Pré-Publicacoes do Departamento de Matemética
Universidade de Coimbra
Preprint Number 18-56

A CLASSIFICATION OF MONOTONE RIBBONS WITH
FULL SCHUR SUPPORT
WITH APPLICATION TO THE CLASSIFICATION OF
FULL EQUIVALENCE CLASSES

OLGA AZENHAS AND RICARDO MAMEDE

ABSTRACT: We consider ribbon shapes, not necessarily connected, whose rows,
with at least two boxes in each, are in monotone length order. These ribbons are
uniquely defined by a pair of partitions: the row partition consisting of the row
lengths in decreasing order, and the overlapping partition whose entries count the
total number of columns with two boxes in the successive ribbon shapes obtained
by sequentially subtracting the longest row. The support of such ribbon Schur
functions, considered as a subposet of the dominance order lattice on partitions,
has the row partition as bottom element, and, as top element, the partition whose
two parts consist of the total number of columns, and the total number of columns
of length two respectively. We give a complete system of linear inequalities in terms
of the partition pair defining the aforesaid ribbon shape under which the ribbon
Schur function attains all the Schur interval when expanded in the basis of Schur
functions. We then conclude that the Gaetz-Hardt-Sridhar necessary condition for
a connected ribbon to have full equivalence class is equivalent to the condition for a
monotone connected ribbon to have full Schur support. That is, the set of partitions
with full equivalence class is a subset of those monotone connected ribbons with full
Schur support. M. Gaetz, W. Hardt and S. Sridhar conjectured that the necessary
condition is also sufficient which translates now to every monotone connected ribbon
with full Schur support has full equivalence class. The main tool of our analysis
is the structure of the companion tableau of a ribbon Littlewood-Richardson (LR)
tableau detected by the descent set defined by the composition whose parts are the
ribbon row lengths.
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1. Introduction and statement of results

Littlewood-Richardson (LR) coefficients, non negative integers, arise in a
variety of areas of mathematics [Fu00]. Determining its positivity without
evaluating its actual value is of importance. There exists a variety of combi-
natorial models, collectively called Littlewood-Richardson rules (the original
model conjectured in [LiRi34] and proved in [Sch77, [Tho7§]) to compute LR
coefficients, and to show their positivity it is enough to exhibit an object
in a chosen combinatorial model. Linear inequalities on triples of partitions
guaranteeing their positivity have arisen from studying eigenvalues of a sum
of Hermitian matrices [Ho62, K198, [KnTa99, [Fu00]. Given the skew parti-
tion A := A/, with g C X partitions, it is known that it uniquely defines
a subposet [r(A),c(A)] in the dominance order lattice of partitions of |A|,
the number of boxes of A, where the bottom element r(A) is the partition
formed by the row lengths of A, and the top element c¢(A)’ is the conjugate of
the partition c(A) formed by the column lengths of A. The meaning of this

interval is that, given the partition v of |A|, the LR coefficient ¢/ := cﬁ’y > (0

only if v € [r(A),c(A)’] and, in particular, cfiA) = CZ(A)I = 1 (see,for instance,

[Az99, [Mc08] and references therein). Indeed it is not enough v € [r(A), c(A)’]
to guarantee that ¢4 > 0 [KnTa99, [Fu00].

The LR coefficient ¢’} is a structure coefficient. It arises, for example, as
the multiplicity of the Specht module S in the decomposition of the skew
Specht module S4 into irreducible representations of the symmetric group

Z|A|7

12

g4 P () (1.1)

ve[r(A)c(A)]

and, in the algebra of symmetric functions, as a coefficient of the Schur
function s, in the expansion of the skew Schur function s, in the basis of
Schur functions s,,

sS4 = Z Sy (1.2)

ve[r(A),c(A)]

The expansion is also the image of the character of S4 under the Frobe-
nius characteristic map. Another way to look either at expansions or
is that given A = X\/u, p C A, they generate all possible positive LR
coefficients ¢} := cfw. In view of these expansions, [r(A),c(A)] is then the
Schur interval of the skew shape A, and the Schur support [A] of the skew
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shape A is the set of partition shapes v where either S¥ appears with positive
multiplicity in (1.1)) or s, appears with nonzero coefficient in (|1.2)),

[A] == {v: ¢4 > 0} C [r(A), c(A)]. (1.3)

The skew shape A is said to have full Schur support when in the support
coincides with the Schur interval.

A very general problem in the calculus of shapes is the classification of skew
shapes A whose Schur support consists of the whole interval [r(A),c(A)] in
the dominance order lattice of partitions. (See also Question 5.1 in [McWil2]
Section 5].) In other words, given the partition v of |A|, we ask under which
conditions one has, ¢ > 0 if and only if v € [r(A),c(A)]. In the special
case of requiring all coefficients ¢ = 1, the multiplicity free full interval,
a classification was given in [ACMI7]. We here give, in Theorem [I.7 a
full Schur support classification for monotone ribbon shapes, not necessarily
connected, with at least two boxes in each row, in terms of linear inequal-
ities satisfied by the partition pair (a,p) consisting of the row and
overlapping partitions defining the monotone ribbon shape (see Proposition
[3.3)). The significance of this classification also amounts to the classification
of connected ribbons with full equivalence class (|[GaHaSr17, Definition 7]),
that is, connected ribbons whose Schur support is invariant under any or-
der rearrangement of the rows. More precisely, monotone connected ribbons
with full equivalence class only exist among those with full Schur support.
This is a recent input on our study of monotone ribbons having full Schur
support and comes from the work by Gaetz, Hardt, Sridhar and Quoc Tran
[GaHaSr17, (GaHaSrTr17] where the support equality among connected rib-
bon Schur functions under any order rearrangement of the rows is addressed.
The set of connected ribbons with full equivalence class has partitions as rib-
bon representatives. Lemma [[.11]shows that the Gaetz-Hardt-Sridhar neces-
sary condition [GaHaSr17, Theorem II.1] for connected ribbons to have full
equivalence class is equivalent to our classification, in Theorem [1.7], of mono-
tone connected ribbons with full Schur support. Theorem [I.12] concludes
that a monotone connected ribbon with full equivalence class has full Schur
support. For monotone connected ribbons with at most four rows, ribbons
with full equivalence class coincide with ribbons with full Schur support.

Earlier work on calculus of skew shapes are, for instance, Schur support
containments by Pylyavskyy, McNamara and van Willigenburg [DoPy07,
McWil2], skew shapes with the same Schur support or skew Schur function
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equalities by McNamara and van Willigenburg [Mc08, McWi09]. In particu-
lar, ribbon Schur functions were already considered by MacMahon [Mac17,
199-202] and Foulkes [Fo76] with representation-theoretic significance by the
last. Finally, it is worth noting that Reiner, Shimozono [ReShio8] and R. I.
Liu [Liul2] have considered Specht modules and, therefore, Schur functions
for more general diagrams than skew shapes. However, apart percentage-
avoiding diagrams [ReShi98], the combinatorial description of the coefficients
for the Schur expansion is not known in general.

1.1. Overlapping partition of a monotone ribbon and descent set
of a SYT. Arbitrary connected ribbons (diagrams corresponding to skew
shapes containing no 2 x 2 rectangle) are in bijection with compositions
assigning to the ribbon the row lengths. Thanks to the m-rotation symme-
try of LR coefficients [St99, [ACMO09], the Schur support classification of LR,
monotone ribbons may be reduced to ribbons with row lengths in monotone
decreasing order. Decreasing monotone ribbons with rows in length at least
two, have at most columns of length two which occur exactly when two rows
overlap: the overlapping partition p, read in reverse order, records sequen-
tially, by accumulation, the number of columns of length two from the bottom
to the top rows of the ribbon (see Section [3] and Definition [3.1)). Proposition
B.3] shows that monotone ribbons, not necessarily connected, with at least
two boxes in each row in monotone length order, are in bijection, up to an
antipodal rotation, with partition pairs (a,p) where the £(a) parts of the
row lengths partition a = (o, ..., qq)) are in length at least two, and the
{(p) parts of the overlapping partition p = (p1,. .., pya)-1,0) are assigned by
a multiset of {/(a) — k,...,2,1} of cardinality ¢(a) — k < {(p) < () — 1
with £ € {1,...,¢(a)}. We often denote these ribbons by R, or just say
the partition o with overlapping partition p to mean that p is the overlap-

ping partition of the ribbon R2. The Schur interval of our ribbon R?, with
k = {(a) — p; connected components, is
(B8] € [a, (Jo| = () + K, l(a) = k)] (1.4)

Example 1.1. The partition pair (o = (3,3,2,2,2),p = (2,2,1,1,0)) where
p1 = l(a) —3 = 2 and {(p) = ¢(a) — 1 = 4, defines the monotone rib-

bon R](’33222), below, with 3 connected components, and Schur interval
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(3,3,2,2,2),(10,2)],

| . (1.5)

Our classification is based on the fact that given a monotone ribbon with
row lengths at least two, defined by the partition pair (o, p), the existence
of a companion tableau [LecLen17, Nak05, Appendix] for an LR filling of
RP with content v, is equivalent to show that the triple of partitions «, p
and v satisfy a certain system of linear inequalities in Theorem [1.5]
The companion tableau of a LR connected ribbon R, is detected by the
descent set S(a) = {a1, a1 +ag,..., a1+ +ayq)-1} of its standardization
(see sections and [2.2). The following alternative description of the LR
coefficients in the expansion is known [Fo76l, [Ge84] [Ge93], counting
exactly standardized companion tableaux of connected LR ribbons.

Theorem 1.2. [Fo76, [Ge84], [Ge93]. Let a be any composition of N and R,
the corresponding connected ribbon shape. Then

SR, = E dy,asyy
v

where v runs on the set of partitions of NV, and d,, is the number of stan-
dard Young tableaux (SYT) of shape v and descent set S(a) = {ay, a1 +
a9, ...,01 + -+ Odé(oz)fl}-

This means that given the connected ribbon R,, the LR ribbon coefficient
Cp. = dyq i positive if and only if there exists a semistandard Young tableau
(SSYT) tableau of shape v and content o whose standardization has descent
set S(a) = {a1, a1+ay, ..., a1+ - -+ayq)-1}. For ordered compositions with
parts of length at least two, we show, in Theorem [1.5] that the existence of
such standard Young tableau guaranteeing the positivity of ¢j is equivalent
to require that the triple of partitions o, v and p = ({(a) — 1,...,2,1,0)
satisfy a certain system of linear inequalities . More generally, we prove
that the characterization is valid for monotone ribbons with £ components by
replacing the stair partition p of £(«) —1 with a multiset of {¢(a))—k, ..., 1} of
cardinality (a) —k < l(p) < l(a) — 1, where k € {1,...,¢(a)}. Our method
then consists of explicitly identifying in a SSYT of shape v and content the
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partition «, the obstructions for being a companion tableau for a monotone
LR ribbon, with the goal to remove them through a rotation procedure (see
Subsection [4.2)). This removal is possible whenever linear inequalities
are satisfied by the triple of partitions («, p,v). More precisely, the effective
obstructions, detected by the overlapping partition p, correspond to some
elements in S(a) which are not in the descent set of the standardized tableau.
Thus to exhibit the positivity of a such LR ribbon coefficient one just needs
to exhibit a companion tableau for the ribbon LR filling. To minimize the

number of obstructions that we have to deal with we work out on a SSYT
with canonical filling (see Section [2.4)).

1.2. Monotone ribbons: witness vectors and their slacks. Put x, :=
max{0,z} where z is a real number. To a monotone ribbon RE, we associate

a sequence {f]i}fg_l of £(p) — 1 witness vectors, and to each witness §' we

assign the slack p;y1 — 1, for i € {1,... 4(p) — 1}.

Definition 1.3. Let a be a partition with parts at least two and with overlap-
(a)

ping partition p. Foreachi € {1,...,¢(p)—1}, put g;—1 := Z ag—pit1 >0
—it+1

the rest of order v of RP, that is, the total number of coi]untns in the last

() —i rows of R} Define the i-witness vector of RL to be the nonnegative

vector g = (gi, - .., g;) where g; := [0; — o], , j =1,...,i. The slack of the

i-witness vector is p;41 — 1, for i € {1,...,¢(p) — 1}. If ¢(p) = 0,1, RP has

no witness vectors.

The size |§'| := 3%_; [oi — ], of the i-witness vector §' is said to fit its
slack, if |§'] < piy1 — 1, otherwise is said to be oversized.

Remark 1.4. For i € {1,..., ¢(p) — 1}, o; exceeds the total number of
columns in the last ¢(«) —i rows of RP. In any LR filling of R? the i+ 1’s are
filled in the last £(a)) — i rows, and thereby its number is < ;. Fori € {1,...,
{(p) — 1}, g" = 0 if and only if a; > ;.

1.3. Statement of main results. Our key result is Theorem which
determines ¢y, > 0 without determining its actual value. It gives a set of
linear inequalities on the partition triple («, p, ) as necessary and sufficient
conditions for the positivity of ¢j,. The inequalities are explained by the
combinatorial interpretation of o < v in the dominance order on partitions
(see Remark , and the obstruction of the overlapping partition p to the
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partitions dominating o. When p = 0, we have no such obstruction, cf is a
Kostka number, and a < v characterizes completely the aforesaid positivity.

Theorem 1.5. Let a be a partition with parts at least two and overlapping
partition p = (p1, ..., Pea)-1,0), and v a partition of |a|. Then

v € [a, (laf = pi,p)],
t(a)
v; < Zaq —pi, for 1 <i </{(p).
q=1
In particular, when ¢(p) = {(a) — 1, that is, p; = (o) —i, 1 < i < {(«), there
exists a SYT of shape v with descent set S(«) if and only if the right hand
side of is satisfied.

The necessary and sufficient condition ((1.6)) is easily read: v € [a, (|a| —
p1,p1)] is in the support of R if and and only if the v; < g;_1, with gy :=
la] — py + 1, for i = 1,...,¢(p). With this on hand we give a criterion to
decide when RP has full Schur support, that is, when one has Cpp >0 if and
only if v € [a, (|Ja| — p1, p1)]. The test assigns to each i € {1,...,¢(p) —1} the
i-witness vector of R? and compares its size with the slack p;+1 —1 > 0. The
existence of a single witness fitting its slack prevents the full Schur support
because it can be used to construct a partition in the Schur interval but not
in the support. This is the case of a witness of size zero, that is, when the
partition a has a; > p; for some 1 <i < {(p) — 1.

Theorem 1.6. Let a be a partition with parts > 2, and overlapping partition
p=(p1,-- 7]?6(@)7170)- Then [RY] ; [, (|| = p1,p1)] if and OHIY if £(p) > 2
and, for some 1 <7 < ¢(p)— 1, the size of the i-witness vector §' fits its slack,
that is,
1

Z l0i — ], < piv1— 1. (1.7)

j=1
In this case, o +§: > 0; > piy1 —1 =13, 5 = 1,...,1, whose decreasing
rearrangement is the partition (ay + 3, ..., + 3., 0i, pir1 — 1 — |§']) " of |
in the Schur interval of R? but not in the support of RZ.

The equivalent statement for full Schur support is

Theorem 1.7. Let a be a partition with parts > 2, and overlapping partition
p = (P1,.--,Pya)-1,0). Then [RE] = |a, (|a| — p1,p1)] if and only if either
((p) < 2or {(p) > 2 and, in this case, for every 1 < i < ¢(p)—1, the i-witness
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vector of RP is oversized with respect to its slack, that is,

Z loi —ajl, = piy1, 1<i<{(p)—1. (1.8)
j=1
Remark 1.8. R has full support only if
()
a; < 0 & a; < Z ag—piv1, 1 <i</{(p)—1
g=i+1

The following is a generalization of [GaHaSrTr17, Theorem 3.6] to mono-
tone disconnected ribbons with ¢(p) < 3 which contain the monotone con-
nected ribbons of length < 4.

Corollary 1.9. In particular,
(a) when p = (2,1,019=2) [RP] = |a, (Ja| — 2,2)] if and only if
{(e)
0] < 01 &= o1 < Zqu. (19)
q=2

(b) when p = (3,2,1,04973) [RP] = [a, (|| — 3,3)] if and only if

(o) (o)
a < Zaq —2 and ap < Zocq. (1.10)
q=2 q=3

In |[GaHaSr17, Theorem II.1], that we reproduce below as Theorem m
for the reader convenience, a necessary condition is given for a connected
ribbon with parts at least two, to have full equivalence class [GaHaSr17,
Definition 7]. This necessary condition combined with Theorem shows
that a monotone connected ribbon with parts > 2 has full equivalence class
only if it has full Schur support. That is, full equivalence classes only exist
among monotone connected ribbons with full Schur support.

Theorem 1.10. [GaHaSr17, Theorem II.1] Let « be a partition with parts
> 2 and R, a connected ribbon. If o has full equivalence class then

N;j := max{k : g (k—ai) <lla)—j—2} <p;, 1 <j<t(a)—2. (1.11)
1<i<j
a; <k

For monotone connected ribbons, inequality ([1.11]) is equivalent to inequal-
ity (1.8) in Theorem characterizing full Schur support.
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Lemma 1.11. For all j € {1,...,{(a) — 2},
N;=maz{k: > (k—a;) <l(a)—j—2} < gj & Y (gj—ai) > L(a)—j—1.

1<i<j 1<i<j
a;<k a;<Qj
(1.12)
In addition, combining Theorem with [GaHaSrTr17, Theorem 3.6], one

has

Theorem 1.12. Let a be a partition with parts > 2 and R, a connected
ribbon. If a has full equivalence class then R, has full support. When
{(a) < 4, « has full equivalence class if and only if R, has full support.

Proofs of main results will be delayed until sections [ [5 and [6]

1.4. Organization of the paper. This paper is organized in seven sections
with the following contents. The next section, divided in seven subsections,
contains the basic terminology, definitions and results that we shall be using
throughout the paper. We highlight the concepts of descent set of a semistan-
dard Young tableau versus SYT and Proposition in Subsection 2.2} the
combinatorial interpretation of dominance order on partitions, in Subsection
[2.3] enlightening inequalities (1.6]), and companion tableau of an LR tableau,
in Subsection [2.6 our key tool in the proof of the existence of a monotone
ribbon LR filling with given shape and content or the positivity of a ribbon
LR coefficient.

Section |3|is divided in four subsections. Subsection defines (Definition
3.1) and discusses overlapping partition of a ribbon, with row lengths at
least two, that we shall use in the (connected or not) monotonic case, and,
in the last section, in the connected case with row lengths in any order.
It is shown that monotone ribbons not necessarily connected are uniquely
defined by the row lengths partition and the overlapping partition. It is
recalled in Subsection that the descent set of a standard Young tableau
detects the companion tableau of a LR connected ribbon. The enumerative
characterization of LR connected ribbon coefficients ¢j in Theorem is
generalized to disconnected ribbons.

Given T a SSYT of shape v and weight o the descent set of the stan-
dardization of T is a subset of S(a). As our study reduces to ribbons R,
with « a partition, the serious rejection for T to be a companion tableau for
a LR ribbon of shape R, occurs when it leads to a filling of R, with the
same letter in a column of length two. In Subsection 3.3 we translate the
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numbers in S(a) and not in the descent set of the standardized T, giving
rise to the aforesaid violation, to the critical numbers set of T', a subset of
{2,...,¢(a)}. In addition, as our monotone ribbons may be disconnected,
the overlapping partition is used to detect the effectiveness of the critical
numbers of a companion tableau of a LR ribbon of shape RZ, as explained
in Subsection [3.4]

Section {4 gives the proof of Theorem 1.5/ which determines by means of a set
of linear inequalities on the partition triple (a, p,v), the positivity c%g > 0
without determining its actual value. Assuming the linear inequalities on
the right hand side of (1.6)), the goal is to exhibit a companion tableau for
a LR filling of the shape RZ. The semistandard tableau of shape v and
weight « with canonical filling (Subsection is picked, and then if neces-
sary one modifies its filling according to a certain rotation procedure to avoid
p-effective critical numbers so that the new tableau is a companion tableau
of an LR filling with weight v of the shape RZ. The linear inequalities on
the right hand side of guarantee that our rotation procedure is suc-
cessful. Section [f] gives the proof of Theorem [1.6] and Theorem [1.7], logically
equivalent, which classify the monotone ribbons with full Schur support, and
Corollary which gives a simple version of those inequalities in the case
where the overlapping partition has at most length four. Illustrative exam-
ples are also provided.

In section [0, the bridge between the classification of monotone connected
ribbons with full Schur support and those with full equivalence class [GaHaSr17]
is established. More precisely, Lemma shows that for monotone con-
nected ribbons, the inequality (1.11]), in Theorem [I.10, [GaHaSr17, Theorem
I1.1], giving a necessary condition for full equivalence class, is equivalent to
the inequality (1.§), in Theorem [1.7, characterizing the full Schur support.
The bridge allows to prove Theorem which states that every partition
with full equivalence class has full Schur support. Instances on the coinci-
dence of these two classifications are provided. More importantly, Corollary
6.4 shows, as observed in Remark|[6.5], that a non monotone connected ribbon
of length three may have full Schur support while its monotone rearrange-
ment does not have.

Section [7] generalizes, in Theorem [7.1] the necessary condition, in Theorem
E, for the LR coefficient ¢j positivity, with a a partition, to connected
ribbons Rz with 3 a composition. Remark[7.2]shows that if these inequalities
on the triple (5, p,v) with § a composition and p the overlapping partition
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of Rj, are also sufficient, then the classification on partitions having full
equivalence class and full Schur support is the same, and, henceforth, the
Gaez-Hardt-Shridar conjecture [GaHaSr17, Conjecture I1.4] claiming that
the necessary condition for a partition to have full equivalence class is
also sufficient, is true.

Acknowledgements. We are thankful to the organizers of workshop Posi-
tivity in Algebraic Combinatorics, BIRS, Banff, Alberta, August 14-16, 2015,
for the opportunity to present our work on full Schur supports, to Joao Gou-
veia for useful discussions and suggesting the phrasing of witness vector with
its slack which allowed economy and clarification in our redaction, and to M.
Gaez, W. Hardt, S. Sridhar and P. Pylyavskyy for letting us know the paper
[GaHaSr17] on full equivalence classes.

2. Preliminaries

2.1. Partitions, compositions and tableaux. A partition A is an ordered
list of positive integers \y > Xy > --- > )\g()\) > (0 where \; are the parts and

¢(\) the length of \. We say that |\| := ngl) A; is the size of A and that
A is a partition of |A|. It is convenient to set A\ = 0 for k > ¢(\). The
Young diagram of the partition A = (A1, Ag,..., Ayy)), or Young diagram of
shape ), is the collection of |A| boxes arranged in ¢(\) left-aligned rows, in
the lower right quadrant of the plane, where the ith row has \; boxes, for
1 < i < {(X). We shall identify a partition with its Young diagram. Given the
partition A, the conjugate or transpose partition )\’ is the partition obtained
by transposing the Young diagram of A. A filling T of a Young diagram of
shape A with positive integers is called semistandard if the integers increase
weakly across rows (row semistandard condition) and strictly down columns
(column standard condition). Such a filled-in Young diagram of shape A is
called a semistandard Young tableau (SSYT) T of shape A\. The weight or
content of a SSTY is the sequence a = (a, g, . . .), where «; is the number
of integers ¢ in the filling of the tableau.

A composition a with ¢(«) parts is a sequence of ¢(«) positive integers.
The partition o is the monotone nonincreasing rearranging of a. The size
of a is defined to be |a| := |a™|, in which case we say « is a composition
of |a|. The length of a is l(a) = £(a™). If B = (B1,...,Byp)) is another
composition, we define the concatenation of o and g to be the composition

a.f = (041, o Q) b1, .. ,ﬁg(ﬁ)) of length K(Oé) + f(ﬁ)
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We denote by Tab(\, «) the set of all SSYTs of shape A and content the
composition «. For A a partition and « a composition of |\|, the Kostka
number K, is defined to be Ky, := #Tab(\, ).

A skew shape or (skew Young diagram) A/ is obtained by removing the
Young diagram g from the top-left corner of the Young diagram A, when p
is contained in A as Young diagrams, or equivalently, when p; < \;, for all
i > 1. In particular, when p is the empty partition 0, we have \/0 = A. The
size of A/ is |\/p| := |A| — |u|. An horizontal strip is a skew diagram which
has at most one box in each column. The basic form of a skew shape is the
skew diagram obtained by deleting any empty row and any empty column.
The skew shape A/u in the basic form defines the composition A\ — p that
we simply write \/p if there is no danger of confusion. A skew shape is said
to be connected if there exists a path between any two boxes of the diagram
using only north, east, south and west steps such that the path is contained
in the diagram. A SSYT of skew shape A/u and weight v is a semistandard
filling of the the skew-shape A/u of weight v.

2.2. Descent set of a standard tableau. If a SSYT T of size n (n boxes)
has entries in [n] := {1,2,...,n}, each necessarily appearing exactly once,
then T is said to be a standard Young tableau (SYT).

A SSYT T in Tab(\, «) may also be regarded as a sequence 0 = A\ C
M C oo C M@ = ) of partitions such that each skew shape AN s
an horizontal strip of size «;. Simply insert an ¢ in each box of the strip
N /XLISE99]. The standard order on a semistandard Young tableau is the
numerical ordering of the labels with priority, in the case of equality, given by
the rule southwest=smaller, northeast=larger. The standardization T of a
semistandard tableau T € T'ab(\, ) is the enumeration of the labeled boxes
according to the standard order of T', that is, the enumeration of the boxes
across the sequence 0 = A’ C A\l C .. C M@ where each horizontal strip
N /N1 of size a; is read SW-NE. For instance, the following are SSYT’s with
shape A = (4,3,2) and content o = (2,4,2,1), and their standardizations,
respectively:

1/1/2]2] 111/2]2] 112156 112/5[6]
21213 21214 3[4]8 31419
T =34 Q=133 eTab(A,a),T:79 Q=178
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The descent set D(U) of a SYT U of shape A is defined to be the subset
of [|A| — 1] formed by those entries ¢ of U for which i + 1 appears in a strict
lower row of U than ¢. There is a one-to-one natural correspondence between
subsets of [|A| — 1] and compositions of |A| [St99, [Fo76]. The composition
a = (a, ..., Q) gives rise to the subset S(a) := {ag, a1 +az, ..., 01 +ag+
-+ Q(a)-1}, with cardinality ¢(a) — 1, of [|a| — 1], and vice-versa. Hence a
SYT of shape A has descent set S(a) for some composition « of |A|. In (2.1)),
for example,

D(T) = {2,6,8} =S(a) and D(Q)={2,6} S S(e). (22

However, Q\ is also the standardization of V = [313 € Tab(\, B =
(2,4,3)) with 8 = (a1, 2,3 + a4). In particular, Tab((4,0),(2,2)) has
a sole element whose standardization has descent set the empty set, and
Tab((4,4),(4,2,2)) has a sole element whose standardization has descent set
{4} & S(4,2,2).

Given T € Tab(\, «), the descent set D(T') of the SSYT T is the subset
S of {1,...,¢(a) — 1} that consists of s € {1,...,¢(a) — 1} for which there
exists a pair of entries s and s + 1 in T such that s + 1 appears in a strict
lower row of T than s. When T is a SYT, that is, T' € Tab(), (1)), we
recover the notion of descent set in a SYT, where D(T) is a subset S of
[[A| = 1]. We show next that a SYT of shape A has descent set S(a) if and
only if it is the standardization of some SSYT in Tab(\, a) with descent set
S={1l,...,0(a)—1}. A SYT of shape X has descent set S(5) C S(«) if and
only if it is the standardization of some SSYT in Tab(\, o) with descent set
SC{l,....l(a) =1} and S(B) = {D>Jj_; aj : s € S} C S(a).

Proposition 2.1. Given a partition A and a composition « of ||, there exists
a bijection between T'ab(\, ) and the set of all SYT’s of shape A with descent
set a subset of S(a), defined by the map T — T. Moreover, if T € Tab(\, a)

~

and S = {s; < - < 55} then D(T) = {37, : s € S} = S(B) C S(a)
with /6 = (517 s 75|S|? ‘Oé| - 6\30 such that Bz - 62'—1 = Zj;l ay — Zjlz_ll Ay,
1 <i<|S|and fp := 0.

Proof: Let 0 = \Y C A\ C ... C @) — ) Ee the sequence of partitions
defining T' € T'ab(\, ). The standardization T of a SSYT T € Tab(\, «) is
the enumeration of the boxes across the sequence 0 = \' C M\ C ... C N\@)
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defining T" where each horizontal strip A’/A! of size a; is read SW-NE. This
means that T is a SYT of shape A and its descent set D(T)) = {> 1y
s € 8} C S(a) where S consists of s € {1,...,¢(a) — 1} for which the most
SW box in A¥"1/\* appears strictly below the most NE box in A\*/\*~1.
Given U a SYT of shape A and with descent set S(8) C S(«) for some
composition 3 of |A|, the standardization may be reversed to give a SSYT
in Tab(\, B). A SYT of shape A with descent set S() defines the sequence
of partitions 0 = #° C ¢* C ... C 0P = X\ where each 67 consists of the
B1+ .-+ B boxes of U with the entries given by [ + - - - + §;]. Therefore
filling each horizontal strip 6//67~! with §; j’s, for all j € [((8)] gives a
SSYT in Tab(\, B). Because D(U) = S(B) C S(«a), given j € [U(B)], B; =
Qg1 + -+ Qg for some {k+1,...,k+d} C [{(«)]. Then we may fill
the 3; boxes of the horizontal strip 67/67~!, from SW-NE, with a1 k+ 1’s,
apr2 k+2’s, ..., agrs k4 d’s to obtain a SSYT in Tab(\, «). O

2.3. Dominance order on partitions. The dominance order on partitions
of the same size n, is defined by setting A < p if |A| = |u| = n and

Mt N <+

for i = 1,...,min{¢(\), (1) }. Equivalently, the Young diagram of p is ob-
tained by [ifting at least one box in the Young diagram of A\. Observe that
A =X pif and only if ¢/ < N. The pair (P,, %) with P, the set of all partitions
of n is a lattice with maximum element (n) and minimum element (1"), and
is self dual under the map which sends each partition to its conjugate. The
interval [\, u] in P, denotes the set of all partitions v such that A < v < p.

£\ ()
Remark 2.2. Note that if A < u, the inequalities u; < Z Ag = Ni+ Z Ags
q=t q=1i+1

for 1 < i < 4()\), are always satisfied. For 1 < i < /()\), either p; is
obtained by lifting boxes from (A1, .., Ayy)) to A;, in which case, A; < p; <
i + Zg(ii)ﬂ Ags OF p; is obtained by lifting boxes from A; to (A1,...,Ai—1), in
which case, u; < A\ < \; + Zg(:/\i)ﬂ Ag-

2.4. The canonical filling in T'ab(v, o). Let o be an arbitrary composition
and v a partition such that |v| = |a|. We exhibit a representative element
of Tab(v,a), see also [JaVil7]. The proof provides an a-weight canonical
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filling of a Young diagram of shape v. The canonical filling enjoys descent
properties to be used later, see Section [3.3 and Proposition [3.13]

Lemma 2.3. Let o be any composition and v a partition such that o™ < v.
Then, K,, > 0 and Tab(v, ) has a canonical filling representative of the
shape v with weight a. It is constructed by filling horizontal strips greedily,
from the bottom to the top of v, starting with the longest columns, while
rows are filled from right to left.

Proof: Assume that ™ < v. Then s := ¢(a) > ¢(v) = m, and the shape
v = (v1,...,Vy) has m rows and vy columns. We will show by induction
on s that we can construct a SSYT T of shape v and weight o by filling
horizontal strips greedily, from bottom to the top of v, starting with the
longest columns, while rows are filled from right to left. The case s = 1 is
trivial. So, assume s > 2. If a = (ay,..., s 1,a]), then fill in, as above,
o entries of the shape v with letters s. The remaining shape v satisfy
(af,...,al ;) 2 U and, by the inductive step, there is a filling as above of
the shape v with content (aq,...,as 1). Therefore, there is also a filling of
the shape v as above, with content (a, ..., a1, a]).

Consider now the case @ = (aq,...,af,...,as_1,a;), where the entry
af is in position 1 < k < s. Let (s; s — 1) and (k; s — 1) be trans-
positions of the symmetric group Ss. Write @ = (s; s — 1)(k; s — o =
(1,...,a5-1,...,a; ,af). From the previous case, there is a filling of the
shape v with content a. Consider now the two bottom row strips filled with
o letters s — 1, and o letters s. We refill these strips first with o, letters
s, and then with a7 letters s — 1, to obtain a filling of the shape v with
content (aq, ..., 1,...,a , a;). Subtracting the strip filled with «;", we
get a shape v filled with content («,..., s 1,...,a7). By the inductive
hypotheses, it can also be filled in the way described above with content

(a1,...,af, ..., as1). Rejoining the strip o we get the desired filling. O

y KRg oy

Example 2.4. Below are examples of SSYT’s of partition shape with canon-
ical filling:

112]213/4] [1]1]/1]2]2]212] [1]1]1/2]/2]2]3/3/3/5|5/6]
3/5/516/6] 2[3[3/4][4]5/5] [3[4]5/5]/5/6/6

4 41415[5]5]6 50561667

5 55 6|6

6 6|6 717
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()

2
414
5

w
w

‘Uumw[\m—m
QU (DN | =
o
o

The previous lemma gives a constructive proof of the only if part of (¢) in
the next proposition.

Proposition 2.5. [Fu97, [Sa01l, [St99] Let o be a composition and v a parti-
tion of |a|. Then

(CL) Ky,a+ = Ky,om

(0) Kot o =1,

(¢) at 2 vif and only if K, , > 0.

For instance, in (2.1)), o™ = (4,2,2,1) < A

2.5. Skew-Schur functions, LR tableaux and Littlewood-Richardson
rule. Let A denote the ring of symmetric functions in the variables x =
(1, xa,...) over Q, say. The Schur functions s, form an orthonormal basis
for A, with respect to the Hall inner product, and may be defined in terms

of SSYT by
s,\:Z$ Zx1x2x3--- €A, (2.3)
T

where the sum is over all SSYT of shape A and t; > 0 is the number of
occurrences of ¢ in 7" [St99]. The notion of Schur functions can be generalized
to apply to skew shapes \/u. Replacing A by A/ in gives the definition
of the skew Schur function s),, € A as a sum of monomial weights over all
SSYTs of skew shape A\/p. We identify s),, with the skew Schur function
indexed by the skew Young diagram in the basic form.

The reading word w of a SSYT T is the word obtained by reading the
entries of T" from right to left and top to bottom. If, for all positive integers
i and j, the first j letters of w includes at least as many ¢'s as (i + 1)’s, then
we say that w is a Yamanouchi word. Clearly, the content of a Yamanouchi
word is a partition. Yamanouchi words of content v are in bijection with
standard Young tableaux of shape v [Fu97, Section 5.3]. Each SYT U of
shape v specifies a Yamanouch word wy = wy -+ -w), of content v, in the
alphabet [¢(v)], where the number u € [|v|] is in the w,th row of the SYT,
and this map is one-to-one. Moreover, one has w; > w;i; unless j € D(U)
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in which case w; < wjyi. In (2.1), for example,
ws=112211323  and  wy = 112211332 (2.4)

A~

are Yamanouchi words of content v = (4, 3,2), where D(T') = {2,6,8} and
D(V) = {2,6}.

A Littlewood—Richardson (LR) tableau [LiRi34] is a SSYT whose reading
word is Yamanouchi. We denote by LR(A/u,v) the set of all LR tableaux
of shape \/p and content v. When p is empty, A = v and the LR tableau of
shape v and content v, denoted Y (v), is called the Yamanouchi tableau of
shape v. In fact, Y (v) is the unique SSYT of shape and content v, precisely,
the SSYT that is filled with 4’s in row . The structure constants c Jp I
the expansion ([1.2) of the skew Schur function s,/,, in the basis of Schur
functions, are given by the Littlewood—Richardson rule which states that the
Littlewood—Richardson coefficient ¢, = HLR(A/ i, v), the number of LR
tableaux with skew shape \/u and content v [LiRi34, [St99].

2.6. LR tableaux and companion tableaux. LR tableaux in LR(\/pu, v)
can be replaced by their companion tableaur which are certain SSYTs in
Tab(v, \/u) whose standardizations encode the Yamanouchi reading words
of the LR tableaux in LR(A/u,v). Given G € Tab(v,\/u), the contain-
ment of the descent set of G in S (A1) guarantees that the filling of \/u
with Yamanouchi reading word wg satisfies the row semistandard condition.

Thus any tableau G' € Tab(v, /) specifies through G a filling of the skew
shape A/p with the Yamanouchi reading word wg of content v with the row
semistandard condition satisfied but not necessarily the standard condition
of the column filling. In addition, by Proposition 2.1} we know that, a filling
of the skew shape A\/u with a Yamanouchi reading word satisfying the row
semistandard condition is encoded by a SY'T of shape v with descent set in
S(A/p). For example, the two Yamanouchi words in (2.4)) give fillings for the
skew shape A\/u = (2,4,2,1) where all satisfy the row semistandard condi-
tion. The word wy; does not garantee the column standard condition in the
filling

—_
—_

1 1]

—_

1122

—_

1122

wy = 112211323, 13 ; wp = 112211332, (2] ,
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1/1]
1122

—_

Fl

Given H € LR(A/ u,v) the companion tableau G of H is the SSYT in
Tab(v, /i) whose v; entries of each row i of G are the numbers of the
rows of H where the v; i’s are filled in. This defines a bijection between
LR(N/p,v) and a subset LR, /,,, of Tab(v, \/u) that sends H € LR(\/p, V)
to G € LR, »/,. Therefore, the LR coefficient in ([1.2)) also satisfies

CK/M — #'CR(A/Ma V) - #LRV,)\/u- (25)

The set LR, »/, may be characterized in several ways: by linear inequalities
as in [GeZe86]; or observing that Tab(v, A\/u) is a subset of the gl,-crystal
B(v) consisting of all SSYTs of shape v in the alphabet [n] := {1,...,n},
n > {(A), [Kwo09, BumSch16]. The highest weight element of B(v) is Y (v)
and LR, /, consists of the vertices G in B(v) such that Y (1) ® G is a highest
weight element of weight A of B(u) ® B(v) [Kwo09, Section 4.3].

Given G € Tab(v, ), for each 1 < i < {(v), and j > i, let x’ denote the
multiplicity of letter j in row i of G. Note that, for j =1,...,¢(«a), Xé' =0,
whenever 1 < j <i. Fix g C X so that a = A\/u. One then has the bijection,

Oaju s LRy = {G € Tab(v,a): Y () @ G =g, Y(A) } — LR(A p,v)

G Qb)\/u(G)?
(2.6)

such that ¢,,,(G) is the v-weight semistandard filling of A/ by putting X§
letters ¢, starting from the left, in row j of the skew-shape A\/u, for i =
1,...,4(),and j = 1,...,£(c). The reading word of ¢,,,(G) is precisely the
Yamanouchi word of weight v, wz = w1 -+ Wa, Way 11 ** * Way 10y Waytastl
Way - toyey_; ** Wa|- That is, LR, /, consists of those tableaux in T'ab(v, «)
assigning to the skew shape A\/p a semistandard filling of content v whose
reading word is the Yamanouchi wg (hence an LR filling). Theorem
characterises LR, g, in the case of connected ribbons R,.

2.7. Schur support and symmetries. The definition ((1.3]) of Schur sup-
port of the skew shape A/u can be rephrased as follows: v € [A\/u] if and
only if LR(A/p,v) # 0, equivalently, LR, /, # 0.
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LR coefficients satisfy a number of symmetries [St99, [ACMO09, [AKT16],

including: ¢, = c’;/y, Sy = e Where (A/u)° is the m-rotation of \/pu,

and ¢f, = CK;/M,. As a consequence [A/u| = [(A/w)°] and [(A/p)] = [A/p]
where

Sx/p = S0/ and Sy = Z c/”\/usy/.

vE[r(A/p),e(A/p)']
The full support of one of the shapes A/u, (A/u) or (A/u)° implies the full
support of any of the others. When A/ is not connected, and consists of two
connected components A and B, and may themselves be either Young dia-
grams or skew Young diagrams, then the combinatorial definition of (skew)
Schur function gives [St99] Sx/u = SASB = spsa. This means that a skew
Schur function is invariant under permutation and rotation of the connected
components.

3. Ribbons

A ribbon is a skew shape which does not contain a 2 x 2 block as a subdi-
agram and it is connected when each pair of consecutive rows intersects in
exactly one column. Thus, any composition a = (a, ..., ay,)) determines a
unique connected ribbon consisting of ¢(«) rows (or parts) < «; > of length
a;, fori=1,...,¢(a), from top to bottom.

Given the composition «, R, will denote a ribbon (not necessarily con-
nected) where row lengths from top to bottom are given by the parts of «
and adjacent rows overlap in at most one column. If each row is at least two
boxes in length then the column length is at most two otherwise the column
length might be bigger than two. If 5 is another composition, the direct sum
R, @ Rs of the ribbons R, and Rg, is the ribbon R,.s where the ribbons R,
and Rg have no edge in common. In general, R, is a direct sum of connected
ribbons unless otherwise stated.

3.1. Overlapping partition of a ribbon with parts at least two. In this
subsection, we only consider compositions a with parts > 2, and therefore
the ribbon R, has columns of length at most two.

Definition 3.1. Let o be an arbitrary composition with parts > 2. The
overlapping partition of R, is the partition p = (p1,p2, ..., Pya)-1,0), £(p) <
¢(a) — 1, such that p; is the number of columns of length two among the
smallest /(o) — i + 1 rows of R, in lowest position, for i = 1,... /(«).
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When « is a partition, p; is the number of columns of length two in the last
(o) —i+1rows of R, fori=1,... ¢(a).
() i1
Observe that Z a — p; is the number of columns of R, \ (U < af >),
j=i j=1
for 1 < i < ¢(a). In particular, || — p; is the number of columns of R,
and thus the Schur interval of a ribbon R, with overlapping partition p is
[a™, (Ja| — p1,p1)]- When « is a partition, one obtains ((1.4]) as a special case
of this interval.

Proposition 3.2. Let a be a composition with parts > 2. For 1 < i < /(a),
let k; € {1,...,¢(a)} be the number of connected components (ribbons) of
i—1

R\ (| < af >). Then p; = £(a) = (i —1) —k;, fori =1,... £(ar) — 1, with
j=1
0 < pra)-1 < 1, and

() L(a)—1
p C (l(a)-1,...,2,1,0) C (Ja]—af = Za}r, oy o] — of = af (a),0),
=2 j=1

(3.1)
where the set of distinct entries of p is contained in {{(a)—1, {(a)—2,...,2,1,0}.

Proof: Observe that, p; = ¢(a)—k; € {0,1,2,...,¢(a)—1} and by induction
oni> 1, p; ={l(a)— (i —1)—k; is the first entry of the overlapping partition

i—1

of Ro \ (U <o) >), 1 <4< {(a). Henceforth 0 < piy < pi < l(a) —i <
j=1

Za}r,forizl,...,f(oz)—l. ]

j=i+1

A ribbon R, is connected if and only if p; = ¢(a) — 1, otherwise p; €
{0,1,2,...,¢(ar) — 2}. Tt is an horizontal strip if py = 0. When a = o™, a
ribbon R,+ (not necessarily connected) is uniquely defined by the partition
a and its overlapping partition p and hence RE denotes such ribbon. In fact,
more can be said. It is shown next that monotone ribbons with at least
two boxes in each row are in bijection with pairs of partitions (a,p) where
the parts of p are assigned by a multiset of {/(a) — k,..., 1} of cardinality
l(a) =k < U(p) < £(a) with k € {1,...,¢(a)}. Recall Example [[.T, R @
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Riz9) @ Ria2) = Rg;;;g; is defined by the partition pair (3,3,2,2,2) and
p=(2,2,1,1,0).

Proposition 3.3. Let a be a partition with parts > 2andlet k € {1,...,¢(«)}.
There is a bijection between ribbons R, with &£ connected components and
multisets of {{(a) — k,...,2,1} of cardinality ¢(a) — k < l(p) < l(a) — 1
assigning the parts of the overlapping partition p.

Proof: Let R, with k connected components. One has p; = ¢(«) — k, and,
for 2 < i < l(«), pi = pi—1 if rows i and i — 1 of R, do not overlap, and
pi = pi—1 — 1 otherwise. In particular, 0 < py)—1 < 1. Henceforth the parts
of p form a multiset of {¢(a)—k, l(a)—k—1,...,2,1} of cardinality ¢(a)—k <
((p) < f(a) —1. Let R, and R, be two distinct ribbons (skew shapes do not
coincide) with k& connected components and overlapping partitions p and p
respectively. Let us choose the first ¢ € {2,...,¢(a)} such that rows ¢ and
¢ — 1 in one of them overlap and in the other do not. Then p, = p,, for
1<¢g<i1—1,and p; = p;_1— 1 and p; = p;_1 or reciprocally, and thus p # p.

Let us consider a multiset of {{(a) —k, () —k —1,...,2,1} of cardinality
Ua) =k < (p) < l(a) — 1, and p = (p1, D2, - - -, Pegp), 019 7P)) the partition
where {p1,pa,...,pyp) = 1} is the given multiset. We have to construct
a ribbon R, with £ components and overlapping partition p. Put the last
{(ar) — £(p) rows of R, pairwise disconnected and, observing that py) = 1,
whenever p;.1 = p; rows ¢ and ¢ + 1 of R, do not overlap, and p; 1 =p; — 1
otherwise for 1 <i < {(p). ]

Remark 3.4. Observe that if « is not a partition, in general a and p do
not uniquely define a disconnected ribbon with more than two connected
components. For instance, below a = (2).(3,2).(3,2) = (2).(3,2,3).(2), and
R9) ® R39) ® R32), R2) ® R(323) ® R are distinct ribbons with the same
overlapping partition p = (2,1,0,0,0),

[

R(9).32).3,2) = |
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ol

|

R2).323).2 = L[] _

Example 3.5. (a) Ribbons with shape R, for o = (4,4,3,2) = at, {(a) =
4:

HEEN

R(0.00.0) _ LL

RB:210) _|

Re100 _[ ]|

R(2:210) _ ‘

= (3,1,0,0) C (3,2,1,0). The
<1 < /{(a), is depicted below

I

1]
L[] , |
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3.2. LR ribbons and companion tableaux. Let a be an arbitrary com-
position. As we have seen in , if one picks G € Tab(v, &) to be the com-
panion tableau of some LR ribbon in LR(R,,v) the Yamanouchi word wg
has to guarantee in the filling of R, the standard condition in the columns.
The overlapping of two consecutive rows reduces to at most one column.
Thus for ribbon shapes R, one has just to avoid the violation of the stan-
dard condition on the overlapping row pairs which just occurs in one column.
In other words, whenever, in R, rows «j and «j1 overlap then in the read-
ing word wg the subword wq, 140, Way+-tay+1 18 strictly increasing which
means «q —+ - - - + «; is a descent of G. In the case of connected ribbons R,
this is exactly the content of Theorem [I.2} to avoiding the violation of the
semistandard condition on the overlapping row pairs it requires the descent
set of the standardization of the companion tableau to be equal to S(a). To
figure out what are the conditions to be imposed on the entries of a SSYT to
be the companion of an LR ribbon, we take into account the bijection ([2.6)),

whose domain we now extend to the set T'ab(v, o). Thanks to Proposition
we may define the bijection

Definition 3.6. Let v be a partition and « an arbitrary composition of |v|.
Given T' € Tab(v,a), for each 1 < i < (), and j > 4, let x; denote the
multiplicity of letter j in row ¢ of T'. Given a ribbon R,, define the map

v-Yamanouchi fillings of R, }

R, : Tab(v, @) — { with row semistandard condition

such that pg_ (T) is the filling of R, by putting Xé' letters ¢ in each row strip
< o >, starting from the left, for i = 1,...,¢(v), and j = 1,...,¢(a), that
is, the reading word of ¢p (T') is ws.
Remark 3.7. When R, is an horizontal strip, the map g : Tab(v,a) —
LR(Rq,v) is a bijection and ¢ = K, 4.

Example 3.8. Let v = (6,4,2) and a = (4,2,2,2,2).

1/1]1]1]2]4]
213/3|5
a) Let T = [4]9 € Tab(v,a) with D(T\) = S(a) and xi =
Lxv=Lxu=0x=Lx=03=1x=2xi=03=1x3=0x]=
1, x: = 1.. Considering the overlapping sequence p = (4,3,2,1,0) for «,
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we get the tableau

1/1]1]1]

)
[\

—_
w

o (T) =123

with Yamanouchi reading word ws satisfying both requirements of semistan-
dard property. Thus, @pe (1) € LR(Rar, v), and T is the companion tableau

of ppe(T).
(b) Next, one exhibits the violation of the column semistandard condition of

1/1]1]1]2]2]
313415

wrr (T) in the two possible ways. Consider now Q =415 and V =

1/1]1]1]3]3]

2121415

415 in Tab(v, a) where S(a) = {4,6,8,10}, D(Q) = {6,8,10} =

S(a) \ {4}, wg = 111111223232, wy = ws, and D(V) = {4,8,10} = S(a) \
{6}, wyp = 111122 113232, wg > wr.

If p=(4,3,2,1,0), the strict increasing filling along columns of @pr (Q)
and @pe (V) fails in the overlapping of the rows < a3 > and < ay >, and
< ap > and < ag >, respectively:

1/1]1]1] 1/1]1]1]
1 212

—_

[\
[\)
—_
—_

[\)
w
()
w

or(Q) =123 L om(V) =123 ¢ LR(RY,v).

(7) In the first case, w,, = wa,+1, if we instead consider the overlapping se-
quence p = (3,3,2,1,0), then () becomes the companion tableau of goRg(Q) €
LR(RE, V).

(77) In the second case, Wy, +a, > Wa,tant1, We keep p but change V' to
1/1/1/1]2]3]
213415

U=14[5 , where D(ﬁ) = {4,6,8,10}, then U is the companion
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tableau of prr (U) € LR(RY,v),

1/ 1]1]1

—

1[1]1]

—_
—_
p—
[\

DO
[\
—_
(\)

()
w
()
w

ep(Q) =213 . em(U) =[213
Example 3.9. (a) Let a = (3,3,2,3,3) and v = (4,4,1). Let
1111212 11234
3141415 5161719
Q=19 , V=18 € Tab(v, a).

The descent set D(Q) = {an + e = 4o+ s+ a3+ g = 7} = S(a) \
{a1,010 + as + a3}; and the descent set D(V) = S(a). The tableaux @
and V' are companion tableaux of the following LR fillings for R(9) (21).2.2) =

Ro) @ Ria,1) ® R2,2),

1[1] 1[1]

2|2 13
on, (@) =213 pn.(V) =212

From Proposition [2.1] we easily conclude
Proposition 3.10. Let G € Tab(v,«) and R,, a ribbon. Then

(a) ¢r (G) € LR(R,,v) if and only if whenever two consecutive rows j
and 7 + 1 of R, overlap then Zizl ay is in the descent set of G.

(b) if R, is connected, ¢r_(G) is an LR ribbon if and only if S(a) = D(G).

(¢) if Ry = ®F | Rs. is a direct sum of k connected ribbons, ¢r (G) is an
LR ribbon if and only if S(a) \ {3, @, 1 < r < k} C D(G).
Corollary 3.11. (a) Let R, be a connected ribbon and v a partition such
that |v| = |a|. Then

(1) LR, g, = {G € Tab(v,a) : S(a) =D(G) }.

(2) ¢p = dyo the number of standard Young tableaux of shape v with

descent set S(«).

(b) Let o = @y - -+ - &, and R, = ®F_Rs, a direct sum of k connected
ribbons Rg,. Then
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(1) LRy, = {G € Tab(v,a) : S(a)\ {d__;|ai|,1 <r <k} C D(a) }.
(2) cp_ is the number of standard Young tableaux of shape v whose de-
scent set, a subset of S(«), contains S(a) \ {d_\_; |a], 1 <r < k}.

3.3. The critical set of a SSYT in Tab(v,«). We now reduce our study
to compositions o with parts > 2. Given T € Tab(v, o), recall that D(T') C
S(a). The goal is to identify in the SSYT T the entries of T that are elements
of S(a) \ D(T). More precisely, the numbers j € {2,...,¢(a)} in the filling
of T" such that in the word wz = w1 - - - wy(q (Subsectlon EI) either it occurs
E )) S g = Wiyl g5 OF (2) ’U)Z,lyczll > Wy -1, - See Example 3.8 (b),
i).

The serious rejection for T € Tab(v,«) to be a companion tableau of a
LR ribbon in LR(R,, ) occurs when one has repeated letters in a column
of length 2 of wp_ (7). This means that we are collecting in the filling of T
the numbers j € {2,...,¢(a)} verifying (1). This numbers define a subset
of {2,...,¢(a)} called the critical set C(T) of T. The set C(T) of critical
numbers of 1" verifies

C(T) =
j—1 j—1

={j€{2,...,0(a)}: Zozk andl + Z agare entries in a same row of 7'}
k=1 k=1

={j€{2,....0a)} : ws = wy - - - wyq) and W1, = Wy s~i- 1%}

C{je{2,... )} Z@k € S(a)\ D(T)}.

From Proposition and Corollary [3.11] we conclude that C(T") detects
the elements j in the alphabet {2, ..., £(a)} for which 327~ oy, € S(a) are not

in the descent set of T’ and give rise in pp_(T) to a filling of a column of length
2 with two repeated letters. This column of length two is obtained in the
overlapping of the rows j—1 and j of R, and is filled with a same letter ¢ < j.
Henceforth, because T is a sequence of partitions 0 = A0 C A\ C ... C N\,
the right most box of the horizontal strip M~1/M~2 is glued with the left
most box of A /A1, and one has

Proposition 3.12. Let T' € Tab(v,«) and j € {2,...,¢(a)}. The number
j € C(T) or j is a critical number of T, if for some i € {1,...,57 — 1},
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X5 x5 #0,and x¥ | =x} =0forall k <i—1and h>i+1. In this case,
we also say that the integer j generates the critical row ¢ of T'.

The numbers in S(a) \ D(T) giving rise to the violation (2) by inverting
the increasing order in the filling of a column of length two in ¢g (T') are
negligible critical numbers, because they may be removed anytime without
creating new ones. In the SSYT T we collect the numbers j € {2,...,0(a)}
verifying condition (2). In fact, if, in a such column of pp_(7T'), resulting from

blal 1y
the overlapping of rows, say, 7 — 1 and j of R,, one has wh-1zla )

with £ > b > a > z, we may easily correct this Yamanouchi filling, without
creating new violations in the new Yamanouchi filling, by just reordering the
entries of that column, (wl-12]b] , withy > - >2x>a<b>
z > -+ > w, to obtain an LR ribbon. This tells that j — 1 appears in T'
only in row b and possibly below, and 7 only appears in row a and above.
(The horizontal strip A1 /M =2 is strictly below the horizontal strip A7/ \/~1.)
Henceforth, we should replace in row a of T the left most entry j with j — 1,
and replace in row b of T' the rightmost entry j — 1 with 7. One then says j
is a negligible critical number of T'. See Example 3.8 (b), (ii).

Canonical fillings of SSYT's do not have negligible critical numbers and the
critical numbers have an easier formulation. Note that the multiplicity of
letter j > in row i of T' € Tab(v, a) satisfies x} < a;.

Proposition 3.13. Let T' € Tab(v,«) with canonical filling and j + 1 €
{2,...,l(c)}. Then j+1 is a critical number of T if and only if X; = o and
Xii1 = ajy1 for some i € {1,...,j}.

Proof: Recall £(v) < {(). If T has canonical filling and x}, x,; # 0 with
X? 1 = 0 for all h > i+ 1, then below row 7 the entries are empty or bigger
than j + 1. Therefore there is no need to put 7 + 1’s in rows above ¢ because
positions of row ¢ have been used to put the letter j, that is, one also has
X;'l+1 = 0 for all h < 7. Hence X§-+1 = ;1. oSimilarly X? =0 for all h > 1
because j + 1 has to be filled first and there are no j + 1 below row <. Hence
Xj = @ L]

We then may conclude

Proposition 3.14. Let T € Tab(v, ) without negligible critical numbers.
Then T ¢ LR, g, if and only if 7" has a critical number j+1 € {2,...,¢(a)}
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such that rows j and j 4+ 1 of R, overlap. In this case, the column of length
two obtained in the overlapping of rows < a;; > and < a1 > of R, is filled
with a same letter ¢ < j 4 1.

3.4. Effectiveness of critical numbers. The ribbon R,, with rows of
length at least two, is now assumed to be connected or monotone up to
a permutation and rotation of the connected components of R,. Since the
ribbon can be monotone and disconnected, the overlapping partition p is used
to detect the effectiveness of the critical numbers of a companion tableau in
LR, gy

Definition 3.15. Let T € Tab(v, «) and let p be an overlapping partition
for ae. A critical number j of T is said to be p-effective if rows j — 1 and j of
RP overlap. Otherwise, the critical number j is said to be p-ineffective.

This is a reformulation of Corollary for ribbons uniquely determined
by a and p.
Theorem 3.16. Let T" € Tab(v,«) and p an overlapping partition for a.
Then,

(a) T € LR, gy only if #D(T) > py,

(b) if T has no negligible critical numbers and C(T") # 0, T' € LR, gr if and
only if every critical number of T is p-ineffective.

Proof: (a) The number of columns of length two of RP is p;. Since T has
no negligible critical numbers, to avoid columns of length two filled with the
same letter, we need that the descent set of T" has at least p; elements.

(b) It is the translation of Proposition according to the Definition [3.15]
O

4. Characterization of monotone ribbon LR coefficients
positivity by means of linear inequalities

Throughout this section we consider « a partition with parts of length at
least 2, and overlapping partition p. Theorem says that Cpo >0 if and
only if, whenever there exists T' € Tab(v, «) without negligible critical num-
bers and C(T') # (), then every critical number of T is p-ineffective. Theorem
1.5 gives a set of linear inequalities on the triple of partitions («, p, v) as nec-
essary and sufficient conditions for the positivity of Cpo. We split the proof
of the only if and if parts of Theorem into two subsections respectively.
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4.1. Proof of the only if part of Theorem . If ¢ = #LR,gp > 0
then there exists 7' € LR, gy € Tab(v,a) anda < v. Let p = (p1, ..., Pe(a)-1,0)
where {p1,...,pia 1} is a multiset of {{(a) — k,...,1} such that pyqs,) =
Pea)+1 and a = 041 oy, with Rg,, 1 < ¢ < k, the connected components of

R,. Therefore T' € Tab(v, ) with D(T ) = {1 15 € S} C S(a) for
some subset S = {s; < --- <519/} € {1,...,{(a) — 1} satisfying

L. l) =1} \ {l(an), ... . l(andy - -~ du—1)}] ©

QS:{S1<°-~<8|5|}g{l,...,g(a)—l}. (4.1)
Observe that [{d> i ;o : s € {si,...,si5}} = [si,.- -, 85} > ps,, for
1 <i< S| </{(a)—1. Because a < v, by Remark @, vi < a4 o),
for i € {1,...,¢(r)}. On the other hand, the a; i’s constitute the i-th
horizontal strip v*/v~! of T whose rows belong to the first min{s, £(v)} rows
of T, for i € {1,...,¢(a)}. Consider the SYT T and i € {1,...,¢(v)}. If
ap+ o+ tag, i < s €9, is a descent of T in the ith row off,
then a1 + - - -4+ a5+ 1 belongs to a row of T strictly below row ¢. That is, for
1<i<q¢</lla)—-1,ifay+---4+a;+---+ oy is a descent ofT, then either
aj + - -+ oy belongs to a row of T strictly above row ¢, or g + -+, +1
belongs to a row of T strictly below row i. Observe that [SN {4, ..., ¢(a)—1}]
is the maximum number of descents of 7' in row 7, and, simultaneously, is at
least equal to the overlapping number p;, the number of columns of length
two among the last /(a) — i + 1 rows of R,

|sm{z' M(a) = 1}] > pi (4.2)

Hence v; < o + -+ + ay(q ISﬂ{z H(a) =1} < o + - 4 aga) — pis
fori e {1,...,¢(v)}. O

4.2. Proof of the if part of Theorem [1.5] Given the triple of parti-
tions, v, and «, with parts > 2, and overlapping partition p, satisfying the
linear inequalities on the right hand side of (L.6)), the goal is now to exhibit
a SSYT T € LRgy,. In other words, assuming the linear inequalities on
the right hand side of (1.6]), we construct a SSYT T' € Tab(v, a) without
negligible critical numbers and p-effective critical numbers. In more detail,
we pick T' € Tab(v, o) with the canonical filling, thus without negligible crit-
ical numbers, and then, if it has p-effective critical numbers, one modifies its
filling according to a certain rotation procedure to remove them so that the
new tableau is in LRgp,. The application of rotation procedure does not
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create negligible critical numbers. The linear inequalities on the right hand
side of guarantee that our rotation procedure is successful.
Remark 4.1. Let a < v and p an overlapping partition for «.

(a) If L(v) = l(a), given T € Tab(v, ), the first entry of each row i of
T is ¢ and T has no critical numbers of any kind. The descent set of T is
S(a) and every T' € Tab(v,«) is a companion tableau for an LR filling of
RP. In this case, the linear inequalities are trivially satisfied because
below each row i of T' one has at least ¢(a) — i > p; entries and thereby
vi <t age) — o) +i < ag -+ ayga) — pie Also o = Ky o

(b) If £(v) =1 then v = (|a|), p = 0, and |T'ab(v, )| = 1. The descent set
of the sole T' is S(a) = 0, and linear inequalities are trivially satisfied
with p = 0. One has cgg =K, =1

We shall consider v with at least two rows and less than ¢(«) rows, 2 <
l(v) < ().

We start with the case ¢(v) = {(a) — 1.

Lemma 4.2. Let v € [a, (|| — p1,p1)] with £(v) = ¢(a) — 1, such that

v; < Zaj—pi, for 1 <i < {(a).

Jjzi
Then, ¢, > 0.

Proof: Let s := l(a). Let T € Tab(v,«), with the canonical filling, and
note that since ¢(v) = s — 1, then the first column of 7" has all letters of
[s] \ {j}, for some 2 < j < s, and necessarily row j — 1 contains «; letters
J. That is, the first entry of row s of T"is 7, fori =1,...,7 — 1, and is ¢ + 1
for i = j,...,s —1. Thus, x¥ #0, 1 <k < j—1, Xj-_l = aj, X} # 0,
J<k<s—1, and X? =0, kK > 7. The only row of T" which can potentially

be critical is row 7 — 1, since by Proposition |3.13| X;j # 0 and X;_l = Q.
That is, the rows j — 1 and j of pp_(T') look like

<ajq > v | |xlj—1]-]j—1

co s AT El¥ [ [ | (4.3)
< Q1 > ) —1)---|7—1
ST ;_1 j—1] (4.4)
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where the word x---x = (j —2)", r > 0, may be empty. If j is not a critical
number, or if it is a p-ineffective critical number (4.3]) then, by Proposition

3.14 or (T') is a skew SSYT.
Assume now that j is p-effective critical number of T' (4.4)). In particular,

this means that X;j = a;_1. Notice that if j = s, then
Vi1 = Vs—1 = Q51 +as < asq +as — Ps—1,

which implies ps_; = 0. That is, rows j — 1 and j of R? do not overlap,
which contradicts the fact that j = s is p-effective critical. So, we must have
2 < j < s, and, in particular, row j of 7" has at least one integer j + 1. Table
depicts rows 7 — 1 and 7 of T', where x denotes Xﬁ% > (0 boxes with the

letter j + 1, or the empty cell if X?;i =0,

rowj—1]7—1lj—-1|---[7—-1 "'U_l‘j""‘j‘j‘*‘
row j | j+1|j+21|---|j+1 -

TABLE 1. Rows j —1 and j of T

Perform the procedure Rotation described in Table |2 with { = j—1,a =j
and b = 7 + 1 on the tableau T'.

Procedure: Rotation
Data: Tableau T'; Integers a and /;
Begin
Let ¢ > ¢ be the smallest integer such that row ¢ of T' has an
integer b greater or equal to the rightmost letter in row /;
Rotate by one turn in anticlockwise order all letters greater or equal to
a in row £, and all letters b of row ¢ of T
Stop

TABLE 2. Procedure: Rotation

That is, rotate the highlight letters j and j + 1 of T (Table [1)) in anticlock-
wise order to obtain the rows shown in Table [3, and denote by 7" the tableau
obtained from 7" by this operation.

row j—1[j—1][j—=1]---[j—=1]---[j=1]j] - [J]i+1]*]
rowj J j_|_1 j+1

TABLE 3. Rows 7 — 1 and j of T”
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We recall that we are assuming o a partition and thus o1 > o > ojq1.
The new tableau 7" is still semistandard and the integer j is no longer critical,
since xj > 0. Notice, however, that if xj,; = 1 in 7', then in 7" the integer
j -+ 1 is critical. Therefore, if x7,; > 1in T, or xj,; = 1in T and j + 1 is
p-ineffective critical, then ¢py (7") is a skew SSYT. So, assume xj,, = 1, j

p-effective critical in 7', and in addition rows j and j 4 1 of R overlap (7 +1
is p-effective in T"). If 7+ 1 = s, (Table |4)) then v;,_1 = 1 and ps_o = 2,

row s —2[s—2[---|s—2[s—1]---|s—1|s|--- |s]
row s —1|s—1

TABLE 4. Rows s —2 and s — 1 of T"

and Vg9 = Qg3+ Q51+ (045 - 1) < Qs—2+ Q51+ Qs —ps—2, that iS, Ps—2 < L.
A contradiction, then the rows s—1 and s of R? cannot overlap, and j+1 = s
is not p-effective critical in 7",

So we must have j + 1 < s, and there must be integers other than j + 1
in row 7 of 1", since otherwise the rows of 7" below row 7 would have only
one box, which in turn would imply 2 < ;42 = 1, a contradiction. So there
are letters 7 + 2 in row j and the number of letters j + 2 below row j — 1
is ajro > 2 (Table . Apply the procedure Rotation with a = 7 + 1 and
(=7j—1toT,

row j—1j—1];j—1]---[j—=1]---[j—=1]j]--- [Jj]i+1]-- [j+1]
rOWj j j_|_2 j_|_2

TABLE 5. Rows 7 — 1 and j of T”

and let 7" be the resulting tableau (Table[5),

row j—1[j—1]j—1[---[j=1]---[j-1[j]---[ji+1]--- [i+2]
rowj| 7 |j+1|---|j+2] -

TABLE 6. Rows j — 1 and j of T”

This new tableau is semistandard and 7 + 1 is no longer a critical number,
since there is now a letter j 4+ 1 in row j. Also, since a;y9 > 2, there must
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be integers j + 2 below row j — 1. Thus, 7" does not have critical numbers
and then pge (T") is a skew SSYT. O

Remark 4.3. Notice that when applying the procedures, described in the
proof of the result above, to a tableau T" with only one critical number 5 in
row 7 — 1, we only modify rows j — 1 and j of T. Moreover, in row j, only
the integers j + 1, and possible 7 4 2, are acted upon. The rows above row
j — 1, as well as the letters in row j — 1 to the left of the letters j, are not
considered for the application of the procedure.

Example 4.4. Let v = (8,1) and « = (3,3, 3), and consider the tableau

1/1/1/2/2[2]3]3]
T =13 € Tab(v, a).

The tableau T" has only one critical number: the integer 2, that is, the descent
of T is {ay + an}. If Ry = Ra, ® Ra,,a,), equivalently, p = (1,1,0), then
¢r.(T) is SSYT and the integer 2 is not p-effective critical, and so

1111

1/1]1
on (T)=11]1]2

is a skew SSYT. Note also, v =8 < 2?21 a—1,rn=1<as+az3—1, r3 <
s — 0.

If p=(1,0,0) then Ry = R(q,.a,) ® R(ay), 2 is a p-effective critical number
and ¢pg (T') is not SSYT. Perform the procedure Rotation on 7" with a = 2
and / =1 to get

1/1]/1/2/2]2]3[3] [1/1/1]/2]2]3/3]3]
T =3 — 2 =T

The tableau T has no effective critical numbers for the overlapping partition
p=(1,0,0), the descent set of 7" is {ay }, and therefore

1/1]1]
1/1]2

(1) =[111]1

is a skew SSYT. There is no connected LR ribbon of shape R, and content
viifp=(2,1,0), 1y =8> |a| —2=9 - 2.
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Example 4.5. Let v = (9,3) and a = (4, 3, 3,2), and consider the tableau

1/1]1]1]2][2]2]3]3]
T=3414 € Tab(v, a).

The letter 2 is the only critical number of T, and is effective when we consider
the overlapping partition p = (3,2, 1,0). So, we apply the procedure Rotation
onT witha=2and ¢ =1:

1/1/1]1]2/2]2]3/3] [1/1/1][1/2/2]3/3]3]
T—134]4 —~12]4]4 =T,

In 7", the number 2 is no longer critical. However, a new critical number was
created: the number 3. So we apply Rotation on 7" with a =3 and £ =1 to
get the tableau

1/1]1]1]2/2/3]3/4]

T —12]3]4 :
which has no critical numbers. It follows that
1/1]1]1]
11112
11113

or,(T") =114
is a skew SSYT. Note vy =9 < |o| -3 =12-3, 1, =3 <8-2,13=0<5—
)

1.
Lemma 4.6. Let v € |o, (|a| —p1,p1)] with £(v) = l(a)—k, 1 < k < {(a)—2,
and satisfying

v; < Zozj —p;, for 1 <i</{(v).
j=i
If T is the SSYT with canonical filling in T'ab(v, a) and has C(T') = {j1, jo, - - - ,
ji} with jisr = ji+ 1, for i = 1,...,k — 1, then, ¢%, > 0.

Proof: Let T be the canonical filling in T'ab(v, ) with C(T) = {j1, jo, - - -, Ji}
such that j;,1 = 5;+1fori=1,...,k—1. Then, the first column of T" has all
letters of [s]\ {Jj1, jo2,-- ., Jk}, and row j; — 1 has «; letters j;, fori =1,... k.
We are assuming that j; is critical but j; 41 is not, row j; — 1 also has o, —;
letters j1 —1 and 0 < Xﬁﬁ < aj, 41 letters ji 41, thus, row j; —1 of T' satisty

o .. . N . T —m.
Vj—1 = Q1+ Qj + +O‘Jk+<ajk+1 Xjk+1> < Qo1 F oy A+ T as— Py,



FULL SCHUR SUPPORT AND FULL EQUIVALENCE CLASSES 35

that is,

Pj—1 S Qg2+ F o+ Xﬁ+1 (4.5)
where 0 < Xﬁ +1- The number of p-effective critical numbers of 7', which are
at most k, must be less than or equal to p;_;. Thus, by (4.5)), there are
at least pj 1 integers greater than or equal to ji + 1 below row j; — 1 of T
and we can perform procedure Rotation 1 on T" with C(T") = {j1, ..., Jx} and
(=4, —1.

Procedure: Rotation 1
Data: Tableau T; Set C(T) = {j1 < ... < ji}; Integer /;
Begin
For i =1 to k do
If j; is an p-effective critical point of T', perform procedure
Rotation (Table [2) with a = j; and ¢ = ¢;
End If
End For
Stop

TABLE 7. Procedure: Rotation 1

Let T" be the tableau resulting from the application of Procedure Rotation
1 (Table on 1. Notice that the assumption of « a partition and the
canonical filling of T" asserts that 7" is semistandard. Moreover, the integers
J1, .-+, Jr are not critical numbers of T' since there are letters jq, ..., ji below
row 71 — 1. However, the operations performed on 1" to produce T may create
new critical numbers, all of which are in row j; — 1. This only happens when
all letters of an integer, say r > ji, are sent to row j; — 1. Note that r must
be one of the first k£ letters below row j; — 1 which are greater or equal to

the rightmost letter of row j; — 1. Let r1, ..., be the new critical numbers
created in T". If they are p-effective, then by (4.5)), we must have
k+ K < Pj—1.

This means that below row j; — 1 of T” there exist at least k" integers greater
or equal to the rightmost letter of row j; — 1, and we can perform procedure
Rotation 1 on T" with C(T) = {ri,...,7w} and £ = j; — 1, obtaining a new
tableau 7", where r1,..., 7, are not critical . Again, new critical numbers
qi,---,qer, With rp < q1,...,qw may occur, in which case we repeat the
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process. Note that since the number of p-effective critical numbers cannot
exceed pj,—1, this process must terminate.

Therefore, the tableau T obtained after this procedure is semistandard and
has no critical numbers. We can conclude that g (T) is semistandard. [

Remark 4.7. Notice that Lemma is a special case of Lemma [4.6] Also,
notice that the tableau T" obtained after the process described in the result
above only differs from 7" between the rows j; — 1, the ones having the critical
numbers, and some row below it, say j, from the leftmost integer of 5 until
the last integer in row j that has been rotated to row j; — 1.

Example 4.8. Let v = (9,2,2,2), o = (3,2,2,2,2,2,2), and consider the
overlapping vector p = (6, 5,4, 3,2,1,0) and the tableau

1/2]2[3[3]4[4]

1
5
6
7

3| | Ot =

T = € Tab(v, ).

The letters 2,3 and 4 are consecutive p-effective critical numbers of T'. Apply
procedure Rotation 1 with C(T) = {2,3,4} and ¢ = 1:

1/1/1/2/3[3]4]4]5] |1/1/1]2]3]4/4/5]5]
2[5 2[3
66 66
1/1]/1/2]3]4]5/5]6]
2(3
416
— |77 =T

Now, the letter 5 is the only critical number of the resulting tableau 7.
So, we apply Rotation 1 again on 7" with C(T) = {5} and ¢/ = 1:

1/2]3[4]5]5/6 1/2/3[4]5[66]

| (DO
(Ot

|~ (DO
=S

T =T".
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Now, the letter 6 is the only critical number of the resulting tableau 7". So,
we apply Rotation 1 again on 7" with C(7') = {6} and ¢ = 1:

1/2]3[4[5/6/6 1/2/3[4]5[6]7]

O
(Ot

1
3
)
7

|~ (DO

T = — ~T.

The tableau T has no critical numbers and thus ¢p_ (T) is a skew SSYT.
We now can prove the general case.

Theorem 4.9. Let v € [a, (|a| — p1,p1)] where £(v) = (o) — k, 1 < k <
¢(a) — 2, and satisfying

ViSZOéj—pi, for 1 <i < /{(a).

Jj=i
Then, ¢, > 0.

Proof: Let T € Tab(v, a) with the canonical filling, and C(T) = {j1,. .., jr}-
Write

C(T) = A UAsU---UA,

the set partition of C(T') such that in each set A; all critical numbers are
consecutive, and if a € A; and b € A;;,, for some ¢ > 0, then a < b and
b—a> 2.

Notice that in this case, the o, letters a must be all in some row ¢, and the
oy, letters b must be all in some row ¢ of T', with ¢ < /.

Apply the procedure described in Lemma to the set of consecutive
critical numbers in A;. This procedure may use some integers from Ay U
.-+ U A, in its Rotation routines. If this is the case, then in the resulting
tableau T”, some of the critical numbers in As U --- U A, may no longer be
critical numbers, since some of them may have been brought, by rotation,
to a higher row of the tableau. Nevertheless, no new critical numbers are
created by this process. So, in 7", the critical numbers can be partitioned as

AU U A

where A} C A; for all i =2,... r.
Repeating the process, until no more critical points remain, we obtain a
tableau T" such that pp (T') is a skew SSYT. O
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Example 4.10. Let v = (13,13,2), o = (4,3") and p = (8,7,6,5,4,3,2,1,0).
The tableau

1/1/1]112]2]2]3/3/3]4]4]4
5/5|5|6]6/6[7|7/7/88/8]9
T=1919 € Tab(v,a)

has the critical points 2, 3,4, 6,7, 8, which can be partitioned as
Ay ={2,3,4} U Ay = {6, 7,8},

according to the proof of the theorem above. We start by removing the
critical numbers in Aj:

111111112123/ 3[3/414/4|5 1111111122133 /4(4/4/5|5
2/5(5/6|6/6|7|7|7/8 889 2/3(5/6(6/6|7|7|7/8 889

213/4]16/6,6|7|7 818819
— 1919 —
111(1]112]2]3|3]4]4|5/5/|6
213[4|5|6|6|7/7/7|8/881]9
1909 -

After the application of the procedure described in Lemma [4.6 to the crit-
ical numbers in Ay, we get the tableau 7", whose only critical olga number
is

{8} = AIQ C As.

So, we apply the procedure described in Lemma 4.6| again to the critical
number in Ab:

N
Ut
ot
(@)

DO
w
W
ot
o
o
~
~3|wo
NN
00
o0
©0
©
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The resulting tableau T has no critical numbers and thus, the skew tableau

1/1]1]1]
2

—_
—_

&}
\}
\}

(\)
()
w

or () =21213
is a skew SSYT.

5. Classification of monotone ribbons with full Schur
support

Theorem [I.5], characterizing the positivity of monotone ribbon LR coef-

ficients, ¢y > 0, by means of linear inequalities, may be rephrased in the

language of the Schur support of RE. Let v € |o, (|a| — p1,p1)], @ a partition
with parts > 2. Then

)
v € [RP] if and only if v; < Zozq —pi, 1 <i</{(a). (5.1)
q=1
)
By Remark [2.2] if « < v one has v; < chq, for 1 <i < ¢(«). Hence, if
q=1

v € [a, (Ja| —p1,p1)] then 1y < ZE(O‘) o, — p1, and because one has p; = 0, for

g=1
((p) < i < (), the inequalities (5.1)) are always satisfied for £(p) < i < {(«).
Note that, when ¢(p) > 2, p;s1—1 > 0,4 € {1,...,¢(p)—1}. Recall Definition

(a)
1.3land p; = Z ay—pit1+1 > 0, where g;—1 is the total number of columns
qg=i+1

in the last ¢(a) — i rows of R, for 1 <i < /{(p) — 1.
Remark 5.1. Because the parts of a are > 2, and p; = p;+1 or p; = piy1+1,
laf —p1r >0 >0 > O¢(p)—1-

Thus, the negation of characterizes the partitions in the interval
[, (Ja| = p1, p1)] which are not in the support of RE.
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Corollary 5.2. Let v € [, (|a] — p1,p1)] and « a partition with parts > 2.
Then, if ¢(p) = 0,1, [R2] = [, (Ja| — p1,p1)], and, if £(p) > 2, the following
are equivalent

(a) v ¢ [RP] if and only if there exists i € {1,...,¢(p) — 1} such that

Vitl 2 Z Qg = Pi1 T 1 = Vi1 2 05
q>i+1

(b) v ¢ [RP] if and only if, for some i € {1,...,4(p) — 1}, v;41 exceeds the
number of columns in the last ¢(a) — ¢ rows of RP.

(c) [ACM17, Lemma 4.8] v ¢ [RP] if and only if, there exists i € {1,...,¢(p)—
1} such that after placing «; j’s, in row j of RE, for j =1,...,4, there is no
space to place v;41 i+ 1’s in the remain ¢(«) — i rows of RP without avoiding
the violation of the column standard condition of the filling.

(d) v ¢ [RE], if, for every T € Tab(v, «), there exists ¢ > 1 such that

ID(T)N{Y z1aq i+ 1< j <)} < pis1.
Example 5.3. Consider the partition @ = (7,6,6,2,2,2,2) with the over-
lapping partition p = (6,5,4,3,2,1,0). The partition v = (8,7,6,6) is
in the Schur interval [a, (27 — 6,6)] of RP, but not in its support since
vy =6>0p3=as+as+as+ar—ps+1=24+24+2+2-3+4+1=0606.
Therefore, [RE] S [, (27 — 6, 6)].

Theorem [1.6|characterizes the monotone ribbons R? with full Schur support
in terms of their partition skew shape a and the overlapping partition p.
In Definition [1.3) a sequence of £(p) — 1 witness vectors §' = {gi}/_; =
{loi — oy, Yy with its slack p; 1 — 1, 1 <4 < £(p) — 1, is introduced to test
the fullness of the Schur support of R?. Theorem says that if, for some
1 <i</{(p)—1, the size of the witness vector ¢’ fits the slack p;11 — 1, that
is 22:1 g;l < piy1 — 1, then R? has not full Schur support. In this case the

vector ¢' witnesses that the Schur support R? is not full in the sense that it
can be used to exhibit a partition in the Schur interval that is not in [RE].
More precisely, (a; +§.,...,a; + 3., 0i, pis1 — 1 — |§'])F, with g; — 1 the total
number of columns in the last ¢(«) —i rows of RP, is a partition of |a/ in the
Schur interval of k2 but not in the support of RP.

5.1. Proof of Theorem [1.6. The “only if” part. Let v € [a, (|a] — p1,p1)]
such that v ¢ [RP]. Then, on one hand, since a < v, 2521(% —ay) > 0,
k=1,...,¢(a), and on the other hand, since v ¢ [RP], by Corollary [.2]
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l(a) >3, l(p) > 2, and there exists 1 < i < {(a) — 2 with p;11 > 1 such that
Vit1 = 0i = Z oy — piy1 + 1.
q>i+1

We want to show that the i-witness vector g' = (gt, ..., g!) of RP fits its slack

piv1 — 1. It follows that 0 < Zézl(vq — agy) < pis1 — 1, otherwise, we would
have

i+1 i i {(a) (e)

ZVq = ZVquVz'H > Zoéq +pip1— 1+ Z Qg = piq1 +1= ZO@

q=1 q=1 q=1 q=i+1 q=1
contradicting the equality |a| = |v|.

Let U:={je{2,...,i} : vj; —a; <0} (indeed v; > ay) and v := max U.
Put v :=0if U = (.
Claim: There exist p1; > «j, 7 = 1,...,u, such that

[y > s 2 iyl > Q1 2y = Q> Uy 2> Vgl 2> -+ 2>V > Vg1, and
(5.2)

u u

D (j—aj) =) (vj—a;) >0, (5.3)
j=1 j=1
In these conditions, defining g; := p; —a; > 0, 7 = 1,...,u, and g; :=

7

vj—a; >0,j=u+1,... 4, 0nehas Y. g, = > (v; — ;) < piy1 — 1,
CYj+gj:/Lj2CEu>l/u2Vi+12 Z aq_p’i—I—l—J’_l:Qi;j:la"'au)
q>i+1
and
GAG=V 2V >V > Y ag—pt+l=0, j=u+1,... i,
g>i+1

so that g; > 0; — «j for j = 1,...,4. It follows that the witness vector
g = (g1,-.-,9;), with g; = 0i —aj for j =1,...,14, fits its slack:

) )
F1=>"7<D> g <pi1— L
j=1 j=1

Proof of the Claim: We prove the claim by double induction on |U| > 0
and 7 > 2.
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For |U| = 0 there is nothing to prove whatever is i > 2. Let |U| > 1. For
i =2, one has 1 —a; > 0 and u = 2 with 15 < ay. Since (11 —aq)+(rr—ay) >
0 and v5 = ag — €9, for some €5 > 0, we may write

(1/1 — 041) + (VQ — 052) = [(Vl — 62) — 041] + (042 — 052) = (V1 — 62) —aq > 0.

Thus p1 :=11 — €3 > a1 > o := Q9 > Vg > 3.

Let i=m+12>3,and u € {2,...,m + 1} where v, = o, — €,, for some
€, >0, and v, —a, > 0, u < v <m+ 1. We distinguish two situations:

(a) u=2: v1 > aq, vy = ay — ¢, for some € > 0, and v; > «;, for 3 < j <.
We have o < v and we may write

(1 —ar) + (2 —ag) = (1 — o) + (a2 — az) = (1 — o) + (p2 — a2) > 0,
where (1 ;= v —€ > a1, o == ag. Also g1 > a1 > s = a9 > vy > 13 >
ce 2V 2 iyl

(b) u > 2: v =ay — €, for some ¢, > 0 and v; > a;, u < j < i. One has
« =< v, henceforth

D (v —ay) = [(Z(Vj — 0@)) — €y

j=1

+ (Ofu_a/u) Z 0.

1
Thus i, := oy > Vy > Vyg1 > -+ > v; > Vi and Z}L:l(l/j — ) > €, > 0.
Since 2 < u —1 < i—1 < m, by induction, there exist vj > --- > v _,
with v} > «aj, j=1,...,u— 1, such that

u—1 u—1
(vj — ) = Z(Vj —aj) > €,
j=1 j=1

Indeed, one has vj; = a; + ¢, with ¢; > 0, j = 1,...,u — 1, such that

u—1 . . .
> j—1 €j = €. Define recursively the non negative integers

0; = min(e;, €, — Z 0g), for j=u—1,...,1,
J+1<g<u—1
and put ;== v;—d; = a;+ (e, —9;) >0, for j=wu—1,...,1. Therefore,
there exists 1 < ug < u such that 0 < ¢,, < €,, and

Q; Uy < J <u
Hj = Qyy + (Euo - 5uo>

Vj/- 1 <5 <.
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Hence,
/
M1 2 s 2 Mgl 2= Vg > o 2= Qg 2 Hug+1 =
= Olyy+1 Z to Z Hu—1 = OQy—1 Z Huy = Oy,

as required.

The “if” part. Let o = Y00 g —piyt +1 >0, 1 < i < {(p) — 1.

Suppose now that there is an i-witness vector §' = (gi,...,g;) of RE for
some 1 < 4 < l(p) — 1, with g; = [oi —«y],, 7 = 1,...,1, such that
15| < piz1 — 1. Let v = (v1,...,V41, Vire) be the partition of |a| formed by
the rearrangement of the composition
(@1+§i;---;ai+§570iapi+l_1—‘§i|); (54)

where ar + gi,...,ai + i > vig1 = 0 > Viga = piy1 — 1 — ||
We will show that v is a partition in the Schur interval of the ribbon R?
that is not in its support. Indeed, the inequality |§'| < p;11 — 1 shows that

i+2 ()
all entries in (5.4)) are non negative, and E v, = g a, = |a]. Thus, v is
q=1 q=1

well defined and is a partition of |a/.

Recall that g, — 1 = Z oy — pi+1 is the total number of columns of
q>i+1
RP A\ (U(izzl < oy >) and that p;y; is the number of columns of length two in
this same ribbon. Therefore, we have g; > p;11 —1 — |§'|. Moreover, for each
1 <7 <1, we have

ot g = 9 if 0; > a; (5.5)
S a;, if g <o '

It follows that o + g;l > 0;- This means that the last two entries of v are
Vis1 = 0; and V9 = pir1 — 1 — |g*|. In particular, it follows from Corollary
5.2 (b), that v is not in the Schur support of RP.

[t remains to prove that v is a partition in the Schur interval [a, (|a] —
p1,p1)]. We start by showing that o < v. From (j5.5)), we find that for each
1<k<i,

k k k
D= (aj+3)>> a
=1

Jj=1 Jj= j=1
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and since ¢; > agy1, Y50 vy = Y (4G + o > Yo a5t 0 > 20 ay.
Finally, since v is a partition of |a|, we get & < v. To prove that we also have
v = (|a| = p1,p1), notice that by and Remark [5.1} v is either equal to
01 or to a1, and g1 < |a|] — p;. Therefore, we have 11 < |a| — p;. Clearly,
1 + 15 < |af, from which it follows that v < (|a| — p1,p1). O

Remark 5.4. Let a be a partition with parts > 2 and overlapping partition
)
p with ¢(p) > 2. Recall Definition [1.3| o; = 1 + Z a, — piy1 > 0, and
g=i+1
g =1{g}:=1 = {loi— )]}y, for 1 < i < £(p) — 1. Observe that the
following are equivalent:

(a) for some 1 < ¢ < £(p) — 1, the size of the i-witness vector g’ fits its
slack, that is,

7'1="> loi —aj], < pis1 — 1. (5.6)
j=1

(b) for some 1 < i < {(p) — 1, there exist integers gq,...,¢; > 0 with

22:1 gj < piy1 — 1, such that
(a)
g =1+ Y ag—paeg>o—a;, j=1...i (5.7)
q=i+1
Indeed, (5.7) says that, for 1 < i < {(p) — 1, other "witness vectors”
g= {93‘}2:1 can be found depending on how big is the slack p;.1 — 1. Simul-

taneously tells that the selected witness ¢* in Definition is entrywise
the smallest,

;<95 i=1,...,i,= |g'| > |g|.
If our selected witness §' does not fit (is over the size of) its slack, no other
(any other) choice for the witness vector will fit (oversize) it.

In the conditions of (b), it can be shown that (a; + g1, ..., a;+gi, 0;)" with
Z;:1 g; = pi+1 — 1 (g has the possible biggest size) is a partition of |a] in
the Schur interval of RE but not in the support of RZ.

Example 5.5. (a) Consider the same example as before, « = (7,6, 6, 2,2, 2, 2)
and the ribbon RE with p; = 6. Applying Theorem with ¢ = 3, one has
piv1 = 3, 03 = 6 and the 3-witness vector §® = (33,33, 35) = (0,0,0), satisfy
15°| < pir1+1 = 4. Therefore, the support [RE] is not the full Schur interval.
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The partition

(7 9176 92,6 937 03, P4 — 1 - |§3D - (776767672)

is in the Schur interval [« (27 — 6, 6)] but not in the support [RZ].

(b) Furthermore, considering g + g + g3 = 2 = py — 1, with g; > 0,
i =1,2,3, the partitions vy = (6+2,7,6,2+2+24+2—2), 1, = (6+1,7,6+
1,2424+2+2—-2)and v3 = (7+2,6,6,2+ 2+ 242 —2) are in the interval
[, (27 — 6,6)] but not in the support of R2.

5.2. Proof of Remark [1.8 and Corollary [1.9 . Theorem [1.7]is logically
equivalent to Theorem @ and says that if every i-witness §' vector of RE,
fori=1,...,¢(p)— 1, is oversized, with respect to its slack p;11 — 1, then R?
has full Schur support. In particular, R? has full support only if o; < g; for
every 1 <i < {(p) — 1. In fact, if, for some k € {1,...,4(p) — 1}, ax. > ok,
then a; > --- > ap > o and |§F] = Z?Zl lor — ], = 0 < ppyy — 1. This
implies that (aq, ..., ax, 0k, pri1 — 1) € [a, (|a| — p1,p1)] is not in [RP] which
is absurd.

(a) When £(p) = 2, one hasp (2,1,05( @)=2), and [RP] = [a, (o] — 2,2)] if
and only if o1 < o1 & ay < Zq 5 . In fact, if {(p) = 2, . means
() )
[Ql—a1]+21(:)91—041>0(:>Q1>oz1(:>041<1+Zaq—1:Zaq.
q=2 q=2
(b) When £(p) = 3, one has p = (3,2,1,04%73) and [RP] = [« (|oz\ —3,3)] if

and only if a; < Zq oy —2 and ag < Zqogozq In fact, if £(p) = 3, (L.10)
means

(a) (a)
Ql—ozl22@@1>041+1<:)1+Zozq—2>oz1+1<:>2aq—2>oz1,
q=2 q=2
(a)
[92—041]++[Q2—042]+21@@—0@21@Q2>a2@a2<1+2aq—1
q=3
(c)
e
q=3
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Example 5.6. Let a = (4,3,2,2) with p = (3,2,1,0). We use the charac-
terization given by the Theorem (b) to prove that RP has full support
[, (8,3)]. Since ¢(a) =4 and ¢(p) = 3, we have two inequalities to check:

at+agt+as—2>a01 & 7T—2>4 av<ag+ass3<4.

6. Connected ribbons with full equivalence class and full
Schur support

Building on [Mc08|, M. Gaetz, W. Hardt and S. Sridhar have introduced
in [GaHaSr17] the family of connected ribbons with full equivalence class.

Definition 6.1. [GaHaSr17, Definition 7] Let a be a partition with parts
> 2 and /() > 3. The connected ribbon R, is said to have full equivalence
class if [R,] = [Rg], for any rearrangement /3 of the entries of a.

Definition 6.2. [GaHaSr17] Three integers x < y < z are said to satisfy the
strict triangle inequality if z < x + y. In this case, the multiset {x,y, 2} is
said to satisfy the strict triangle inequality.

The set of connected ribbons with full equivalence class have partitions
as representatives. For monotone connected ribbons, the inequality ,
in Theorem [1.10, [GaHaSr17, Theorem IL.1], giving a necessary condition
for full equivalence class, is equivalent to inequality (1.8, in Theorem [1.7]
characterizing the full Schur support.

Proof of Lemma Let 7 € {1,...,0(a) — 2} and N; := maz{k :
Z (k—a;) < {(a) —j —2}. From the definition of N;, one has Z (N; —

1<i<j 1<i<j
a; <k Oél'<Nj
a;) <{l(a) —j—2. Then N; < p; & Z (0j —i) > l(a) —5— 1.0
1<i<y
a;<Qj
Proof of Theorem [1.12, Because R, is connected, p = (/(a)—1,...,2,1,0)
and, in Definition|1.3} o; = Zg(:o?ﬂ a;—(l(a)—j—2),forj e {1,...,0(a)—2}.

Suppose that R, does not have full Schur support. Then Theorem says
that for some ¢t € {1,...,¢(a) — 2},

Z lor — ], = Z (0 — ;) < () —t —2. (6.1)

1<i<t 1<i<t
a; <0t

Inequality (6.1]) implies in the definition of Ny, (1.11)), that N; > o with ¢ €
{1,...,¢(a) — 2}. Henceforth, by Theorem [1.10, [GaHaSr17, Theorem 1.2],
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one concludes that o does not have full equivalence class. When ¢(«) = 3, by
Theorem [1.6, R, has full support [, (Ja| —2,2)] if and only if oy < as + a3
(strict triangle inequality). Theorem 3.4, in [GaHaSr'Tr17], also shows that
R, has full equivalence class if and only if a; < ag + ag. When ((a) = 4,
by Theorem (b), R, has full support [« (|a| — 3,3)] if and only if
are satisfied. Theorem 3.6, in [GaHaSrTr17], also shows that R, has full
equivalence class if and only if are satisfied. [

Next theorem gives a sufficient condition for a monotone connected ribbon
to have full equivalence class [GaHaSr17, Corollary1.4] which in turn, thanks
to Theorem [I.12] also gives a sufficient condition for monotone connected
ribbons to have full Schur support.

Theorem 6.3. Let 3 = (f1,. .., Byp)) be a composition with parts > 2 and
((8) = 3. If all 3-multisets contained in {f3i,...,Byp)} satisfy the strict
triangle inequality then the connected ribbon Rz has

(a) [GaHaSr17, Corollary 1.4] full equivalence class; and

(b) full Schur support [5%, (|8] — 4(6) + 1,4(8) — 1)].

The strict triangle inequality condition given by the previous theorem is
sufficient for a connected ribbon to have full support, but it is not necessary.
For instance, not all 3-subsets of the partition a = (4, 3, 2, 2) satisfy the strict
triangular inequality (4 = 2 4 2), but as we have seen in Example [5.6] the
connected ribbon R? has full support. Nevertheless, for partitions o with
length 3 the connected ribbon R? has full support (full support) if and only
if « satisfy the strict triangular inequality (1.9).

Next statement classifies arbitrary compositions with length 3 with respect
to the full support where we may verify that for non monotone compositions
the strict triangular inequality is not a necessary condition. This means that
the full Schur support classification for non monotone compositions and for
partitions is not the same.

Corollary 6.4. Let 8 be a composition of length 3 with each part > 2. Then,
the connected ribbon Ry has full support except when 8 = (8", B2, 83) or 8 =
(B2, B3, B7) with 8] > B2+ 3, in which cases, the partition v = (8], B2+ 53)
is in the Schur interval but not in the support of Rg.

Proof: By the previous theorem, we know that if 3 satisfies the strict triangle
inequality, 57" < 82+ (3, then Rs has full support. There remains three cases

to analyse: 6 - (5?752753)7 or 5 - (6275375?)7 or 6 - (6275?763)7 Wlth

B > B2+ Ps. Since the support of R is invariant under 180 degrees rotation
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of the ribbon Rg, the first two cases can be reduced to the first one. Suppose
that 8 = (8;, Bo, 83) satisfies 31 > 2 + B3 and B2 > (3, and recall that the
overlapping partition is p = (2,1,0). Applying Theorem with ¢ = 1 one
has 01 = 2+ 3 and gf = 0 < ps — 1 = 0, and henceforth, the support of
Rg, is not the entire Schur interval, since the partition v = (1, B2 + f3) is in
the Schur interval but not in the support of Rg. The same partition v proves
the result when 3 > (5. Note that an LR filling of R+ 3,3, With content
v would oblige to fill the first row with 5; 1’s and the last two rows with
B2 + B3 2’s. Since the two last rows of Rg overlap such a filling violates the
column semistandard condition.

Finally, in the case of the connected ribbon Rs, g+ 8y) satisfying ;7 >
By + B3, it is easy to show that LRg,, # 0 for any partition in the Schur
interval [571, (|8] — 2,2)]. Indeed if {(v) = 3, any T € Tab(v, ) is such that
D(T) = S(B) = {B2, B + Bo}. If L(v) = 2, consider the canonical filling
T € Tab(v,B), v = (v1,12). Then the second row of T has 3’s and because
B > B+ B3, vy < B + B3 (otherwise vy > vy = (35), the first row of T
has [y 1’s and at least one two. In case, 1» = B3 > 2, the 2nd row of T'
has 83 3’s and the 8 > 2, 2’s are all in the first row of T, in which case
we swap the rightmost 2 in the first row with the leftmost 3 in the second
row to get a new tableau in Tab(v, 3). The descent set of this new tableau

is S(B) = {B2, b1 + Bo}. O

Remark 6.5. If the composition 8 = (8, 81, 83) satisfies 8] > 5 + (5 the
connected ribbon Rjg has full support while Rg+ does not have full support
because ;" > (2 + Gs.

Corollary 6.6. [McWil2, Theorem 1.5.] Let 8 be an arbitrary composition
with parts > 1. Connected ribbons 3 whose column and row lengths differ

at most one have full support. They also have full equivalence class except
when 3 = (2191 1), £(B) > 3.

Proof: Let 8 = (B1,...,Byp)) and Rs a connected ribbon in the conditions
of the statement. Observe that the transpose of Rp is still in the conditions
of the statement. If Rg or its transpose consists only of one or two rows is
trivial. Suppose that R has at least three rows. If §; > 2 forall 1 < i < {(f),
then |5, — 8;| < 1, for all 1 <14,5 < ¢(B), and any three parts 5; < 8; < b
of (8 satisfy the strict triangle inequality 5, < f§; + ;. By Theorem [6.3]
(b), Rg has full support and full equivalence class. If 3; = By = 1 then
Bi =2,1<i<¥{B), and transposing Rz we fall in one of the previous cases:
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B = (29 with ¢(8) > 2, and again Rj has full support and full equivalence
class. If 81 = 1 < Byp) or b1 > Bypy = 1, by 180 degrees-rotation, we may
assume the last inequality and we have g = (2/9~1 1) with ¢(3) > 3. Put
s :=L(#) — 1 and let I := [(2°), (s, s)] be the Schur interval of R, s > 2.
By the previous cases, the support of Ry is the full interval I.

The Schur interval of R 1y is [(2°,1), (s + 1,s)] and it is self conjugate.
Its partitions are obtained using one extra box in the construction of the
elements of I. There are three possible positions to put the extra box in one
element of I and obtain v € [(2°,1), (s + 1,s)]: (a) far right of the first row;
(b) below the last row; or (c) far right of the last row.

Because Rg = R9: 1) = (Rs)" and Ch, = c’l’éﬁ, by transposition of v, we may
reduce (a) to (b). Hence if T € LRp,.,, then the SSYT 7Th, obtained by
adding one box filled with s+ 1 below the last row of T', is in LRpg,,. ,,, with
v = (u,1). Note that D(fD) = 85(2%,1) = §(2°) U {2s}. It remains to prove
that v = (g1, ..., fhe(u)—1, te(uy + 1) obtained in (c) is in [R9s 1)]. If the last
row of T" has at most one s then just add one box filled with s+ 1 at the end
of the this row to obtain 7h. If the last row of 7" has two s’s also add one
box filled with s 4+ 1 at the end of this row. At least one entry in the row
above is not in the last row and choose that in the rightmost position: it is
the far right entry:

(i)s—1,T= -+ ab(s=1) =-Tp= -+ a b s ,a<
s s (s+1) s—1 s (s+1)
s—1,6<s—1
(i)a<s—1,T= -~ dc a —Tg= - d ¢ s ,c<
s s (s+1) e oo s (s41)
a < s—1,d < a, aenters in the last row of T" bumping to the right the left
most strictly bigger entry; otherwise, ' = --- d ¢ a x — Th =
r s s (s+1)
d c x s ,d<a<zxz<s—1,c<a,aentersin the last row
e @ cc T S (S+1)

of T' bumping to the right the left most strictly bigger entry. In any case and
D(1p) = S(2°,1).
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Indeed, B = (2°4)=1 1) and v = (2,1,2®=2), ¢(8) > 3, do not have the
same Schur interval. The Schur interval of the latter is [(2°,1);(3,2°72,1?)]
with s = £(f) — 1 and henceforth 8 = (2/%~1 1), ¢(8) > 3 does not have full
equivalence class. [l

7. Towards to a coincidence between full Schur sup-
port monotone connected ribbons and full equiva-
lence classes

In this section we consider connected ribbons with parts > 2 arranged
in any order. The necessary condition, given by Theorem [I.5] for the LR
coefficient ¢, to be positive, with « a partition, is generalized to a connected
ribbon R, where a, ™ € Yy,), is a m-permutation of the entries of a.
Thanks to the 180°-rotation symmetry of LR coefficients, ¢ = c(” R) it is
sufficient to consider partitions a of length > 3. That is, we already know
that Riarayy = Riagery > 0 & Vi < Zi:i a, —pi, 1 <14 < 2. Recall the
definition of overlapping partition of a connected ribbon with row lengths
in arbitrary order, Definition [3.1, and that the overlapping partition p™ =
(pT, 05, - ..  D(a): 0) of the connected ribbon R, _ satisfies (3.1), p™ C ({(«a) —
1,...,1,0), that is, p] = () — 1, and pf < () — i, 2 < i < {l(a).
Theorem 7.1. Let a be a partition with parts > 2, and R,_a connected
ribbon with overlapping partition p™. Let v € [o, (|o] — () + 1, ¢(a) — 1)].
Then

()
v E [Ry,](cg, >0)=v < Zozq —pr, 1<i</L(ph). (7.1)
q=1
Proof: We prove the contrapositive assertion: if there existsi € {1,...,¢(a)—

2} such that v;,; > zggﬂ og — P + 1 then ¢ = 0. (Indeed v; <

U -
Sy ag = pT + 1 and vya) < aga).)
Let ar = (81, ..., Bia)) and let i be the smallest element in {1, ..., ¢(a)—2}
()

such that vy > > 5/ oy — pfy + 1. Since [v| = |a] and o < v, one has
i i i U(a) i
Zﬁquaquyq:‘a“_ ZVqSZO‘q‘i‘pgﬂ_l' (7.2)
q=1 q=1 g=1 q>i+1 g=1
If we place vy 1's, 15 2’s, ...,1; ¢’s in Rg to obtain an LR filling then at

least the first ¢ rows of Rz are completely filled because one can not place
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in them numbers > ¢ + 1. Henceforth, in the best case one has 22:1 By =

D g1 g = 2221 Vg, so that it remains ¢(«) —i rows of Rg to place v 41 i+1s.
Because R is connected the number of columns of length two among them is
l(a)—i—1 > pf,,. (Infact, in this case, one has the equality (o) —i—1 = p[ ;.
Because one has the equality of the multisets {3, ..., Ba)} = {0, ..., ay)}
and by definition pf,; is the number of columns of length two among the
TOWS Qj, . . ., Qg(q) Of the ribbon Rz which in this the same as among the rows
of Rg, .. ﬁe<a>)-) It means that in the best case the number of available boxes

to fill with v;,1, 2 4+ 1’s, is in fact

Ua) i
S Bi—Wa)y—i—1) = |8/ =Y B — (Ua)—i—1)=

q>i+1

q=1
() {(a)
= Z ag— (l(a) —i—1) < Z g = Piy
q>i+1 q>i+1

< Zaqwtpfﬂ —1 < v,

which is not enough. Therefore ¢, = 0. [l

Remark 7.2. (1) Under the assumption that row lengths are > 2, R,_and
R, have the same the Schur interval, [a, (Ja| — ¢(a) + 1,¢(a) — 1)], for all
T € Eg(a).

(2) Assuming in Theorem [7.1| that inequalities are also sufficient for
v € [R,_], we have the following result. If v € [R,] with « a partition, and
T € Ze(a) then

() ()
vi <Y og—(la) —i) <Y ag—pf, 1<i<l(v)=veER,]
q=1 q=1

Therefore, [R,] C [R,,], for any m € >, If R, has full Schur support,
[Ro,] = [Ra], for any m € ), and R, has full equivalence class. Thereby,
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R, does not have full equivalence class if and only if [R,] & [Ra,], for some
T E ZK( a)-

In other words, the connected ribbon R, with o a partition with parts > 2
has full support only if o has full equivalence class. This implies that the
Gaetz-Hardt-Sridhar conjecture [GaHaSr17, Conjecture I1.4] claiming that
the necessary condition on full equivalence classes is also sufficient, is
true.

Conjecture. Let a be a partition with parts > 2 and R, a connected ribbon.
Then the following are equivalent
(a) R, has full Schur support, that is, [R,] = [«, (|a] — ¢(a) + 1, €(a) — 1];
(b) « has full equivalence class;
(c) Forall j € {1,...,¢(a) — 2},

N; = max{k : Z (k—ay) <l(a)—j—2} < 0 & Z (0j—a;) > l(a)—7—1.

1<i<y 1<i<j
a; <k a;<Qj

References

[Az99] O. Azenhas, ‘The admissible interval for the invariant factors of a product of matrices’,
Linear and Multilinear Algebra 46 (1999), 51-99.

[ACMO09] O. Azenhas, A. Conflitti and R. Mamede. Linear time equivalent Littlewood—Richardson
coefficient maps, Discrete Math. Theor. Comput. Sci. Proceedings, 21st International Con-
ference on Formal Power Series and Algebraic Combinatorics, (2009), 127-144.

[ACM17] O. Azenhas, A. Conflitti and R. Mamede. Multiplicity—free Skew Schur functions with
full interval support, arXiv:1009.4170v2 (2011).

[AKT16] O. Azenhas, R. C. King, I. Terada, The involutive nature of the Littlewood-Richardson
commutativity bijection, arXiv:1603.05037

[BumSch16] D. Bump and A. Schilling. Crystal Bases. Representations and Combinatorics, World
Scientific Publishing Co. Ptc. Ltd, 2016.

[DoPy07] G. Dobrovolska, P. Pylyavskyy, On products of si,, characters and support containment,
J. Algebra 316 (2) (2007) 706-714.

[Fo76] H. O. Foulkes, Enumeration of permutations with prescribed up-down and inversion se-
quences, Discrete Math. 15 (1976), 235-252.

[Fu97] W. Fulton. Young Tableaux: With Applications to Representation Theory and Geome-
try, London Mathematical Society Student Texts, Cambridge University Press, Cambridge,
USA, 1997.

[Fu00] W. Fulton, Eigenvalues, invariant factors, highest weights, and Schubert calculus, Bull.
Amer. Math. Soc. (NS) 37 (3) (2000) 209-249.

[GaHaSr17] M. Gaetz, W. Hardt and S. Sridhar, Support Equalities Among Ribbon Schur Func-
tions, arXiv:1709.03011v1 (and arXiv:1709.03011v2).

[GaHaSrTr17] M. Gaetz, W. Hardt, S. Sridhar and A. Quoc Tran, Support Equalities of Ribbon
Schur Functions, October, 2017, http://www-users.math.umn.edu/ reiner/REU/REU.html.



FULL SCHUR SUPPORT AND FULL EQUIVALENCE CLASSES 53

[Ge84] I. M. Gessel. Multipartite P-partitions and inner products of skew Schur functions. In
Combinatorics and algebra (Boulder, Colo., 1983), volume 34 of Contemp. Math., pages
289-301. Amer. Math. Soc., Providence, RI, 1984.

[Ge93] I. Gessel and C. Reutenauer, Counting Permutations with Given Cycle Structure and De-
scent Set, J. Combin., Ser A 64, 189-215 (1993).

[GeZe86] I.M. Gelfand and A.V. Zelevinsky, Multiplicities and proper bases for gl,,, in Group
Theoretical Methods in Physics, Vol II, Proc. 3rd Yurmala Seminar 1985, VNU Sci. Press,
Utrecht, (1986), 147-1509.

[Ho62] A. Horn, Eigenvalues of sums of Hermitian matrices, Pacific J. Math., 12 (1962), 225-241.

[K198] A. A. Klyachko, Stable bundles, representation theory and Hermitian operators, Sel. math.,
New ser. 4 (1998) 419-445.

[KnTa99] A. Knutson and T. Tao. The honeycomb model of GLn(C) tensor products. I. Proof of
the saturation conjecture, J. Amer. Math. Soc., 12(4):1055-1090, 1999.

[Kwo09] J—H. Kwon. Cystal Graphs and the Combinatorics of Young Tableaur in M. Hazewinkel
(ed.), Handbook of Algebra Vol 6, pp. 473-504, North-Holland 2009.

[JaVil7] J. Janopaul-Naylor, C. R. Vinroot, Kostka multiplicity one for multipartitions, Austr. J.
of Combinatorics, Vol 68(2), 2017, 153-185.

[LecLenl7] C. Lecouvey, C. Lenart. Combinatorics of generalized exponents , arXiv:1707.03314,
2017.

[Nak05] T. Nakashima. Crystal base and a generalization of the Littlewood-Richardson rule for
classical Lie Algebras, Commun. Math. Phy, 154 (1993), 215-243.

[LiRi34] D.E. Littlewood and A. R. Richardson, ‘Group characters and algebra’, Phil. Trans. Royal
Soc. A (London) 233 (1934), 99-141.

[Liul2] R. I. Liu, Matching polytopes and Specht modules, Trans. of the American Math. Soc.,
Volume 364, Number 2, February 2012, pp. 1089-1107.

[Macl7] P.A. MacMahon, Combinatory Analysis, Cambridge University Press, 1917 (Vol. I), 1918
(Vol. II), reprint, Chelsea, New York, USA, 1960.

[Mc08] P. R. W. McNamara, Necessary conditions for Schur—positivity, J. Algebraic Combin. 28
(2008), 495-507.

[McWi09] P. R. W. McNamara and S. van Willigenburg, Towards a Combinatorial Classification
of Skew Schur Functions, Trans. American Math. Soc. Vol. 361, No. 8 (Aug., 2009), pp.
4437-4470

[McWil2] P. R. W. McNamara and S. van Willigenburg. Maximal supports and Schur positivity
among connected skew shapes. European J. of Combin. V. 33 (6), 2012, pp. 1190-1206.

[ReShi98] V. Reiner and M. Shimozono. Percentage-avoiding, northwest shapes and peelable
tableaux. J. Combin. Theory Ser. A, 82(1):1-73, 1998.

[Sa01] B. Sagan. The Symmetric Group. Representations, Combinatorial Algorithms, and Sym-
metric functions, Springer Verlag, New York, 2001.

[Sch77] M.-P. Schiitzenberger. La correspondance de Robinson. In Combinatoire et representation
du groupe symétrique (Actes Table Ronde CNRS, Univ. Louis-Pasteur Strasbourg, Stras-
bourg, 1976), 59-113. Lecture Notes in Math., Vol. 579. Springer, Berlin, 1977.

[St99] R. P. Stanley, Enumerative Combinatorics. Vol. 2, Cambridge University Press, Cambridge
1999.

[Tho78] G.P. Thomas, On Schensted’s construction and the multiplication of Schur functions, Adv.
Math. 30 (1978) 8-32.

OLGA AZENHAS
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3000-501 COIMBRA, PORTUGAL



54 O. AZENHAS AND R. MAMEDE

FE-mail address: oazenhas@mat.uc.pt

Ri1CARDO MAMEDE
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3000-501 COIMBRA, PORTUGAL

E-mail address: mamede@mat .uc.pt



	1. Introduction and statement of results 
	1.1.  Overlapping partition of a monotone ribbon and descent set of a SYT
	1.2.  Monotone ribbons: witness vectors and their slacks
	1.3. Statement of main results
	1.4. Organization of the paper

	2. Preliminaries
	2.1. Partitions, compositions and tableaux
	2.2. Descent set of a standard tableau
	2.3. Dominance order on partitions
	2.4. The canonical filling in Tab(,)
	2.5. Skew-Schur functions, LR tableaux and Littlewood-Richardson rule 
	2.6. LR tableaux and companion tableaux
	2.7.  Schur support and symmetries

	3. Ribbons
	3.1. Overlapping partition of a ribbon with parts at least two
	3.2.  LR ribbons and companion tableaux
	3.3.  The critical set of a SSYT in Tab(,)
	3.4. Effectiveness of critical numbers

	4.  Characterization of monotone ribbon LR coefficients positivity by means of linear inequalities
	4.1. Proof of the only if part of Theorem 1.5 
	4.2. Proof of the if part of Theorem 1.5

	5. Classification of monotone ribbons with full Schur support
	5.1. Proof of Theorem 1.6 
	5.2. Proof of Remark 1.8 and Corollary 1.9

	6. Connected ribbons with full equivalence class and full Schur support
	7.  Towards to a coincidence between full Schur support monotone connected ribbons and full equivalence classes
	References

