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ABSTRACT: A pseudo real matrix representation of an octonion, which is based
on two real matrix representations of a quaternion, is considered. We study how
some operations defined on the octonions change the set of eigenvalues of the matrix
obtained if these operations are performed after or before the matrix representation.
The established results could be of particular interest to researchers working on
estimation algorithms involving such operations.
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1. Introduction

Due to nonassociativity, the real octonion division algebra is not alge-
braically isomorphic to a real matrix algebra. Despite this fact, pseudo real
matrix representations of an octonion may be introduced, as in [1], through
real matrix representations of a quaternion.

In this work, the left matrix representation of an octonion over R, as called
by Tian in [1], is considered. For the sake of completeness, some definitions
and results, in particular on this pseudo representation, are recalled in Section
2.

Using the mentioned representation, results concerning eigenvalues of ma-
trices related to the octonions are established in Section 3. Previous research
on this subject, although not explicitly applying real matrix representations
of a quaternion, can be seen in [2].

2. Real octonion division algebra

Consider the real octonion division algebra O, that is, the usual real vector
space R®, with canonical basis {e, ..., er}, equipped with the multiplication
given by the relations

e;ej = —0;j€o + £jL€k,
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where 9;; is the Kronecker delta, €;;;, is a Levi-Civita symbol, i.e., a completely
antisymmetric tensor with a positive value +1 when 17k = 123, 145, 167, 246,
275, 374, 365 and egq is the identity. This element will be omitted whenever
it is clear from the context.

Every element o € O can be written as

7
o= ZOgeg = Re(0) + Im(o0), o € R,
=0

where Re(0) = oy and Im(0) = @ = ZZ:1 ogey are called the real part and
the imaginary (or vector) part, respectively. The conjugate of o is defined
as 0 = Re(o) — Im(0). The norm of o is defined by |o| = vVoo = voo =
o
ZZ:O 0?. The inverse of a non-zero octonion o is 0! = W
o
The multiplication of O can be written in terms of the Euclidean inner
product and the vector cross product in R”, hereinafter denoted by - and X,

respectively. Concretely, as in [3], we have
— — —
abzaobg—ﬁ' b +a0b +b03—|—7>< b.

Following [4], we recall that a,b € O are perpendicular if Re(ab) = 0.
In pﬂ’ticular, if Re(a) = Re(b) = 0, then a,b € O are perpendicular if
d - b =0. Moreover, a,b € O are parallel if Im(aE)_:> 0. In particular, if
Re(a) = Re(b) = 0, then a,b € O are parallel if @ x b = 0.

The elements of the basis of O can also be written as

60:1, 61:’1:, 62:j, 63:7:j,

es =k, es =1k, eg =gk, er =1jk.
The real octonion division algebra O, of dimension 8, can be constructed from
the real quaternion division algebra H, of dimension 4, by the Cayley-Dickson

doubling process where O contains H as a subalgebra. As a consequence, it
is well known that any o € O can be written as

o = q1 + @k, (1)

where ¢, g2 € H are of the form ag+ a1t + asg + azty, with ag, aq, as, as € R.

The real quaternion division algebra H is algebraically isomorphic to the
real matrix algebra of the matrices in (2), where ¢(q) is a real matrix repre-
sentation of a quaternion gq.



EIGENVALUES OF MATRICES RELATED TO THE OCTONIONS 3
Definition 1. [1] Let ¢ = qo + 1% + ¢2F + g3t € H. Then
do —q1 —q2 —qs3

q1 qo —q3 q2
— . 2
gb(q) q2 q3 qQ —q1 ( )

q3 —q2 q1 qo0

Some important properties of the matrices in Definition 1 are recalled in
Lemma 1.

Lemma 1. [1] Let a,b € H and A € R. Then
a) a =b<= ¢(a) = ¢(b).
¢(a+b) = d(a) + ¢(b), ¢(ab) = ¢(a)p(b), ¢(ra) = Ap(a), (1) = 14
(@) = ¢' (a).
(@) =¢"'(a), if a # 0.
et [¢(a)] = |al*.
The real quaternion division algebra H is algebraically anti-isomorphic to

the real matrix algebra of the matrices in (3), where 7(g) is another real
matrix representation of a quaternion q.

Definition 2. [1] Let ¢ = qo + 1% + ¢23 + g3t € H. Then
d —¢@1 —q92 —qs3

— K T K, — q1 qo g3 —q2 : 3
7(q) 10° (q) Ky o —a @ (3)

a3 92 —q1 Qo
where Ky = diag(1, —1, -1, —1).

Some relevant properties of the matrices in Definition 2 are recalled in
Lemma 2.

Lemma 2. [1] Let a,b € H and A € R. Then

a) a =b<=7(a) =7(b).

Eg;r_b) 7?(T)(CL) +7(b), 7(ab) = 7(b)7(a), T(Aa) = A7(a), T(1) = L.
T(a™l) = 7_1'(a), if a # 0.

det [7(a)] = |a]?.

Based on the previous real matrix representations of a quaternion, Tian
introduced the following pseudo real matrix representation of an octonion.
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Definition 3. [1] Let a = a'+a"k € O, where a' = ag+ai1t+asj+asig,a” =
as + ast + agg + artg € H. Then the 8 X 8 real matriz

Sd) (),
SaKy (@) | o

w(a) =

is called the left matriz representation of a over R, where

K, = diag(1,—1,—1,-1).

Even though there are a,b € O such that w(a)w(b) # w(ab), there are
still some properties which hold. These are recalled in Theorem 1.

Theorem 1. [1] Let a,b € O, A € R. Then

(a) @ = b <= w(a) =w(b).
(b) wla+b) =w(a)+w(b), wra)=>w(a), w(l)=I;.
(c) w(@) = wl(a).

3. Main Results

In this section, the left matrix representation of an octonion over R is
considered. First of all, given an octonion, the eigenvalues of its left matrix
representation are calculated.

Proposition 1. Let a = ag + Im(a) € O. Then the eigenvalues of the real
matriz w(a) are

A = ap £ ¢/Im(a)|,
each with algebraic multiplicity 4.

Proof: Let a = ag + Im(a) € O, where Im(a) = o' 4+ a"k and o', d"” € H.
The characteristic polynomial of w(a) is

det(Mg — w(a)) = det(Ks(A g — w(a))Ky),
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where Ky is the orthogonal matrix diag(1, —1,—1,—1,1,1,1,1) = diag(Ky, I4).
Hence,

da@k—wmﬂ::da<KgF%¥¢%%j)d;@%@%q}Kg

ao+a a”
:da[ >ﬂA%%ldJ
= det (T(A —ag + ' )7(A — ap — @) + ¢(a”)p(a")))
= det (7 (A —ap)* + |d'|*) + ¢(|a" "))
= det (A —ao)” +|d'|*) s + |a"|*14)
— det (A= a0)? + [Im(@))1)
= ((A = ap)* + [Im(a)[*)",

and the result follows. ]

The set of eigenvalues of w(ab) is equal to the set of eigenvalues of w(a)w(b)
since the characteristic polynomials are equal as can easily be seen. How-
ever, if we add an extra octonion ¢ the set of eigenvalues of w(ab + ¢) and
w(a)w(b) + w(c) may differ.

We now study the eigenvalues of the matrix w(a)w(b) 4+ w(c), given three
given octonions a, b, and c.

Let @ = ap + Im(a) and b = by + Im(b). Notice that Im(b) can be
decomposed into two parts: a part parallel to 3, denoted by b,; and a part
perpendicular to @, denoted by b, . Hence, b—; € Span(ﬁ) and b, - b, = 0.
Then

ab = (ap+1Im(a))(by+bg+ b))
= apby + Im(a)b, + bplm(a) + apbg + apb, + Im(a)b,,

where agbg, Im(a)b, € R and bylm(a), apb, € Span(Im(a)). Hence, it suf-
fices to consider only the product Im(a)b, since the remaining terms can be
added to c.

Proposition 2. Let a,b,c € O such that a and b are perpendicular, and
Re(a) = Re(b) = 0. Then the eigenvalues of the real matriz w(a)w(b)+w(c)
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are

Re(c) ii\/(laHbl £ lel])? + ley?, (5)

where ¢| is the projection of ¢ onto Span(a,b) and ¢, = ¢ — ¢, each with
algebraic multiplicity 2.

Proof: Without loss of generality, we consider @ = a2 and b = bj. Hence,
_ [ ¢(ai) 0 ¢(bg) 0
wlajw®) = 70" r(as) ] [ 0 7(bj) ]
[ olai)otbs) 0 ]
I 0 T(at)7(bg) |-

By Lemmas 1 and 2, we have

_ | #(abig) 0
w(a)w(b) = [ 0 (—abij) | (6)
Let ¢ = ¢g + 11 + ¢oF + c3t + 'k, where ¢ € H. Then
| #leo + a1t + o + c3ig) —7(") Ky
wie) = [ P(c") Ky T(co+ 1t + coj +c3ig) | (")

Taking into account (6) and (7), we obtain
A —7(" K}y

s@)el®) +0le) = | ey 5|

where A = ¢(co+c1t+coj+(c3+ab)ig) and B = 7(co+c1t+coj+(c3—ab)ig).
The characteristic polynomial of w(a)w(b) + w(c) is
p(A) = det (w(a)w(b) +w(c) — Aly)
= det(Kg(w(a)w(b) + w(ec) — Ag)K3),

where Ky is the orthogonal matrix diag(1, —1,—1,—1,1,1,1,1) = diag( Ky, I3).

Hence,

=t | iy 5 |

where I'y = 7(co — A — 18 — o5 — (cs+ab)ig) and ['y = 7(co — A+ 12+ cog +
(c3 — ab)ig), which results in
p(A) = det (7 ((co — N)* + ¢ + &+ 5 — (ab)” + 2ab (cat — 15—
—(co = N)ig)) + o(I¢" ),
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and, since ¢(|c"|?) = 7(|"|?), gives

p(\) = det (7’ ((co — A%+ |c|||2 + e | = (ab)*+
+2ab(c2t — 17 — (co — N)ig))) ,

where ¢ = c12 + ¢ and ¢, = c3ij + "k. By Lemma 2, we have

p(A) = [((co = N+ ey + |en ] — (ab)*)* + 4(ab)® (| I*+ + (co — )\)2)]2
= [((eo— N+ ey + 2((co = A + ey ) (les — (ab))+
sl = (@) + 4@ (e + (e — )’
= [((co =N+ legl*)* + 2((co + N)* + ley ) (ler ] — (ab)*)+
+(leL + (ab)?)? — 4(ab)|e. )’
= [((co= N2+ ey + les* + (ab)?)? — 4(ab)|e.[*)’
= [((co= N+ [Im(e) + (ab)®)? — 4(ab)?|e. 7],
and the result follows. |

Corollary 1.1. Let a,b,c € O. Then
p(wlab +c)) < p(w(a)w(b) +w(c)), (8)
where p(-) stands for the spectral radius.

Proof: By Proposition 2, we obtain

P’ (w(a)w(b) +w(e)) = Re(e) + (lallb] + |eL])* + Ie)f*
= Re’(c) + [al*b]* + 2lallblleL| + e * + |e)
= le* + lal[bl* + 2/al[b]|c.|.

Furthermore, the eigenvalues of w(ab+c) are all equal in modulus and satisfy

p*(w(ab+c)) = (ab+ c)(ab+ c)
= |a|’|b]” + |c|* 4+ 2Re((ab)e).
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Without loss of generality, we can consider a = az and b = b3. If ¢ =
co+ c1t + 93 + 313 + cuk + cstk + cggk + cregk. Hence, we arrive at

p(wlab+c)) = |al*|b* + |c|* + 2Re((ab)e)
= (ab)? + |c|* + 2abcs
< (ab)2+]6\2+2]ab\\/c§+ci+c§+cg+c$
= (ab)* + |c|* + 2|ab||c. |

= " (w(a)w(b) +w(c)),

and the result follows. ]

Example 3.1. Let
a=1+1+k+1jk,
b=—-1+ 25 —ik + 3ijk,
c=2+1+7+k—5k+jk—121jk.
To apply (5), we rewrite a, b and ¢ as

a=ay+d, b:bo—i—z> c = Re(c) + ¢,

where 7 b and ¢ are the i imaginary parts of a,b and c, respectlvely
Calculating ba, the projection _0>f ? onto 7 we obtain b =d. Thus, the
orthogonal part b, is equal to b — b =—1+21) — k — 1k + 21jk.
The projections of ¢ onto d and b_j are, respectively c_; = —3d and
C—bj = 21'_; 419 + 2k +2ik 4ijk Hence, the projection of ¢ on the space of

d and b, iscep, = Ca+CbJ_ = —1 —4zg k + 2tk —Tigk. This implies that
the orthogonal part we have ¢ = € —Cap’ b, = 2t+7+3k—1dk+gk+Tigk.
Taking all together, we have

— R
ab+c = (ag+ @)(by+ba+b.)+ Re(c) + cap +C
— — —
— @b, + (Re(e) + aghy + dby) + <c—>a,bl + agbut

%
‘H)oﬁ + CL()bL) + C—i,

— . = —
where Re(c)—l—aobo—l—ﬁba is real and ca’bl—i—aoba—l—boﬁ—l—aobL S Span(ﬁ, b,).
So

ab+c = cy+c+ecy, 9)
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— \ — —
where ¢y = Re(e) + apby + ab, = —2, ¢| = Cap, + agbg + boﬁ + apb, =
—1— 413 — k+ 2tk — 719k, and ¢, = cl = 2t + 7 + 3k — 14ik + gk + Tijk.

From Proposition 2, we obtain the eigenvalues of

-2 1 2 1 0 6 2 8]
-1 -2 -5 0 6 4 12 —2
—2 5 -2 -1 —4 —12 2 6
-1 0 1 -2 -8 4 6 2
0 -6 4 8 —2 1 —4 —1
—6 -4 12 -4 -1 -2 5 2
—2 —-12 =2 -6 4 -5 —2 —1
8 2 -6 -2 1 -2 1 -2

w(a)w(b) +w(c) =

which are

A+:—2i¢¢(%§+wﬁﬁﬂz+38

and

A_:—Qii¢(ﬁ§—vﬁﬁf+ﬁ&

while the eigenvalues of w(ab + ¢) are A = —2 4+ 2+/110.
As predicted by Corollary 1.1, p(w(ab + ¢)) < p(w(a)w(b) + w(c)), since

p(w(ab+c)) = [\ = V114 and p(w(a)w(b) +w(c)) = [As] = v/180 + 61/385.
|
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