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ABSTRACT: We study orthogonal polynomials on quadratic lattices with respect to
a Stieltjes function, S, that satisfies a difference equation ADS = CMS+ D, where A
is a polynomial of degree less or equal than 3 and C' is a polynomial of degree greater
or equal than 1 and less or equal than 2. We show systems of difference equations for
the orthogonal polynomials that arise from the so-called compatibility conditions.
Some closed formulae for the recurrence relation coefficients are obtained.
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1. Introduction

Discrete semi-classical orthogonal polynomials have been widely studied in
the literature of special functions [12, 19, 20]. They are defined through a dif-
ference equation with polynomial coefficients for the corresponding Stieltjes
function,

ADS =CMS + D. (1)

Here, D is some divided-difference operator and M is a companion difference
operator related to D. The divided-difference calculus is classified in terms of
hierarchies of operators and related lattices (see, for instance, [22, Sec. 2,3]).
In this paper we shall consider the divided-difference operator D given by

_ fla(s+1/2)) — f(z(s —1/2))
DI = i) —as—1/2)
with the so-called quadratic lattice, x(s) = c28® + c15 + ¢g [16, Sec. 2] (see

Section 2 for details). In the literature, these lattices are part of the lattices
usually referred to as non-uniform. The calculus on non-uniform lattices
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generalizes the calculus on lattices of lower complexity, such as the linear
and g—uniform lattices.

There are many papers on semi-classical orthogonal polynomials on qua-
dratic lattices. We refer the interested reader to [7, 8, 11, 22] and their list
of references. Standard research topics include the study of structure rela-
tions, that is, difference equations involving the polynomials, and systematic
classifications or characterizations, given pairs of (A, C') in (1).

In the present paper our goal is twofold. First, to gather some recent results
on semi-classical orthogonal polynomials on quadratic lattices, namely, differ-
ence equations involving the polynomials and related functions, compatibility
relations, and new matrix identities. Essentially, such equations generalize
well-known differential systems from [14] (see Section 3). Then, with the help
of these results, to describe the sequences of orthogonal polynomials within
the class one, that is, under the restrictions deg(A4) < 3,1 < deg(C) < 2
in (1) (see Section 4). The main results are difference equations for the re-
currence relation coefficients of the orthogonal polynomials. For the case
deg(A) < 2,deg(C) = 1, we recover closed form formulae for the classical
orthogonal polynomials.

Let us emphasize that, for some lattices of lower complexity, the description
of class one has been carried out. For instance, [2] gives the classification and
integral representation of semi-classical linear functionals of class one when D
is the derivative operator; in [17], the authors established the system satisfied
by the recurrence relation coefficients of symmetric semi-classical orthogonal
polynomials of class one when DD is the Hahn’s difference operator. We also
note [5], an extensive study on semi-classical orthogonal polynomials of class
one when I is the forward difference operator.

The remainder of the paper is organized as follows. In Section 2 we give
the definitions and state the basic results which will be used in the forth-
coming sections. In Section 3 we show difference equations for semi-classical
orthogonal polynomials on quadratic lattices, together with the consequent
compatibility relations and matrix identities. In Section 4 we deduce dif-
ference equations for the recurrence relation coefficients of the semi-classical
orthogonal polynomials. Section 5 is devoted to examples: we show applica-
tions on the Dual Hahn polynomials as well as on some of their modifications.



SEMI-CLASSICAL OP OF CLASS ONE ON QUADRATIC LATTICES 3

2. Divided-difference calculus on quadratic lattices and
orthogonal polynomials
Quadratic lattices are commonly defined through a parametric representa-
tion x = x(s), s € Z,
2(s) = 8% 4 15 + ¢y, (2)
for appropriate constants ¢;’s [19, 20]. The corresponding divided-difference
operator, defined on the space of arbitrary functions, is given by [1, 18, 19]

r(s+1/2)) — f(x(s —1/2
b a(e)) — LG 12) = Flals = 1/2))
r(s+1/2) —x(s —1/2)
Alternatively, D can be defined in terms of two functions, say y.,y_, as

15, 22]
f(y+(z)) = fy-(z))
(Df)(x) = =——=— : (3)
y+(2) —y-(2)
where y_ and y, are the two y-roots of a quadratic equation
ay® + 2bay + e+ 2dy + 28+ f =0, ac£0, b =ae. (4)
As y_,y, are the y-roots of (4), we have
y—(z) =p(z) —Vr(z), y(z)=ple)+Vr(@), (5)
with p,r polynomials of degree one (in x) given by
bx +d 2(bd — ae)  d®—af

The polynomials p, r defined in (6) will play an important role in the sequel.
In the account of (5) and y_(x) = x(s — 1/2), yi(x) = (s + 1/2), we have
o(s+1/2) +x(s —1/2) = 2p(x(s)), (x(s +1/2) —a(s — 1/2))" = 4r(x(s)).

(7)
We take A, =y —y_. From (5), there follows
Ay, =2T. (8)

Define the operators ET and E~ (see [15]), acting on arbitrary functions f,

as
E*f(x) = f(y=(z)).
With this notation, (3) is given by
Etf—E"-
Df)(z) = ﬁ :
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The companion operator of D is defined as (see [15])

" _
af)(r) = LT ETD) )
Note that D has the following property: if f(z) is a polynomial of degree n
in x, then Df(z) is a polynomial of degree n — 1 in z. Mf is a polynomial
whenever f is a polynomial. Furthermore, if deg(f) = n, then deg(Mf) = n.

We emphasize that, throughout the paper, we will deal with polynomials
of the variable x, not displaying the parametrization (2).

Let us introduce some notations within the functional approach. We take
a linear functional, L : Clz] — C, defined by its moments (u,),>0,

Liz"| =wu,, n=0,1,...,

under the condition

det [UH_]'}H. 07&0, n>0. (10)

1,]=
We shall consider systems of orthogonal polynomials, {P,},>0, with respect
to L, that is,
LIP,P,) = hpopm, n,m=0,1,...,

where h,, # 0 and J,,,, is the Kronecker’s delta. It is well known that (10) is a
necessary and sufficient condition for the existence of a sequence of orthogonal
polynomials with respect to L [21]. Furthermore, if det [uiﬂ]?j:o >0, n>
0, then there exists a positive measure p such that ,

I[P = / P(x)du(z), WP € Cla, (11)

thus the family {P,},>0 is said to be orthogonal with respect to p.
Closely related to £ is the moment generating function, the (formal) Stielt-
jes function, defined by

S(z) =) w7 (12)

Throughout this paper the orthogonal polynomials P, are taken to be
monic, P,(x) = z"+ lower degree terms, n > 0, and the sequence {P,},>0
will be denoted by SMOP.

Monic orthogonal polynomials satisfy a three-term recurrence relation [21]

Poii(x) = (x = Bn)Pu(x) — yPa1(x), n=0,1,2,..., (13)
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with P_j(z) =0, FPo(x) =1, and vy, # 0, n > 1, 79 = 1. The parameters
Bn, Vn are the so-called recurrence relation coefficients.

Another relevant sequence, related to { P, },,>0, is the sequence of associated
polynomials of the first kind, denoted by {Pygl)}nzo, defined through the three
term recurrence relation

PO(@) = (x = )P (2) = P Yy(@), n=1,2,...,  (14)

with PY(z) =0, P (2) = 1.
The sequence of functions of the second kind, {g,},>0, is defined by
au(x) = S(@)Pa(a) = P2y (2), n >0, (15)

subject to the initial conditions q_1(x) = 1, go(x) = S(x). It satisfies a three
term recurrence relation,

Gn+1(x) = (z — Bn)gn(T) — YnGn-1(z), n=0,1,2,.... (16)

3. Semi-classical orthogonal polynomials on quadratic
lattices

Semi-classical orthogonal polynomials on quadratic lattices may be defined
through:
(i) a Pearson equation for the linear functional [9, 10],

D(¢L) =M(ypL), ¢ #0, deg(e) > 1; (17)
(ii) a difference equation for the Stieltjes function [15, 22],
ADS =CMS+ D, (18)

with A, C, D irreducible polynomials (in z);
(iii) a Pearson equation for the weight [3, 22],

ADw = CMw . (19)
The polynomials in (17)-(19) are related via [9, 10]
A=M¢ —r(z)Dy — UMy, C=-D¢+My¢+UiDy, (20)

with Uy = ¢,/2, being & defined by (2) (cf. [9, eq. (16)]), thus, in the account
of (7), Uy = 2py. D is a polynomial depending on A, C.
The polynomials A, C, D in (18) satisfy, in the account of (3), (9), and (12),

deg(A) <m+2, deg(C) <m+1, deg(D) <m, (21)
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where m is some nonnegative integer. When m = 0 we get the so-called
classical polynomials [9, 18].

The class of a linear functional L on quadratic lattices was defined in [10],
as the non-negative integer given by

cl(L) = ( J{E)igx{maX(deg(f) —2,deg(g) — 1)},

X ={(f,g9) € Cla]* : deg(g) > 1 and D(fL) = M(gL)}.

In what follows we show some fundamental identities for semi-classical
orthogonal polynomials on quadratic lattices.

3.1. The system of difference equations for the polynomials. Let S be
a Stieltjes function satisfying the difference equation (18), ADS = CMS+ D.
Following the same lines as in [22] or [4] (where we take B = 0 in Theorem
1), we have, for all n > 1,

{ADPn = (ln—l + Ayﬂn_l)E_Pn — 0/2 E+Pn +0,1E P, ,

ADPY, = (bt + Aymy )E" P, + C/2ET P, + DE*P, + 0, 4E"P\Y,,
(22)

and, for all n > 0,

ADq, = (ln-1 + Ay 1)E ¢+ C/2ETq, + 0, 1 E g1 . (23)
The above difference equations (22) are equivalent to
{AID)Pn = (ly_1 — Ayrp_)E* P, — C/2E P, + ©, E*P,_;

ADPY, = (l.y — Aym,)ETPY, + ¢/2E-PY, + DE"P, + 6, ;E" P,
(24)
and (23) is equivalent to

ADQn — (ln—l - Ay7Tn—1) E+Qn + C/QE_Qn + @n—l E+Qn—1 . (25)

Remark . Furthermore, the polynomials [,,, ©,,, 7, are subject to the following
bounds:

deg(0,,) < max{deg(A) — 2,deg(C) — 1}, (26)
deg(l,) < max{deg(A) — 1,deg(C)}, deg(m,) < deg(C)—1. (27)
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3.2. Compatibility conditions. Define the matrices

Pn—|—1 P7(11>

Pn — 1
p, PY

. n>0. (28)

In the account of (13) and (14), P, satisfies the difference equation

Pn:AnPn—la An: |:x_1ﬁn _gn] ) TLZl, (29)

T — 60 1
1 0
The previous systems (22) and (24) can be put in the matrix form as [7]

with initial condition Py =

ADP, =B, E P, — (E"P,)C, (30)
ADP, =B E*P, — (E"P,)C, (31)

with the matrices B and C given by

Bi _ ln :F(aAyﬂ-n @n

n
Tn

c_[c/2 -D
by F Ay + 22 E5 (e = 8,)) 0 7 [ 0 —C/2)°

From the compatibility of (29) and (30)—(31) we get the equations for the
transfer matrices A, for all n > 1 [7]:

ADA, =B, E A, — (E"A,) B, 4, (32)
ADA, =B E*A, — (E"A,) B, ;. (33)

The compatibility conditions (32)—(33) yield the following relations for the
polynomials m,, l,, ©,, for all n > 0 [7, 15]:

1 n+1 -
T IS (34)

2= T

O

Yn+1

=0, (35)

2

_A+mmx_ﬁmﬂum4—%)—7fmm4+w@+(%H:¥%ﬂ@m44mn

ln—l—l + ln + M(.I - Bn—&—l)
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The following initial conditions hold:

mT—1 = 0, Ty = —D/2, (37)
2

-1 =D, Oy =A——LD — (Iy— C/2)M(x — ), (38)

l_1:C/2, ZOI—M(CU_BO)D—C/2. (39)

3.3. Further matrix identities. The following results extend the differen-
tial systems from the continuous orthogonality given in [14] to the discrete
orthogonality on systems of nonuniform lattices (see [3, Th. 1] and also
22, Sec. 4]). We stress equation (43) below, the analogue of the so-called
Magnus’ summation formula [14].

Theorem 1. Let S be a Stieltjes function related to a weight w, satisfying
ADS = CMS + D, and let {Y,}n>0 be the corresponding sequence given by

{V, = [ Prir oy /w :|}n20- The following equation holds:

Py go/w
A DY, = (B, - C/2I)MY,,, n>1, (40)
where
2
AnJrl =A =+ Tyﬂ-n )
I is the identity matrixz, and B, is given as
Ly O,
= O, O :
Bn R "M(z — B,) (4D
In In
Corollary 1. The matriz B,, satisfies the following identities, for alln > 1:
trB, =0, (42)

@kl

det B, ——A2772+AD——+AZ
k=1

(43)

Remark . Taking into account ©_1 /v = D (see (38)) and (34), an equivalent
equation for (43) is
C?

det B, = —Alm, — - — 2Am. (44)
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In the account of (42), we shall use B, in (44) given as

) ©
B, = " "o
[_Gn—l/’}/n _ln]

Therefore, (44) reads as

2
®n—1(x) — —A27T72L — C— — 2A7Tn . (45)

72

4. Difference equations for the recurrence relation coef-
ficients
4.1. Difference equations when m = 1 in (21). Let us take m = 1 in
(21), that is, A(x)DS(z) = C(x)MS(z) + D(x) with
deg(A) <3, deg(C) <2, deg(D) <1, (46)
were we consider, by writing
A(x) = azz® + ax® + ayx 4+ ag, C(z) = co2® + 17 + ¢,
the condition
az #0 or ¢y #0. (47)

The polynomial D is given in terms of A, C. By collecting the coefficient of
23 in (38) as well as the coefficient of z? in (39) we get

dy = —(as + cap1) /5 - (48)
By collecting the coefficient of 2% in (38) as well as the coefficient of x in (39)
we get, using (48),
dy = az(2pop1 — 1 — 2p1o) — 1?1(662}111 + api + ca(r1 + p1fo — popr)) .(
Dy
In the account of (26)—(27), we have deg(l,,) = 2, deg(0,) = deg(m,) = 1.
Set

19)

ln(x) - fn’zilj’? + En,lx + gn,O ) Gn(x) - ®n,,1x + @n,O ) 71—n(x) = Tp,1T + Tn,0 -

Also, recall (8), thus A%(z) = 4r(z).
Henceforth we adopt the convention that > 7+ = 0 whenever i > j and
[I}- =1 whenever i > j.
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Lemma 1. Under the previous assumptions and notations, the quantities
Cn2y Un1s Ont/VYnt1s Ono/VYot1, T, Tno are given, for alln >0, by

as Co

lpo = n— —pidy — = 50
2 p1 piaq 5 ( )
O, 1
- ( (QTL + 1) + 2p1dy + 62) , (51)
Yn+1 P1 P
d 1 [a
Tpl = —El + — 2p1 ( 3n — 2p1d1 — C2> (52)
gn,l = n 1+ — Z ﬁk‘ (53)
Pi k=1

with

aoP1 — A3Po
L — (—) 0
P

L2 < s s ((n— 1)n(2n — 1) +n2> _ (pidy +C2)n2)

P1 2p} 3 2p

C
— pido — (po — Bo)di — 51 :

Furthermore, the following relations hold, for all n > 1:

©n.0 1 (@n 1 CLS) 2CL3
— = n,0 + — , ﬁn 1 — Bkj 5
Yn+1 Pl i Z

(Ln+1,1 + Lp1+ poOni1/Yn+1)
b1

Sno = — , (54)

Lpilno —2rim2 | — agmyy — c1ca/4

- s - 5 5 n, 1 1)
Mo =Tno+ =5 Y B, Tno= , (55)
e as
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(11) if a3 = 0, then

2p1dy +

k=1 p1

The inatial conditions hold:

To,0 — 27
O O Q] —
S00 _ __+_<d1+g> < fon — pr 20 4 € )<PO 51)
71 p1 pl 7 V1 2 pl
1 O d r
+ < 501—(Po—51)£+ >+—1(2P0—(50+51)+—1)+d0-
D1 " 2 D1 D1

Here, p1,po, 1 are the coefficients of p(x),r(x), defined in (6).
Proof: The coefficient of 3 in (36) yields

—az +p1(lpr12 — ln2) = 0.

This, combined with the initial condition ¢y = —p1di — ¢2/2, gives us (50).
The use of (50) in the equation that follows from the coefficient of x? in
(35),
loi12+ o2+ p1©n1/Yny =0,
gives us (51) for all n > 1. In order to get ©g1/71 we take n =1 in

An+1DPr§1) = (ln + C/Q)MPS) + DMP, 1 + @nMpél—)l :

Indeed, using (34) and (35) with n = 0 in the equation above with n = 1 we
have

D 106 C)
A—|—27“ (—— — ——0> == <—l0 — M(ﬂf - 51)_0 + 0/2) M($—51)+DMP2+@1 .
2 2m g
(57)
The coefficient of 23 gives us
O 1
(-2t i +aa) (58)
M D1 D1

thus (51) also holds for n = 0.
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Equation (52) follows from the use of (51) in the summation formula (34),
and the initial condition mp; = —d;/2 (cf. (37)).

Let us now obtain (53). Using (50) in the equation that follows from
equating the coefficients of x? in (36) we get
(po — Bus1)ag | 2r

as
3 +—X\i+—, M1 =Tpt11+ 1. (59)
p1 p1 b1

Thus, we obtain (53), where we used the initial conditions ¢y; = —pidy —

(po — Bo)dr — ¢1/2.
To get (54) we take the x coefficient in (35),

gn—&—Ll = gn,l -

On1
+ (po — Bay1)—= =0,
Yn+1 Yn+1

7,0

Cpy11 + U1+ 1

and substitute (53) and (51) therein. The initial condition my comes from
(37) and ©g /71 follows from taking the coefficient of 2% in (57).

Tno can be obtained via the summation formula (34). Thus, from (34), if
az =0, we get
1019 1099 1 — O

— - = —. 60
2 % 2 m 2 oy Jk+1 (60)

Tn0 =

and (56) follows. The case az # 0 can be alternatively obtained through the
use of the x3-coefficient in (45), thus yielding (55). _

Theorem 2. Let S be a Stieltjes function satisfying
A(z)DS(z) = C(x)MS(z) + D(x)
with deg(A) < 3, deg(C) <2, deg(D) < 1 subject to the condition (}7). Let
{P,}n>0 be the corresponding SMOP, satisfying (13),
Poii(z) = (x — Bn)Pu(x) — vPoa(z), n=0,1,2,....

Under the notations of the previous lemma, the 7y, ’s are defined only in terms
of the B,’s and the polynomials A,C, a well as p,r from (6), related to the
quadratic lattice. There holds the formula

Tn+2 = leHSj—‘f_Ztk H Sj, nZOa (61)
j=0 k=0 j=k+1
©
" = DP1%0,1 (62)

—az/p1 + 2p1dy + ¢’
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with
6n—1/7n A(xn—i-l) + QT(xn—H)(ﬂ_n—i—l + 7"_n)(xn—&—l)
Sp = = (Tn+1), tn = , (63
Buri /s s/ o) (1) (99)
Ipt1 = (5n+1 - po)/pl 3

and
©o,1 = a1 —r1dy—rod1 + (prdo+ (po— Bo)d1+c1) (po— Bo) + ((po— Bo)do+co)p1 -
(64)

Proof: We evaluate (36) at x,11 = (Bn+1—po)/p1- As M(z—6,41) (1) = 0,
we get

(xn—l-l) = Tn+1
Yn+2 Yn

—A($n+1) - 27”(33n+1))\n(33n+1) + Yn+2 <$n+1) ) (65)

where it was used the notation \,(z) = m,.1(x) + 7,(z). Hence, we obtain
Tnt2 = SnVYn+1 T lny, N2 0 (66)
with s,,t, given in (63). As the solution of the initial value problem

Zp+1 = ApZp + bn y Rng — <0

is [6]
n—1 n—1 n—1
zn:z()HajJerk H aj,
j=ng k=nyg j=k+1
then equation (61) is a consequence of (66).
To get 71, we take the initial conditions
log = —pido — (po — Bo)dr — 1/2, (67)
loo = —(po— Bo)do—co/2. (68)
©o1 = a1 —ridy —rodi — (o1 — c1/2)(po — Bo) — (boo — co/2)p1, (69)
The use of (67) and (68) in (69) yields (64). Using ©1/71 given by (cf. (58))
© 1
L = — (—ag/py + 2prdy + )
g D1

combined with (64), we get (62). u
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Remark . The previous theorem gives us the v,,’s in terms of the 3,’s. In order
to obtain a recurrence for the ,’s we may start by taking the independent
term of (35), which gives us

Oy,
€n+1,0 - _gn,() - (p() - ﬁn—&-l) 0 . (70)
Yn+1

Using this equality into the equation that results from the coefficient of z in
(36) we obtain

1 Po — B On0
lho=—=— (a1 + 2ro 1) — ( wt1) P1—= 4 ln1 — lni11
2p 2py Tn+l
1 Un+1,1 Un—1,1
— p_l(ﬂ-n—i—l,o + Tn0) + Vnt2 o — Yn+1 S (71)

where we used the notation A\, 1 = mu411 + Tn1, Vn1 = On1/Vn+1. Now, by
substituting (61) and (71) into equation (70) we get a first order non-linear
recurrence relation for the 38,’s, say F'(y1, 51, -+, Bni2) = G(71, 61, - - -5 Bnt1)-
Due to the complexity of such a formulae, we shall not give its explicit form
here.

4.1.1. The symmetric case. The symmetric case, that is, 5, = 0, n >
0, implies simplifications in (53), (54), (55), (56), and all these quantities
now depend only on the lattice as well as on the coefficients A, C, D of the
difference equation for the Stieltjes function. In such a case, we have the
result that follows.

Corollary 2. Let A(x)DS(z) = C(x)MS(x) + D(x) with deg(A) < 3,
deg(C) < 2, deg(D) < 1 subject to the condition (47). Under the previ-
ous notation, let B, =0, n > 0. Then, the v, s are determined through:

Ynt2 = ’Y1H8j+ztk H sj, mn=>0, (72)
=0 k=0  j=k+1
1001
_ , , 73
" —az/p1 + 2pidi + ¢ (73)
with
n— n A 2 n n
o O ) Al + 2l )
(Ons1/Yn+2)(0) (Ont1/Vnt2)(20)
and

©p1 = a1 — rdy — rody + (p1do + podi + ¢1)po + (Podo + ¢o)p1 -
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Proof: Take 8, =0, n > 0. Evaluate (36) at o = —po/p1. Thus, as M(z() =
0, we get

@n ®n—1
—A(z0) — 2r(20)(Tn+1 + mn) (T0) + Yt » +21 (Zo) = Yt > (zo). (74)
n—+ n
Therefore, (72) follows. n
4.1.2. Condition (47) with as = 0. Let us take the case
deg(A) <2, deg(C) =2, deg(D) =1. (75)
In such a case, the quantities given in Lemma 1 are as follow:
c
gn,Z = 527 gn,l = Ln,17
@n,1 &) @n,o &)
= T - n,O__QBn—i-la
Tn+1 P1 Tn+l D1
€2 €2 -
n — 1 P n0 — Tn 5 0 )
Tn,1 (n+ )2p1 0,0 ,0+2%;5k
with
nas 211 Ncy n C1
L,1 = 14+ =) —pidy — (po — Bo)d1 — —,
1 p1+p1p1(+2) pido — (po — Bo)ds 5
S, = — (Lnt11 + Lna + p0On1/Vn+1)
n, pl Y
n—1
d 10 1 c
Tho = —= —5—2 + 5— (Lk+1,1 + Lgy — ﬂ) :
2. 2m  2pi p1
Furthermore, by taking the z%-coefficient of (44), that is,
O,1 0,
- 6721 1 2€n,2€n,0 =+ Tn+1 ! Ll = —87”17'('”’071'71,1
’ Tn+1 Vn+l

— 47’071'7%,1 — (C% + 20200)/4 — 2@271'71’0 — 201171'”71 , (76)

we get the expression for ¢, ,

C a
gn,O = Tp T _3771+1 + (47“1(71 + 1) + 2_O> Tn,0 (77)
P1 C2
with P ,
2
o= @ gy (G 200)

Co %1 4ey
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Theorem 3. Under the degrees (75) and the previous notations, we have the
following difference equations for the recurrence coefficients, for all n > 1:

Y42 T Ynt1 T — <47°1(n+2)+2 >7Tn+10+c—<4r1(n+1)+2 >7Tn,0
C2 2 &)

P gy = By 20 L Py o, (78)
C2 %+1 C2

2Ln,1(Tn (47’1 (n + 1) + 2@0/62) 7Tn70> + Gn

Tl = —202 On-1,0 B0 ’ (79)
Ly, p1( T m)
with the initial condztzon 1 given by (62), and with G, = —47“17r,2%0—87’077n,07rn71—

c1¢0/2 — 2a17mn 0 — 20071 -

Proof: To get (78) we use (77) in the equation obtained from the independent
term in (35),

On0
lov1.0 + oo+ (Po — Brr1) —
Yn+1

To get (79) we take the z-coefficient of (44), that is,

=0.

@n 1 anl 0 ®n 0 @n—l 1
_2£n,1€n,0 + Vna1 ( : — + 7 ’ - Gn 3
Tn+1  Tn Tn+1  Tn
with G,, = —47“1753’0 — 87T, 0Tn1 — C1€0/2 — 2a17p 0 — 2a97,1. The use of £,
given by (77) into the above equation gives us (79). _

4.2. m = 0 in (21): classical orthogonal polynomials on quadratic
lattices from compatibility relations. Let us take m = 0 in (21), that

is, A(x)DS(z) = C(z)MS(z) + D(x) with
deg(A) <2, deg(C) <1, deg(D)=0. (80)
were we consider, by writing
A(r) = ag2® + a1z + ag, C(x) = 12 + cp,

the condition
ay#0 or ¢ #0. (81)
In the account of (26)—(27), we have deg(l,,) = 1, deg(©,) = deg(m,) = 0.
Set
ln(fb) = Emlx + Envo, @n(x) = 671707 Wn(x) = Tn,0, -
We have D = dy = —(as + c1p1)/p%-
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Lemma 2. Under the previous assumptions and notations, we have, for all
n > 0,

a9 C1

lbh1 = n— —prdy — =, 82
1 o 1do — 5 (82)
O, 1 a
b = (—(Qn + 1)—2 + 2p1d0 + Cl> , (83)
Yn+1 b1 b
Cl() 1 a9
no = —— +— | —n — 2pidy — , 84
0 5 +2p1 (p1n P100 C1>7’L (84)
and
27“17'(’7% + 6061/4 + a17mp0
lnp = 0 / , n>1, Llyo=—(po— Bo)do—co/2. (85)
n,1

Here, p1,po, 1 are the coefficients of p(x),r(z), defined in (6).

Proof: The equations (82)—(84) follow from Lemma 1.
The x-coefficient of (45) gives us (85). _

Theorem 4. Let A(z)DS(z) = C(x)MS(z)+ D(x) with deg(A) < 2, deg(C)
<1, deg(D) < 0 subject to the condition (81). Consider the notations of the
previous lemma. The following holds:

6270 — 47’07’('72170 — 63/4 — 20,07'('”70

’Yn+1 = n @n’o @nil,o , n Z 1 3 (86)
Tl Tn

ﬁn—&—l = €n+170 + E@nvo + p()@TL,O/f%%Fl , n Z 0 y (87)
n,O/’Yn—H

and the initial conditions By and v given by

B — podo + co + (a1 — T1d0)2/p1 — aspo /3 | (89)
do — az/p7
p1(ag — rodo + ((po — Bo)do + co)(po — o))

—ag/p1 + 2p1dy + 1

. (89)

"Moo=

Proof: The equation (86) follows from the independent coefficient of (45),
On0 On-10

= —47“071'72170 — 03/4 — 201071'7170 .
Tn+1 In

_&21,0 + Y+l
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The equation (87) is obtained from the independent term of (35),
Gn,O

€n+1,0 + gn,() + (pO - 6n+1) =0.
Yn+1
To obtain Sy and v we equate coefficients in (38) and (39), thus getting
50,1 = —pidy — 01/27 (90)
loo = —(po— Bo)do —co/2. (91)
0 = ay—ridy— (bo1 — c1/2)(po — Bo) — (Lo — co/2)p1, (92)
o0 = ap— rodo — (oo — co/2)(po — Po) - (93)
The use of (90) and (91) in (92) yields fy. From (93) we have, using (91),
©p,0 = ap — rodo + ((po — Bo)do + co)(Po — Bo) - (94)
From © /v given by
© 1
20— (—ay/p1 + 2p1do + 1)
! b1
combined with (94) we get 7. u

5. Examples

5.1. Dual Hahn polynomials. The Dual Hahn polynomials have the hy-
pergeometric representation [13]

—n,n+y+0+1,—x
P.(z;7v,6,N) = 3F: 1. 95
(b, Ny =y (TR ) (95)
The lattice z(s) and the polynomials p, r that follow from (7) are
1 +6+1)°
z(s)=s(s+v+d+1), p(:p):x—i—z, r(x)z.r%—w 1 ) . (96)

{P,}n>0 is related to a linear functional L that satisfies D(¢L) = M(¢L),
where the polynomials ¢, are given by [10]

P(x) =(—14+2N+5—7)z+ N1 +v)(1+v+90), ¥(x)=—-20+2N(1+7).

(97)
The Stieltjes function satisfies (18), ADS = CMS + D, with A, C given by
(20), thus,

A:M¢+2r(x)—%M¢, €= —1—Dé+My. (98)
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where we used U; = 1/2. The polynomial D is a constant, D = —c;/p;. As
we have deg(A) = deg(C) = 1, condition (81) of Section 4.2 holds.
From the formulae in Theorem 4 we recover [13, pp. 209], for all n > 1,

Bn = (n+v+1)(n—N)+n(n—0—N-1), v, =n(n+vy)(n—1-N)(n—d—N—-1),
and fy = —N(v+1), =1

5.2. Modification of Dual Hahn polynomials. We consider the following
modifiation of the Dual Hahn polynomials. We take the linear functional [10,

Sec. 2.4]
z:(x+(7+5+1)2)L, (99)

4

being L the linear functional related to the Dual Hahn polynomials. L sat-
isfies

D(¢L) = M(L),
where the polynomials ¢, 1) are given by (see [10, Eq. (40)])

o(x) = (r(z) + D)g(@) + 2r(@)e(x), d(x) = (r(z) + 1)v(x) +2¢(x) , (100)
with ¢, given in (97). Note that (96) holds. Recall that we are taking
a =1 and x — ¢ = r(z), with our notation r(z) for the polynomial Us(x), in
10, Eq. (40)]. i

Denote by {F,},>0 the SMOP related to L, and its recurrence relation

coefficients by ,,7,. The corresponding Stieltjes function satisfies (18),
ADS = CMS + D, with A, C given by (20), thus,

A:M&—TM—%M&, é:—DgE+MzL+%M. (101)

D is a polynomial of degree one, with coefficients given by (48) and (49).
As we have deg(A) = deg(C') = 2, condition (75) of Sub-Section 4.1.2 holds.
From Theorem 3, the coefficients 7, 3, are governed through the difference
system (78)—(79).

Remark . The modification (99) is related to the Christoffel transformation
23, Sec. 3]. In this case the modified recurrence relation coefficients are
known to be given in terms of the non-modified ones [23],

; Buia(c) | Parale) - By () Pia(c) (v+d+1)°

PERTRE TR T B ST T 4
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Note that here the P,’s at ¢ must be evaluated trough (95), whilst our for-
mulae in Theorem 3 give a relation for §,, ¥, in terms of the lattice and the
polynomials involved in the difference equation for S.
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