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1. Introduction
1.1. Stieltjes functions and orthogonal polynomials. This paper sur-
veys sequences of Laguerre-Hahn orthogonal polynomials, that is, sequences
of orthogonal polynomials whose Stieltjes function, S, satisfies a Riccati dif-
ferential equation

AS ′ = BS2 + CS +D , (1)

where A,B,C,D are polynomials, A 6≡ 0. Essentially, we will consider or-
thogonality on the real line.

A fairly general way to define the Stieltjes function is through the sequence
of moments of a linear functional, say u, defined in the linear space of poly-
nomials, where we shall assume the regularity condition on the moments
un := 〈u, xn〉, n ≥ 0,

det((ui+j)
n
i,j=0) 6= 0 , n ≥ 0 , (2)
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and, without loss of generality, u0 = 1. The Stieltjes function of u is the
formal series

S(x) =
+∞∑
n=0

un
xn+1

. (3)

If the moments satisfy the condition det((ui+j)
n
i,j=0) > 0, n ≥ 0 (that is, u is

positive-definite), then u has an integral representation in terms of a positive
Borel measure, µ, supported on an infinite point set of the real line, I, such
that

〈u, xn〉 =

∫
I

xn dµ(x) , n ≥ 0 . (4)

In this case, S is the so-called Stieltjes transform of the measure [80],

S(x) =

∫
I

dµ(y)

x− y
, x ∈ C \ I . (5)

The Stieltjes function plays a key role in the theory of orthogonal poly-
nomials. In many problems, the function S has more simple analytical and
transformation properties than the measure or the related linear functional,
thus, S is often more convenient for analysis [90]. Indeed, in the work of
Stieltjes (see [79, 80, 83]), often the Stieltjes transform of the measure is
given instead of the measure itself. Note that the measure can be restored
by means of an inversion formula (see [87, pp. 175] and [89]),

1

2
µ({a}) +

1

2
µ({b}) +µ(]a, b[) = lim

ε→0+

1

2πi

∫ b

a

(S(y − iε)− S(y + iε)) dy . (6)

The interplay between Stieltjes functions and orthogonal polynomials can
be made through several ways. For instance, we may consider the orthog-
onality with respect to moment linear functionals defined on the algebra
P of polynomials with complex coefficients (see [25, Th. 3.1]): condition
(2) is a necessary and sufficient condition for the existence of a sequence
of orthogonal polynomials with respect to the moment linear functional u
with moments (un)n≥0, that is, for the existence of a sequence {Pn}n≥0, with
deg(Pn) = n , n ≥ 0 , such that the orthogonality relation holds,

〈u, PnPm〉 = hnδn,m , n,m ≥ 0 , (7)

with hn 6= 0 , n ≥ 0. Here, δn,m is the Kronecker’s delta. In the positive-
definite case, with u given through (4), the orthogonality condition (7) reads
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∫
I

Pn(x)Pm(x)dµ(x) = hnδn,m , hn > 0 , n,m ≥ 0 . (8)

Throughout the paper we shall also use the terminology “the linear func-
tional (or the measure) related to” a sequence of polynomials {Pn}n≥0, or
vice-versa, to express relations of type (7) or (8). In the account of the
above setting, we shall also say that the Stieltjes function satisfying (1) is
Laguerre-Hahn.

Throughout the paper we shall take each Pn monic, that is, Pn(x) = xn+
lower degree terms, and we will abbreviate the sequences of monic orthogonal
polynomials by SMOP. Monic orthogonal polynomials satisfy a three-term
recurrence relation [82]

Pn+1(x) = (x− βn)Pn(x)− γnPn−1(x) , n = 0, 1, 2, . . . , (9)

with initial conditions P−1(x) = 0, P0(x) = 1, and γn 6= 0, n ≥ 1. The
converse result, usually referred to as Favard’s Theorem (see [41, Th. 1.5]
and [81, Th. 10.27]) states that, for the polynomial solution of (9) with γn 6= 0
(respectively, γn > 0, βn ∈ R), and initial conditions P−1(x) = 0, P0(x) = 1,
there exists a moment functional u such that (7) holds (respectively, there
exists a measure µ such that (8) holds).

The numbers βn, γn, commonly called the recurrence coefficients, can be
expressed as

βn =
〈u, xP 2

n〉
hn

, γn+1 =
hn+1

hn
, n ≥ 0 . (10)

In the pioneering work by Stieltjes (see [2, 79, 80]), the starting point in
constructing the general theory of orthogonal polynomials is the representa-
tion of S in terms of a continued fraction,

S(x) =
1

x− β0 −
γ1

x− β1 −
γ2

. . .

. (11)

The general theory of continued fraction shows that the approximants are
rational functions whose numerators and denominators, here denoted by

P
(1)
n−1/Pn, satisfy the recurrence relations, for all n ≥ 1,

P (1)
n (x) = (x− βn)P (1)

n−1(x)− γnP (1)
n−2(x) , (12)

Pn+1(x) = (x− βn)Pn(x)− γnPn−1(x) ,
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with initial conditions P
(1)
−1 (x) = 0, P

(1)
0 (x) = 1 and P−1(x) = 0, P0(x) = 1.

If S is the Stieltjes transform of some measure µ, then {Pn}n≥0 is the sequence
of orthogonal polynomials with respect to µ or, equivalently, to the moments
(4) in the expansion (3).

The sequence {P (1)
n }n≥0 is nowadays commonly called the sequence of asso-

ciated polynomials of the first kind, or simply the first-associated polynomials

of {Pn}n≥0 [86]. Note that {P (1)
n }n≥0 is defined by a three-term recurrence

relation with recurrence coefficients given by the shift n → n + 1 on the re-

currence coefficients of {Pn}n≥0. According to Favard’s Theorem, {P (1)
n }n≥0

is a sequence of orthogonal polynomials. The associated polynomials will
play a fundamental role in the sequel: they appear in fundamental formulae
on transformations of orthogonal polynomials (see [64, 66, 90]), and they are
a basic tool for deriving differential equations for Laguerre-Hahn orthogonal
polynomials (see [29, chapter IV], [34]). More details on these topics will be
given in Section 1.3 as well as in Section 3.

1.2. The Laguerre-Hahn class - early references. The study of orthog-
onal polynomials related to Stieltjes functions satisfying Riccati differential
equations can be traced back to the framework of Hermite-Padé approxi-
mation. We refer the interested reader to the work by A.P. Magnus [58],
together with the references therein, where it is studied the so-called Riccati
model for continued fractions (11). Some aspects of convergence of such a
model are based on the behaviour of the related orthogonal polynomials as
well as on differential equations that those polynomials satisfy. Indeed, it is
of importance the technique (according to the author in [58], based on stud-
ies by Laguerre and Hahn [46, 50]) that gives linear differential equations of
fixed but arbitrary order, with polynomial coefficients of bounded but arbi-
trary degree, from the Riccati differential equation for the Stieltjes function.
The terminology Laguerre-Hahn class is then used in A.P. Magnus’ paper
(see [58, pp. 222]), when conjecturing that sequences of orthogonal polyno-
mials satisfying such a kind of differential equations are always associated to
solutions of a Riccati differential equation with polynomial coefficients.

Shortly after [58] there are several works on Laguerre-Hahn orthogonal
polynomials that we would like to emphasize: [29, 34, 61]. In these works it
is detailed the formalism giving the common operations on linear functionals,
together with the appropriate topological framework, to define the so-called
Laguerre-Hahn linear functionals (or linear forms, in the terminology of the
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authors therein). It is given the following characterization [29, Th. 3.1]:
the equivalence between the Riccati differential equation for the Stieltjes
function, AS ′ = BS2 + CS + D, and the distributional equation for the
corresponding linear functional u,

D(Au) = ψu+B(x−1u2) , ψ = A′ + C , (13)

with D the polynomial defined in terms of A,B,C by [29, p. 67] ∗

D(x) = (uθ0A)′(x)− (uθ0(A
′ + C))(x)− (u2θ2

0B)(x) . (14)

Here, the left product of u by a polynomial is defined as 〈g u, p〉 = 〈u, g p〉, g, p ∈
P; the derivative Du is defined as 〈Du, p〉 = −〈u, p′〉, p ∈ P; the functional
x−1u and the product of two linear functionals are defined, respectively, as

follows: 〈x−1u, p〉 = 〈u, θ0p〉, with (θcp)(x) = p(x)−p(c)
x−c , c ∈ R, and 〈u v, p〉 =

〈u, vp〉, p ∈ P, with the right product given by vp(x) = 〈v, xp(x)−tp(t)
x−t 〉.

Note that B ≡ 0 in the previous equations gives us the semi-classical case
[48, 60, 62, 63]. In the semi-classical case, when u is represented in terms of
a weight function, w, that is,

〈u, xn〉 =

∫
I

xnw(x)dx , n ≥ 0,

the distributional equation D(Au) = ψu is equivalent to the equation for
the weight Aw′ = Cw - the so-called Pearson equation, under the boundary
conditions

xnA(x)w(x)|a,b = 0 , n ≥ 0 .

The numbers a, b (eventually a or b infinite) are related to the roots of A. In
such a case, w is the weight function on the support I = [a, b].

Amongst the semi-classical polynomials, there is the well-known family
obtained when deg(A) ≤ 2, deg(C) = 1 - the so-called classical orthogonal
polynomials - the Hermite, Laguerre, Jacobi, and Bessel polynomials. Let
us us emphasize that the Hermite, Laguerre and Jacobi polynomials corre-
spond to positive-definite cases, whilst the Bessel polynomials correspond
to a quasi-definite case. For further purposes, mainly for an easier under-
standing of some of the results to be described, it is given a table, in the

∗In these formulae, as well as in the rest of the paper, we are using our notation. It differs from
[29, 34, 61] and from other Maroni’s works, from a minus sign on the polynomials B and D, as the
definition of Stieltjes function in these references is S(x) = −

∑
n≥0 unx

−n−1.
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Appendix, with the information on the polynomials A,C,D in the linear dif-
ferential equation for the Stieltjes function, together with the weight and the
recurrence coefficients for classical orthogonal polynomials.

The study of linear functionals satisfying a distributional equation of type
(13) has been revisited many times in the literature. The main topics concern
classification, integral representations, and functional perturbations (see [3,
4, 12, 13, 68, 69]). More details about these topics will be given in the
forthcoming sections.

1.3. Building (some) sequences of Laguerre-Hahn orthogonal po-
lynomials, and related topics. Many families of Laguerre-Hahn orthog-
onal polynomials usually appear when dealing with transformations of semi-
classical orthogonal polynomials. Essentially, two types of transformations
are considered: (i) perturbations of the recurrence coefficients of orthogonal
polynomials; (ii) rational spectral transformations of Stieltjes functions.

The literature on the above type of transformations, within the general
theory of orthogonal polynomials, is vast, and clearly extends the topics
covered in the present paper. We refer the interested reader to [65, 66, 76, 90]
and their list of references.

Returning to the examples of Laguerre-Hahn orthogonal polynomials, let
us begin with the probably most basic one: the kth associated polynomials
of semi-classical orthogonal polynomials. Recall that given a sequence of
orthogonal polynomials, say {Pn}n≥0, satisfying the recurrence relation (9),

one defines, for k ∈ N, the kth associated polynomials P
(k)
n , n = 0, 1, . . . , by

the recurrence relation

P
(k)
n+1(x) = (x− βn+k)P

(k)
n (x)− γn+kP

(k)
n−1(x) , n = 0, 1, 2, . . . ,

with initial conditions P
(k)
−1 (x) = 0, P

(k)
0 (x) = 1. The Stieltjes function of

the kth associated polynomials is

S(k)(x) =
1

x− βk −
γk+1

x− βk+1 −
γk+2

. . .

.
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Thus, in the account of (11), S(k) is a rational spectral transformation of the
Stieltjes function S of {Pn}n≥0, given by [90, Sec. 4]

S(k)(x) =
Pk(x)S(x)− P (1)

k−1(x)

γkPk−1(x)S(x)− γkP (1)
k−2(x)

. (15)

Taking into account the above formulae, if {Pn}n≥0 is semi-classical with S
satisfying a linear differential equation with polynomial coefficients, then,
by virtue of (15), the Riccati equation for S(k) follows. Thus, if no simpli-

fications occur, {P (k)
n }n≥0 is Laguerre-Hahn. Following this line, the most

basic examples of Laguerre-Hahn orthogonal polynomials are the associated
of Hermite, Laguerre, Jacobi and Bessel polynomials †.

We can also consider the backward shift of the recurrence coefficients of
{Pn}n≥0, that is, one defines the new sequence of orthogonal polynomials, the

so-called anti-associated polynomials P
(−k)
n , n = 0, 1, . . . ,, with recurrence

coefficients [76]

β(−k)
n = βn−k , n = k, k + 1, . . . , γ(−k)

n = γn−k , n = k + 1, k + 2, . . . ,

where the parameters β
(−k)
n , n = 0, . . . , k − 1, and γ

(−k)
n , n = 1, . . . , k, are

defined as arbitrary numbers. In the same way as above, the Stieltjes function

of {P (−k)
n }n≥0, here denoted by S(−k), is a spectral transformation of S [90,

Sec. 4],

S(−k)(x) =
γ

(−k)
k P

(−k)
k−2 (x)S(x)− P (−k+1)

k−1 (x)

γ
(−k)
k P

(−k)
k−1 (x)S(x)− P (−k+1)

k (x)
. (16)

Transformations (15) and (16) are special cases of general rational spectral
transformations

S̃(x) =
a(x)S(x) + b(x)

c(x)S(x) + d(x)
, (17)

where a, b, c, d are polynomials [90]. Other relevant special cases of (17) are
related to the following perturbations of orthogonal polynomials (see [28]):
the generalized co-recursive polynomials, where it is modified, at level k1, the
coefficient βk1,

β∗k1 = βk1 + µ , β∗j = βj , j 6= k1 ;

†It turns out that the first associated of Jacobi polynomials with parameters (α, β) ∈
{(1/2, 1/2), (−1/2, 1/2), (1/2,−1/2)} are also semi-classical (see the discussion on second degree
forms in Section 1.4)



8 M.N. REBOCHO

the generalized co-dilated polynomials, where it is modified, at level k2, the
coefficient γk2,

γ̂k2 = λγk2 , γ̂j = γj , j 6= k2 , λ 6= 0 ;

the generalized co-modified polynomials, combining the two previous trans-
formations, with two modifications, µ and λ, at levels k1 and k2. The explicit
formulae (17) for these transformations are given in [28, Sec.4].

Generic rational spectral transformations of Stieltjes functions (17) induce
polynomial transformations, say {P̃n}n≥0, in the form

P̃n(x) = rn(x)Pn(x) + sn(x)Pn−1(x) + tn(x)P (1)
n (x) + vn(x)P

(1)
n−1(x) , (18)

where rn, sn, tn, vn are rational functions of degrees not depending on n. This
amounts to the study of polynomial transformations through relations such
as

E(x)P̃n(x) =
n+K∑
k=n−J

ξn,kPk(x) ,

where E is a polynomial of fixed degree, and J,K are positive integers (see
[60] and [90, Secs. 3 and 4]). For the generalized co-recursive polynomials,
generalized co-dilated polynomials, and generalized co-modified polynomials,
explicit formulae of type (18) are given in [28]. A more general case was
analysed in [66], where, under certain conditions, it is given closed expressions

for the polynomials P̃n related to S̃ in terms of Pn and its associated P
(1)
n−1.

The Laguerre-Hahn character of orthogonal polynomials is invariant under
generic rational spectral transformations (17) of Stieltjes functions [90, Prop.
4]. The analysis of such a topic for some of the above referred transformations
can be found in [28, 32] (see also [22]). The analysis of transformations on
linear functionals can be found in [3, Chap. IV], [30, 31, 33, 69], and [68,
Chap. III].

In general, rational spectral transformations of type (17) with c 6≡ 0 pro-
duce Laguerre-Hahn orthogonal polynomials whenever applied to Stieltjes
functions related to semi-classical polynomials. It remains an open prob-
lem to describe all the Laguerre-Hahn orthogonal polynomials in terms of
semi-classical ones.

1.4. Introductory remarks and notations. Throughout the text, the
Riccati equation (1), AS ′ = BS2 + CS + D, will be taken in its irreducible
form, that is, the polynomials A,B,C,D are co-prime.
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In some situations, the Riccati equation may simplify, with the Laguerre-
Hahn polynomials related to (1) becoming semi-classical. For instance, when
B ≡ 0, we get the semi-classical case, as already mentioned. But it may
happen that the Laguerre-Hahn orthogonal polynomials related to (1) are
semi-classical, even with the polynomial B not being identically zero. This
is the case of the Stieltjes functions related to second degree forms [59].

A regular linear functional u is called a second degree form if the corre-
sponding Stieltjes function satisfies a second degree equation with polynomial
coefficients,

bS2 + cS + d = 0 , (19)

where b, c, d satisfy b 6= 0, c2 − 4bd 6= 0, d 6= 0, due to regularity of u. The
polynomial d is given in terms of b, c as d(x) = −(uθ0c)(x) + (u2θ2

0b)(x). A
second degree form is semi-classical [59, Prop. 2.2]. A necessary and sufficient
condition for a Laguerre-Hahn Stieltjes function, satisfying (1), to be related
to a second degree form, satisfying (19), is the existence of a polynomial, p,
such that (see [59] and [68, Chap. IV])

c2 − 4bd = pA ,

−2b(b′d− bd′)− c(bc′ − b′c) = p(cB − bC) ,

−2d(bc′ − b′c) + c(bd′ − b′d) = p(dB − bD)) ,

d = −(uθ0c) + (u2θ2
0b) .

There are some examples where the Stieltjes function satisfies (1) and also
(19), for instance, when the associated polynomials of a certain semi-classical
family of orthogonal polynomials coincides with the polynomials themselves.
This happens with the sequence of Chebyshev polynomials of the second
kind, that is, the Jacobi polynomials with parameters α = β = 1/2, here

denoted by {P (1/2,1/2)
n }n≥0, as they coincide with the associated polynomials,(

P
(1/2,1/2)
n

)(1)

= P
(1/2,1/2)
n , n ≥ 0; it also holds for the sequence of associated

Jacobi polynomials with α = −1/2, β = 1/2, as we have
(
P

(−1/2,1/2)
n

)(1)

=

P
(1/2,1/2)
n , n ≥ 0, as well as for the sequence of associated Jacobi polynomials

with α = 1/2, β = −1/2, as we have
(
P

(1/2,−1/2)
n

)(1)

= P
(1/2,1/2)
n , n ≥ 0 (see

[59] and [68, Chap. IV]).
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The present paper is mainly concerned with analytical aspects of the Laguer-
re-Hahn theory, leaving the topics on applications for the interested reader.
For that purpose, we refer to the papers [49, 51, 78] and references therein.

The reminder of the paper is organized as follows:
- Section 2 is devoted to the study of differential systems for Laguerre-
Hahn orthogonal polynomials, showing connections between the theory of
Laguerre-Hahn orthogonal polynomials and the theory of matrix Riccati
equations;
- Section 3 concerns the fourth order differential equations for Laguerre-Hahn
orthogonal polynomials;
- Section 4 concerns the classification of Laguerre-Hahn orthogonal polyno-
mials, namely: the so-called Laguerre-Freud equations for recurrence coeffi-
cients of Laguerre-Hahn orthogonal polynomials, the class of Laguerre-Hahn
linear functionals, the description of some classes (class s = 0, the symmet-
ric class s = 1, and the symmetric class s = 2), and recent connections with
discrete Painlevé equations;
- Section 5 is devoted to the study of deformed Laguerre-Hahn orthogonal
polynomials, that is, the study of evolution of the polynomials and the re-
currence coefficients, under some parameter dependence on the polynomials
A,B,C,D in the Riccati equation;
- Section 6 contains a brief comment on the Laguerre-Hah class for other
types of orthogonality.

There is an Appendix containing two tables with information on the clas-
sical orthogonal polynomials.

Before proceeding, some comments on notations and terminology. Through-
out the present work, it will be used the notations contained in some of the
author’s papers, for instance, [14, 15, 39], as well as in others references, such
as [25, 28, 90]. In some references, mainly from P. Maroni and co-authors,
e.g., [29, 34, 61], the Stieltjes function is given as S(x) = −

∑
n≥0 unx

−n−1.
Thus, our notations differ from theirs on a minus sign in the polynomials B
and D in the Riccati equation AS ′ = BS2 + CS + D, with obvious conse-
quences in some of the related quantities and expressions.
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2. Differential systems for Laguerre-Hahn
orthogonal polynomials

2.1. From the structure relation to matrix Sylvester differential
equations. The structure relation for Laguerre-Hahn orthogonal polynomi-
als was established in [29, Chap. IV, Th. 1.1]. In our notation, it reads as
follows.

Theorem 1. Let u be a linear form on P with values on C, and let {Pn}n≥0

be its SMOP. The following statements are equivalent:
(a) u is a Laguerre-Hahn form satisfying D(Au) = ψu+B(x−1u2);
(b) the sequence {Pn}n≥0 satisfies

AP ′n+1 = −BP (1)
n +

n+l∑
µ=n−e+1

θn,µPµ , n ≥ e , (20)

with l = max{t, b}, e = max{s + 1, b − 1}, t = deg(A), b = deg(B), s =
max{p, q − 1} − 1, p = deg(ψ), q = deg(xψ − A).

When B ≡ 0 we obtain the structure relations for semi-classical orthogonal
polynomials (see [60, Sec. 7] and the references therein).

Equation (20) leads to, in our notation,

AP ′n+1 = (ln − C/2)Pn+1 −BP (1)
n + ΘnPn , n ≥ 0 , (21)

A
(
P (1)
n

)′
= DPn+1 + (ln + C/2)P (1)

n + ΘnP
(1)
n−1 , n ≥ 0 , (22)

where, ln,Θn are polynomials whose degree is uniformly bounded (see [29,
Eqs. (3.9)–(3.10)]). Using the three-term recurrence relation for {Pn}n≥0 as

well as for {P (1)
n }n≥0, from (21)–(22) we also get (see [29, Eqs. (3.11)–(3.12)]),

for all n ≥ 0,

AP ′n = (ln−1 + (x− βn)
Θn−1

γn
− C/2)Pn −BP (1)

n−1 −
Θn−1

γn
Pn+1 , (23)

A
(
P

(1)
n−1

)′
= (ln−1 + (x− βn)

Θn−1

γn
+ C/2)P

(1)
n−1 +

Θn−1

γn
P (1)
n +DPn . (24)

Now, equations (21)–(24) can be collected into a differential system for Yn =[
Pn+1 P

(1)
n

Pn P
(1)
n−1

]
that can be put in the form of a matrix Sylvester equation [15,
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Eq. (13)],

AY ′n = BnYn − YnC , n ≥ 0 , (25)

with the matrices Bn and C defined by

Bn =

[
ln Θn

−Θn−1
γn

ln−1 + (x− βn)Θn−1
γn

]
, n ≥ 1 , B0 =

[
l0 Θ0

−Θ−1 l−1 + (x− β0)Θ−1

]
,

(26)

C =

[
C/2 −D
B −C/2

]
. (27)

Recalling that matrix Sylvester equations are instances of matrix Riccati
equations, then equation (25) provides the link between the Laguerre-Hahn
theory of orthogonal polynomials and the theory of matrix Riccati equations
[1].

Proceeding with the matrix notation, it will be useful to write the recur-

rence relations for {Pn}n≥0 and {P (1)
n }n≥0, (9) and (12), respectively, as

Yn = AnYn−1 , An =

[
x− βn −γn

1 0

]
, n ≥ 1 , Y0 =

[
x− β0 1

1 0

]
.

(28)
The matricesAn are commonly called transfer matrices. Let us also introduce
one more object, to be used in the sequel. Given the SMOP {Pn}n≥0, S the

corresponding Stieltjes function, and {P (1)
n }n≥0 the sequence of associated

polynomials, one defines the sequence of functions of the second kind (see
[86]),

qn+1 = Pn+1S − P (1)
n , n ≥ 0 , q0 = S . (29)

When S is given through (5), then we have the integral representation, for
all n ≥ 0,

qn(x) =

∫
I

Pn(y)

x− y
dµ(y) , x ∈ C \ I .

Due to (9) and (12), {qn}n≥0 satisfies the recurrence relation

qn+1(x) = (x− βn)qn(x)− γnqn−1(x) , n = 0, 1, 2, . . . ,

with initial conditions q−1 = 0, q0 = S.
With the above notations in mind, it was established in [15] the following

characterization. Hereafter, I denotes the identity matrix.



ON LAGUERRE-HAHN ORTHOGONAL POLYNOMIALS ON THE REAL LINE 13

Theorem 2. Under the previous notations, the following statements are
equivalent.
(a) S satisfies

AS ′ = BS2 + CS +D , A,B,C,D ∈ P ;

(b) Yn satisfies the matrix Sylvester equation (25),

AY ′n = BnYn − YnC , n ≥ 0 ,

with the matrices Bn and C defined in (26)–(27), with ln,Θn polynomials of
uniformly bounded degrees, satisfying the initial conditions

Θ0 = A+B−(x−β0)(l0−C/2) , l0 = −(x−β0)D−C/2 , Θ−1 = D , l−1 = C/2 ;

(c) the transfer matrices An satisfy

AA′n = BnAn −AnBn−1 , n ≥ 1 ; (30)

(d) Qn :=

[
qn+1

qn

]
, n ≥ 0, satisfies

AQ′n = (Bn + (BS + C/2)I)Qn , n ≥ 0 . (31)

The matrices Bn satisfy fundamental properties:

tr(Bn) = 0 , n ≥ 0 , (32)

detBn = detB0 + A

n∑
k=1

Θk−1

γk
, n ≥ 1 , (33)

with detB0 = D(A+B)− (C/2)2.

Remark . Relations (32) and (33) play a fundamental role in [36, 37, 39], to
derive discrete Painlevé equations for the recurrence coefficients of Laguerre-
Hahn orthogonal polynomials (see more details in Subsection 4.2.2).

2.1.1. Differential systems for semi-classical orthogonal polynomials. Using
the previous equations with B ≡ 0 in (31), that is,

Aq′n+1 = (ln + C/2)qn+1 + Θnqn ,

Aq′n = (ln−1 + (x− βn)
Θn−1

γn
+ C/2)qn −

Θn−1

γn
qn+1 ,

combined with the Pearson equation for the weight, w′/w = C/A, we obtain
differential equations for qn/w and qn+1/w, as given in the systems (34) below.
Alternative derivations of these systems can be found, for instance, in [54,
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Sec. 3]. There, it is used the so-called Laguerre method (see [47, 50, 67]),
that is, starting with (29) and using the asymptotic expansion

qn(x) = x−n−1 +O(x−n−2) , x→∞
combined with the differential equation AS ′ = CS + D for the Stieltjes
function.

The following characterization holds (see [15] and [54, Sec. 3]).

Theorem 3. Let {Pn}n≥0 be a SMOP with respect to a weight w, and let
{qn}n≥0 be the corresponding sequence of functions of the second kind. The

weight w is semi-classical and satisfies w′/w = C/A if, and only if, Ỹn :=[
Pn+1 qn+1/w
Pn qn/w

]
satisfies the matrix differential equation

AỸ ′n =

(
Bn −

C

2
I

)
Ỹn , n ≥ 1 , (34)

where Bn is the matrix associated with the equation AS ′ = CS + D for the
Stieltjes transform of w.

2.2. Further results within the theory of matrix Riccati equations.
A fundamental result in the theory of matrix Riccati equations is Radon’s
Lemma (see [1] and [70]). For the particular case of matrix Sylvester equa-
tions, it reads as follows.

Lemma 1. Let A be a polynomial, let Bn/A, n ≥ 1, and C/A be matrices
whose entries are integrable functions in a domain G of the complex plane,
and let x0 ∈ G. If the matrices Pn and L, L nonsingular, satisfy{

AL′ = CL ,
L(x0) = I ,

(35)

and {
AP ′n = BnPn ,
Pn(x0) = Yn(x0) , n ≥ 1 ,

(36)

then the solution of AY ′n = BnYn − YnC, in G, is given by

Yn = PnL−1 , n ≥ 1 . (37)

Taking into account the results from Theorem 2, the lemma above can be
used to find a representation for the matrices Yn related to AS ′ = BS2 +
CS + D. Note that the representation (37) depends on the solution of two
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matrix linear systems, (35) and (36), which are not always trivially solved.
Let us start with some remarks on the solution of (36). A more detailed
analysis is done in [15, Sec. 4]. Taking into account Theorem 3 above, in [15]
it was searched for a solution of (36) given in terms of some semi-classical
SMOP {P̃n}n≥0 as

Pn = e
∫ x

x1

C̃(t)
2A(t)dt Ỹn−n0 , (38)

where Ỹn is defined by

Ỹn =

[
P̃n+1 q̃n+1/w̃

P̃n q̃n/w̃

]
, (39)

with {P̃n}n≥0 a SMOP with respect to a weight function w̃ and {q̃n}n≥0 the
corresponding sequence of functions of the second kind. Here, x1 may be

taken as some complex number, and C̃ is a polynomial such that
∫ x
x1

C̃(t)
2A(t)dt

is defined in suitable domains. Using Pn given by (38) into AP ′n = BnPn, we

get AỸ ′n−n0 = (Bn − C̃/2 I)Ỹn−n0, or, with the shifted indexes ν = n− n0,

AỸ ′ν = (Bν+n0 − C̃/2 I)Ỹν .

Essentially, the equation above tells us that the sequence {Ỹn}n≥0 is obtained
through some shift from a semi-classical SMOP. The complete statement is
given in the next lemma [15, Lemma 3].

Lemma 2. Let S be a Stieltjes function that satisfies the Riccati differential
equation AS ′ = BS2 + CS + D. Let {Pn}n≥0 be the corresponding SMOP
such that the equations (25), AY ′n = BnYn−YnC, hold, with the corresponding
system (36). Let the following assumption hold:

∃ C̃ ∈ P, ∃n0 ≥ 1 : Pn = e
∫ x

x1

C̃(t)
2A(t)dt Ỹn−n0 , n ≥ n0 + 1 , (40)

with the Ỹn’s given as in (39), related to a SMOP {P̃n}n≥0. Denote by S̃ the
Stieltjes function related to {P̃n}n≥0. Then, the following statements hold:
(a) S̃ and S are related by a spectral rational transformation,

S̃ =
a+ bS

c+ dS
, a, b, c, d ∈ P , ad− bc 6= 0 ;

(b) S̃ satisfies

AS̃ ′ = C̃S̃ + D̃ , D̃ ∈ P ,
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the polynomials C̃, D̃ being related to B,C,D by

(bc− ad)B = (bd′ − b′d)A+ bdC̃ + d2D̃ , (41)

(bc− ad)C = (bc′ + ad′ − b′c− a′d)A+ (ad+ bc)C̃ + 2cdD̃ , (42)

(bc− ad)D = (ac′ − a′c)A+ ac C̃ + c2D̃ . (43)

As a consequence of the previous lemmas, we obtain the representation
for Laguerre-Hahn orthogonal polynomials given in the theorem that follows
(see [15, Th. 4]).

Theorem 4. Let S be a Stieltjes function satisfying AS ′ = BS2 + CS + D.
To AS ′ = BS2 +CS+D associate AY ′n = BnYn−YnC and the corresponding
systems (35) and (36), AL′ = CL, AP ′n = BnPn. Let G be a domain in
the complex plane such that the entries of the matrices Bn/A and C/A are
integrable in G. Assume assumption (40). Then, there exists a polynomial C̃

(defined by (41)-(43)) and a weight function w̃ = e
∫

C̃
A such that the following

representation holds in G:

Yn =

[ √
w̃P̃n−n0+1 q̃n−n0+1/

√
w̃√

w̃P̃n−n0 q̃n−n0/
√
w̃

]
EnL−1 , n ≥ n0 + 1 ,

with {P̃n} the SMOP with respect to w̃, {q̃n} the corresponding sequence of
functions of the second kind, and En = Pn(x0)

−1Yn(x0), x0 ∈ G.

Some examples where the theorem above applies were studied in [15, Sec.
5.2], giving representations for the anti-associated Hermite, Laguerre, and
Jacobi polynomials.

It remains to study the representation (37) for Laguerre-Hahn orthogonal
polynomials by solving the two general systems (35) and (36).

3. Fourth-order differential equations
The study of orthogonal polynomial sequences that are solutions of differ-

ential equations
N∑
j=0

Ajy
(j) = 0 (44)

where Aj are polynomials (that may depend on n) has a long history in the
literature of special functions. We refer the interested reader to the survey
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[35]. It was shown, in [46], that the minimal order of a differential equa-
tion (44) having orthogonal polynomial solutions could always be reduced to
N = 2 or N = 4.

When N = 2 in (44), with A2, A1 not depending on n and A0 = λ, where
λ is some spectral (eigenvalue) parameter depending on n, that is,

A2y
′′ + A1y

′ + λy = 0 ,

the classification of sequences of orthogonal polynomial solutions is known: the
polynomials must be, up to a linear change of variable, a member of the clas-
sical families, that is, the Hermite, Laguerre, Jacobi, and Bessel polynomials
(see [11, 35]). The study of the semi-classical (and non-classical) case can
be traced back to the works of Laguerre [50] and, on a Padé table setting,
[47, 67], where it is shown that sequences of orthogonal polynomials related
to formal generating functions, say f , satisfying Af ′ = Cf +D, with A,B,C
polynomials, satisfy second order differential equations with polynomial co-
efficients of bounded degree. It is well-known, at least from [45] and [46]
(see also [6] and [60, pp. 49]), the equivalence between the semi-classical
character of a sequence of orthogonal polynomials and the fact that it satis-
fies a second order differential equation with polynomial coefficients having
bounded degree.

For Laguerre-Hahn orthogonal polynomials, the minimal order of differen-
tial equations (44) is four. In [34], the fourth order differential equation is
given as a determinant of order five. Thanks to the structure relation (20),
in [29, Chap. IV] the fourth order differential equation is given in the form
of a determinant of order three. More recently, in [14], an interpretation of
these results was given through the use of the structure relations (21)–(22)
written as

AΨ′n =MnΨn + ΘnΨn−1 , n ≥ 0 , Ψn =

[
Pn+1

P
(1)
n

]
,

where Mn =

[
ln − C

2 −B
D ln + C

2

]
. It is proved [14, Th. 2] the equivalence

between the Riccati equation AS ′ = BS2 + CS + D and the differential
equation

ÃnΨ′′n + B̃nΨ′n + C̃nΨn = 02×1 , n ≥ 1 , (45)
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where Ãn, B̃n, C̃n are matrices given by

Ãn = A2ΘnI ,

B̃n = AΘn(A
′I −Mn −Mn−1)− AΘn−1Θn

(x− βn)
γn

I − A2Θ′nI ,

C̃n = Θn

(
Θn−1Θn

γn
I − AM′

n

)
+

{
Θn

(
Mn−1 +

(x− βn)
γn

Θn−1I

)
+ AΘ′nI

}
Mn .

The fourth order differential equation is then obtained by taking derivatives
in (45). The detailed proof is given in [14, Cor. 3]. A brief outline follows.
Note the first and second derivatives of (45),

ÃnΨ′′′n + InΨ′′n + JnΨ′n +KnΨn = 02×1 ,

ÃnΨ(4)
n + EnΨ′′′n + FnΨ′′n + GnΨ′n +HnΨn = 02×1 ,

with

In = Ã′n + B̃n , Jn = B̃′n + C̃n , Kn = C̃ ′n ,
En = 2Ã′n + B̃n , Fn = Ã′′n + 2B̃′n + C̃n , Gn = B̃′′n + 2C̃ ′n , Hn = C̃ ′′n .

After computations, where suitable elements are eliminated, we have

Ln,2(Pn+1) = −B̃(1,2)
n (P (1)

n )′ − C̃(1,2)
n P (1)

n , (46)

L̂n,3(Pn+1) = Ûn(P
(1)
n )′ + V̂nP

(1)
n , (47)̂̂Ln,4(Pn+1) =

̂̂
Un(P

(1)
n )′ +

̂̂
V nP

(1)
n , (48)

with

Ln,2 = A2ΘnD2 + B̃(1,1)
n D + C̃(1,1)

n I ,
L̂n,3 = A2ΘnLn,3 + I(1,2)

n B̃(2,1)
n D + I(1,2)

n C̃(2,1)
n I ,

Ûn = I(1,2)
n B̃(2,2)

n − J (1,2)
n A2Θn , V̂n = I(1,2)

n C̃(2,2)
n −K(1,2)

n A2Θn ,̂̂Ln,4 = A2ΘnL̂n,4 +RnB̃(2,1)
n D +RnC̃(2,1)

n I ,̂̂
Un = −RnB̃(2,2)

n + SnA
2Θn ,

̂̂
V n = −RnC̃(2,2)

n + TnA
2Θn ,

L̂n,4 = A2ΘnLn,4 − E (1,2)
n I(2,1)

n D2 − E (1,2)
n J (2,1)

n D− E (1,2)
n K(2,1)

n I ,
Rn = E (1,2)

n I(2,2)
n − A2ΘnF (1,2)

n ,

Sn = E (1,2)
n J (2,2)

n − A2ΘnG(1,2)
n ,

Tn = E (1,2)
n K(2,2)

n − A2ΘnH(1,2)
n .
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Here, I denotes the identity operator, Dk denotes the derivative operator
of order k, k = 1, 2, and the superscript (i, j) on a matrix denotes the
element in position (i, j). Equations (46), (47) and (48) yield the fourth-
order differential equation for {Pn}n≥0, given in the determinantal form∣∣∣∣∣∣∣

̂̂Ln,4(Pn+1)
̂̂
Un

̂̂
V n

L̂n,3(Pn+1) Ûn V̂n
Ln,2(Pn+1) − B̃(1,2)

n − C̃(1,2)
n

∣∣∣∣∣∣∣ = 0 , n ≥ 1 .

Proceeding analogously, one can also obtain a fourth order differential equa-

tion for {P (1)
n }n≥0. Furthermore, using the relation

P (k)
n (x) = (x− βk+1)P

(k+1)
n−1 (x)− γk+1P

(k+2)
n−2 (x) , k ≥ 1 ,

one can obtain a fourth order differential equation for {P (k)
n }n≥0, k ≥ 1 (see

[9]).
Further references focusing on the fourth order differential equation for

Laguerre-Hahn orthogonal polynomials are [52, 72, 73, 74, 75].

Remark . Note the equation (46) enclosed by (45). After simplifications,

where it is used the identity ln + ln−1 = −(x − βn)Θn−1
γn

(cf. (32)), equation

(46) reads as

A2ΘnP
′′

n+1+A(A′Θn+ΘnC−AΘ′n)P
′
n+1+C̃(1,1)

n Pn+1 = −2ABΘn

(
P (1)
n

)′
−C̃(1,2)

n P (1)
n ,

where

C̃(1,1)
n = Θn

(
Θn−1

γn
Θn − A

(
ln −

C

2

)′)
+

(
Θn

(
ln−1 −

C

2
+ (x− βn)

Θn−1

γn

)
+ AΘ′n

)(
ln −

C

2

)
−ΘnBD ,

C̃(1,2)
n = ΘnAB

′−
(

Θn

(
ln−1 −

C

2
+ (x− βn)

Θn−1

γn

)
+ AΘ′n

)
B−ΘnB

(
ln +

C

2

)
.

In the semi-classical case, that is, B ≡ 0, we obtain the second order differ-
ential equation for {Pn}n≥0 (see [60, Sec. 7]),

A2ΘnP
′′

n+1 + A(A′Θn + ΘnC − AΘ′n)P
′
n+1 + C̃(1,1)

n Pn+1 = 0 , n ≥ 1 .
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4. Classification of Laguerre-Hahn orthogonal polynomi-
als

4.1. Laguerre-Freud equations for the recurrence coefficients. The
so-called Laguerre-Freud equations are closely related to the direct problem
[85]: to deduce information on the recurrence coefficients of sequences of
orthogonal polynomials, given the orthogonality measure. Of course, closed
formulae are not always possible to obtain, usually one deals with non-linear
systems of equations involving the recurrence coefficients (see [8]). In the
literature of semi-classical orthogonal polynomials, such systems have been
coined as Laguerre-Freud equations, mainly after the works of A. P. Magnus
[56, 57].

In the Laguerre-Hahn setting, we pose the direct problem as the somewhat
more general question: to seek information for the recurrence coefficients,
given the polynomials A,B,C,D in the Riccati equation (1), AS ′ = BS2 +
CS +D.

A first hint towards Laguerre-Freud equations for the recurrence coefficients
of Laguerre-Hahn orthogonal polynomials satisfying the recurrence relation
(9),

Pn+1(x) = (x− βn)Pn(x)− γnPn−1(x) , n = 0, 1, 2, . . . ,

is the differential systems (25). These, combined with the recurrence relation
written in the matrix form (28), yield the the compatibility conditions (30),
which, in turn, yield difference equations for the βn’s and γn’s. In general, one
can deduce recurrences in the form Fj(βn, βn−1, . . . , β0, γn, γn−1, . . . , γ1, n, . . . ) =
0, j = 1, . . . , N , where Fj are non-linear functions in the βn’s and γn’s. In
the Laguerre-Hahn setting, some of these recurrences have been identified as
forms of discrete Painlevé equations in [39, 36, 37]. The derivation of discrete
Painlevé equations for the recurrence coefficient of orthogonal polynomials
is a well-know topic in the literature of special functions (see, for instance,
[53, 54, 85] and the recent monograph [84]), more information on this topic
will be given in Subsection 4.2.2.

Let us note that, under some restrictions on the degrees of A,B,C,D in
the Riccati equation, the non-linear systems involving the recurrence coeffi-
cients of the orthogonal polynomials may allow simplifications. Indeed, the
polynomials A,B,C,D are not arbitrary, the general theory of distributions
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and the asymptotic expansion (3) imply degree restrictions and other con-
nections between them. In this context, it comes out the notion of class of a
Laguerre-Hahn linear functional [4], which we describe in the next section.

4.2. The class of a Laguerre-Hahn linear functional. Recall the distri-
butional equation (13) for Laguerre-Hahn linear functionals whose Stieltjes
function S satisfies a Riccati equation AS ′ = BS2 + CS +D,

D(Au) = ψu+B(x−1u2) ,

together with the operations in the algebraic dual space of P described in
Section 1.2.

Of course, the equation above is not unique, as we can multiply it by an ar-
bitrary polynomial, χ, thus obtaining D(χAu) = (χψ−χ′A)u+(χB)(x−1u2) .
To each triplet (A,ψ,B) from (13) one associates the integer

s = max{p− 1, d− 2} ,

with p = deg(ψ), d = max{t, r}, t = deg(A), r = deg(B). It was proved in
[3] (see also [4, Prop. 2.1]) that the regularity of u implies s non-negative.
Thus, there exists a correspondence u → H(u) from the set of Laguerre-
Hahn linear functionals into the subsets of the non-negative integers, that
outputs s to each u satisfying (13). The minimum element of H(u) is called
the class of u. When u is of class s, the sequence of orthogonal polynomials
with respect to u is also said to be of class s. For each Laguerre-Hahn linear
functional, the triplet (A,ψ,B) that realizes the minimum of H(u) is unique
[4, Prop. 2.3].

The following criterion gives the precise value for the class (see [3] and [4,
Prop. 2.4]).

Propposition 1. Let the previous notations hold. The linear functional u
satisfying the distributional equation (13) is of class s = max{p − 1, d − 2}
if, and only if,∏

c∈Z

{|A′(c)− ψ(c)|+ |B(c)|+ |〈u,−θcψ + θ2
cA− uθ0θcB〉|} 6= 0 ,

where Z denotes the set os zeros of A.

There is also a criterion in terms of the Riccati equation for the Stieltjes
function related to u, as follows (see [3] and [4, Prop. 2.5]).
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Propposition 2. Let the previous notations hold. The Laguerre-Hahn linear
functional whose Stieltjes function satisfies AS ′ = BS2 +CS +D is of class
s = max{p − 1, d − 2} if, and only if, the polynomials A,B,C,D have no
common zeros.

In the symmetric case, that is, when βn = 0, n ≥ 0, in the recurrence
relation (9) or, equivalently, when the odd moments of the linear functional
u are all zero, the following restrictions on the polynomials A,B, ψ hold [3, 4].

Propposition 3. Let u be a symmetric Laguerre-Hahn form of class s, sat-
isfying equation (13). The following holds: if s is even, then A and B are
even and ψ is odd; if s is odd, then A and B are odd and ψ is even.

In the account of AS ′ = BS2 +CS +D, with C = ψ−A′ (cf. (13)) and D
given by (14), then, in the symmetric case, we have the following result: if s
is even, then A and B are even, C is odd, and D is even; if s is odd, then A
and B are odd, C is even, and D is odd.

In order to avoid redundancies, it is considered the concept of displacement.
Given a, b complex numbers, the displacement ha ◦ τb is defined as (ha ◦
τb)p(x) = p(ax − b), p ∈ P. By transposition, it is defined τb ◦ ha in the
algebraic dual space of P as 〈(τb ◦ ha)u, p〉 = 〈u, (ha ◦ τb)p〉. With these
definitions in mind, if a linear functional ũ of class s satisfies

D(Ãũ) = ψ̃ũ+ B̃(x−1ũ2) ,

then the linear functional u = (h1/a ◦ τb)ũ is of class s, and it satisfies

D(Au) = ψu+B(x−1u2) ,

with

A(x) = a−k(ha◦τ−b)Ã(x) , ψ(x) = a1−k(ha◦τ−b)ψ̃(x) , B(x) = a1−k(ha◦τ−b)B̃(x) ,

where k = deg(A). Hence, a displacement does not change neither the
Laguerre-Hahn character nor the class of a Laguerre-Hahn linear functional
[60]. Therefore, we can take canonical functional equations, by re-situating
the zeros of A in equation (13). This will be put in evidence in the sequel.

4.2.1. Description of some classes of Laguerre-Hahn linear functionals. So
far, several classes of Laguerre-Hahn linear functionals have been described:
the class s = 0 [12, 13]; the symmetric class s = 1 [3, 4]; the symmetric
class s = 2 when A and B vanish at zero [77]. In all these cases, the explicit
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expressions for the recurrence coefficients of the corresponding orthogonal
polynomials are stated. The main results follow.

The class s = 0 [12, 13].
In this situation we have

A(x) = a2x
2 + a1x+ a0 , ψ(x) = ψ1x+ ψ0 , B(x) = b2x

2 + b1x+ b0 ,

with |a2|+ |ψ1|+ |b2| > 0.
Several situations are considered, following the guide of canonical cases

from the classical families: the analogue of the Hermite polynomials, with
A(x) = 1; the analogue of the Laguerre polynomials, with A(x) = x; the
analogue of the Jacobi polynomials, with A(x) = x2 − 1; the analogue of
the Bessel polynomials, with A(x) = x2. The Laguerre-Hahn orthogonal
polynomials of class s = 0 are the Hermite, Laguerre, Jacobi, Bessel (when
B ≡ 0), as well as some of their perturbations: the co-recursive, co-dilated,
associated of order τ , co-recursive of associated of order τ , and co-dilated of
associated of order τ .

The symmetric class s = 1 [3, 4].
In this situation we have

A(x) = a3x
3 + a1x , ψ(x) = ψ2x

2 + ψ0 , B(x) = b3x
3 + b1x ,

with |a3|+ |ψ2|+ |b3| > 0. The following canonical cases are obtained.
(a) case A(x) = x: the polynomials ψ,B are{

ψ(x) =
(

4(1+2µ+τ)
λ − 2

)
x2 − (1 + 2µ) ,

B(x) = 2
(
1− 1+τ+2µ

λ

)
x3 + (1 + 2µ− λ)x ,

the recurrence coefficient γn is defined by{
γ1 = 1

2λ

γn+1 = 1
2 (n+ 1 + τ + µ(1 + (−1)n)) , n ≥ 1 ,

where τ 6= −2(n+ 1), n ≥ 0, τ + 2µ 6= −2(n+ 1), n ≥ 1;
(b) case A(x) = x3: the polynomials ψ,B are{

ψ(x) =
(

2(ν − 1)− 1
λ(ν+1) −

4µ
λ

)
x2 + 2µ ,

B(x) =
(

1
λ(2µ+ 1

2ν+2)− 2µ
)
x3 + (2(ν + 1)λ− 2µ)x ,
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the recurrence coefficient γn is defined byγ1 = λ

γn+1 = 1
4

{1 + µ(2ν + 3 + (−1)n(2n+ 2ν + 1))}
(n+ ν)(n+ ν + 1)

, n ≥ 1 ,

where 1 + 4µ(n+ ν + 1) 6= 0, 1− 4µn 6= 0, n ≥ 1;
(c) case A(x) = x(x2 − 1): the polynomials ψ,B areψ(x) =

(
α + β − 3− 2

λ
µ(α+β)+αβ
α+β+1

)
x2 + 1 + 2µ ,

B(x) =
(

1
λ
µ(α+β)+αβ
α+β+1 + 1− α− β

)
x3 + (λ(1 + α + β)− 1− 2µ)x ,

the recurrence coefficient γn is defined byγ1 = λ

γn+1 =
(n+ α)(n+ β) + µ(2n+ α + β)(−1)n

(2n+ α + β − 1)(2n+ α + β + 1)
, n ≥ 1 ,

where α+β+1 6= −2n, n ≥ 0, (2n+α)(2n+β)+µ(4n+α+β) 6= 0, n ≥ 1,
and (2n+ 1 + α)(2n+ 1 + β)− µ(4n+ α + β + 2) 6= 0, n ≥ 0.

The symmetric class s = 2 under restrictions [77].
The description of the symmetric Laguerre-Hahn forms of class s = 2, under
the restrictions A(0) = B(0) = 0, was done in [77], with the main technique
based on the quadratic decomposition of the Stieltjes function (see equation
(50) below). Essentially, it is proved that u is symmetric Laguerre-Hahn of
class s = 2 with A(0) = B(0) = 0 if, and only if, there exists a Laguerre-
–Hahn functional v, of class ˜s̃ = 0, such that

xσu = −λv , λ = −u2 . (49)

Here, u2 denotes the moment of order 2 of u, and the functional σu is defined
by 〈σu, p〉 = 〈u, σp〉, with σp(x) = p(x2), p ∈ P. Condition (49) is equivalent
to the relation for the corresponding Stieltjes functions, now denoted by Su
and Sv,

Sv(x
2) = −xλ−1Su(x)− λ−1 . (50)

Three canonical cases for the polynomial A appear: A(x) = x2, A(x) =
x4, and A(x) = x2(x2 − 1). In the first case, v is the co-recursive of the
associated linear functional of order τ of Laguerre; in the second case, v is
the co-recursive of the associated liner functional of order τ of Bessel; in the
third case, of v is a displacement of the co-recursive of the associated linear
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functional of order τ of Jacobi. Precise formulae for B,ψ are given in Eqs.
(48), (56), (57), (65) of [77].

The description of Laguerre-Hahn class s = 1, as well as the symmetric
Laguerre-Hahn class s = 2 in the general case, that is, with A(0)B(0) 6= 0,
remain open problems. Thus, so far, no general closed form for the recur-
rence coefficients of those Laguerre-Hahn orthogonal polynomials is stated.
Recently, these classes have been revisited in [36, 37]: in [36], it is given a
recursive way to compute βn and γn in Laguerre-Hahn class s = 1,

βn = F (βn−1, . . . , β0, f̂n) , γn+1 = G(γn, . . . , γ1, βn, ĝn) , n ≥ 1 ;

with f̂n, ĝn explicit expressions given in terms of the coefficients of the Riccati
equation; in [37], on the symmetric class s = 2, it is given a fourth order
difference equation for γn [37, Cor. 4],

γn+2 = F (γn+1, γn, γn−1, γn−2) , n ≥ 2 .

Remark . Taking into account the classification given in [7], combined with
the stability of some of the rational spectral transformations in [90, pp.
78], the Laguerre-Hahn class s = 1 includes linear functionals such as:
ũ = R(x)u +

∑n1
k=1 λkδ(x − ξk), where R is some function of the type

R(x) =
∏n0

k=1 |x−αk|µkeτk/x+ρkx
2

, with αk, µk, τk, ρk, ξk suitable real numbers,
δ(x − ξk) is the Dirac Delta functional at ξk, and u is the linear functional
corresponding to the Hermite, Laguerre, Jacobi, and Bessel polynomials (see
[7]); the associated and anti-associated polynomials related to some limiting
cases of q−Racah polynomials when q → −1 (see [7, pp. 264]); the general-
ized co-dilated with parameter k = 1 (see [28, Eqs. (5), (21)]) of the previous
functionals.

4.2.2. The class s = 1 and the symmetric class s = 2 revisited: connec-
tions with discrete Painlevé equations. Discrete Painlevé equations (dP) are
nonlinear difference equations which have a continuous Painlevé equation as
a continuous limit. The discrete Painlevé equations share many features of
their continuous counterparts: some can be fitted into degeneration cascades;
for others Lax pairs have been established, hierarchies have been computed,
and special solutions can be found, as well as Miura and Bäcklund trans-
formations (see, for instance, [27, 42]). There is a standard list, consisting
of the earliest derived discrete Painlevé equations, in [42]. More elaborated
lists can be found in [84, 85].
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As mentioned previously, the identification of difference equations involving
the recurrence coefficients of orthogonal polynomials with discrete Painlevé
equations is a well-known subject, much analysis has been carried out within
the families of orthogonal polynomials related to semi-classical weights (see,
for instance, [53, 84, 85]). Unlike the semi-classical case, the Laguerre-Hahn
setting falls short on such a study. To the best of the author’s knowledge,
the derivation of discrete Painlevé equations for the recurrence coefficients
of Laguerre-Hahn orthogonal polynomials on the real line is limited to [39,
36, 37], with focus on the classes s = 1 and s = 2. The derivation of the
referred discrete Painlevé equations is purely algebraic, it is based on the use
of the equations enclosed in (30), with the identities (32) and (33) playing a
fundamental role. Details will not be given here, the interested reader may
find the complete proofs in [39, 36, 37].

The list is given below. Recall that we are taking SMOPs satisfying the
three-term recurrence relation (9),

Pn+1(x) = (x− βn)Pn(x)− γnPn−1(x) , n = 0, 1, 2, . . . ,

and the Riccati equation AS ′ = BS2 +CS+D for the corresponding Stieltjes
function.

Class s = 1 : A(x) = a3x
3 + a2x

2 + a1x+ a0 , B(x) = b3x
3 + b2x

2 + b1x+ b0 ,

C(x) = c2x
2 + c1x+ c0 , D(x) = d1x+ d0 ,

with d1, d0 given by d1 = −a3−b3−c2, d0 = −(2a3 +2b3 +c2)β0−a2−b2−c1.
Set η = 2b3 +c2, µ = b3(γ1 +β2

0)+ b2β0 +b1 +c0/2, λ = 2b3β0 +2b2 +c1, ξ0 =
c2

0/4− d0b0.

Case A(x) = a0 [39, Th. 3.3]:

the sequences

xn = ηβn + λ/2 , zn = η2 (−na0 + γ1(η(β0 + β1) + λ)) (51)

satisfy the alternative discrete Painlevé equation dPI
zn−1

xn−1 + xn
+

zn
xn + xn+1

= −x2
n + γ , γ = (λ/2)2 − 2µη , n ≥ 1 , (52)

with the initial conditions x0 = ηβ0 + λ/2, x1 = ηβ1 + λ/2 .

Case A(x) = a1x [39, Th. 3.2]:
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(i) Let η < 0. The sequences

xn =

√
−η

ηβn + λ
, yn = −(ηγn + na1 + µ) (53)

satisfy the following discrete system of Painlevé equations dPIV

xn−1xn =
yn + na1 + µ

y2
n − ξ0

, yn + yn+1 =
1

xn

(
λ√
−η
− 1

xn

)
, n ≥ 1 , (54)

with the initial conditions x0 =

√
−η

ηβ0 + λ
, y1 = −(ηγ1 + a1 + µ);

(ii) Let η > 0. The sequences

xn =

√
η

ηβn + λ
, yn = ηγn + na1 + µ (55)

satisfy the following discrete system of Painlevé equations dPIV

xn−1xn =
yn − na1 − µ
y2
n − ξ0

, yn + yn+1 =
1

xn

(
λ
√
η
− 1

xn

)
, n ≥ 1 , (56)

with the initial conditions x0 =

√
η

ηβ0 + λ
, y1 = ηγ1 + a1 + µ.

Case A(x) = x− α [39, Th. 3.4]:

the sequences

xn =
k1η

ηβn + k2(ηα + λ)
, yn =

k2
2(ηγn + n+ µ+ g1/2)

ηk2
1

(57)

satisfy, for all n ≥ 1,

xn−1xn =
ηk2

1yn − k2
2(n+ µ+ g1/2)

ηk2
1 (y2

n − (c2
0/4 + b0(b2 + c1 + ηβ0)))

, yn+yn+1 =
k2xn(λ+ 2ηα)− ηk1

ηk1x2
n

.

(58)
Here, g1 = ηα2 + λα, and k1, k2 are constants. The initial conditions are
given by

x0 =
k1η

ηβ0 + k2(ηα + λ)
, y1 =

k2
2(ηγ1 + 1 + µ+ g1/2)

ηk2
1

.

Remark . Note that if we take α = 0 in (57) combined with k1 =
√
η/η, k2 =

1, then (58) agrees with (56).

Case A(x) = a2(x− α1)(x+ α1), with α1 6= 0 [36, Th. 4.1]:
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the sequences

Fn = µ+ a2Sn + ηγn+1 + ((n+ 1)a2 + λ/2)α1 , (59)

Gn =
η(−α1 + βn) + (2n+ 1)a2 + λ

η(α1 + βn) + (2n+ 1)a2 + λ
, (60)

satisfy the following system of equations - a similar form of a dPV , for all
n ≥ 1,

(Fn − an,1)(Fn − bn,1)
(Fn − a)(Fn − b)

= Gn+1Gn , (61)

Fn + Fn−1 = −α2
1η +

−2α1(2α1η + λ+ (2n+ 1)a2)

Gn − 1
+
−4α2

1η

(Gn − 1)2
, (62)

with

an,1 = 2

(
(n+ 1)a2 +

λ

2

)
α1 −

η

2
α2

1 +
√
ζ2 , bn,1 = an,1 − 2

√
ζ2

a = −η
2
α2

1 +
√
ζ1 , b = a− 2

√
ζ1 ,

where ζ1 = −(D(A + B) − (C/2)2)(α1), ζ2 = −(D(A + B) − (C/2)2)(−α1).
The initial conditions hold:

F0 = µ+ a2β0 + ηγ1 + (a2 + λ/2)α1 , G1 =
η(−α1 + β1) + 3a2 + λ

η(α1 + β1) + 3a2 + λ
.

Symmetric class s = 2 : A(x) = a4x
4 + a2x

2 + a0 , B(x) = b4x
4 + b2x

2 + b0 ,

C(x) = c3x
3 + c1x , D(x) = d2x

2 + d0 ,

with d2, d0 given by d2 = −a4−b4−c3 , d0 = −a2−b2−c1−γ1(3a4 +2b4+c3).
Set λ = γ1b4 + b2 + c1/2 , µ = 2b4 + c3 , τ = b4(γ1 + γ2)γ1 + b2γ1 + b0 .

Case A(x) = 1 [37, Th. 4]:

the coefficients γn satisfy the discrete Painlevé equation dPI

γn (µ(γn−1 + γn + γn+1) + 2λ) = −n− τ , n ≥ 1 , (63)

with γ0 = 0 and γ1 = u2/u0, with uj denoting the moment of order j of the
linear functional related to S.

Case A(x) = x2 + a0 [37, Th. 5]:
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if the following condition holds,

4(a0b2 − b0)d0 = a3
0µ

2 − 4a2
0µ(1 + λ)− 4a0(d2(a0 + b0)− c2

1/4) , (64)

then the sequence xn = n+1+λ+µγn+1−µa0/2 satisfies the discrete Painlevé
equation dPII

(xn−1 + xn)(xn + xn+1) =
−4x2

n

(λ̂xn + zn)
, n ≥ 1 , (65)

with λ̂ = 4
µa0
, zn = 2 − 4(n+1+λ)

µa0
, and initial conditions x0 = 1 + λ + µγ1 −

µa0/2, x1 = 2 + λ+ µγ2 − µa0/2.
In order to have a complete framework, it is required to deduce discrete

Painlevé equations also in the following cases: A(x) = a2x
2, a2 6= 0, and

A(x) = a3x
3 + a2x

2 + a1x + a0, a3 6= 0, concerning the Laguerre-Hahn class
s = 1; A(x) = a4x

4 + a2x
2 + a0, a4 6= 0, concerning the Laguerre-Hahn

symmetric class s = 2. It remain open problems.

4.3. Integral representations. The representation of Laguerre-Hahn lin-
ear functionals through suitable measures is, in general, an open problem.
Nevertheless, there is a class of Laguerre-Hahn linear functionals whose ex-
plicit expressions for the measure is known: the linear functionals related
to the associated of Hermite, Laguerre and Jacobi polynomials. Explicit
formulae are given in [5], [25, Chap. VI], [66] and [88].

Recall that, by virtue of equation (15), the associated polynomials can
be viewed as orthogonal polynomials related to spectral transformations of
Stieltjes functions such as (17),

S̃(x) =
a(x)S(x) + b(x)

c(x)S(x) + d(x)
.

In this setting, we would like to emphasize the results in [66, Th. 3.9], where,
given the weight function w related to S, being w supported on the interval
[−1, 1], it is obtained an explicit expression for the weight function related to
S̃. As a basic consequence, one can obtain closed expressions for the weight
function corresponding to the associated Jacobi polynomials.

Let us also emphasize [86, Sec. 3], where the Stieltjes function of the

measure µ(k) for the kth associated orthogonal polynomials {P (k)
n }n≥0, is given
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in terms of a ratio of functions of the second kind of {Pn}n≥0,∫
dµ(k)(y)

x− y
=

1

ak

qk(x)

qk−1(x)
, x ∈ C \ R ,

where, in our notation, ak =
√
γk, being γk the recurrence coefficient in (9).

Recall that the measure µ(k) can be restored by means of Stieltjes’ inversion
formula (6). A detailed study of the functions of the second kind of Legendre
and Jacobi polynomials can be found in [43, 44].

5. Deformed Laguerre-Hahn orthogonal polynomials
The study of deformations on orthogonal polynomials appears in a vast list

of papers, mainly focusing on orthogonal polynomials related to semi-classical
weights. Usually, the deformation occurs via a t-dependence parameter on
the weight (in many contexts, t is interpreted as a time variable), and the
goal is to study the t-evolution of the recurrence coefficients of the orthogonal
polynomials under such a dependence. Connections to random matrix theory,
Lax pairs, Toda lattices, Painlevé equations, isomonodromic deformations,
etc, are well-known and, indeed, intensively studied in the literature (see,
amongst many others, [10, 24, 26, 54, 91]). Essentially, two methods of
study have emerged: one has been to use a formulation in terms of Lax pairs
for isomonodromic deformations of linear differential equations [54], and the
other proceeds via the ladder operator technique for orthogonal polynomials
[23]. A similar problem to the above described is posed for the Laguerre-Hahn
class on the real line in the following terms [17]: given some t-dependence on
the polynomials A,B,C,D involved in the Riccati equation for the Stieltjes
function, AS ′ = BS2 + CS + D, to study the dynamics of the recurrence
coefficients of the orthogonal polynomials related to S. To the best of the
author’s knowledge, so far, such a problem was studied in [17] only. There,
the approach is based on some of the techniques in the framework of semi-
classical orthogonal polynomials used in [54, Sec. 4]. Here it is a brief outline.
In what follows, ḟ denotes the derivative of a function f with respect to t.

Firstly, recall the equivalence between the Riccati differential equation
AS ′ = BS2 + CS +D and the matrix Sylvester equations (25),

AY ′n = BnYn − YnC , n ≥ 0 ,
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for the corresponding Yn =

[
Pn+1 P

(1)
n

Pn P
(1)
n−1

]
, with {Pn}n≥0 the SMOP related

to S, and {P (1)
n }n≥0 the sequence of associated polynomials of the first kind.

Now, assuming a t-dependence on A,B,C,D, define the matrices Hn as

Hn = (Ẏn + YnL̇L−1)Y −1
n , n ≥ 1 , (66)

with L being a nonsingular matrix such that AL′ = CL. The compatibility

between
∂ Ẏn
∂x

and
∂ Y ′n
∂t

yields [17, Th. 4]

∂

∂t

(
Bn
A

)
= H′n +Hn

Bn
A
− Bn
A
Hn , n ≥ 1 . (67)

Combining (66) with (28) gives us a lax Pair that yields the differential
equation for the transfer matrices,

Ȧn = HnAn −AnHn−1 , n ≥ 2 . (68)

The differential equations in t involving the recurrence coefficients βn, γn can
then be obtained via the use of the equations enclosed in (67) and (68).

Let us emphasize the similarity between equations (67) and [54, Eq. 24].
Indeed, formally, these systems are the same, but the matrix H in [54] (cf.
[54, pp. 223]), within the semi-classical setting, is different from Hn, defined
by (66) (here, caution is needed with the notation: the matrix A in [54, Eq.
24] should be taken as Bn/A in our notation). Also, it is well to emphasize
that Hn in (66) depends on L, which is the solution of a differential system
with matrix coefficients having polynomial entries, AL′ = CL. This is a first
difficulty when analysing the Laguerre-Hahn case versus the semi-classical
case.

Examples of time deformed Laguerre-Hahn orthogonal polynomials, to-
gether with differential equations for the recurrence coefficients, can be found
in [17], the interested reader is invited to look at [17, Secs. 3.1 and 4].

The general case, that is, how to get general Toda equations for recurrence
coefficients of Laguerre-Hahn orthogonal polynomials, of similar type as the
ones in [54, Th. 2], via (67) and (68), remains an open problem.

6. Final remarks
This paper is focused on the main analytic properties of Laguerre-Hahn or-

thogonal polynomials on the real line. There are studies on Laguerre-Hahn
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orthogonal polynomials concerning other types of orthogonality, such as dis-
crete orthogonality and orthogonality on the unit circle. These topics require
specificities that will not be detailed here. The interested reader may find
further information on the following references: [16, 38, 40, 55], concerning
discrete orthogonality; [18, 19, 20, 21, 71], concerning orthogonality on the
unit circle.

Appendix
The following table gives the weight function as well as the coefficients of

the differential equation AS ′ = CS + D for the Stieltjes function related to
the classical orthogonal polynomials - the Hermite, Laguerre, Jacobi, and

Bessel polynomials (see [60]). These are denoted by Hn, L
(α)
n , P

(α,β)
n , B

(α)
n ,

respectively. For the Bessel polynomials, we adopt the definition from [25,
Eq. (4.3), pp. 182].

A C D weight

Hn 1 −2x 2 w(x) = e−x
2

L
(α)
n x −x+ α 1 w(x) = xαe−x

P
(α,β)
n x2 − 1 (α + β)x− β + α −1− α− β w(x) = (1− x)α(1 + x)β

B
(α)
n x2 αx+ 2 −1− α w(x) = xαe−2/x

Table 1

The following table gives the recurrence coefficients βn, γn+1, n ≥ 0, in
equation (9) for the classical orthogonal polynomials (see [25]).

βn γn+1

Hn 0 n+1
2

L
(α)
n 2n+ α + 1 (n+ 1)(n+ α + 1)

P
(α,β)
n

β2−α2

(2n+α+β)(2n+α+β+2)
4(n+1)(n+α+1)(n+β+1)(n+α+β+1)

(2n+α+β+1)(2n+α+β+2)2(2n+α+β+3)

B
(α)
n

−2α
(n+α)(2n+α+2)

−4(n+1)(n+α+1)
(2n+α+1)(2n+α+2)2(2n+α+3)
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[2] N. I. Akhiezer, The classical moment problem and some related questions in analysis. Trans-

lated by N. Kemmer Hafner Publishing Co., New York 1965.
[3] J. Alaya, Quelques résultats nouveaux dans la théorie des polynômes de Laguerre—Hahn,
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