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1. Introduction

In this note, we develop a new approach to study the asymptotics of solu-
tions to the parabolic Signorini problem at the free boundary points. More
precisely, let u be a solution to

O — Au = f in Sy
u >0, Ou <0, ud,u=0on S5.

(1)
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Here for R > 0 and space dimension n > 2
Sy ={(z,t):x eR’}, t € [-R, 0}, R}:=R,N{z, >0}
Sk i={(x,t) :x e R"n{x, =0}, t € [-R,0]}

and f € L>(S)) is a given inhomogeneity. Throughout the paper we will
assume that

(A) w is normalized such that
/ u(z,t)’G(z, t)dzdt = 1,
Sy
where

G(:C,t) - { (—47Tt)_%6%, t <0,

denotes the backward heat kernel in R" x R.
(B) u satisfies the Sobolev regularity in the Gaussian space: there exists
C' depending on n and | f[| «(sy) such that

/ (—t)? (1D%ulz, t) + |Byulz, t)) Clx, t)dedt

N

+ sup / (Vulz, O + [uz, )G (@, )dz < C.

te[-1,0] JR2

(C) u satisfies the interior Holder estimate: there exists a € (0, 1) such
that for any U € R U (R"! x {0}),

IVullgaar@x-10) < C

for some C' > 0 depending on n, @, ||f|[j=(s) and U. Here Co/? ig
the parabolic Holder class.

Solutions to (1) can come from solving a variational inequality for the
initial value problem in the class of functions with mild growth at infinity
and satisfy u € L*([—2,0); WEA(R?)), du € L*([-2,0]; L3, (R™)), or they
can come from solutions to the Signorini problem in a bounded domain (one
applies suitable cut-offs to extend them into full space solutions). In both
cases, the Sobolev estimate in (B) and the interior Holder estimate in (C)
hold true, cf. [1, 8]. The normalization assumption (A) is put simply to

make the constants in (B) and (C) independent of u. Under our regularity
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assumption, the Signorini boundary condition in (1) holds in the classical
sense.
We denote the contact set

Ay = {(z,t) € S5 : u(z,t) = 0}

and the free boundary
Fu = 8551\”

The behavior of a solution around a free boundary point depends very
much on how fast it vanishes towards it. In this note we will show that if
the ”vanishing order” of a solution at a free boundary point is close to 3/2,
which is the expected lowest vanishing order, or 2m, m € N, which are the
eigenvalues of the Ornstein-Uhlenbeck operator —%A — -V in R? with the
vanishing Neumann boundary condition, then the solution is asymptotically
a homogeneous solution, and furthermore one can derive a convergence rate
estimate towards it. More precisely, assume (0,0) € I',, and for r € (0,1),

let
H,(r):= %/u(m,t)QG(x,t)dacdt
5.2
be the weighted L? space-time average at (0,0). The first theorem is about
the asymptotics of the solution around the free boundary point where the

vanishing order is around 3/2:

Theorem 1. Let u be a solution to (1) and satisfy the assumptions (A)-(C).
Assume that (0,0) € T'y. Then there exists a constant v9 € (0,1) depending
onn and ||fllz~ such that if

et < Hy(r) < Cur® 0, for all v € (0,7,) (2)
for some 1y, ¢y, C, > 0, then there exists a unique function ug(x) = co Re(z’ -
eo + i|zn|)3? with co > 0 and ey € S"' N {x, = 0} such that
/\u(m,t) — up(2) PGz, t)dx < O(y/—t)> 0
Ky

for allt € [-1,0). Here C >0 depends on n and || f|| L=s1)-

Theorem 1 still holds true, if we assume instead of the lower bound in (2)
that the solution at t = —1 is sufficiently close to the asymptotic profile,
cf. Remark 4.1. We remark that (2) is satisfied if (0,0) is a free boundary
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point with frequency x = 3/2, where the frequency is defined as the limit
of the Almgren-Poon frequency function at (0,0), cf. [8] for the precise
definition. However, our assumption (2) is much weaker, since it does not
rely on the existence of the limit of the frequency function or the optimal
spacial regularity. On the other hand, if a > 17770 in the assumption (C),
then we can instead derive the optimal interior regularity Vu € CV/%1/4 from
Theorem 1.

The next theorem is about the logarithmic convergence of the solution to-
wards the asymptotic homogeneous solution around the free boundary point
with the vanishing order close to even integers. For that, we let &, be the
finite dimensional space spanned by the 2m-order Hermite polynomials in R"
which are even about {z,, = 0}. Note that &, is the 2m-eigenspace of the
Ornstein-Uhlenbeck operator —%AJra:-V on R” with the vanishing Neumann
boundary condition on {z, = 0}. Let & = {p € & : p > 0 on {z, = 0}}.
We remark that given p € &) . the function p(z,t) = (\/—_t)2m15(2fjt),

t € (—00,0), is a 2m-parabolic homogeneous solution to (1).

Theorem 2. Let u be a solution to (1) and satisfy the assumptions (A)-
(C) with f = 0. Let m € Ny be an arbitrary positive integer. Assume that
(0,0) € T'y. Then there exist small constants v, 0 € (0,1) depending only
on m,n, such that if

H,(r) < Cur® ™ m k= 2m,
for each r € (0,1,) for some ry,,C, >0, and at t = —1

diStLg(Ri)(u(‘a —1), 82+m)2 < dollu(-, —1) H%g(m),

di(x) == Gz, —1)dx = cne*%dx,

then there exists a unique nonzero py(x,t) = (v/ —t)zmﬁo(ijt) with py € &
such that
/ e, 1) — polz, ) PG x, ) < Copn (VB (— Int) 5, =
R

for allt € [-1,0).

1
n+1

It is possible to generalize Theorem 2 to a nonzero inhomogeneity f, where
f satisfies an additional vanishing property at (0,0): |f(x,t)] < M(|z| +
V—t)2m=1+<0) for some ¢ > 0 and M > 0, cf. Section 5. We state and
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prove the theorem for f = 0 to avoid the technicalities caused by the inho-
mogeneity such that the proof looks neater. The assumptions of Theorem (2)
are satisfied at the free boundary points with the frequency 2m, cf. [8], but
here we do not rely on the existence of the limit of the frequency function.
Note that in Theorem 2 we obtain a polynomial decay in In(—t) instead of
an exponential decay as in Theorem 1. A polynomial decay rate of this kind
towards the asymptotic solutions was obtained originally in the elliptic case
[5, 6, 7). Moreover, in the classical obstacle problem it was shown, that there
is in general no exponential decay rate at singular points, cf. [10].

The proofs for Theorem 1 and Theorem 2 are based on establishing a
decay rate for the Weiss energy Wy, K = 3/2 and k = 2m, in the self-similar
conformal coordinates. In the elliptic problems, such change of coordinates
corresponds to (r,0) — (t,0) = (—Inr,8) from (0,1] x S"! to [0,00) x S" 1,
which transforms the original problem around the free boundary point at
0 to an evolutionary problem on S"~!. The long time asymptotics of the
solution then corresponds to (back in the original coordinates) the blow-up
limits at the origin. In the parabolic setting, we can (formally) formulate our
problem in the self-similar conformal coordinates as a gradient flow of the
Weiss energy over an admissible set of functions under the convex constraint
u > 0on {z, = 0}. The relation between the Weiss energy and the evolution
of certain quantities thus becomes more transparent, cf. Lemma 2.4.

The main step in the proof are discrete decay estimates for the Weiss
energy Wy, k = 3/2 and k = 2m, which can be viewed as parabolic epiperi-
metric inequalities. Epiperimetric inequalities were introduced by G. Weiss
[14] to the classical obstacle problem and they continue to be a subject of
intense research interest in the elliptic setting [5, 6, 7, 11, 12]. We treat
the free boundary points with frequency 3/2 and 2m, because these are the
cases where one can classify all the stationary solutions, and furthermore, we
strongly make use of the special structures of these stationary solutions.

We briefly comment about our results and the related literature. Theo-
rem 1 allows to provide a simpler proof for the openness of the regular free
boundary and its space-time regularity (cf. Section 4), which was shown in
2, 8, 13] by using a comparison principle and boundary Harnack approach.
In particular, the method does not require the optimal spacial regularity or
continuity of the time derivative of the solutions. Theorem 2 generalizes
the results about the singular set in [8] in the sense that we obtain a log-
arithmic modulus of continuity, which implies a frequency gap around the
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2m-frequency free boundary points (cf. Section 4). The logarithmic epiperi-
metric inequality was recently established for the elliptic obstacle and thin
obstacle problems [5, 6, 7], which inspired our paper. It is also possible to
generalize our approach to the Signorini problem for the degenerate parabolic
operators considered in [2, 3, 4].

The rest of the paper is structured as follows: in Section 2 we introduce
the conformal change of coordinates, reformulate our problem in the new
coordinates and introduce the corresponding Weiss energy; In Section 3 we
prove discrete decay estimates for the Weiss energy W, with k = 3/2 and
k = 2m. For simplicity we assume that the inhomogeneity f vanishes. The
idea of the proof remains the same for nonzero inhomogeneities, as one can
see from Section 5. In Section 4 we show the consequences of the decay esti-
mates, for example, we prove the C® regularity of the regular free boundary,
frequency gap around 2m-frequency and the structure of the singular set. In
the last section we will show how to modify the proof in Section 3 to the
inhomogeneous setting.

2. Conformal self-similar coordinates and Weiss energy

In the sequel, it will prove convenient to work in conformal self-similar
coordinates. This will simplify many of the computations, which will be
carried out for the Weiss energy.

Thus, we consider the following change of variables, which should be viewed
as the analogue of conformal polar coordinates:

Lemma 2.1. Let u : S5 — R be a solution to (1). We consider the change
of coordinates

T :R" x [-1,0) - R" x [0, 00)
(2,1) = (y,7) = <2\/x__t,—ln(—t)> . 3)

u(x,t)

un(yaT) = (\/__t),g ’(a:,t):T‘l(y,T)

Then, u, 1s a solution to

For k > 0 we denote

_ 67H/2u(26_7/2y, —G_T).

3

0:1u +2 Vu——Au—E @ =0 in R} x [0, 00) (4)
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with the Signorint condition

u >0, Oyu(y) <0, ud,u =0 on {y, = 0}. (5)

Proof: The proof follows from a direct computation. |

Remark 2.2. For later use, we remark that the above change of coordinates
is reversible. In particular, if U, is a stationary solution to (4) and (5), then
the function

u(z,t) == (V=) i, (2\;:_7) <0

is a parabolically k-homogeneous solution to (1), i.e. u(x,t) solves the equa-
tion (1) and satisfies
w(Az, \2t) = Nu(x,t) for all X > 0.

Remark 2.3. Let u : S;7 — R satisfy the Sobolev reqularity (A) and (B).
Let u,, be obtained from u as in Lemma 2.1. Then it holds

2
|

ey, du(y) =e "dy, dii(z) == e+ da.

1y, 0) | 22 ey = 7"/, —1)|

Moreover, for any 0 < 1 < 79 < 00, there exists a constant C' depending on
T, Toy Ky 1, || f Lo such that

T2
| 1D + 10raydr < ©
T1

sup |V, 7)||zz + llas( 7)l[zz < C

T7€(0,72]

Here and in the sequel || - |[12 := || - |2®y). Thus

U € Lis.([0,00); W?) N Lis, ([0, +00); Wi?), O-t, € L, ([0,00); L7). (6)

loc loc loc

Now we define the Weiss energy associated to a solution @ := 4, to (4)—(5)
and derive relevant quantities of the Weiss energy.

Lemma 2.4. Let @ = 1, be a solution to (4)—(5) and satisfy (6). We define
the Weiss energy

Wia(r) = [ Vil n)f - 5 r)du )

n
+
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Then for 0 <7 < 1y < 00
Wi(a(r2)) — Wi(a(r)) < —2/(5771(977))261%7- (8)

Further,
- L, -
Wi(u(r)) = —§5THU(T)H%3, a.e. T € [0,00). (9)

Proof: On a formal level the estimate (8) can be deduced by differentiating
the functional W, (u(7)). However, in order to give meaning to the arising
boundary contributions, it is necessary to work in a regularized framework
which is achieved by penalization. More precisely, we consider the following
penalized version of (5), (4): Let B : R — R be a smooth function satisfying
the following properties

Be(s) = 0 for s > 0,

/86(8) =€+ f for all s < —262,
€

Bi(s) >0 for all s € R.

We approximate u by solutions to the penalization problem
1 K
0, + % Vit — AT = S = 0 on RYL x (0,7),

Ontt€ = Be(uf) on {y, =0} x (0,72),
u(y,0) = u4(y) at RY x {0}.

Here @ is a smooth compact supported function such that [|ag—a(-, 0)[|rz —
0 as € — 0. There exists a unique solution u¢ with a polynomial growth as
ly| — oo. The function @€ is smooth and satisfies the uniform bound in the
Gaussian space (cf. Chap. 3 in [8]): there exists C' = C(k, 72, [|uf]| £z, n) such
that

| D 22 + 1070 z222 + (@ £z + V| o2 < C.

In particular, using the equation for u€, it is then possible to compute as
follows:

d ~€ ~€\2 1 ~ € ~€
S Wala(r)) = =2 [(0:4) du — 5 Pe() (0,0 )dp.

dr
RZﬁ {yn:O}
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We test this identity with ¢ € C2°((0, 00)) which yields

o (T) /(&ﬂe)Qd,udT

RTL

/cp / Be(u®)(0-u)dudr.

{yn O}

o\
AS)
—
2
NS
=
=
3
=
\]
I
I
(N}
0\8

The a priori bounds for i€ leads to space time W uniform estimates. Hence
it is possible to use lower semi-continuity to pass to the weak limit in the
bulk integral. Using that §.(a)0,u¢ = 0,B(a°), where B, is the primitive
function of g, with B.(0) = 0, the boundary integral is treated as in Lemma
5.1 (3°) in [8] and can be shown to vanish in the limit. Hence for ¢ > 0 we
infer

o o0

- [owitatnr < -2 [ o) [(0tau,

0 0 R"

which yields the desired result. Approximating the characteristic function
X[r,7](t) by smooth positive functions then yields the claim on the sign of
the difference of the Weiss functionals.

Finally, the identity (9) is a consequence of the equation (5) in conjunction
with the the Signorini condition @0,u = 0 on {y, = 0}. u

As direct consequences of Lemma 2.4, we infer the following properties:

Corollary 2.5. Let @ : R} x [0,00) — R be a solution to (5), (4) which
satisfies (6). Then, the function

r o (o)l
is convex. Moreover, U is a stationary solution if and only if W (a(1)) = 0.

In the sequel, we will in particular exploit the second observation frequently.
When k£ = 3/2 and kK = 2m, m € N, , by Liouville type theorems, we can
characterize stationary solutions.
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Proposition 2.6. Let u € Wi’Z be a solution to

1
—§A&+y-Vﬁ—m~L=0 in RY,

(10)
>0, 0,i <0, 40,0 =0 on R"! x {0}.
We extend 4 evenly about {y, = 0}. If Kk = 3/2, then
U € Ezjp = {cRe(y' - e+ i|yn\)3/2, c>0, le]=1, e-e,=0.}
If Kk =2m for m € Ny, then
i€&h, ={p:p= Y XaHo,(1) - Ha,(yn), Ao €R,
:lal=2m
P yn) = pY', —yn), p(y',0) > 0}.
Here a = (o, -+ , ) € N is a multi-index, H,, is the 1d-Hermite polyno-
mial of order a;, 1 € {1,--- ,n}.

Proof: (i) Case k = 3/2. We will prove that @ is two dimensional. Given any
tangential direction e with |e| = 1 and e-e,, = 0, v := 0,.u solves the Dirichlet
eigenvalue problem for Ly := —3A 4y -V on W, ?(R™ \ Ag;dp) C L7 (R™):

1
Lov:§v in R"\ Az, v=0o0n Ag,

where Az := {(¢/,0) : a(y’,0) = 0}. We claim that v does not change the
sign in R™. Let 0 < A\; < A9 < --- denote the Dirichlet eigenvalue. Assume
that v changes the sign, then necessarily Ay < % By the min-max theorem,

1
Ay = inf {sup{§/|vfu|2du tveM, (vl = 1} ;
M c Wy (R™\ Ag; dp) subspace and dim(M) = 2} :

Since v(y) = y, € Wy (R" \ Ag;dp), the Rayleigh quotient of which is
equal to 1, then necessarily Ao > 1. This is a contradiction. Therefore we
conclude that v = 9,4 is nonpositive or nonnegative in the whole space R".
Since this holds for any tangential direction, it follows that @ is of the form
u(y) = u(y' - e,y,) for some tangential direction e. In other words, @ is two
dimensional. Direct computation shows that the function Re(y' - e + i|y,|)"/?
is an eigenfunction. The uniqueness of the principal eigenfunction implies
that actually 9.7 = cRe(y' - € + i|y,|)/? for some ¢ € R. Thus @ € .
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(i1) Case k = 2m. This follows directly from Lemma 12.4 of [8] and Remark
2.2. u

At the end of this section we compare the Weiss energy in the original
coordinates and the conformal coordinates. Firstly, if u, is associated with
a solution u : S — R to the parabolic Signorini problem (1) as in Lemma
2.1, then the Weiss energy of #, in (7) can be rewritten in terms of u as

W(u(t)) = # / V(e )Gz, t)dz — / w(w, 1)2G (. )da.

RY

K
2(—t)~
(11)
Next, for A > 0, let
u( Az, \%t)
LI
be the (parabolic) k-homogeneous scaling, and let

uy(x,t)

um,)\(yaT) = (\/__t)/g ’(:L‘,t)ZT*l(y;T)

up(z,t) ==

as in Lemma 2.1. Then
am,)\(:% T) = "&,@(y, T—2In >‘)7 (12)

i.e. the homogeneous k scaling for u(z,t) corresponds to the time shift for
tx(y,7) by —2InA. The Weiss energy in the original coordinates is well-
behaved with respect to the parabolic rescaling, i.e. W, (ux(t)) = Wy (u(N%t)).
In the conformal coordinates this leads to

Wt (T —2In X)) = Wi(t (7). (13)

3. Parabolic epiperimetric inequality

We describe a dynamical system approach for deriving the decay of the
Weiss energy W, (tu(7)) along solutions to (4)—(5) with k = 3/2 or kK = 2m,
m € N,.

3.1. The case k = 3. In this case, stationary solutions to (4)—(5) are in &9
by Proposition 2.6. We will project our solution @(7) := t3/2(7) to &, for
each 7 > 0, i.e. let

M) he(ry(y) == MT)(e(T) - ¥ yn),
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where h(x1,x5) := ¢, Re(z; + i|29|)??, ¢, > 0 and Ihllz2®y) = 1, be such
that

[a7) = Ao 2 = distag(@lr), Exp) = inf () = Mz
e€S" 1N {y, =0}

and study the evolution of diStLI%(’INL(T, ), E3/2).

Due to the non-convexity of £, the projection Ak, of @(7, -) onto &35 is not
necessarily unique, hence the regularity of the parameters A, e in dependence
of 7 is in question. In particular this implies that we have to take care in our
dynamical systems argument and can not directly work with the evolution
equations for the parameters A(7) and e(7). Instead, we rely on robust
(energy type) identities for the Weiss energy.

To this end, we split @ into its leading order profile and an error:

fL(y) 7_) - )‘(T)he(T)(y) + @<y> 7_)'

Here A(7)he(r)(y) is chosen such as to minimize the L7 distance of 4 to the
set &3 /2. We stress again, that this decomposition is a priori not necessar-
ily unique. From the minimality of |[@(y, 7) — AM7)he(r)(y)||lzz we infer the
following orthogonality conditions

A(7) / ooy (9)iy, 7)dpt = O, (14)

R}

A7) [ Re(y- &r) + i)'y - &(r)(y. ) = 0,
ve € S" 1 é L spanfe,, e(T)}. (15)

Here we have used that cRe(z; + i|z2])/? = 0, h(x1,73). We rewrite the
Weiss energy W (u) := Wy/o(1) in terms of ¥ as

W(a) = W(5) — 2 /{ e (16)
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To see this, we observe that since W (h.) = 0,

2
W (@) = W (o) + f / Vi - Vhedu
R’I’L

+

A A .
= W) - = /{ ) 00uhedpt — 5 / o div(e WV, )dy.
Yn=

R%
Using that div(e "’'Vh,) = e W (Ah, — 2y - Vh.) = —3hee | the orthog-
onality condition (14) and that u0,h. = ©9,h. on {y, = 0}, we obtain (16).
As our main auxiliary result, we deduce the following contraction argument,
which is of the flavour of an epiperimetric inequality.

Proposition 3.1. Let @ : R" x [0,00) — R be a solution of the parabolic
thin obstacle problem (4)—(5) and satisfy (6). Then there exists a constant
co € (0,1) depending only on n, such that

W(a(r+1)) < (1 —co)W(a(r)) for any T € (0, 00).

Proof: We argue by contradiction and use the contradiction assumption in
combination with (16) to derive enough compactness.

(i). Assume that the statement were not true. Then there exists a sequence
{¢;} with ¢; € (0,1/2), ¢; = 0, solutions @; and times 7; such that
Wia;(r; +1)) > (1 = ) W(a;(7;)). (17)
The contradiction assumption (17) implies that

W (a;(my + 1)) — W(a(r)) >

1 CjW(ij(Tj + 1))

Using (8) and the monotone decreasing property of 7 +— W (u(7)) we infer

T+l 7j+1

[ Ny < S Watn 1) <o [ Wi (s)

J

(ii). We show that
Ti+1

Tj-i-l
W (r)dr <2¢; [ l5i(r) By (19

Tj J
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First we observe that for any solution @ and any time interval I = [, 7],

1
/W(ﬂ(T))dT@ —/§3T|\fb||%id7= — / A0 thedpdT — / O uvdpdr
T T

R <1 R xI

Using that 0.4 = L& in R x (0, 00), where £ := 1A —%4.V 42 Lh, =0in
R? and an integration by parts we have

/ W (a(r))dr = — / o, ivdpdr — / Li(\h,)dpdr

R <1 R <1 (20)

A
— / o uvdudr + —/ (Ontthe — 0, he) dudT.
4 Jy.=0)
R xT

We apply (20) to @; with I; := [r;,7; + 1]. For the first integral we use

Holder and (18) to get
1/2 1/2
/ (‘3T€Lj?7jd,ud7' S (Cj/ W("LNL](T))CZT> </ |’17]|%2d7'> . (21)
R% x I; < I m

Combining (20) and (21) and using Young’s inequality, we obtain

/W dT<Cj/ |\ijLng+/ / (Ontjhe, — WOy he;) dpdr.

Ii {yn= O}
Recalling the relation between W (@) and W (?) in (16), we infer
s
/ W (v;(7))dr < cj/ HU]HLQCZT +/ / 219, dihe, + jﬂjanhej)d,udr
{yn—O}

(22)

Since, by the Signorini conditions, the second integral on the right hand side
is less or equal to zero, we obtain the upper bound in (19). We remark that
by rearrangement (22) also entails that

——/ / (Ontjhe, + @j0yhe )d,udT

"{ya=0} (23)
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In the next steps (7ii)-(1v) we will use a compactness argument to arrive
at a contradiction. The main idea is that one can find sequences 7; € I;
and 0;(y) == 0;(75,9)/[|0;(7;)|| L2, such that 9; converges to a nonzero blow-
up profile in &;/,. This leads to a contradiction. The bounds on the Weiss
energy for ¥ in step (ii) are used to derive the desired compactness properties.

(11i). We seek to prove that up to a subsequence

Wiy, 7) = —=
T = Yl

converges weakly in L*([0,1]; W#), strongly in C([0,1]; L?) and locally in
CIC? up to {y, = 0} to some stationary solution gy to (4)—(5). Note that
1] £2(j0,11:22) = 1 by our normalization, thus the strong L*-convergence im-
plies that ||dozz = 1. By Proposition 2.6 necessarily iy = ¢,h(y" - €0, yn) €
&3y for some tangential direction e.

First we note that by (17) and the monotone decreasing property of 7 —
W(a(r)), we have W(a,;(7)) < 2ij W (a;(r))dr for all 7 € I;. Then by (16),
(19) and (23), for some absolute constant C' > 0,

W) < C [ Il <C [ i@l ren. (@)

w;(y, 7+ T)

, 7€ [0,1] (24)

Recalling the definition of the Weiss energy in (7) and the normalization (24),
the above inequality can be rewritten as

3
sup SV <0+ 2.
T7€[0,1]

Thus 4; € L>([0,1]; W}?). Next, (25) together with (18) leads to

[ 1085 meyir < Co; [ Naligar < o [ aliydn 20

which gives 0,4, € L*([0,1]; L?) with 10745 2(0.1).22) < Cj. Since the em-
bedding WI}Q — Li is compact, by Aubin-Lions lemma, up to a subsequence
; — dg strongly in C([0,1]; L?) for some function . Note that @; solves
the variational inequality

// [8 a;(v )+ Vuj V(v—a;)— Zﬂj(v — ﬂ])} dudr > 0,

0 R%
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for any v € L*([0,1]; W,;*), v > 0 on {y, = 0}, v(0,-) = 1;(0,-) and v(,-) —
4;(7,-) has compact support in R} for any 7 € [0, 1]. The interior regularity
estimate for the solution to the variational inequality [1] entails that (after
taking another subsequence) Vi,; — Vi locally in C*/2_ In the end using
(26) and passing to the limit in the variational inequality of @; we conclude
that 1 is a stationary solution.

(iv). Let 1, be the sequence from step (iii) such that 4; — g € 53/2 Let

7j € I; be such that [|0;(7)[17. = a(7)) = Xj(7))hepll7e = Jp, 19;(7)[172d.
Consider

Ui (y, 7+ 7) — Nj(75)he,2,) (V)

19;(7;)
We will prove that up to a subsequence w; converge in C([0, 1];Li) to a
nonzero function wy € &35. This leads to a contradiction, since at each T

such that 7; + 7 = 7; we have projected out &35 from ;(7;).
Invoking (25) and that

wj(y, T) = , (y,7) € RY x[0,1].

~ A _ (T -
W (a; (1) = Aj(j)he; ) = W(u;(7)) + —J(Q ) /{ ’ Wj(7)Onhe, () dps
Yn

< W(u;(r))

we have W (w;(7)) < C¢; for any 7 € [0,1]. As in step (iii) this implies that
w; is uniformly bounded in L>([0,1]; W;?). By (26),

/I |0rd |2 < Ces. (27)

Fundamental theorem of calculus together with (27) gives that |[w;(7)]|rz
stays uniformly away from zero, i.e.

li5(r) I3 — sG5| = |l ()3, — 1] < Cey, 7€ [0,1]

Thus by Aubin-Lions lemma, up to a subsequence w; converges strongly in
C°([0,1]; L) to a nonzero function wy. Since d,w; — Lab; = 0 in R”, by the
interior estimates w; converges locally smoothly in R”. This together with
(27) implies that wy is stationary and it solves Ly = 0 in R'.

We claim that the limiting function w, satisfies

wo=0o0n Ag:={y, =0, v e <0}, dptg=0o0n Qy:={y, =0} \ Ao,

where ¢ is the tangential direction from step (iii).
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This is a consequence of the complementary boundary conditions satisfied
by @; and the uniform convergence. Indeed, given U & (), using c,he, >
¢ > 0 in U and the uniform convergence of ; to c,he, in U x [0,1] we
have, for sufficiently large j depending on U, 4; > 0 in U x [0,1]. By the
complementary condition in terms of @%; we have 9,4; = 0in U x [0, 1]. Next
since e;(7;) converges to e, which follows from the convergence of 4; to ¢, he,
in C°([0, 1];Li), one has dyh.,zy = 0 in U for j sufficiently large. Thus
Op; = 0 in U x [0, 1] for sufficiently large j. Therefore, after extending w;
evenly about {y, = 0}, w; solves dub; — Lio; = 0 in U x [0, 1], where U is
an open neighborhood of U in R with U N {y, = 0} = U. By the interior
estimates ; — 1 in C'(U x [0,1]). This implies that in the limit 8,10 = 0
on U. Since U is arbitrary we have 0,9 = 0 on €)y. Using the fact that
CnOphe, < —c < 0in U € int(Ay) and arguing similarly we can conclude that
ZZ}() =0 on int(A()).

Now we have shown that w, € Wﬁ?Q solves an eigenvalue problem

1 . 3. .
(—§A +y- V), = 5o in RY
with the Dirichlet-Neumann boundary data wy = 0 on Ay and 9,wy = 0 on

y. By the characterization of the eigenfunctions for the second Dirichlet-
Neumann eigenvalue and after a rotation of coordinate (such that ey = e,,_1),

n—2

Wo(y) = Ah(Yn-1,9n) + D Niihijo (Y1, ), i €R.

1=1

Here hy jo2(Yn—1,Yn) := ¢n Re(yn_1+1i|y,|)"/% The orthogonality condition (29)
implies that \; = 0 fort =1,--- ,n — 2. Thus A\, > 0 and we have shown
that wy is a nonzero function in &3 /s. |

A very similar but simpler argument as for Proposition 3.1 gives the decay
estimate of the Weiss energy if it becomes negative starting from some time
To. After a shift in time, we may assume 75 = 0.

Proposition 3.2. Let @ : R" x [0,00) — R be a solution to (4)—(5) with
k = 3/2 and satisfy (6). Assume that W(a(1)) <0 for all 7 > 0. Then there
exists a constant ¢y € (0,1) depending only on n, such that

W(a(r+1)) < (1+co)W(a(r)) for any 7 € (0, 00).
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As an immediate consequence of Proposition 3.1 and Proposition 3.2, one
obtains the exponential decay rate of the Weiss energy:

Corollary 3.3. Let 4 be a solution to (4)—(5) with k = 3/2 and satisfy (6).

Then there exists vy € (0,1) depending only on n such that

(i) If W(a(r)) > 0 for all 7 € (0,00), then W(u(r)) < e "W (a(0)).
Moreover, the limit lim, o u(7) =: 1(00) = A(00)he(x) € E3/9 exists,
and it satisfies

la(7) — a(oo)llz2 < CuW (@(0))e ™",
15(T)I1Zz + A7) = A(o0)?| < CuWW (a(0))e ™"
for all T € (0, 00).
(ii) If W(u(0)) < 0, then W (a(r)) < e W(w(0)). Moreover,
2W (u(0))
0

Proof: We only provide the proof for the case of nonnegative Weiss energy.
The proof for (ii) is the same.
Assuming Proposition 3.1 and arguing inductively we then obtain

W (a(r + k) < (1 - eo)'W(a(r))

la(r)lIz; = - (€7 = 1) + [|a(0)]IZ.

for any 7 € (0,00) and k£ € N,. This together with the monotonicity property
of 7 +— W(a(r)) implies that there exists vy € (0,1) depending only on ¢
such that

W(a(r)) < e "W (u(0)).
Forany 0 <74 <7 <7 + 1< o0, by (8 and Hélder’s inequality,
T2
LIZL S/ HanLHLidT

< (W(a(m)) = Wi(r))"? (72 — )"
< W (@(0))/2e0m/2,

[a(71) = a(72)]

Here in the second last inequality we have used that W(a(mz)) > 0. An
iterative argument then yields for any 0 < 7 < 1 < 00,

Ja(m) — a(m) |, < YOO

6—707'1/2
=1 — 6—70/2
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Thus lim, ., %(7) =: @(c0) € L exists and the convergence rate is exponen-
tial. To show the exponential convergence of [|0(7)||rz = distzz(a(7), E3)2)
and A(7) = [[projrs (@(7), £3/2)| 1z we only need to observe

19(r)IIZz < lla()llz; — lla

IA(T)? = A(o0)?] < lo(r)IZ; + Il

o) 2.
I3 — lla(oo) 3

and using the exponential convergence of @(7) to u(oc0). n

(
(

Remark 3.4. At this stage it is possible that u(o0) is zero. However, if at
the initial time

W (a(0)) < 6ulla(0)l[7s,  distrz(@(0), E/2)* < 6,]|a(0)|7: (28)

for some small 6, > 0, then in the limit A\(co) > 0. To see this, we note that

the bound on the Weiss energy together with the exponential convergence of
A(T)? from Corollary 3.8 (i) implies

IA0)2 — A(7)?] < CnénHa(O)H%l%, for all T > 0.

From the bound on the distance we have A(0)* > (1—4,)|@(0)||2,. Combining
together leads to A\(1)* > (1 — C,,6,)|@(0)||3. for any T > 0. Thus A(o0) >
%H&(O)HL? > 0 if §,, is chosen sufficiently small.

We also note that (28) is satisfied by requiring that the solution stays close
to Ey in W/}’Q norm at T = 0, i.e.

disty12 | w7, & < Op.
o <|a<-,o>L;j 3”) -

3.2. The case xk = 2m. Let @ := sy, m € N, be a solution to (4)—(5)
which satisfies (6). In this section we derive the decay of the associated Weiss
energy

W (7)) = 7 / Iva) = m [ i) P

Recall that stationary solutions are in the space &, by Proposition 2.6,
where £ is a subset of zero eigenspace of the Ornstein-Uhlenbeck operator
,sz = iA—%V—I—m
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To fix the notation, let {po, = coHa, (V1) Ha,(Yn) }aene be the set of
Hermite polynomials in R", where H}, for £ € N is the 1d-Hermite polynomial
of order k, i.e. it solves the eigenfunction equation U” — 22U = —2kU in
R. Here ¢, is chosen such that |[pa[lzz = 1. Then {p.} are eigenfunctions of

Ezm:
(8%
['2mp0z - (m - |2_l) Pas

and they form an orthonormal basis for Li. Let

= { Z >\OtpOé7 poz(ylayn) — pa(y/7 _yn), )\a 6 R}

a:|la|=2m

be the subspace generated by 2m-Hermite polynomials with symmetry. Given
a solution %(7) we consider the L projection of 4(7) onto Eyy,

= > Al y) +0(y,7),  Aa(T) z/ﬂ(ﬂy)pa(y)du

2 n
la|=2m R

and study the evolution of distyz(4(7), £2m) = [|0(7)| 2 and the parameters

Ao(T). Note that since 0,4 € LZOC(R+; L?), we have that Ao € L7 (RY).
Due to the minimality, v satisfies the orthogonallty condition

/ Opadp = 0, for any p, € Eopp. (29)

This together with the equation of u yields the following evolution equations:

/ Padub(F)dp,  (30)

|a| 2m {yn:O}

1. .. -
SO = ~Wan(3(r

: 1
Ao(T) = ~2 / PaOn0(T)dpu, for each o s.t. |af = 2m. (31)

{yn:O}

To see these, we note that from the equation of @ and that Lo,p, = 0, ©
satisfies

0:0 = Lomb — Y Aapa in R7 x (0,00)

|a|=2m
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with the Signorini condition
D XaPaOnd + 50,7 = 0 on {y, = 0}.
|a|=2m

Multiplying © on both sides of the equation, using the Signorini condition
and the orthogonality (29) we obtain (30). Multiplying p, on both sides of
the equation, using the orthogonality condition (which gives fR” 0;Upadp =0
for a.e. 7) we get the evolution equation for A, in (31).

Now we write the Weiss energy Wa,, (@) in terms of 0. First, using Wa,,(pa) =
0 for |a| = 2m we have

N 1 N
W2m(u) - W2m(v) + Z Z Aa / Vo - Vpad,u-
a RY

An integration by parts, d,p, = 0 on {y, = 0} and (29) yield that the last
term is zero. Thus,

Won () = Wan (D). (32)
Next by (7) and orthogonality (29), for any 0 < 7, < 73, < 00,

Ty

Wan(a(n)) = Wenli(m) < -2 [(10:013+ Y Sydr. (33)

T |a|=2m

If we decompose further 9(7) = 3, com (a[>2m Aa(T)Pa, then

W (i(73)) — Wam (ii(7,)) < —2 / S Azdr (34)

In the sequel, we will frequently use the following auxiliary function. Let
hor denote the (m — k)-eigenfunction of Ls,,, which has the expression

n—1 k 1\
har(y) = Cip <Z 2% Re(y; + iyn) ™" + k1> G _( 6)1!)(2 6)!(2%)%> , (35)
j=1 /=0

where Cy,, = ¢,22*2%k!, ¢, > 0, is a normalization factor such that || hay|| =
1. Note that

hor(y', 0) = Cion (21 + 1)
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In the sequel we will denote

>\2k = /ﬂhgkdu.

Since 0,0 = 0,4 < 0 and hg, > 0 on {y, = 0}, we see from (31) that
1

/.\gk = —1/ than"lN}d,u 2 0. (36)
{y»=0}

The first proposition concerns the evolution of the Weiss energy Wo,, (4(7))
if it is negative.

Proposition 3.5. Let @ be a solution to the Signorini problem (4)—(5) with
Kk = 2m and satisfy (6). Assume that W, (u(0)) < 0. Then there exists a
constant ¢y € (0,1) depending on m,n such that

Wom(u(T + 1)) < (14 co)Won(a(7)), for any 7 € (0, 00).

Proof: Assume it were not true, then there exists a sequence of solutions 1,
€ (0,00) and €¢; — 0 such that

Wom(tj(7; + 1)) 2 (1 + €)W (1;(75)).

For the rest of the proof we drop the dependence on j for simplicity. We
decompose @(7,-) into u(T,-) = peon(T, ) + p(7,-) + W(7,-), where p € Eyp,
and poon(7,y) = Z|a|<2m)\ (T)pa(y) is the projection of @ to the subspace
E o generated by k-Hermite polynomials k < 2m with symmetry, i.e.

5<2m = { Z CaPa; pa(yla yn) = pa(y/n _yn)}
a:lal<2m
Note that
WQm(p<2m) S 07 ng(ﬁ)) Z 0.

Thus the contradiction assumption implies that

€jWam (0(75)) — [Wam((7j11)) — Wam(0(75))] < —€;Wam(p<am(7)))-

This together with (34) and the monotone decreasing property of 7
Wo(@(7)) implies that

/ZA d7‘<—ej/ Wom(peom (T))dT,  I; := [, 741 (37)
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Multiplying the equation of @ by p.o,(7) and an integration by parts in
space yield

/ W2m p<2m - __/ 8 Hp<2m HL2 - / /{ }p<2m 8 u( )
n=0

By (37) the first integral can be estimated from below as

1
~5 | #enligir = [ 3 Aidus

I |a|<2m

1/2
> _6;/2 (/I |p<2m(7')|L/2LdT> (/I W2m(p<2m(7'))d7'> )

To estimate the boundary integral we observe that for each 7 > 0

‘p<2m(y,7 07 T) ‘
y'eRn—1 th(y/)

2.
L

(v, 7)1

Using 0,0(y/,0) < 0 and recalling the expression of Mg, in (36), we can
estimate the boundary term from below by

1 N Cnn N
—= / / P<amOntdpdr > — / 1P<2m (7) 22 / homOntdpdT
41 N0y (=0}
_Cmn/ Hp<2m ( )d’T

Invoking (33) again we thus have

1
- _/ / p<2manad,ud7_
4 Ij J{yn=0}
1/2 1/2
2 _Cm,nE;/2 (/ p<2m(7)|LidT> <_/ WQm(p<2m(7-))d7_) .
I I

Combining together we obtain

[ Wantpean(r)dr = ~Ce; [ Ipean(r)ltzar (39)
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for some C' = C(m,n) > 0. This however leads to a contradiction, since for
any 7 > 0

Wanlpean() = 3 = (=) a0l < ~pean(o)1

2
|| <2m,|or|eN

In the next proposition we derive a discrete algebraic decay of the Weiss
energy under the assumption that Wa,,(a(7)) > 0 for all 7.

Proposition 3.6. Let @ be a solution to (4)—(5) with k = 2m and satisfy
(6). Assume that Way,(u(7)) > 0 for all 7 > 0 and that

dist 2 ((0), &) < do,

for some 6y = dp(m,n) > 0 small. Then there exists a ¢y € (0,1) depending
only on n and m such that

Wann(i(7 +1)) < (1= coWon(i(r + 1)) Wa(ii(r)), 7 :=

for all T > 0.

Proof: (i) Assume that the statement were wrong, then there exists a se-
quence of solutions u; with dist Lz(ﬂ(O),E;m) < ¢4y, a sequence of positive
constants ¢; — 0 and 7; > 0, such that

W (1j(75 4+ 1)) > (1 = ;Wan (1 (15 + 1))'77) Wan (1 (75)).

Thus after rearranging the terms and using (33) as well as that 7 — Wo,,(4,(7))
is monotone decreasing, we have

2 [0l + 3 Sdr < Wanas(m)) = Wi + 1)

J |a|=2m

< ( /IWQm(a(T))dT) R P S —
J (39)

(ii). For simplicity we denote p;(7,-) := >, _a M(T)Pa(*) € Ean, Which
is the projection of @;(7) onto &,. In the light of (30), to show the de-
cay estimate of the Weiss energy we mainly need to estimate the boundary
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integral

— / p;(7)0n0;(T)dpe.
{yn:O}

Let (p;)— := max{—p;,0}. We aim to show that there exists C' = C(m,n)

such that
/ / (P)~(7)0n0;(T)dpdr

I; {y,=0}

U 3 4
<cq” (/f '“f(ﬂ'vv;’?dT) ( / W2m(vj(7>)d7) (40)
+ 05, /I 125(7) I3 12 7.

Due to the non-compactness of R, the proof for (40) is more involved
than that of [5]. We will divide the proof into three parts (a)-(c). Since
the estimate is trivial if (p;)- = 0, in the sequel we assume that (p;)_
is not identically zero on {y, = 0}. We start with the observation that
12;(T) -2 ({yu=0p) < Cmmdo for all j and 7. To see this, let p; € &

2m»
Hpj||L2 = 1 be such that dlSth (u]( ))(c/’;rm) = HfL](O) - 5\](0>]5]||Li for some
A;(0) > 0. We further let \;(7) = fRi @;(7)p;dp.  Similar as in (36),

7+ \;(7) is monotone increasing. Thus,

125 ()72 oy < 125(T) = Mi(T)Bi 172 (gym0p) < Cmnllpi(T) = A (P17

< Cm,nHﬂj(T) - )‘j(T)ﬁjH%ﬁ < Cm,n”ﬂj(o) - )‘j(o)ﬁj”%g < Cm7n58-
(41)

Here the first inequality is due to S\jﬁj > 0 on {y, = 0}, in the last two
inequalities we used the orthogonality and the monotone decreasing property
for 7 — [[t;(7)| 2, which follows from (9) and the nonnegativity assumption

of the Weiss energy, and that 7 — j\j(T) is monotone increasing.
(a.) We show that the integral in B, C {y, = 0} with R§ = Ry(j,7)* :=
—In{|(p;)-(7)l|z2({y,=0y) satisfies the following estimate for a.e. 7:

- [ @)1 < Ol enlr) (42
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where gy, is defined in (36). Indeed,

_/ (pj)—anf’jdﬂ = —/ (pj)_hzmanﬁjdﬂ
B

!
Ro

0 Zéi;' Assume that for some gy € Bj,

(Pi)- _ (Pj)-(y0,0)
hom ham (Yo, 0)

Since [lp; ()17 = > jaj—om )\a,j(T) < 0 by (41), there exists C = C(m, n) >
0 such that

M < Cllpj(r)liz < €, L= [(pj)-/ham]osgy,—op < C-
Let ro := M/(c,L) > 0. In B} (y0) N By, we have (p;)-/ham > M/2. Thus

/ Mn+1
n—1"
1 (0)N By, L

Thus it suffices to estimate supp,

M —max > 0.

(pj)-

M?
2= gy > M )0 2 0,20
2m

Therefore, there exists a constant C' > 0 depending only on m, n such that

n+1

(p)-|*
M<C / ‘ | dy
h2m
B (yo)ﬂB}zO
) T
<C€n+1 / |% e—ly’lzdy/
h2m

{ynZO}
Since hg,, is uniformly bounded away from zero and recalling our choice of
Ry, we thus have

M < C|(pj)- HL”“H(;.DJ) H"“ < Cll(pj)- H"“-

Thus the proof for (42) is complete.
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(b). Outside By , where Ri = —31In ||(p;)-[lz2((y,=0}), the boundary inte-
gral can be estimated as

— / (pj)_an@jd,u < Cm,n(Rl)ZlmileiR%.
}Rn—l\B}2
To see this, we note that |p;(y/,0)] < Cly'|*™ and
10005(y', 0)] = [0t (v, 0)] < C(L + [y ")

for some C' = C'(m,n), which follows from the spacial C1** interior estimate
for the Signorini problem [1]. Using (R;)*" ‘e~ < ¢,,e 51/6 and recalling
the definition of R? we have

. 5/2
- [ 00 < )1 oy
R"=1\Bj,
(c). We estimate the integral over the annulus
A =A@, 7)== {y e R x {0} : —In ()l 2 (4yn=0p)
<yl < =3 |(p;) Il z2(gyn=0p) }-

For that we take k € Ny and k € (—1In [|(p;)- |2 ((y.=0p)> =3 [[(p5) -l 22 ({y.=0}))
and write

A A

hg A h2k

Recalling the definition of hgy in (35) we have that for v/ € A
, Zm 2mo2kok 1. k1.1

(py)- _ _lul o Y2k 2"k!

hor 1+22ky2k:—6”1_|_22ky2k—” 120k—m)
Y

By the Stirling’s approximation formula W—'l/g ~ e~ % the above right hand
side can be further bounded from above by

Ce M1 -lm-on = 0| (p,)_ |\1/3 ) for ¢ € A.

Thus we have

_/(pj)_ﬁn@jdu < CH(pj) Hl/g ({yn=0})
A
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Combining (a)-(c) we obtain that for a.e. 7 € (0,00)

~ 1/(n+1) \ \
[ e < ) G Ly (o + )
Yn=
5 2
+ O~ (7)1 75 =0y
Here C' is a constant depending on n and m, and we have used that n > 2
(which implies that 1/(n+1) < 1/3). We first integrate the above inequality

in 7, then apply (39) to estimate A9, and Agi (cf.(34)) and apply (41) to
estimate the last integral. Then

2—y

- /I (p;)-0uTidpdr < Ce}/” ( / (pj>|LZ({yn0})d7_> < /1 W2m(@j(7))d7>

1/2
# 03 [ 100 g
Using @; = pj +0; > 0 on {y, = 0} we have

1231 opy < 19503 00,0 < Call VI +1155132).

where the second inequality follows from the trace lemma. Combining the
above two inequalities we obtain (40).
(iii). Now we estimate the Weiss energy for v, from above. By (30) and

On¥; = Opti; < 0 on {y, = 0},

/ Wom (0;(7))dT < — / /vjﬁ vidp — —/ /{ 0}( P;)-0n0;dpdr.
y'fl_
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By (39) and (40) the right side can be estimated by W, (7;) and ||1~)me},2 as

| Wanrar < [ el 055y

n+1)
+ CE}/Q (/I ||15]H 2d7> (/ Wom (0 7')

2=y
2—y

< CE;/Q (/I 77j|%3d7'> (/ W (0 )
Cel? 5|12 1ad - 5:)d N SY2 [ 115412 0 d
+ L I ||UjHWj’2 T . Wop (0;)dr + C'9 " ||UjHW;,2 T

for some C' = C,,, > 0. By Young’s inequality, for 7 = —= and large enough
g such that C'e; < 1/2 one obtains

~ 1/2 ~ 1/2 ~
[ Wantisryir < €6 [ 5513+ €5 /I 185122

Recalling the definition of the Weiss energy and rearranging the terms we
have

1 2 1/2 . 2 1/2 8
(— — Ce}/ — 050/ ) /I HVUJ-H%idT < (m + Ce;/ + 050/ ) /I ijH%idT.

2

+051/2/ 19122 dr

4

Thus if 6y = dp(m, n) is a priori chosen small, then

/ V5| dr < 8m / [ dr. (43)
and thus by (39)
/I 110:3,dr < ey / 151 dr (44)
(tv). Consider w;(y, ) := % (y,7) € R} x [0, 1], which satisfies

87—12)]' = ,Cgmwj mn ]R+ X (0, 1], 8nlz)] < 0 on {yn = 0}

With (39), (43) and (44) at hand and arguing as in (iii) of Proposition 3.1
we have that w; € L>([0,1]; W, %) and 9,w; € L*([0,1]; L?). Up to a subse-
quence, ; converges weakly in L*([0,1]; W;*) and strongly in C([0, 1]; L?)
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to a nonzero function wy. The convergence is locally C* in R” x (0,1) by
using the interior estimate of the equation. By (44) and the equation for
w;, Wy solves the stationary equation Ly,wo = 0 in R and after an even
reflection about {y, = 0} satisfies Ly,,709 < 0 in R". By Proposition 2.6 (or
Lemma 12.4 in [8] in the conformal coordinates), we conclude that wy € Eyy,.
This is a contradiction. u

Similar as for the case k = 3/2, Proposition 3.5 and Proposition 3.6 imply
a decay estimate for the Weiss energy.

Corollary 3.7. Let @ be a solution to (4)—(5) with k = 2m and satisfy (6).
Then

(i) Weiss energy goes to —oo exponentially fast if at the initial time it is
negative: there exists v, € (0,1) such that if Wa,,(4(0)) < 0, then

Wom(a(1)) < e Wo, (1(0)). (45)
Moreover, in this case we have
2W2m(ﬂ(0))
Ym

(ii) If Wap(a(7)) > 0 for all T € (0,00) and distLi(ﬂ(O),g;m) < éo for
some &y = Op(m,n) > 0, then the Weiss energy has the algebraic
decay: there exists co € (0,1) depending on n,m such that for v =

la(r)lz; > - (77 = 1) + [[a(0)]Z;-

Wam(ii(1)) < (co(1 = 7)7 + Wan(@(0))™1) ™7, 7€ (0, 00).

Moreover, there exists a unique @(00) := lim,_,» a(7) € &' and C >
0 depending on Way,,(4(0)), [[@(0)[/zz, m and n, such that

li(r) — a(o0) 2z < C7 .

Proof: The proof for (i) is the same as for Corollary 3.3. We will only provide
the proof for (ii).

We first show the decay estimate for the Weiss energy. By the same ar-
guments as above we can get a slightly more general decay estimate for the
Weiss energy: under the same assumptions of Proposition 3.6, there exists a
cp € (0,1) only depending on m,n such that

Won(@(T 4+ h)) < (1 = cohWap (a(T 4+ h))' ) Wop(a(7)), v=1/(n+1)
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for all 7 € (0,00) and h € (0,1]. This implies that for any 0 < 77 < 75 < 00,

Wom (tam(72)) — Wap (t2m(71)) / — W (a(r)) < _CO/WQm (a(r))= 7.

1
(46)
Solving this differential inequality we obtain the algebraic decay estimate for
the Weiss energy:

Wam (4(7)) < (Ao + A1) ™, Ag :=co(1 —7), Ay := Wap(0(0))7

Next, for 0 < 71 < T < oo with 71 € [2,27"1) and 7 € [27,27T1], using (8),
Holder’s inequality, monotone decreasing property of the Weiss energy and
(46),

2k+1 2k+1 1/2

li(n) — ()22 <Z / \|3U\|L2d7<z / |onildr | (252

J
~ ~ 1/2
< Z (Worm ((27)) — Wap (@(211) / (2F)1/2
k=i
j 1 . o
(A()Qk + Al)_WQk/Q S CQ_EZ S 07_1 1—
k=i

Therefore, 7 — u(7) forms a Cauchy sequence in Li. Thus the limit lim,_, @(7)
exists. Let @(0co) denote the limit. By Proposition 2.6, 4(o0) € & . ]

We remark that at this stage we do not know whether or not the limit
(00) is zero.

4. Consequences of the epiperimetric inequality

4.1. The case k = 3/2: Uniqueness of blow-ups and regularity of the
regular free boundary. In this section we apply the decay estimates for
the Weiss energy in Section 3 to our original Signorini problem to derive the
regularity of the free boundary.
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Proof for Theorem 1. We will prove the following:

1/2

/ (1) — ()G, Bdz | < C(v/=Byrone,  (an)

+

where for any A € (0,1], ux(z,t) := A=32u(\z, \*t). Theorem 1 follows by
taking A = 1.

Let % := 13/, be the 3/2-normalized solution in the conformal coordinates
as in Lemma 2.1. Firstly we want to show that there exists vy € (0,1)
universal, such that the upper bound in (2) yields Wj/o((7)) > 0 for all 7.
Indeed, assume that Ws/s(i(79)) < 0 for some 79 > 0. Then by Corollary
3.3, there exists a universal 79 € (0,1) and Cy > 0, such that Hﬂ(T)H%Z >

Coe™=) for 7 > 7. Transforming back to the original coordinate we have
fRi u?(x,t)G(z, t)dx > C(/—1)>72% for some C' > 0 depending on 7y and for
|t| sufficiently small. This is however a contradiction to the upper bound in

(2).
With nonnegative Weiss energy at hand we apply (i) in Corollary 3.3 to
conclude that there exists a unique (oc0) =: uy € &35 such that

/(\/—_75)3\%(967 t) = ug(2) Gz, t)dw = cy / Ay, 7 — 210 \) = uo(y)[*dp

< Ce0(—2nA) C'(v/=t)?0 N2,

Here in the first equation we have used (12) and that v is 3/2-homogeneous.
In the end we will show that the lower bound in (2) implies that ug # 0.
Indeed, if uy vanishes identically, then it holds

/ lulz, )2G(z, )da < C(V=E)*0,  te [~1,0]

+

The above estimate yields that H,(r) < Cr3t®. This is a contradiction to
the lower bound in (2). _

Remark 4.1. Rewriting (28) in Remark 3.4 into the original variable, we see
that instead of the lower bound assumption in (2), we can assume the solution
is close to £y at t = —1 to guarantee the non-triviality of the 3/2-blowup
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limit. More precisely, assume that att = —1
Wap(u(-1)) <8 [ Jule,~DPdi(e), die) = Gla, -V, (45
R%

where Wy 5(ug) is the Weiss energy in the original variable as in (11), and
it [ Jule,~1) = plo)Pdite) <6 [ fule.~DPda(). (49
pEEs3)2 JR

R?
Then if 6y is sufficiently small depending on n and || f||1~, there is a unique
ug = co Re(2' - eg+ilz,|)3/? € E39 with co > ¢, > 0 such that (47) holds true.
We note that conditions (48)—(49) are satisfied if

. u('? _1>
1,2 < 0n.

We also note that under the assumptions of Theorem 1, (48)—(49) are sat-
isfied for uy for sufficiently small X > 0 depending on uy.

n
+

An advantage of the conditions (48)—(49) is that they are stable under
the translation. More precisely, by the Holder continuity of w, (48)—(49)
hold with constant 26, for u(z — xo,t — ty), where (xg,ty) varies in a small
neighborhood of (0,0). We let I's)5(u) denote the set of the free boundary
points at which the 3/2-homogeneous scaling 1y, +,).» has a unique nonzero
blow-up limit in £/, as A — 0. Then the above discussion leads to the
openness of I'3/o(u):

Proposition 4.2. Let u : S5 — R be a solution to (1) which satisfies as-
sumptions (A)-(C). Let Hq(fo’t‘))(r) = r%fsg u(x — xo,t — t)*G(x, t)dzdt,
r > 0. Assume that for each (xg,ty) € Iy, '

H{Polo) (r) < O3 (50)

for r sufficiently small depending on u and (xo,ty). Assume that (To, o) €
[s/9(u) NSY. Then there exists a small v > 0 depending on (%o, ty) such that
Ty N (Br(Zo) % (tg — 1%t +1?)) C Tya(u).

Given (2o, ty) € I'sjo(u), we let

u(ffoato)(x) = Clxo,to) Re(e(woato) T+ Z"x”|)3/2’ Clzo,to) >0

denote the blow-up limit. Next we prove the continuity of the maps I'3o(u) >
(x07 t()) |—> C(io,to) and Fg/Q(U) 9 (-I'O, to) |—> e(mo,to)'
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Proposition 4.3. Let u : S — R be a solution to (1). Assume that Let
(z0,%0), (40, 50) € Lzja(u) NQ1, where Q1 := B1(0) x (—1,0). Then, the maps

[s/9(u) > (z0,t0) = Caiy) € Ry,
Ls0(u) 3 (20, t0) = €(ag ) € S" ' N {y, = 0}
are parabolically 0-Hélder continuous for some 6 € (0, 1).
Proof: We note that by rotation invariance c(y, ) = Cn||t(zy.1) |l 12 for ¢, > 0.

Hence, for (z9,%0), (%0, 50) € I'sja(w) N Q1 and A > 0

[Clto) = Cluos)] = €n (18t llzz — 1uyosollzz

< ¢ (Hu(ﬂﬁoﬂfo) - u(l‘o,to),/\('7 _1)HL% + Hu(yo,so) - u(yo,So),)\('7 _1)HL§

)

Here d((xo,to), (Yo, S0)) = |z0o— yo| + [to — so|*/* is the parabolic distance, and
to estimate the three terms coming from the triangle inequality, we have used
(47) to bound the first two integrals and the interior Hélder C*/? estimate
of the solution to bound the third integral. Balancing the above two bounds
we get

Yo«
ety — Clu s | < Cd((z0,1t0), (Yo, 50))?, 8= —"—— € (0,1).
‘C( 0:t0) C(yo, o)‘ = (([CO 0) (yo SO)) Yo + 3/2 ( )

+ ’Hu(iﬁo,to),)\('7 _1)HL% - Hu(yo,SO)J\('? _I)HL%

S C’)\Fy0 + Cd((.’l?(), to), (yo, 80))04)\73/2.
1/2

Next we note that

@ 00/ Ctaoto) = Win.so)/ sl 2 = Cnletwoto) = sl

Using similar estimate as above and combining it with the estimate for ¢, 4
then yields the claimed Holder continuity of e, ¢)- |

With the previous results at hand, we can prove the regularity of the regular
free boundary.

Proposition 4.4. Let u : S — R be a solution to (1). Assume that
(zo,t0) € I'sja(u). Then, there exists a radius r € (0,1) depending on (o, o)
such that T'y N Q,(xo,t0), where Q,(zo,to) = B,(z0) X (tg — 7%, tg + 1?), can
be represented as a graph (after a suitable choice of coordinates)

L3/9(u) N Qr(wo, to) == {(2',0,t) : x,—1 = g(a”,1)}.
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Moreover, there exists 6 € (0,1) such that V"g € C%/2,

Proof: From Proposition 4.2 we know that there exists » > 0 depending on
(w0, to) such that I', N Q,(xo, to) consist of I'39(u) free boundary points. Let
Claoito),r > 0 and ey 1)1 be the direction such that c(y, 1)1 Re(2" - €y 4000 +
i|z,])3/? € &9 realizes the L distance between uy(-, —1) and &3j5. Then
from the proof for Proposition 4.3 we have that for each A sufficiently small,

‘e(Ioato)J\ - e(yo,SO),A\ < Cd((%; tO)? (290, 30))9-

for any (xo, o), (Yo, s0) € I'y N Q- (20, t0), and C > 0 independent of A\. Thus
we find a parameter family of hypersurfaces I'}, the normals of which are
spacial and equal to e(,, 4,1 at each (zg, 1) € '), and they are uniformly C?
regular with respect to the parabolic distance. Passing to the limit as A — 0
we thus obtain that the limiting hypersurface, which is the free boundary
L, N Q,(z0,t), is a C? hypersurface. Thus up to a rotation of the spacial
cooridnates, it can be represented as the graph x, 1 = ¢(z”,t) for some
function g, where V”g € C?%/2, n

4.2. The case Kk = 2m.

4.2.1. Uniqueness and nondegeneracy. We first prove Theorem 2 by using
decay estimate of the Weiss energy in Corollary 3.7.

Proof for Theorem 2: 1.Uniqueness. We will show that there exists a unique
parabolically 2m-homogeneous polynomial solution pg(x,t) such that for all
A€ (0,1] and t € [-1,0)

(/

Here v:=1/(n+ 1) and uy(x,t) := “(Ai—;)‘%), A > 0.

Let « = w9, be the 2m conformal normalized solution as in Lemma
2.1. First, the upper bound on H,(r) implies that W5, (a(7)) > 0 for all
7 € (0,00). Indeed, if Wy, (t(m)) < 0 for some 79 > 0, then by Corollary

3.7, there exist 7, € (0,1) and Cy > 0 such that ||a(7)||2, > Coe (77 for
each 7 > 735. Back in the original coordinates we have fR’i u?(z,t)G(x, t)dx >

C(y/—t)*m=2m for some C' > 0 depending on 7y and for each t € (—e~™,0).
This is however a contradiction to our assumption on H, when |[t| is suffi-
ciently small.

1/2
lur(z,t) — polx, t)*G(z, t)da:) < C(V=0)*" (=In(—t) — 2In ) T .

n
+
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Thus by Corollary 3.7 (ii), there is a unique p(y) € & such that

1
n+1
for some C' > 0 depending on m,n. Let po(z,t) := (v/—t)"p <2W) Writing
the above inequality by the original variables and by (12), we obtain the
desired estimate.

2.Nondegeneracy. In this step we show that if for some A\ € (0,1], the
smallness assumption

distzz (un(-, =1),&5,)° < ollua(-, =172

is satisfied, then the unique blow-up limit obtained in step I is not zero.
Indeed, our smallness assumption implies that the LZ projection of (),
0 = —2\, to & is not zero, i.e. there exists A\opo(y) € &, with A\g > 0
and [|pollzz = 1 which realizes the distance between (1) and &y,. We
now consider the orthogonal decomposition '&( ) = \o(7)po + w(7) for each
T > 7p. By the orthogonality Ao(7 fR" (y)dp. Using the equation

li(r) —plls < CT7T, 4=

of @ and that Ly,,pp = 0 in R", we have )\0( = —3 f{yn:O} PoOpu(T)dp for

a.e. 7> 1y. Since py > 0 and 9,u < 0 on {y,, = 0}, we have that }\O(T) > 0.
Thus A\(7) > Ag > 0 for all 7 > 7. This implies that the limit of ()
as 7 — oo is nontrivial. Thus the blow-up limit py obtained in step I is
nontrivial. u

4.2.2. Frequency gap and structure of the singular set. By the Almgren-
Poon’s monotonicity formula for solutions to the parabolic Signorini problem
(with f = 0), each free boundary point (z¢,?y) € I', can be associated with
a frequency Ky, 1) € {3/2} U [2,00). Furthermore, blow-ups at (xo,t) are
parabolic &, +,)-homogeneous solutions, cf. [8]. Another consequence of the
epiperimetric inequality is the gap of the frequency around 2m, m € N,..

Proposition 4.5 (Frequency gap). Let u : S5 — R be a solution to the para-
bolic Signorini problem (1) with f = 0. Assume that u satisfies assumptions
(A)-(C). Then there exist positive constants c_ and c, depending on m,n
such that

{(z,t) €Tyt Ky € Cm —c_,2m +cy)} = 0.

Proof: 1. Assume that (0,0) € I', is a free boundary point with the fre-
quency 2m + € for some € > 0. Let u(x,t) be a nontrivial 2m + € parabolic
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homogeneous blow-up limit at (0,0). In the conformal coordinate it is of the
form e~(m+¢/2)7y(y) for some nontrivial function v, which solves the stationary
Signorini problem

Lomv + %v = 01in RY,
v>0, dv <0, viv=0on {y, =0}.

We consider the 2m-normalized solution o, (y, 7) = €™ u(x(y, 7),t(y, 7)) =
e~ "/?y(y) as in Lemma 2.1. By Proposition 3.6,

W (i (T41)) < (1 = coWap (tiggn (7 + 1)) Wap (o (7)), v = 1/(n+1).

Note that Way, (a(7)) = e Way,(v) and W, (v) = €l|v]|7. /2. Thus the above
inequality can be rewritten as (after dividing by Wa,,(v))

e—e(7’—|—l) < (1 . Coe—e(T—H)(EHUH%Z/2)1—7) €T

Evaluating at 7 = 0 we have

2(1—
I

e <1 —¢e e, &=
21—
Necessarily € > €, thus ¢, > ¢y, for some ¢y > 0 depending on c.

2. Assume that (0,0) is a free boundary point with frequency 2m — e,
e > 0. Then € > ~,,, where 7, € (0,1) is the constant from Corollary 3.7
(i). Indeed, similarly as in step 1 we consider a nontrivial blow-up limit at
(0,0). After 2m-normalization and in the conformal coordinates this leads

to tom (y, 7) = €0 (y), where v solves
Lomv — %v = 0in RY,
v >0, dv <0, viv=0on {y, =0}
Thus one has

~ € er
Won (fiam(7)) = =53¢ vl <0, 7€ (0,00).

By (45), Wam (tiam(7)) < €7 (=3|v]

Lﬁ)’ which implies that € > 7,, > 0. =

The decay estimate in Theorem 2 gives finer regularity results for the sin-
gular set ¥ (u). We briefly recall the definition and the main properties of the
singular set and refer to [8] for detailed statements. Let Y (u) denote the set
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of free boundary points (g, ty) such that the parabolic density of the contact
set Ay, at (xg,to) is zero, i.e.

A0 Qi )
SR

By Proposition 12.2 in [8], (2o, ty) € X(u) if and only if £, +,) = 2m, m € N,
if and only if blow-ups are 2m-parabolic homogeneous polynomial solutions.
Thus around the singular point our Theorem 2 is applicable, which yields a
unique nonzero blow-up limit at each singular point. Moreover, let 3, (u) :=
{(z,t) € X(u) : Ky = 2m}, we can show that the blow-up limit p(, ),
(20, ty) € Yo (u), varies continuously on Yo, (u) with a modulus of continuity
w(s) = —Ins.

= 0.

Proposition 4.6. Let (z9,%0), (Y0, 50) € Lom(w) NQ1y2. Let pay1y) and piy, )
be the unique blow-up limits. Then there exists a positive constant C' depend-
ing on n,m,a such that

v 1
Hp(ﬂﬁo,to) o p(y0780)|‘L°°(Q1) < C(_ In d((:ﬁo, tO): (y()a 30))) T, Y= n+ 1

1/2

where d((xo,to), (Yo, S0)) := |xo — yo| + |to — So|'/* is the parabolic distance.

Proof: Consider the rescaled family w, 1) (,t) = “(xOJF)/‘\ﬁ;ﬁOHQt), A > 0.

By Theorem 2, there exists a unique nonzero 2m-parabolic homogeneous
polynomial p(,, +,) such that

420 0@ =1) = Dlag o) (=Dl 12 < Cru(—210 A) T,
for all A € (0,1/2). Similarly, for (yo, so) € Xam(u) N Q1 /2,

Hu(yo750),/\(x7 —1) — p(ymsO)(CUa _1)HL§ < Cm7n(_2 In\)" 7.
Therefore, by the triangle inequality
1P(o,t0) A (2 =1) = Pyg 50 (2, =1)| 22
< ”u(xoﬂfo)a)\(w’ _1) o p(l“o,to)J\(x’ _1)HL3 + |‘u(yo,50)a>\(x7 _1) - p(yo,so)(l', _1)HL§
+ Hu(ﬂco,to)J\ _ u(y0780),)\|

< Cron(=2InN) T + Cpynad((o, to), (1o, 50))“ A2

2
Lﬁ

Here in the last line we have used the interior C®%%/2 estimate for the so-
lution to the Signorini problem. Balancing the two terms by taking A =
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d((z0,t0), (o, S0)) 7 +27" we obtain

~

1Pt 07 (2, =1) = Py, 0 (2, =Dz < € (= Ind((wo, o), (40, 50))) 77 -

Note that p(y,4) (T, —=1) = Dagt0)(2y), Where Py 10)(y) € Eap is an eigen-

function for Ls,,. Thus by writing p,+) = Z|a\=2m )\((f“’t“)pa and Py, s0) =

D lal=2m )\&yO’SO)pa, where {p,} is an orthonormal basis for &,,, we obtain from
the bound on the L/% norm that

2y

DA — N < € (= Ind((o, o). (0. )T

Note that p(z,t) = (v/=t)*")p(z/+/—t,—1). Thus from the bound on the
differences of the corresponding coefficients of the polynomials p(,, (7, t)
and p(y,.s,) (2, 1), we obtain

~

1PGo.t0) (% 1) = Diyo,s0) (2, ) | 2y < C (= Tnd((o, to), (0, 50))) ™,
for any (o, o), (0, o) € Zam(u) N Q1y2. u

Proposition 4.6 together with the parabolic Whitney extension theorem in
[8] would yield the regularity of the singular set. We remark that with the
precise logarithmic modulus of continuity at hand, it is plausible to conclude
a finer regularity property for the singular set by generalizing the Whitney
extension theorem considered in [9] to the parabolic setting.

5. Perturbation

In this section we show how to modify our proof in Section 3 to the nonzero
inhomogeneity setting. We consider global solutions which satisfies (A)-(C)
to

O — Au = f in S5
u >0, Ou<0, ud,u=0 on S5,

where f = f(z,t) € L®(S;). By chapter 4 of [8], the study of local solutions
with nonzero obstacles can be reduced to the study of global solutions to the
above inhomogeneous equations by subtracting the obstacle and applying
suitable cut-offs.

Assume (0,0) € T, is a free boundary point of frequency . Under a similar
conformal change of variables around (0, 0) as before (cf. Lemma 2.1) we have



40 W. SHI

that @, solves

1 ~
Ortin+ 5 - Vit — Al — S, = 27V f in R, x [0, 00),

Uy > 07 871715 < O> ﬂnﬁnﬂ% =0 on {yn = 0}7

(51)

where f(y,7) := f(2¢"7/?y, —e~7). Note that up to a dimensional constant

My = |fll=ooozz) = swp (/
te[-1,0) \/R

We first consider the case k = 3/2 and denote @ := tg/. Let W(au(r)) :=
Wss((7)) be the Weiss energy (defined as in (7)) associated with the so-
lution @. A direct computation as in Lemma 2.4 gives that 7 — W (u(7))
satisfies the almost monotone decreasing property: for any 0 < 7, < 7, < o0

1/2
If(:v,t)l2G(x,t)dfC> < N llzoesyy-

n
+

W(a(m)) — W(a(r,)) < —2 / |04 *dpdT + 2 / e "o afdudr

R% X [14,7) R% X [74,7)
< - / |04 dudr + / e ™2 fdudr.
R X [74,75) R X [7q,7]

(52)

Relying on this almost monotonicity, we seek to prove the following con-
traction result:

Proposition 5.1. Let @ be a solution to (51) with k = 3/2 and u satisfies
(6). Then there ezists a universal constant ¢y € (0,1/4) such that

W(u(r+1)) < (1 —co)W(u(r)) + 26_7—/2M]% for any T > 0.

The argument for this contraction is similar as before. Instead of providing
the full details, we only outline the proof and point out the differences.

Proof of Proposition 5.1: (i). Assume not, then there exists ¢; € (0,1/4),
¢; — 0, solutions @; to (51) with inhomogeneity f; and times 7; such that

Waj(r;+1)) > (1 — ;)W (u;(75)) + 267”/2»’\4%-
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In the sequel for notational simplicity we write u and f instead of u; and f]
Then, using (52), one has

W ((r; + 1)) > (1= ¢)) [W(a(ry) = W (a(r; + 1))] + 277202

Tj+1
> (- [ (10:alk - e PIFIR; ) dr + 2620

Tj

Tj—l—l
> (1—c)) / |02, dr + e~ 202

J

By the almost monotonicity (52), for any 7 € [; := [1;, 7; + 1],
CJW(fL(T)) Z ch(ﬂ(Tj+1))—cje_Tj/2M% Z (1—Cj) [/ H@TﬁH%sz + e‘TJﬂM}%
I !

Therefore, we obtain
/ |0, a|32dr + e‘Tj/QMJ% < 2¢; / W (a(7))dr. (53)
I ! I

(11). We seek to estimate the Weiss energy for the error term o,. We remark
that the relation (16) still holds for the inhomogeneous problem. First, we
can write

/Ij W(a(r))dr = / Latdpdr

RQL_XIJ'

= / (=0, + e Podudr + / % / (Ontihe, — WO, he,) dudr

R} x1; i {ya=0}

_ /Ay F . Aj _ _
< /I (HaTUHL,’i +e /4||fHL3> 0] 2dr +/5‘7 / (Opthe, — udyhe,) dudr.
’ I; {yn:()}
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Here as in the zero homogeneity case, L := iA —2-V+ %. Applying (53) to
the first term on the RHS we obtain

[ wisoe < (3  wise ) ([ )
/ / he, — Wyhe;) dpdr.

I; {yn*O}

By Cauchy-Schwartz and applying (16) to replace W (a) by W (v) we get,

/ W (o(r))dr < 2003/ |\U|\L2d7'—|—4/ / < Optihe, + A u@ he )d,udT.

Noting that the term involving integral on {y, = 0} is non-positive by the
Signorini boundary condition, we thus obtain

/W dT<C'cj/ |92 dr. (54)

Using W (o(7)) > —3||o(r )HL2 we further obtain

by
8 I { ":0} I H

Here in (54) and (55), the constant C' > 0 is an absolute constant.
With (53), (54) and (55) at hand, we argue as step (iii) and (iv) in Propo-
sition 3.1 and reach a contradiction. n

/2

Similar as for the zero inhomogeneity case, if the Weiss energy is negative
starting from some time 7y, one can show a stronger decay estimate:

Proposition 5.2. Let 4 be a solution to (51) with k = 3/2 and U satisfies
(6). Assume that W (u(1)) < —46_7/2MJ%~ for all 7 > 0. Then there exists a

universal constant ¢y € (0,1/4) such that
Wi(a(r+1)) < (1+co)W(a(r)) + 26_7/2MJ25 for any T > 0.

Now we outline how to obtain the decay rate of the Weiss energy and the
convergence rate of 4(7) from Proposition 5.1 and Proposition 5.2. In the
perturbation case, we consider the modified energy

W (i(r)) == W (ii(r)) + 4e~ M2,
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By (52), 7 — W(@(T)) is monotone decreasing. Moreover, from Proposition
5.1 and Proposition 5.2, there exists a ¢y € (0,1/8) (¢op might be different
from that in Proposition 5.1 but remains universal) such that

—

W (a(r +1)) < (1= o)W (a()),
and if W (@(7)) < 0 for all 7> 0,

—~

W(a(r+ 1)) < (1 + co)W(a(r)).

This implies that there is some constant v € (0, 1) depending on n such that

—~

W (i(r)) < e W (i(0)),
and
W(a(r)) < e W(u(0)) if W(a(0)) < 0.
From this and arguing similarly as in Corollary 3.3 we conclude that if
W(u(r)) > 0 for all 7 > 0, then for all 0 < 7, < 75 < 00,

() = a(r) 33 < G (W (@(0)) +4M3) e

and if W (ii(7y)) < 0 for some 79 > 0, then

la()s = ~Cl¥ (7)), 7 € [m, 00).

For the case kK = 2m, m € N in (51) we assume further that the in-
homogeneity in the conformal coordinates satisfies: for some M > 0 and
€y € (0, 1),

H]F(T)HLa < Me mm=1%€0) for all 7 > 0. (56)

Note that (56) is satisfied if in the original coordinates f(z,t) has the van-
ishing property at (0,0) that |f(z,t)] < M(|z| + v/—1)*™ 1+ Under
such assumption, the inhomogeneity only contributes as a higher order term
in our estimates. In particular, similar as (52) in the k = 3/2 case, we
have the almost monotone decreasing property for the Weiss energy: for
0< 71, < <00,

W (a(n)) — W(a(r)) < — / 10,42 dpdr + M? / e~ ]y,

R:L_X[Ta,ﬂ)] Ta
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Thus with slight modification as in the case kK = 3/2, one can generalize
Proposition 3.5 and Proposition 3.6 to the nonzero inhomogeneity case, and
we do not repeat the proof here.
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