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DRUG RELEASE ENHANCED BY TEMPERATURE: AN
ACCURATE DISCRETE MODEL FOR SOLUTIONS IN 4?3
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ABSTRACT: In this paper we consider the coupling between two quasilinear diffusion
equations: the diffusion coefficient of the first equation depends on its solution
and the diffusion and convective coefficients of the second equation depend on the
solution of the first one. This system can be used to describe the drug evolution in
a target tissue when the drug transport is enhanced by heat. We study, from an
analytical and a numerical viewpoints, the coupling of the heat equation with the
drug diffusion equation. A fully discrete piecewise linear finite method is proposed
to solve this system and its stability is studied. Assuming that the heat and the
concentration are in H® we prove that the method is second order convergent.
Numerical experiments illustrating the theoretical results and the global qualitative
behavior of the coupling are also included.
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1. Introduction

In recent years advances in materials science and nanotechnology have
given huge contributions to the development of drug delivery systems which
represent an important tool in the framework of a precision medicine. The
most challenging problems faced by researchers in the area are the develop-
ment of systems for targeted release, controlled release or enhanced release.
Targeted release refers to systems that deliver drugs to specific parts of the
body, avoiding global systemic absorption. Examples of targeted delivery
systems are polymeric intravitreal implants where the drug is dispersed or
the use of nanoparticle drug carriers. When the drug targets the tissue or
organ, the release is sustained when it is extended over a period of time to
keep concentration levels within a therapeutic window. In the case of poly-
meric implants the release can be controlled by tuning the properties of the
polymer and of the drug-polymer interactions. In some cases the delivery
must be enhanced. To enhance drug release from drug delivery systems and
also drug transport through the target tissue, chemical enhancers or physical
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enhancers as electric fields, magnetic fields, ultrasound, heat, are used nowa-
days. These stimuli are used individually or coupled in different areas, being
oncology one of the most promising and challenging (see [5], [6], [12], [18] and
[21])). In oncologic diseases the transport of the chemotherapy cocktails can
be made by specific nanoparticles and the stimuli act to enhance the drug
release from the transporter ([11], [14], [18], [20], [23]).

Another area of great application is transdermal delivery where it is crucial
to enhance the permeability of the stratum corneum, the outermost layer
of the epidermis. In this case external stimuli as heat, electric fields or
ultrasounds have been used with great success (see for instance [4], [9], [11],
[13], [15], [19] and [24]). Another important application of ultrasound, as an
enhancer, is drug delivery to the brain where the stimulus act as a disruptor
of the blood brain barrier ([12], [22]).

In the present paper we are mainly interested on drug delivery systems
where the drug release is enhanced by the temperature. Heat has been used as
enhancer in different situations as for instance in transdermal drug delivery.
An increasing body of evidence suggests that temperature largely influences
drug distribution, altering rate profile ([9]).

One popular application of heat in transdermal drug delivery are patches.
We mention, for example patches where dispersed iron powder represent a
heat source. Oxidation of the iron powder that generates an increase of the
temperature that lead to an increase of permeability of the skin as well as a
decrease in its Young modulus ([24]). Consequently, an increase in the drug
flux through the skin is observed, and due to the increase of the superficial
blood perfusion, an increase in the drug absorption occurs (see [15], [19]).
Heat can be also generated by the application of other stimuli as ultrasounds
[11] or electric fields [4].

When temperature increases, the pattern of Brownian motion is altered. In
fact the rate of diffusion defined by the diffusion coefficient strongly depends
on temperature. In the case of spherical particles through a liquid with low
Reynolds number, the Stokes-Einstein equation postulates that the diffusion
coefficient D is defined by

KgT

D —
611nr’

where T" denotes the temperature, K is the Boltzman constant, r the radius
of a spherical drug molecule and 7 the viscosity.
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The diffusion coefficient in solids at a specific temperature 7' is given by
the Arrhenius equation

E
D = Dyexp (—R—;> : (1)

where Dy is the maximal diffusion coefficient (at infinite temperature), Ey is
the activation energy for diffusion, and R denotes the universal gas constant.

Heat is also generated as a consequence of the application of other physical
enhancers as electric fields or ultrasound. We remark that electric fields have
been used to enhance drug transport through the skin namely for electric
charged drug molecules. In this case, a convective drug transport arises
induced by the electric field defined by the gradient of the electric potential
([4]). The electric field generates heat that can be described by the Pennes’
bioheat equation [16]

pksaa—f =V.(DyVT) —wpep(T —T,) +q+ Qy, (2)
where T' denotes the temperature, p represents the tissue density, ks is the
specific heat of the tissue,Dy is the thermal conductivity, T}, is the arterial
blood temperature, ¢ is the metabolic volumetric heat generation, w,, is the
nondirectional blood flow associated with perfusion, ¢, is the specific heat
of blood. In (2), @ denotes the heat generated by the applied potential ¢
that is given by Q; = o|V¢|?, where o is the electrical conductivity and |.|
represents the euclidian norm (see for instance [4]).

In the previous scenario, the drug molecules transport through the target
tissue is described by the convection-diffusion-reaction equation

e V. ((UCng + wFueff)C> = V.(D4Ve), (3)

ot
where ¢ denotes the drug concentration, D, is the diffusion coefficient, v, is
the electrophoretic mobility coefficient which describes the ability of the elec-
tric field to move the solute, and wu. s is the electro-osmotic flow coefficient.
The electrophoretic coefficient v, is related with the diffusion coefficient via

z
Einstein-Smoluchowski relation v. = Ddﬁ, where F' is Faraday’s number.

In (3), wp is a convective flow hindrance associated with a bulk convective
flow with an average flow velocity u.ss (see [4]).
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Our aim is to study the convection-diffusion-reaction equation for a drug
concentration

0
a—j L V.(0(T)e) = V.(Dy(T)Ve) + Q(c) in Q x (0, T] (4)
where T' denotes the temperature defined by
T
%—t = V.(Dp(T)VT)+ G(T) in Q x (0, T%]. (5)

In (4), v(T) denotes the drug velocity and D, is the diffusion coefficient. To
describe the dependence of drug distribution on temperature, we assume that
Dy in (4) is a function of the temperature 7. We observe that equations (4)
and (5) describe the drug evolution in two different situations: when heat is
generated by a source term, like in heat patches applications, or when heat
is generated as a secondary stimulus.

The concentration and temperature equations, (4) and (5), respectively,
are complemented with homogeneous Dirichlet boundary conditions

c(t) =0 on 00 x (0,7%],T(t) = 0 on 082 x (0, T}, (6)
and initial conditions
c(0) = ¢coin Q2 x (0, T%],T(0) =T in © x (0, T¥%]. (7)

To simplify, we assume that the medium 2 is isotropic which means that we
can replace it by €2 = (0, 1).

Our aim is to propose a stable and accurate numerical method to com-
pute numerical approximations for the temperature and concentration. The
method is based on a piecewise linear finite element method combined with
particular integration formulas. Such fully discrete method can be seen as
a finite difference method defined on a nonuniform grid. We prove that the
approximations for the temperature and concentration and their gradients
are second order convergent with respect to discrete L?-norms. It is well
known that the piecewise linear finite element method (FEM) leads to first
order approximations for the gradient. Such result shows the supercloseness
of the gradient approximations. As we mentioned before, the fully discrete
FEM is equivalent to a finite difference method defined on a nonuniform grid
with first order truncation error with respect to the norm ||.||s. This result
shows the supraconvergence of the method.

The paper is organized as follows. In Section 2 we study the stability of the
continuous coupled model (4)-(5). The method proposed to solve numerically
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the coupled problem is introduced in Section 3. In this section, the stability
of the method is established under certain conditions. In Section 4, an error
analysis is developed which is not based on the use of the truncation error
neither on the stability of the method. Numerical experiments illustrating the
convergence results and the behaviour of the concentration and temperature
are included in Section 5. Finally, in Section 6 we present some conclusions.

2. The continuous model: stability analysis

In this section we study the stability of the coupled problems (4)-(5). Let
c(t) and T'(t) in L*(0, Ty, H}(Q)) be such that

(T'(t).u) = —(Dr(T)VT(E), V) N
+(G(T),u) a.e. (0,Ty],Yu € Hy(Q),

and

(d(t),w) — (v(T)e, Vw) = —(Dy(T)Ve, Vw) (9)
+(Q(c),w) a.e. (0,Tf],Yw € Hy ().

In (8) and (9), (.,.) denotes the usual inner product in L*(Q2) and ||.|| repre-
sents the corresponding norm. We assume the following conditions:

- Dp € Cbl(IR) and Dp > 5() > 0 in IR,

|G(T)] < AT in R,

o(T)| < Bo|T| in R,

Hy: D, e Cbl(]R) and Dd253 > 0 in IR,

Q)] < Bl in IR,

where C}} (IR) denotes the space of bounded functions with bounded derivative
in IR. To obtain upper bounds for the temperature and concentration, the

previous assumptions will be used. To establish the stability of the weak
problem (8), (9), Hy, H3 and Hj; will be replaced by
H; : G e CHR),
H; : v e CHR),
H; : Q€ Cy(R),
respectively.
1. Energy estimates for the solution of (8), (9):
The study of existence of solution for the coupled system (8) and (9) is not
addressed in this paper. We present energy estimates for the solution of the
system and for the corresponding fully discretized problem.

5
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Energy estimate for the temperature: Taking in (8) u = T'(t), we get
1d

5ZITOI + Bl VT @I < BT O],

This inequality leads to

I\T(t)\|2+2ﬁo/0 IVT(s)]*ds < HT(O)H2+251/0 IT(s)lPds.  (10)

It T e CY[0,Ty], L*(Q2)) N L*(0,Ty, Hj(2)), by the Gronwall Lemma we
conclude

HT(t)H2+/O IVT(s)|I"ds < MO te 0,7y (11)

min{1, 25}
Energy estimate for the concentration: Let w = c(t) in (9). As Hj(Q) is
continuously embedded in C%(Q), we have successively

(((T)e(t), Ve)| < BalT(@) ol [ Ve

< HEITO 2 @I + Ve, 12

where €; # 0 is an arbitrary constant. Then, from (9) and (12), we easily get
t
oI + 26— &) [ [9e(o)lfds
V|
SW@W+A(§ﬁﬂHM&+%QW@W®
1

If T e C([0,Ty], H}()) then, for € such that 83 — €7 > 0, we guarantee
the existence of two positive constants 7. ;,¢ = 1, 2, such that

(13)

t t
Ye2 Jo (llT(S)IlioH) ds
le(t)]? +/0 IVe(s)ds < vealle(0)]%e e 0,Ty], (14)

provided that ¢ € C([0, T¢], L*(Q)) N L*(0, Ty, H}(Q)).
As |[T(t)]|eo < ||VT(t)|], instead of (14), we have

H2 Ye,2 fot (||VT(S)|2+1) ds
(&

wwW+Aumewg%ﬂmn e 0Ty, (15)

t
The term / |VT(s)||?ds in (11) is bounded, for ¢ € [0, T].
0

As
[(0(T)e(t), Ve(t)| < Bal| T (@) Vet |1, (16)
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if the drug convection-diffusion equation (4) is diffusion dominated in the
sense that

B3 — Ba||T(t)]] > Yee > 0 ace. in (0, T}), (17)

then ¢ satisfies
'
le(®)])? +2%,c/ [Ve(s)||*ds < |lc(0)]*e**, t € [0, Ty). (18)
0

Moreover, if the reaction term () satisfies
Hy: Q€ CYR), and Q(0) =0, Q'(c) < f1 < 0in IR,
instead of Hp, then (18) holds, and it can also be proved that

t
le(®)||> + 2%,6/ 6254(“5)“Vc(3)|\2d3 < |le(0)]|?e*™ ¢ € 0, T%]. (19)
0

2.Stability estimates:

Let T, T and ¢, & be solutions with initial conditions ¢y, & and Ty, Ty, re-
spectively. Under the assumptions specified before, for T, T and ¢, ¢ hold
the energy estimates previously established. In what follows we will obtain
estimates for T — T and ¢ — ¢.

For the temperature: Considering that 7' and T satisfy (8), for wr(t) =
T — T we obtain

s ller@I® +((Dr(T) — DNT(T))VT, Vuwr(t)) + (Dr(T)Vwr(t), Vor(t))

= (G(T) = G(T),wr(1)).
Using the assumption Hp, we have, successively,

((D2(T) = Dr(T))VT, Ter (1)
< 1Dl lor DIV T Oll = T (0] (20)

1
< D7l IVT Oz lor ()] + el Ver(®)],
1

where ¢; # 0. Using now H;, we obtain

~ Lt +(8 — DlIVer (D)

2dt / 1 /12 2 2 <21)
< (Chuas + T2 I D5 e IV ) leor (8)]2
1
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If By — € > 0and T,T € C'([0,Ty], L*(Q)) N L0, Ty, HY(Q) N Wh2(Q)),
from (21) we obtain

lor@®)? +2(50 — &) / |Veor(s)|2ds
t

1
< Jlwr (02 + / (200 + 5311 Dl ) VT () ) Jeor () 2.
1
that leads to

2G5 D ey [T 0 e )

t t
lwr(t)|1? +2(Bo—e%>/0 61;( Vewr(s)|?ds

2G;m+§|D'T||ioo<R>||VT(s>|%oo> ds

< Jlwr(0)]2" ( t e [0,Ty).
(22)
From (22) the stability is concluded for T € C*([0, T], L*(2))NL*(0, Ty, Hy ()N
Whe(Q)) and T € CH([0,Ty], L*(2)) N L(0, Ty, HY()).
The smoothness of T' can be weakened if we impose a stronger condition
on ||[VT'(t)|. In fact, instead of (20), we can easily deduce

((Dr(T) = Dr(T))VT, Vwr(t))|
<N D7l ey [VT (@) [ [ Veor (1]

If
Bo = 1 D7l e ey IVT @) ]| = vz > 0 ae. in (0, T}), (23)
for some positive constant 7, instead of (22), we conclude

t
lor(I? +2yr / £2Gest=9)|| o (5) | ds

0 2 _2@G! (24)
< Jer(O)[Pemt ¢ € [0, 77

The stability inequality (24) allows us to conclude the stability for T, T €
CH([0,Ty], L*(2)) N L*(0, Ty, H}(2)) provided that T' satisfies (23).
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For the concentration: For the convection term we have

[((T)e(t) = v(T)e(t), Vewe(t)]
= [(((T) = v(T))e(t) + v(T)we(t), Vewe(t))|
< | [z2lle@) | I Vwe ()| + B2l T () | o [lwe (][ Vewe (£)

)
|Vl Loy lwr (2) ‘

[e(OIZee lor (I + Qﬂ%l\f(t)\lioo\lwc(t)HQ
HE + VB,

< gl

(25)
with ¢; # 0,7 = 1,2, arbitrary constants.
For the diffusion term we get

(Da(T)Ve(t) — Da(T)VE(t), V()
= ((Da(T) = Da(T))Ve(t) + Dao(T)Vwe(t), Vwe(t)),

where
[(D4(T) = Da(T))Ve(t), Ver(t))]
< HD | @) lwr (|| [[V (@) || oo Ve (2) | (26)
< 32110} HLOO r) Ve[ llwr@)[* + [ Vwe () [1?
and

(Da(T)Vwe(t), Vewe(t)) = Ba|| Vewe(t)]|*.
Then we obtain the differential inequality
ch WP+ (85 — € — & — &) | V(1) ||

(t
(—%HVT (O + Q) 1) (27)

(e e N e + 7o 1 D4y I3 o (D]
4ef 4es
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whose solution satisfies

! t(ﬁnvﬂ )220, -)du
lwe Ol +2(85 — & — & — &) / o VT2 @as JO G ) () 2ds

f( 2| VT )|2+2Q£m>du
< [lwe(0 )H2 :

/ J: QGQHVT |2+2Q:m>du

(2 QHU [ lle(s) 2= + 5 QHDdHLOO V(s )HLoo>HWT( )*ds,
(28)
for t € [0,7y] and provided that ¢ € C'([0, Ty], L*(2)) N L*(0, Ty, Hy(22) N
Whe(Q)), ¢ € CH([0, Ty], L*(Q))NL*(0, Ty, Hy(2)), T € L*(0,Ty, L*(Q)), T €
L*(0, Ty, Hy(2)).
3
Finally for ¢;,7 = 1,2, 3, such that g3 — €2 > 0, we get the desired upper
1=1

bound.
To conclude we recall that an upper bound for / VT (1)|*dp is estab-

lished in (11) and upper bounds for |jwr(t)||2. are defined in (22) or (24)
when T € C'([0,Ty], L*(Q)) N L*(0, T, HY()) and T € C([0, Ty}, L*(Q)) N
L*(0,7T, H} () N Wh2(Q)).
From (28), the stability of (8) and (9) is concluded when ¢ € L>(0, Ty, H} (Q)N
Wte(Q)) N CY([0, Ty, L*(Q)), T € CH([0, Ty], L*(2)) N L*(0, Tf, H} () and
for &, T € C([0,Ty], L*(Q)) N L*(0, Ty, H ().

In what follows we obtain more precise stability estimates under weaker
assumptions. As [|wr(t)||e < ||Vwr(t)|], (25) and (26) are replaced by

|(()()1 v(T)é(t), Vwe(t))| )
< ( QHUHLoo e HVwTH2+4—635§HVT(15)H2H%(15)H2
HE + V)]

AN

and

Dy(T))Ve(t), Vewe(t)))

((Da(T) —
< 2210411 <y I V@ P Vwr (DI + €| Ve ()17,

respectively.
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Consequently, (28) is replaced by

3 t t<"—% VT(1)*+2Q, )d
ch(t)HQ—FZ(ﬂg—ZE?)/ efs 2€2H (I +2Q70z MHVUJc(S)Hst

I5 ( IV >|2+2Q;m>du
< Jlwe(0 >H2 "\

f 2| VT (u ||2+2Qim)du
/ 4 (5 o lleto)

+5 2\|Ddum 1Ve(s)] )HWT( )|%ds), ¢ € [0,T}).

(29)

An upper bound for / VT (1)||?dp is given by (11). Upper bounds for
0

t
/ |Vwr(s)||*ds are defined by (22) provided that T € C*([0, T}], L*(Q)) N
0

L2(0, Ty, HY(Q)NW2(Q)) and for T € C([0, Ty], L*(Q))NL(0, Ty, H(2));

or by (24) provided that (23) holds and T, T" € C*([0, Ty, L*(2))NL*(0, Ty, H}(Q)).
From (29) we conclude the stability of the initial value problem (8) and

(9) for ¢ € L>(0,T¢, Hy(2)) N CH([0,Ty], L*(Q)), T € C([0,Ty], L*(22)) N
L*(0,T, H§(R2)) and for & T € C'([0, Ty, L*(Q)) N L2(0, Ty, HY(R)).

3. A FEM that mimics the continuous model: stability
analysis

3.1. Fully discrete FEM. In this section we present a fully discrete method

that mimics system (8) and (9).
N

Let h = (hy,...,hy) be a vector of positive entries such that Z hi =1

=1
and h,ae = maxh Let A be a sequence of vectors h defined as before and

such that hmw — 0. Let Qj, = {x;,i = 0,..., N} be the non-uniform grid
in € induced by h, with Ti — Ti—1 — hi,l’o = O,I‘N = 1. By Qh and th
we denote the interior set of nodes Q, = Q2N ), and the boundary points
08, = 002N ﬁh.

By W), we represent the space of grid functions defined in Q;, and let Who =
{wy, € Wy, + wy, = 00n0Qy,}. For wy, € Wy, Pyw;, denotes the continuous
piecewise linear interpolation of w;, with respect to the partition €2j,.
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In W, ¢ we introduce the inner product

N-1
(wn, wi)n = hicrpoun(@)wn (i), un, wy € Wiy,
i=1
where ;19 = §(h; + hi1). Let |||, be the corresponding norm. We intro-

i+1 )
duce 51)'2'+1/2 = Z; —+ —2 s Ii_l/g =T; — 5

For uy, wy, € W), we use the notations

(un, wn) s =Y hyup(@)wn (),

1=1

and

|wp||+ = \Y (wh, wp) 4

Let D_, be the usual backward finite difference operator. We recall that
holds the following discrete Poincaré-Friedrichs inequality

lwnlli, < I D-zwnll, Ywn € Wi (30)

/2
By || we represent the norm |jup|l s = (Huhui + HDzuh\ﬁ) . The

piecewise linear finite element approximations for the solutions of (8) and
(9) are defined as follow: P,T},(t), Pyey(t) € Hg(2) such that

(PhT],l(t), Phuh) = —(DT(PhTh(t))VPhTh(t), VPhuh)

31
+(G(PTh), Poup), YVuy, € Wi, (31)

and
(PhC% (t), Phwh) —(U(PhTh)PhCh(t), VPhwh)
= —(Dd(PhTh(t))VPhCh(t), VPhwh) (32)
—I—(Q(Phch(t)), Phwh), th - Wh,O-

To define the fully discrete piecewise linear approximations for the tempera-
ture and concentration we need to define the approximations for the integrals
terms in (31) and (32).

Considering the approximations rules defined before by one of the authors
in [7], we introduce the following approximations:

(f7 g) = (Rhf7 Rhg)7 fag S 0(5)7 (33)
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where Rj, denotes the restriction operator,

(a(BPrgn)V Pyup, V Pywy) 2= (a(Mugn) D—yun, D—ywn)+, qn, wn, wp € Wi,
(34)
where M}, is the average operator

1 .
Muagn(x;) = =(qn(xiz1) + qu(zy)),i=1,..., N.
2

Taking into account the previous approximation rule, the variational problem
for the finite element approximation P,Tj(t) is placed by the following fully
discrete FEM: compute T3(t) € W}, o such that

(Th(8), un)n = —(Dr(MyTh(t)) D-Ti(t), D_yup)+
+(G(Th(t)), uh)h, Yuy, € Wh,O-

To define the fully discrete problem for the concentration, we need to intro-

duce the approximation of the integral term associated with the convective
term (v(PyT})Puep(t), V Pywy). We consider

(35)

(U(PhTh)PhCh(t), VPhwh) ~ (Mh(U(Th)Ch), .Df:rwh)Jr.

Using the introduced quadrature rules in (32), we get the fully discrete
FEM: compute ¢;,(t) € W such that

(ch(t), wn)n —(Mu(v(Th(t))en(t), D_awn)+
= —(Dd(MhTh(t))szCh(t), l),mwh)Jr (36)

+(Q(en(?)), wi)n, Ywn € Whp.
We remark that the coupled system (35), (36) can be rewritten as a or-

dinary differential systems. To do that, we need to introduce the difference
quotient D*(a(Mpyqn)D—_,up,) defined by

D (a(Myg)Dun) () = 5 (a(Mign(wi:1)) D—yun(zi11)

hiv1/2

—G(Mth(fﬁi))DzUh(fUz‘)> 7

fori=1,...,N —1, and for ¢, w, € Wj, and the first order centered finite
difference operator

up(Tit1) — un(wi1)

Delun)(i) = ===~

i=1,...,N—1.



14 J.A. FERREIRA, PAULA DE OLIVEIRA AND E. SILVEIRA

We introduce now the ordinary differential systems

T;’L(t) = FT(Th(t)) in Qh X (O,Tf]
Th(t) = 0in th X (0, Tf] (37)
Th(O) == RhT()iIl Qh,
and
A, (t) = Fo(Th(t), cp(t)) inQy, x (0, TY]
Ch(t) =0in th X (0, Tf] (38)
Ch(O) = Rhcoin Qh,
where the following notations were used
Fr(Ty(t)) = Dy(Dr(MyTh(t))D-.Th(t)) + G(Th(t))
and

Fe(Th(t), en(t)) = Dp(Da(MyTi(t)) D—wen(t)) — De(v(Ti(t))en(t)) + Qen(t)).

Considering the inner product of the first equation of (37) and (38), with
respect to (.,.)n, by up € Wi and wy, € Wy, g, respectively, we get (35) and
(36). This results shows the equivalence between the fully discrete FEM (35),
(36) and the FDMs (37) and (38), respectively.

3.2. Stability. We start this section establishing energy upper bounds for
| Th(t)]|n and ||cn(t)||n analogous of the ones established before for the con-
tinuous counterpart.

Firstly we establish the existence of the semi-discrete approximations, at
least locally, this means that there exists an interval [0,7%] and functions
T1(t), cp(t) solutions of the ordinary differential problems (37) and (38).

We observe that the previous coupled problem can be rewritten in the
following equivalent form

Z; (t) = Fp(Zn(t)) inQy x (0, Ty,
ZhE ) = Z(),h in Qh, (39)
Z

where Zh(t) = (Th(t), Ch(t)), Z(),h = (RhT(), RhCO) and
En(Zn(t)) = (Fr(Th(t)), Fo(Th(t), cn(t)))-

Proposition 1. Under the assumptions Hy, Hy, H;, Hy and Hg,
Fy, : Bs, (R Ty) x Bs,(Rpco) — [Who)?
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18 one-side Lipschitz, where
Bs(up) = {zn € Who o ||zn — unlln < 63,
for up = RyTy, Rpco, and 6 = o7, d,.
Proof: Let Z, = (qn,wn), Zy = (Gn,n) € Bs, (RyTy) x Bs,(Ruco), and
Wg = qh — Gh, Wy = Wy, — Wy, and w = (wy, wy). We have, successively, the
following

(Fu(Zn) = Fi(Zn), @) w2 = (Fr(qn) — Fr(dn), wg)n
+(Fc(q}17 wh) - FC(QNha wh)v ww)ha

(Frlan) —Fr(an), woh = —((Dr(Mngn) — Dr(MpGn)) D-zqn, D—owq)+
—(Dr(Mpn(t)) D—awq, D—zwq)+
+(G(an) — G(Gn), wy)n
< V2| D lmaz|wy |l D- 2hlsoll D—stoq [+ — Boll D—atwq |5 + Gallg 1
f4M2@+W%M()m+%@WM
+(=Bo + )| D-swq|%-

Then, for €2 = f3;, we obtain

2
@Hm—ﬂmm%n<gmlGTW&%m)w»m+amM%M
= L(h)]|wqll3-
(40)

For (F.(qn, wn) — Fe(qn, Wp), wy)n we establish
(Felan, wn) —Fe(qn, Wn), wu)n = —((Da(Mnqn) — Da(Mnqn))D—ywp, D_pwy) +

—Dd(thﬁl))szww, szww)+

+(Mn((v(gn) — v(Gn))wn, D—pww) +

+ (M (v(qn) )ww, D—zwu) + + Qe lww I

< \/_‘D ‘mawaqH | Dz ] oo || D -zt || +

— B3| D—swisI} 4+ V210 limaa lwglIn][wn ]| oo [ D— st |

+v2B32|Gnl e lwis |1l D—swull+ + @ppallwull7;

< (e D+ 720 o)
2
(6Hmmnwmm

+(452 GTW&%M) + Qe ) el
36~ B Dsi.
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Choosing €? = £[33, we conclude that

(Felirwn) = Fo(@n o), 00 < 2 (5 (Do + 52 (0 Vo)

(5 VBcol) el 1)
(S (Or + IRATol )+ Qpa) w3
= Lea(h) ey} + Lea(h) ]l

From (40) and (41) we finally obtain

(Fn(Zn) —Fu(Zn), Zn — Zn)wi o2 < (Lr(h) + Lea (R ))qul\h + Lea(h)|wallj
< max{Lr(h) + Lea(h), Lea(WH Zn = Zallgy,, 2

(42)

|

We remark that the one-side Lipschitz condition (42), established in Propo-
sition 1, guarantees the existence of the semi-discrete approximations 7},(), ¢ (t),
at least locally.

We observe that if we use the previous result to get upper bounds for
Hwh(t)H[Wh,o]Qv where wh(t) = Zh(t) — Zh(t>, Zh(t) = (Th(t),ch(t)) is the so-
lution of (39) with initial condition Z,(0), and Z(t) is the solution of the
same problem but with perturbed initial condition Z(0), then we have

S len (O, g2 = FulZa() = Fa(Zn()), wn(t))w,
< max{Lp(h)+ L.1(h), Lc,2(h)}‘|wh(t)”[2wh ]

where Ly (h), L.1(h) and L.o(h) are defined in Proposition 1. Consequently,
we obtain

(43)

lwn(B) 1By, p < emetbr(tlea® LW, )[R, . ¢ > 0. (44)

The upper bound (44) guarantees the stability of the semi-discretization
defined by F}, in bounded time intervals for each h. However, when h de-
creases, from this upper bound we are not able to conclude such stability
behaviour. This fact is our motivation to study the stability using the en-
ergy method for each semi-discretization defined by Fr and F... To obtain the
stability upper bounds, we start by establishing convenient upper bounds for
Ty(t) and ¢, (t) which are solutions of (35) and (36), respectively.

1. Energy estimates:
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For the temperature Ty,(t): Taking in (35) u, = Tj(t), and following the
steps used to prove (11), we easily get

t
1
2 D_,T 2 < - 2By 2 4
T+ [ 1D T(6) s € e IO, (45)

for t € [0, Ty], provided that T}, € C*([0, T¢], Wh.o)-
For the concentration: Let wy = ¢;(t) in (36). As in the continuous case,

we have
[(Mp(v(Th(t))en(t)), Dzen(t))+]
< \{52\|Th(t)\loo|\6h( )l D-aen )|+ (46)
< 2—6%52\|Th(t)\loo|\6h( )i+ el D_en(®)]I3,

where €; # 0 is an arbitrary constant. Then, for ¢; such that 35 — €} > 0, we
easily get

I (ﬂQITh( Mz +2ﬁ4) ds
fen (0)17e ,

(47)

t
len(®)]3+ /0 ID—sen(s)|3ds < min{1,2(3; — &)}

for ¢t € [0,TY], provided that ¢, € C'([0, T}], Wh.o).
t
From (45), the term / |D_,Ty(s)||%ds is uniformly bounded in [0, T}],
0

¢
provided that ||77,(0)]|5 is uniformly bounded in h € A. As / 1 75(5)||Ads <
0

t t
/O |D_Ti(s)]12 ds, we have / I Ta(s)|ds < 254 73,(0) 2 and

L
min{1, 25y}

then
t % ooy A T (0) [ +2at
len () 17+ O ID—wen(s)|3ds < veallen(0)[[feT ™o t €0,y
(48)
However, (46) can be replaced by
(M (0(Th(t))cn(t)), D—acn(t))+]
< V28| T () 1l en () oo D—acn (B) |+ (49)
|

)In
< V2B Th(t) [l D—sen(t) 1%
7)

Then, if the discrete version of (1

— V28| TH(t)||n > Ve > 0 ace. in (0,Ty),
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holds, for some positive constant 7. ., then ¢;,(¢) satisfies the following discrete
version of (18)

len(t )Hh+2%c/ ID—scn(s)lIids < llen(0)[7e*™, ¢ € [0,T4].  (50)

We remark that from (45), ||73(¢)||5 is bounded in [0, T%].

2.5tability estimates:

In what follows we analyse the differences wrp(t) = Ty(t) — Th(t), we(t) =
c(t) — &(t), when Ty(t), Ti(t) and ¢, (t), & (t) are solutions of (36) and (35),
respectively, with initial conditions 73(0), 75(0) and ¢;,(0), &(0), respectively.

For wT(t) = Th(t) - Th(t)l

s=llwr®li +((Dr(MyTy(t)) — Dr(MyTi(t))) D T(t), D_swr(t))
+(Drp(MyTy (1)) Do (t), D_ywr(t))+
= (G(Ti(t)) — G(Ti(¢)), wr(t))n.

To establish an upper bound for
(Dr(MyT(t)) — Dr(MyTi (1)) Do Ti(t), D_swr(t))+,

we need to impose an additional condition to D_,T}(t)
t
Hg - / | D_.Ty(t)||%.ds is uniformly bounded in h € A , ¢ € (0,T}).
0

Under the previous assumption we get

(Dr(MyT3(t)) = Dy (M T (1)) D—o Ty (t), D—eor (£)) 4
< V2(D7)maz || Do Th(t) || ol lwr () ||| D-scor (£) |+ (51)
< 52 (D1)aal Do Th (O B llwr (DI} + €| D-awr (t)]3-

for €; # 0.
For €; such that 3y — €7 > 0, it can be shown that

37 (D7 )naz | D—a T (1) 13 +2G,

t t
fs (252 maw)
lor@l} 200 =) [ "\ 1D swor(s)|3ds
I (2 (D7) maall D—2Th(s )|§o+2Ginaz> ds
< Jlwr(0)[5¢™ ' .t e [0,Ty).

(52)
The assumption Hg guarantees that the upper bound in (52) is bounded by
Const.||wr(0)||5 in [0, T}]. Consequently we conclude the stability of the FEM
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(35), or equivalently, the stability of the FDM (37), in T},(t). We observe that
it remains to analyse when Hg effectively holds.

We can obtain another upper bound avoiding the assumption Hg. Observ-
ing that (51) can be replaced by replaced by

(Dr(MyT3(t)) — Dr(MTy(t))) Dy Th(t), D—yor(t))+
< \D |ma || D—oTh (8)[| +[|wr () | o | D—swr () || + (53)
< (D7) el Do Th(@)| 4 | D—atwor (t) |7,

we establish
t

lor ) +2vr / A D () s
< [Jor(0) 26X, ¢ € [0,TY],

(54)

provided that
Bo = (Dp)maa | D—eTh() ]|+ = 77 > 0 ae. in (0,Ty), (55)

for some positive constant .
From (53) we conclude the stability of (35) or equivalently (37) in T},(¢)
provided that (55) holds. Condition (55) means that ||7},(¢)||1. is a.e bounded
in (0,7%) uniformly in h € A.

For w.(t) = cp(t) — ¢x(t) : For the convective term we deduce

(M (v(Th)en(t) = v(T3)En(t)), D_gtwe(t))+|
< V20 [ llwr () [l e (B) ool D—swe (£) | +
+V 20| T (8) || o ||lwwe (8) || ]| D—swe () ||+ (56)

1 1, -
=52 3 (V) masllor (O 7llen(®) 1% + 5281 Th(B) [ lwe( 1
2

+(€1 + E2)HD—:EWC( )Hia

with ¢; # 0,7 = 1,2, are arbitrary constants.
For the diffusion terms we get

[(Da(MTy) = Da(MyT3))D_yen(t), D_ywe(t))+]

< \(\D [maz||wr (t )|\§\|D—x0h(t)Hgo\lD—wac(t)\h , (57)
< 52 (D) mazllor ORI D—zen ()13, + €]l D—aewe(t) [

and
(Da(MyTy) D—ywe(t), D_owe(t)) = B3] D_awe(t)|.
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Following the steps used to establish (28) with the convenient adaptations,
3

it can be show that, for ¢; # 0,7 = 1, 2, 3, such that 83 — Ze? > (0, we have
i=1

t ot B3~
Js (fllTh(M)lﬁoJr?Qinam) dp
e+ [\ 1D (o) 2 s

< 1 3
min{1,2(8; — > 7€)}
1

t ot 83,
Jo \ BT ()12 +2Q0 00 ) dis 1
w [ (SRl enls) e + 5Dl Den 92
1 3
lwr(s)llnds, t € [0,Ty].

t ﬂ% T 2 /
fO gHTh(S)Hoo—i_QQmaz ds

(Ilee(0) e

(58)

To conclude the stability of (35) and (36), we recall that an upper bound for

|wr(t)]% in [0, T| is established in (52)(provided that Hg holds) or (54) (pro-

vided that (55) holds) . To guarantee that the previous estimate holds, we

need to assume that Tj,, Ty, cp, & € C([0, Ty], Wh,). However, the obtained

upper bound will be h-dependent. To get a stability estimate h-independent,
we need to assume that

t
0

/OtMTh(s)Hiods and/ (”Ch(S)HgO—I—HDxch(S)Hgo)HwT(S)H%ds

t t
are uniformly bounded in h € A. As / T3 (s)]|2ds < / D, Ty(s)||%ds,
0 0

t
then, by (45) or (47), / |73,(s)||2.ds is uniformly bounded in h € A.
0
We observe now that an upper bound for ||wz(¢)]|2,¢ € [0,T}], h € A, is estab-
t
lished in (52) or (54). Then to bound / (Hch(s)HgonLHDzch(s)|\go> lwr(s)][2ds,
0

we need to guarantee that / (Hch(s)Hgo + HD_xch(s)HZO)ds is uniformly

bounded in h € A. As we will see later, to do that we assume an additional
condition on the spatial grids Qp,, h € A, and we show that ¢;,(s) is a second
order approximations for ¢(t).
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To get another upper bound for ||w.(t)||,, we observe that the bounds (56)
and (57) can be replaced, respectively, by

| (Mp, (U(th)Ch(t) —v(Ty)en(t)), Dzwc(t))+|1
< 2—6%(?/)5mHD—xWT(t)HiHCh(t)H;QL + 2—65522\|D—xfh(t)Hinc(t)H;% (59)
+(€ + &) | D_awe(t) 1%

and

((Da(MyTy) — Da(MyT3)) Dy (t), D_ywe(t))+ |
< | Dflimaz lwr () [lsol [ D—zcn () |+ [ D—awe(t) ]| + (60)
< 12 (DD mael D—awr (@21 D-sen(t)[12 + €3[| D-atwc(t)]]5-

Then (58) is replaced by

Eot (B D T2 2, )d
\Iwc(t)l\i+/0 ef‘s(% e S D_ ()2 ds

< : (e le" (oo, o

— min{1,2(83 — ZZ L€)} e (61)
/ I (f—%HDITh( )|++2Q§nam>dﬂ 1

+ [ e 2 (

E—%(U’)iachh(S)Hi

1
+a (Pinasl D-ser()I2 ) 1D-sior(s) s, t € [0,75).

¢
In this case, upper bounds for / |D_.Th(s)||>.ds can be easily obtained
0

t
from (45). An estimate for / | D_,wr(s)|3.ds in established in (52) or (54).

0
To conclude from (61) the stability of (35) and (36), we need to guaran-
tee that |len(s)]|? + [[D—scn(s)]|2 is bounded a.e. in (0,7y), uniformly in
t

h € A. We observe that, from (48) or (50), ||cn(t)||n, and / |D_zcn(s)|)5ds

0
are bounded for all ¢ € [0,7%], uniformly in ~ € A, and consequently
lcen ()17 4] D—zcn(t)]]2 is bounded a.e. in (0, Ty), uniformly in A € A. In fact,
t

if/ |1D_scn(s)||2ds < K,¥t € [0,Ty],Vh € A, then ess sup ||D_.cp|, <
0 (0,T)
K,Vh € A (Theorem 2.14, [1]).
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We remark that the assumption Hy is verified if T}, and ¢, are a second
order approximations for T and ¢ in L*(0, Ty, H3(Q)NH}(2)) in the following
sense

max?

t
| Er(t)]2 + / |D_Er(s)|2ds < Chd,,,.t € [0,T}), (62)

and .
IO + [ ID-AE)ds < Chbyt € 0T (69

max?

where Ep(t) = Ry/T(t)—Ty(t), E.(t) = Rpc(t) —cp(t), and under the assump-
tion on the spatial grids of the sequence A

h4
—= < Const,h € A, (64)

min

In fact,

t t t
[ DT ds <2 [ 1D Ei)lds +2 [ [9T() s
0 0 0
2 t t
[ ID-Eilds +2 [ 9T () uds
0 0

h2
hmax 2
< O + 2T 01700

<

man
4
min

In the following proposition we summarize our stability result for (35) and
(36).

Proposition 2. Under the assumptions Hy — Hy, H5, Hy and Hf, if 4, h €
A, satisfy (64), Th,cr, € CH[0,Ty], Who),h € A, satisfy (62), (63), re-
spectively, then there exists a set of positive constants C;, 1 = 1,...,6, h-
independent, such that, for Ty, & € C'([0,Ty], Who), and wp(t) = Ty(t) —
Th(t), we(t) = cp(t) — énlt), h € A, we have

t
Jor@+ [ @SN D_n(s) s < Coller O, (65)
t
we(t 2+/ e2@ma(t=5) D_,w.(s)|]?ds
el + |, 5D sl .
< TN (Cylfu(0) I3 + Jeor ()13 (C5 + Collen(O)I12) ).
fort € ]0,T%|. m

We establish in the next section the error estimates (62) and (63).
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4. Convergence analysis

In this section our aim is to establish the upper bound (62) for the error
Er(t) = RyT(t) — Th(t), and a similar upper bound for the error for the
concentration E.(t) = Rjc(t) — ¢p(t), where T (t) and ¢ (t) are defined by
(35) and (36), respectively. We remark that the results presented in [2] have
an important role in what follows (see also [3],[7], [8]).

In what follows we use the following notation

(g)n(xs) x)dx,x; € Qy,

ID\

with O; = [2;_1/2, Tit1 /2]

4.1. Error estimate for the temperature 7j(¢) defined by (35). We
have successively

(Bt ) Er(t)n = ((T'(t))n, Er(t))n — (T;(1),
—(Dr(My(RpT(t))) Do Ry T'(t) — D
(RhG( (1)) = G(Tu(t)), Ex(t))n
+7a(Er (1)) + 70, (Ex(t)) + 1a(E1(1)),

Er(t))n + 7a(t)
r(Mp(Th(1)))D—2Th(t), D—zEr(t))+

(67)
where
Ta(t) = (BpT"(t) — (T"()) s En(t))ns (68)
o, (Er(t)) = (VA(Dr(T'(t))VT(1)))n, Er(t))n
+(DT(Mh(RhT(t)))D—thT(t)7 D—xET(t))—i—
and

7a(Er(t)) = (G(T()))n, Ex(t))n — (RaG(T'(t)), Er(t))n-

In the next propositions we establish an estimate for the introduced error
terms. By I; we represent the interval (z;_1, z;).

Proposition 3. If T'(t) € H*(Q) then

N 1/2
ra(t)] < Const.( Y WIT' Oy IDw BBl (69)

1=1

Proof: See Theorem 3.1 of [2]. m
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Proposition 4. If Dy € W**(IR) and T'(t) € H*(Q) N H}(Q), then

7 (Er(t))] < Const.| Drllw=~x (iHT Ol )(ZWT Oly)
=0

I D Er(t)].
(70)

Proof: For 7p,(t) we have

(1) = ((V.(Dr(T(1)¥ (t)))H,ETum
;D BT (t), D zETEt))Jr

+(Dr(Th(t)

—(Dp(Ty(t)) Do Ry T(t), D Er(t))
(DT((fwh(R(f{( ) D_yRyT'(t), Dy Er(t))+
T + 1ot

where T),(t)(z;) = T(xi1/2.1).
(1) An estimate for 71 (t) is obtained using Theorem 3.1 of [2]

(o) < Const. (S HIDH (VIO ) 1D Er (D]

(2) To get an estimate for m»(t) we start by remarking that the Bramble-
Hilbert lemma allows us to obtain for

o(x;,t) =T (2;_1)9,t) — %(T(xil, t) + T'(x;, t))

the following estimate
lo(x;,t)| < Const.h; / AT (x,t)|dx,

and then we get

N

@) < Const | Dl (3= HHIT®llexg,

1=1

1/2
() )
|D-Br(t)]
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We conclude for |7p,.(Er(t))| the next estimate
N

7o, (Exr(t))| < 00nst~(Zhfl\DT(T(t))VT(t)Hfgz(m

/ = 4 2 1/2
+IDr ()l > WHIT O ey T(t)HHQgi)) | D—oEr(t)|+,

=1

that lead to (70).

Proposition 5. If G € W**(IR) and T(t) € H*(2) N H}(Q), then

7 (Er(H)] < Const. max{By, |Gl (31T )
=0 (71)

N
(S HITOy) 10— E )]
1=1

Proof: See Theorem 3.1 of [2]. m
In the next result we establish the upper bound for Ep(t) :

Theorem 1. If
T e L2(0, Ty, () 0 HY(Q)) N H' (0, Ty, H(Q),
RhT, 1), € Cl([(), Tf], Wh,O);

the coefficient functions D and G satisfy the assumptions Hy, Hy, respec-
tively, as well as the assumption of Propositions 4 and 5. Then for € such
that By — 4€* > 0 the error Ep(t) = R,T(t) — Ty(t) satisfies the following

t 12 2 ’
HET(t)H%L _'_ /0 efs (6_2(DT)maz|D—thT(u)||oo+2Gma1)dMHD:EET(S)H%—dS

1 t (12 2 , s
S 2>}ef0 (2 (D2 D BT () e +2G ) d (HET(O)H,%
I 20
e e Jo (DD Do BT (s >|m+2Gmam)d“rT(s)dS>7t€[O,Tf],
0
(72)
where

rr(t) = Const. (S NTOeny) S0 (IO sy + 170 B, )
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Proof: From (67) and Propositions 3, 4 and 5, we easily get

1d

SR + Bl Do Br (012

< V2| D el Er(8) |l D—a Ba T (#) oo | D—o B (t)]|+ (73)

+Gacl Er (O} + g57r(8) + 3¢ D Er (1|3,

where € # 0 is an arbitrary constant.
The inequality (73) leads to

fO (€ D/ mazHD—thT( )||2 +2Gma1)du E 2
20l

+2(8o — 462) ~I ( T maz | D-2BrT ()||3 +2Gmax)d8HD7$ET(t) 2

[t
a¢ 2 (74)
< o B (BORLLID BT 426,,, ) (6 (D)2 | D RAT(8)]|%

+2Gl ) || Br(t )|\h+2_e Iy (B0l DT G226, s )

max

for ¢ € [0, T%]. Finally, choosing e such that By — 4€®> > 0 and considering the
continuous imbedding of H3(2) in C''(Q), we conclude (72).
|

Corollary 1. Under the assumptions of Theorem 1, if T),(0) = R,T(0) then
there exists a positive constant C' such that the error Ep(t) satisfies

IS [O, Tf].

max?

t
| B2 ()12 + / 2Gt9||D_ En(s)|2.,ds < O

If the sequence A of the spatial vectors h satisfies the assumption (64), then
the sequence of approximations for the temperature T}, h € A, is uniformly
bounded in the sense

t
1T5(t) [ oo < C,/O 2Cma=9)| D_ T}, (s)||>ds < C, t € [0,Tf], h € A.
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4.2. Error estimate for the concentration ¢, (¢) defined by (36). For
the error E.(t) = Ryc(t) — ¢, (t) holds the following

(75)
where 74(FE.(t)) is defined by(68) with T'(¢) and Er(t) replaced by ¢(t) and
E.(t), respectively,

T (Ee(t)) = (V.(Da(T(1))Vet))n, Ee(t))n
+(Da(Mp(RyT'(t))) Dz Ryc(t), Do Ee(t))+,

and

As in Proposition 3, for 7;(FE.(t)) we have

ul \<(Zh4nc W) NP E@Ie (70

For 1 (E.(t)) we easily get

o (Eu(t))] < Const.||R||w2e(m (Z e()llin )(Zh4\| W ) 1/2
HD—:cEc( )
(77)
We study now 7p,(E.(t)) and 7,(E.(t)).
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Proposition 6. If D; € W*>(IR), T(t) € H*(Q)NH(Q) and c(t) € H3*(Q)N
H} (), then

7,(Er (1)) SConst-HDd|\W2m(R)((ZHT(t)Hicl )Zmu Ol

1/2
He®)enq ZW\T Mz, ) D2 L (t) ||+

(78)
Proof: The proof follows the proof of Proposition 4. m
Proposition 7. If T(t),c(t) € H*(2) N H () then
2
I (Br(®)] < COnst.anWzm(R)((z I o) Zmu M)
1/2
+le(t) 2o Zh“I\T Wzry) 1D Elt)]
(79)
Proof: See Theorem 3.1 of [2]. m

Theorem 2. Let us suppose that
T,c e LX(0.Ty, H(Q) N H}(Q)) 0 H'(0, Ty, H(%)),
RhT7 RhC, Th) cy € Cl([oa Tf]) Wh,0)7

the coefficient function Dy and G satisfy the assumptions Hy, Hy, respec-
tively, and v and Dy satisfy the assumption Hs, Hy, respectively. If the se-
quence N of the spatial vectors h satisfies the assumption (64), then for the
error E.(t) = Ryc(t) — cp(t) we have

¢ t (1 n2 2 /
|‘Ec(t)‘|i_|_/0 efs (6_262||Th(ﬂ)|oo+2QmaJ;)dlu/HD_$Ec(S)Hids
1
< —
~ min{1,2(8; — 7€%)}

f ek (E%ﬂ%nnwzo+2@;m)du(52(D'T)7%m\|Dxc(s)\lio

1 1 t S {1 n2 2 /
—I—;(U/)%wzuc(s)ﬂgo)HEﬂs)H,%ds + 6—2/0 oo (ezﬂgIITh(u)HooHQmax)duTC(S)dS,t € [0,7Y),

(80)

oo (L B2IT3(5) |12 +2Qnse ) ds (HEc(O)HiQL



AN ACCURATE DISCRETE MODEL FOR SOLUTIONS IN H3 29

where € # 0 is such that 33 — 7e¢* > 0, ||Erx(t)||? is bounded in (72) and

7.(t) —C’(Zhﬂ\c HH2
ZH Min@) Zfﬁ e 3eq0, + 1T O 3r21,)
+(Z|\T(t>\|gl Zh4\| )3y )

Proof: From Theorem 1, ||7;(t)|«, h € A, is uniformly bounded in [0, T%].
From (75), we easily get

WE8)]3 + Bsl| D Ec(t) |2
< V2| D} maa | D—uc(t) | oo | BT (1) ||| Do B (2) ||
0 |mae V20 Er () |l () || oo | D—a Ee(t) ||+
V28| Th () | o || Ee(8) || ]| Do E () | +
+Qaa | B} + Ta(Be(t)) + Tpu(Ee(t)) + To(Ee(t)) + To(Ee(t)).

Consequently, F.(t) satisfies

d
ZIECOIE +2(85 = 7D Ee(0)]12
1 1
< (G (Dmacl DBz + 5 (@ macllc@ 1) 1 Er ()1 (81)
1
+(SB T + 2Qhnas) [ BBl + 57e(t),

where € # 0 is an arbitrary constant, and
7.(t) = Const. <Zh4\|c HH2
+(Z e @) Zh4 le@) 72y + 1T 072,
(X IT oy Zh‘ln O]

1=0
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The inequality (81) is equivalent to the following one

t
V()12 + 208 — 76) / 1D Eu(s)|2 ds

L1 1
<|NE0)5+ | (5(DDiaall D—sc(s)1Z + 50 )maulle(s)1Z) 1 Er(s)|5ds
0 € €

t 1 1 +
+ [ GAIBEOIE + 20 EGds + 5 [ ns)ds,
that leads to (80).

By Corollary 1, for the error Ep(t) we have the following
1Er (I} < Chy,

— max?

t € [0, Tf]
Then, from Theorem 2, we finally conclude the next estimate.

Corollary 2. Under the assumptions of Theorems 1 and 2, if T,(0) =
Ry T(0), ¢,(0) = Ryc(0), then there exists a positive constant C' such that
the error E.(t) satisfies

t
(1AGI +/O X\ D_, B ()% ds < Chipggst € [0,T).

max?

5. Numerical simulation

5.1. Convergence rates. In this section our goal is to illustrate the main
results of this work: Theorems 1 and 2. We consider T = 0.1, and we
introduce in [0,7%] the uniform grid {¢,,,m = 0,..., M} with stepsize At
such that At < Const.h?,,,.
As we intent to illustrate the convergence rates established in Theorems 1
and 2, we consider the the differential equations (4) and (5) with reaction
terms fo(t) and fi(t), respectively. These new reactive terms induce in (35),
(36), the new terms ((f1(t))n, un)n and ((fo(t))n, wp)n, respectively, or equiva-
lently in the semi-discrete FD problems (37) and (38) the new reactive terms
(f1(t))n and (f2(t))n, respectively.

To avoid the computation of the solution of non-linear systems, the new
version of the semi-discrete FE problem (35), (36), or equivalently the new
version of the semi-discrete FD problem (37) and (38), are integrated in
time using Euler’s method following an implicit-explicit approach (IMEX
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approach)

(T én)n +AUD(MT) Do T Doadn) s = (T3, én)
+AUG(TY), dn)n + At((f1(tm))ns dn)ns
m=0,...,M —1,Y¢, € Wy,

T} = Ry Ty,

and

(e n)n — AUMu(o(T3") ™), Dogtbn )y + A(Da(MyT}") D—ocyy ™, Dby 4
= (e, ¥n) + AHQ(cr), n)n + At((fo(tm))ns n)ns
m=0,...,M — 1,V¢h € Who,
c% = Rjcp.
(83)
The fully discrete FE discretizations (82), (83) are equivalent to the fol-
lowing FD discretizations

)
T AH(D: (DT(MhT;T)DxT ;1”“) = T3 + AG(TR) + AL(fi)n,
iHQh,mzoa-"vM_L
ng = RhTO iIl Qh)
7" =00n0y,m=1,..., M,

\ (84)
A+ AtD((v(T) e ™) — AtDE(Dy( M, T D _xchm“) cp
+At@(0h ) + At(fg)h inQ,, m=0,....M—1,
C% = RhCO n Qh,
¢t =00n08y,m=1,..., M.

In the error tables that we present in what follows, we illustrate the be-
haviour of the errors

(83)

Errory, = max <|\EJ\|h+At§ | D- EJH> =T,c,
j=
J=1

where
T = Ryl(t;) — 0,5 =1,..., M,

and ] is the approximation for £5(t;) defined by the IMEX method (82),
(83) (or (84), (85)). We also 1nclude the convergence rates Ratey; defined
considering the following formula
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log ( Erromhmam )
Errorgyhmaai_i_l f 7
) — ) Ca

homar.i

where Apaz i and Apeq i1 are defined by two consecutive grids €2y, ; and 2, ;41.

We consider Dy(T) = Dp, with Dy = 107%(cm?/s), and the diffusion
coefficient for the concentration given by the Arrhenius equation (1), with
R = 8.3144621, E, = 1.60217662 x 107, Dy = 107! (em?/s). Moreover,
to simplify, we assume that the convective velocity is defined by v(T) =
bT(cm/s), where b = 107 (em/s°K). We also take G = Q = 0 and At =
175(s).

In the first example we consider f; and f5 such that the differential system
(4), (5) has the following solution

T(z,t) = e Prisin(rr),

c(z,t) = e 'sin(2mx), for x € [0,1],¢ € [0, TY].
In Table 1 we include the errors for the numerical approximations for 7" and
c obtained with (82), (83) (or (84), (85)), and the correspondent convergence

rates Ratey, ¢ = T, c. The results included in this table illustrate Theorems 1
and 2 when 7" and ¢ are smooth functions.

Ratey =

(86)

N, points ‘ hmax ‘ Er ‘ Rr ‘ E. ‘ R,

40 3.75 x 1072 [2.66001 x 107> —— [4.33994 x 1073| ——

80 1.875 x 1072 | 1.16484 x 107> | 1.19130 | 1.12487 x 1073 | 1.94791
160 9.375 x 1073 |3.75280 x 1076 [ 1.63409 | 2.82498 x 10~*{1.99345
320 | 4.6875 x 1072 | 1.0090 x 1076 | 1.89504 | 7.09491 x 1077 | 1.99338
640 | 2.34375 x 1072 [2.56835 x 1077 | 1.97401 | 1.77873 x 10| 1.99594
1280 | 1.171875 x 1073 | 6.44969 x 1078 | 1.99354 | 4.48864 x 1076 | 1.98649

TABLE 1. Convergence rates for the numerical approximations
for the smooth solutions (86).

To see the sharpness of our convergence results in what concerns the
smoothness assumptions for the solutions, we consider now the differential
system (4), (5) with solution

T(x,t) = e Prisin(ra)|22 — 1],

c(z,t) =e 'x(l —x)|2z — 1|, for x € [0,1],t € [0, T}]. (87)
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We observe that T'(t),c(t) € H?(Q) for a > 3, and T(t),c(t) € H*(Q) for
3 < a > 2. In Tables 2 and 3 we include the errors and the correspondent
convergence rates obtained for a = 3.1 and a = 2.1, respectively. The
results show that when the solutions 7" and ¢ do not satisfy the smoothness
assumption T'(t),c(t) € H3(Q), then we lose the second order convergence

rates.

N, points ‘ hma:z: ET RT Ec Rc
40 3.75 x 1072 [8.02419 x 10| —— [5.20569 x 10~*
80 1.875 x 1072 | 3.37646 x 107" | 1.24885 | 1.33263 x 10~* | 1.96581
160 9.375 x 1073 | 1.06791 x 107° | 1.66072 | 3.37786 x 107" | 1.98009
320 | 4.6875x 1072 |2.88317 x 10%|1.88907 | 8.49696 x 10| 1.99109
640 | 2.34375 x 1073 | 7.39408 x 1077 | 1.96321 | 2.13042 x 1079 | 1.99581
1280 |1.171875 x 1073 | 1.86910 x 1077 | 1.98403 | 5.32633 x 107 | 1.99992

TABLE 2. Convergence rates for the a-solution numerical ap-
proximation with a = 3.1

N, points ‘ hmam Er Ry E. R,
40 3.75x 1072 [1.11053 x 10~ —— [4.07632 x 107*| ——
80 1.875 x 1072 | 5.09896 x 107° | 1.12297 | 1.46949 x 10~*|1.47195
160 9.375 x 1073 |2.06318 x 107° | 1.30533 | 6.00531 x 1077 | 1.29101
320 | 4.6875 x 1073 [9.77867 x 1075 1.07715|2.65040 x 1077 | 1.18003
640 | 2.34375 x 1073 | 5.36280 x 1079 0.86665 | 1.21129 x 1072 | 1.12967
1280 |1.171875 x 1072 ]2.90522 x 1079]0.88434 | 5.61021 x 1079 |1.11041

TABLE 3. Convergence rates for the a-solution numerical ap-
proximation with a = 2.1

5.2. Qualitative behaviour. In this section we illustrate the effectiveness
of the temperature as a drug release enhancer. We consider an isotropic and
homogeneous tissue where a drug is initially dispersed. The assumptions on
the properties of the tissue allow us to replace the 3D drug release problem by
a 1D problem. To enhance the drug transport through the tissue, a localized
heat source term is assumed in contact with the tissue at the boundaries.
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It is reported in the literature that the increase of the temperature increases
the tissue permeability, body fluid circulation, blood vessel wall permeability,
rate-limiting membrane permeability and drug solubility. All these individ-
ual contributions are macroscopically taken into account in the convective
velocity v(7T') and in the drug diffusion coefficient Dy(7T) that we assume to
be given by given by the Arrhenius equation (1).

We consider that the heat sources are applied at the boundaries of the
domain 2 = (0,1). Initially, the drug concentration is defined by T'(x,0) =
z(1—z) (g/em?3) , z € (0,1). We consider G = 0 and Ty = 10* (s), Dy = 1077
(em?/s), Dy = 107* (cm?/s). We take At = 107! (s) and h = 1.25 x 1072
(em).

e In what follows we consider that the heat is generated by 7'(0,t) =

T(1,t) = 310+0.1¢ (°K) for an activation energy E, such that £,/R =
4.43 x 10% (s), and v(t) = 0.
In Figure 1 we plot the temperature curves for different times. As the
heat sources are localized at the boundaries, we observe an increasing
of the temperature from the boundaries to the interior. The evolution
of the concentration when the diffusion coefficient depends on the
temperature is illustrated in Figure 2. In this case we consider the
temperature given in Figure 1. As the time increases, an increasing on
the transport near the left and right boundaries is observed. This fact
is consequence of the increasing on the temperature observed in these
zones. The correspondent released mass M, (t) is plotted in Figure 3.
The released mass increases when the drug transport is enhanced by
the temperature.

1400 "

L L L L L L L L |
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

FIGURE 1. Evolution of the temperature for 7°(0,t) = T'(1,t) =
310 + 0.1¢.
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FIGURE 2. Evolution of the temperature when the heat sources
are defined by 7'(0,t) = T'(1,t) = 310 4+ 0.1¢. The right figure is
a zoom of the left figure.

L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
X

F1GURE 3. Evolution of the released drug masses: under the
effect of the temperature (dashed line); without the temperature
effect (continuous line) for the diffusion coefficient D = 10~* and
v = 0.

e We assume now that the heat is generated by 7'(0,t) = T(1,t) =
310 + 5 x 107* (°K), for t > 0, and the heat induces a convective
transport given by v(T) = bT, with b = 5 x 1074, (em/s°K). We
assume that the activation energy F, is such that E,/R = 10? (s).

Figure 4 illustrates the behaviour of the temperature. A we can see,
it increases when t increases from the boundaries, where we have the
heat source, to the interior. In Figure 5 we plot the evolution of the
corresponding drug concentration. As the heat generates a convective
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term, we observe a displacement of the highest concentration values
from the left to the right and such displacement increases with time.
The behaviour of the released drug mass M,.(t) is illustrated in Figure
6. The heat, generated by the sources applied at the boundaries of
the domain, increases the transport from the left to the right and,
consequently, it increases the released drug.
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FIGURE 4. Evolution of the temperature for 7°(0,t) = T'(1,t) =
31045 x 107
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diedl
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FIGURE 5. Evolution of the concentration when the heat source

is given by T(0,t) = T(1,t) = 310 + 5 x 10~*. The right figure
is a zoom of the left figure.

6. Conclusions

The use of the heat as a stimulus to enhance drug release is nowadays a
common approach in several medical applications (see [5], [6], [12], [18] and
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L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
t

FIGURE 6. Evolution of the released drug masses: under the
effect of the temperature (dashed line); without the temperature
effect (continuous line) for the diffusion coefficient D = 10~* and
v =0.

[21]). Mathematically, the drug release enhanced by the temperature is de-
scribed by a diffusion-reaction equation for the temperature and a convection-
diffusion-reaction equation for the drug, where the convective and the drug
diffusion coefficients depend on the temperature.

In this work we propose a numerical method to compute the temperature
and the drug concentration. The method is based on the piecewise linear
finite element method, combined with special quadrature rules. It leads to
second order numerical approximations for the temperature and for the con-
centration provided that both solutions are in H3(2) N H}(Q) (Theorems
1 and 2). The proposed method mimics the continuous coupling in what
concerns the stability behaviour as it was shown, in Section 2, for the con-
tinuous coupling, and, in Section 3.2, for the numerical coupling problem.
The main stability result - Proposition 2- establishes that the fully discrete
finite element method (35), (36) or, equivalently, the finite difference method
(37), (38) is stable. This result was proved under assumption Hg that is
consequence of the second convergence order established in Theorems 1 and
2.

We reinforce the fact that our convergence analysis in not based on the
classical approach: consistency and stability imply convergence. The error
analysis in based on the analysis of the error equation and on the use of
the approach introduced by one of the authors in [2], and used later for the
coupling between an elliptic equation and an integro-differential equation in
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[3], and for the coupling between an hyperbolic equation and a convection-
diffusion equation that arises in models for drug delivery enhanced by ultra-
sons in [8].

Numerical results were included to illustrate the main convergence results.
The results presented in Tables 1, 2 and Table 3 illustrate the sharpness of
our results in what concerns the smoothness assumptions for the temperature
and concentration.

The numerical results presented in Figures 3, 6 shows that the use of heat
to enhance drug release is in fact an effective procedure.
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