1

and the initial conditions

O — 2 (p? d
lop = —prdi — 2, 01 _ Gt 02p12+ (Pt r2) , To1 = ——, (39)

2 Y1 Pl — T2 2

d C) 1
o0 = —50 , 20— 5 (—as + copo + di(3pop1 + 2r1) + do(pi + 2r2)
71 pi— T2
0.1
+p1 (p1do + pody1 + 61) + ’Y—(ﬁ — 2]?0291) . (40)
1

Here, p1,po,r2,m1 are the coefficients of p(x) and r(x) defined in (4), and q
is defined by (7).

Proof: First, let us we deduce (28)—(29).
Evaluating (22) at z¢p := —po/p1 we get, as M(z) = p(z) (which follows
from (3) and (8)),

O, O,
—A(2o) — 2r(20)(Tns1 + ) (20) + Ynyz—(20) = Ynp1——(T9) -
Tn+2 Tn
Thus, we write
Yo+2Tnt1 = Ynt1To-1 + G (41)

with T 41 = Op1(20) /Yn+2: Co = A(wo) + 2r(20)(Tpt1 + ) (20). By multi-
plying (41) by T,, we get

7n+2TnTn+1 — 7n+1Tn—1Tn + CnTn 3 n Z 0.
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Iterating yields

Ynt2LnTn1 = 1T1To + Z Gk, n=>0,
k=0
thus we obtain (28), where we used T_1 = D(x) (see (24)).
To obtain v, we proceed in two steps: first, by collecting the coefficient of
x in (24) and using (25), we get

Oo.1 = a1 + c1po + cop1 + do(2pop1 — 71) + di(pf — 70) -
Next we have (39),
Oo1 _ —ag+cpi + 2d,(pf + 12)

mno pi — 72
Combining the two equations above we get (29).
Now, let us we deduce the quantities ©,, ;/v,+1 and 7, j, j =0, 1.
To deduce (30) we start by taking 3, = 0 as well as M(z) = p(z) in (21),
and collect the coefficients of 22, thus getting
@n,l

Upi12=—lpno — D1 : (42)
Tn+1

Also, starting with the definition of A, in (19), and using a similar procedure
as in [5, Lemma 1], we obtain ©,411/7v,+2 as a linear combination of ¢,, » and

()m1/7n+b

O, —4 2 )\ O
11 p12€n’2 N (1 2(r +p21)> 1 (43)
Tn+2 r2 — D1 T2 —=D1 / Tn+1
Then we write (42) and (43) in the matrix form,
lnt1,2 ln2 ! o,
nl, _x n, Cox=| -4 2(ry +
[ On+1.1/Yn+2 ] [ On1/Vn+1 ] plQ 1— (2—]?21)
T2 — D1 r2 — P71
(44)
[terating (44) yields, for all n > 0,
loy12 = (Xnﬂ)(m) o2 + (Xnﬂ)(m) ©o1/7, (45)
Oni11/ M2 = (XHH)@J) o2 + (Xnﬂ)(m) ©o,1/7 - (46)

Here, (X"*!) .  denotes the element on the position (4, j) of X"t

(i.4)
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The diagonalization of X proceeds as in [5, Lemma 1]. Indeed, the set
of the eigenvalues of X is given by o(X) = {q,¢ '} with ¢ defined in (7).
Therefore, we get X = VDV~ !, with V, D given by

—D1 —D1 g 0
V=1|1+ l+q¢t |, D= _}.

Thus, X" = VD""1Y~1 As a consequence, from (46) we obtain (30). To
get fyo and w1 we use (25) and (23), respectively. The quantity ©g1/7
follows from equating the coefficients of 23 in (18) with n = 1 combined with
(21) with n = 0.

Equation (31) follows from the definition of m, (cf. (20)) combined with
(30).

Equation (32) follows from (20).

In order to deduce 7,y we start by obtaining some formulae involving ¢, ;.
By equating the coefficients of "2 i

in (17) we get

C1 1 Mptin

gn,l ==+ — (an—i—l,?) (dn—&—Ln—l - dn—l—l,n + an—i—Lan—l—l,n )
2 Mp41,n+1 Mp4+1n+1

where the my, 11 1 and d,,41 1, are given by (11). As ay413 = a3+2ram, 1, pt12 =
a + 2r9my 0 + 2r17y,,1, We get

En,l = fn + fmlﬂ-n,l + fn,Oﬂn,O ) (47)

with f,.0, fo1, fn given by (36)-(38). Now, to obtain m,, we begin by col-
lecting the coefficient of z in (21), hence,

O, O,
p—t =0, (48)
Yn+1 Yn+1

lpi11+ o1+,

Using (47) in (48) as well as 2(m,0 — Tnt1.0) = Ono/nt+1 We get, after basic
computations,

Tp+1,0 = SpTp,0 T tp, n=>0,

with s, t, given by (34)—(35). Thus, we obtain (33).
To obtain 7y we use (23), and to obtain ©¢ /v we take the coefficient of
x? in (18) with n = 1 combined with (21) with n = 0. _
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