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1. Introduction
The Toda lattice

bn(t) — an(t) - an+1(t)
an41(t) = an1(t)(0alt) = basa ()

when both (a,(t))nen and (b, (t))nen are real or complex functions has been
well studied in the literature from different points of view (cf. [2, Bl 6], 13
241, 26]). In particular, if we assume that a,(t) # 0, n > 0, and we define a
sequence of polynomials (p,,),en recursively by

pn—&—l(xa t) — (.I - bn(t»pn(xa t) - an(t)pn—l(xa t): P-1= 07 DPo = 17

then using Favard’s theorem [9], for each t € R, there exists a linear functional
u(t) such that the sequence of polynomials (p,,)nen is orthogonal with respect
to u(t). This connection with orthogonal polynomials was used in [7, [13], 26]
to give sufficient conditions for the construction of a new solution (a,(t)),en

apo=0, n=0,1..., (1)
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~

and (b, (t))nen of (1)) from another given one. Both solutions are linked by a
Backlund transformation, given by

An = Yon—172n; by = Yon + Yon+1 + C, n €N,

~

an = YonY2n+1; bn = Yon+1 T Yon+2 + C; nc N7

where (7, )nen is solution of the Volterra lattice

Vn+1 = ’Yn+1(7n — %H-z), Yo = 0, n=0,1.... (2)

Here we emphasize that the dot *”” means differentiation with respect tot € R.
Both the Volterra and the new solution of the Toda lattices are strongly
related with Darboux transformations of orthogonal polynomials (or equiv-
alently, to the LU and UL factorization of its associated Jacobi matrix [§]).
In [5] the above analysis is generalized to high-order Toda and Volterra lat-
tices.

The Darboux transformations has also been used by Spiridonov and Zhe-
danov to study the discrete-time Toda [28] and Volterra lattices [29] and
their connection with Askey-Wilson polynomials.

More recently, a matrix interpretation of high-order Toda lattices is given
in [4] to consider the following semi-infinite system of differential equations

‘.
ap = Cp — Cp—9,

) bn — Cnan—i—l — Cp—10Qp + dn - dn—27 n e N, (3)
Cp = Cn(bn+1 - bn) + dnan+2 - dn—lana

\dn = dn<bn—|—2 - bn)a

with initial conditions ag = by = ¢y = dy = ¢1 = 0, where a,, b,, ¢, and d,, are
complex functions depending on ¢t € R. This system can be characterized in
terms of matrix orthogonal polynomials satisfying the following three term
recurrence relation

2V (z) = A1 Vins1 + BaVin(z) + Cp V-1 (), n € N,
where

A :[ 1 0} B = |:b2m+1 a2m+2i| O — [de—l CQm:|.

Aom43 1 Com+1  Dama2 0 dom
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Notice that from the above differential system, (3|) can be written in matrix
notation as

Am = AmDerl - DmAm
Bm - AmCm—H - C’mlélm—l + BmDm - DmBm ) n e N7
Cm = BmCm - CmBm—l + CmDm—l - DmCm

where D, = [ 0 0] With this new interpretation, the authors find,

Comt1 0
under some conditions, a representation of the vector of linear functional

associated with the polynomials (V},)nen, and show that the orthogonality
governs the high-order Toda lattice.

Noncommutative extension of Toda and Volterra lattices is not just a gen-
eralization. We can see that, in recent years, the interest on non-commutative
analogue of solition equations and their integrability have been increased [16],
such is the case of Hirota-Miwa equation [15], 21], KdV equation [10, 19, 25],
KP equation [14], 18], 27], mKP equation [16], 18] and the Toda and Volterra
lattices [18], among others. In particular, the non-commutative Toda equa-
tion, have been extensively studied in the literature (cf. [111, 18], 17, 22} 23]).
For example, in [27] the author introduces the non-commutative Toda lattice
from Sato-Wilson equations and shows that with an appropriate change of
variables, the Toda equation can be written as in , but now with (a,)nen
and (b,)nen belonging to a ring. Moreover, the author derives the bilinear
identities for the Baker-Akhiezer functions and calculates the N-soliton so-
lutions. More recently, in [20] the Darboux and the binary Darboux are
used for the construction of the solution (in terms of quasi-determinants) of
non-commutative Toda Lattices.

The propose of this manuscript is to deal with a very special type of non-
commutative Toda and Volterra lattices. In fact, we will consider Toda and
Volterra lattices as in and , but now with N x N matrix complex
functions, a,, b, and ~,. In particular, we are interested in relating the
matrix Toda and Volterra equations with sequences of matrix bi-orthogonal
polynomials which are associated with a matrix sesquilinear forms. The
matrix bi-orthogonal polynomials allow us to find a new solution of Toda
and Volterra lattices from a given one using the symmetrization process (cf.
Section [3)).

This work is organized as follows: In Section [2] we present the basic the-
ory about matrix biorthogonal polynomials and a Favard’s matrix theorem.
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Following the ideas given in [9] we expose the symmetrization process for ma-
trix sesquilinear forms associated with a matrix of the linear functionals, this
process involves the LU block factorization (cf. [§] in the scalar case) and the
matrix Christoffel transformation [1]. In Section [4 we study a matrix Toda
system and use this symmetrization process (the analogous to the Backlund
transformation) to construct a new solution from another given one. Both
solutions are liked to each other by a matrix Volterra lattice. We also give a
very instructive example which motivates the study in Section 5| of the matrix
Volterra lattice (or equivalently matrix 2-Toda lattice), where we give char-
acterizations of the solution of a Volterra lattice, its corresponding matrix of
linear functionals associated with the block Jacobi matrix and its sequence
of matrix biorthogonal polynomials.

2. Matrix biorthogonal polynomials

First of all we will fix some notation. Let C be the set of complex numbers,
and denote by CV*¥ the linear space of N x N matrices with complex entries.
For an arbitrary finite or semi-infinite matrix A, the matrix A is its transpose
conjugate. We will denote by I and O the identity and zero N x N matrices,
respectively.

A sesquilinear form on the bimodule of matrix polynomials CY*¥[z], with
real variable, is a map

<_,.> . (CNXN[x] % (CNXN[x] N (CNXN,

such that for any triple P, Q, R € CV*¥[z] and for all A, B € CV*V:

L (AP(2) + BQ(x), R(x)) = A(P(2), R(z)) + B (Q(z), R(x)):
2. (P(x), AQ(z) + BR(x)) = (P(x),Q(x)) A + (P(x), R(x)) B'.
)

It (P(x),Q(z)) = (Q(x). P(z))", then (-,
ear form.
Given a matrix of linear functionals, i.e.

is called a symmetric sesquilin-

Uo,0 Uo,N—1

UnN-10 -°° UN-1,N-1
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where u; j belongs to the dual space of C[z], we define its associated sesquilin-
ear form (P, @), as follows

N-1

((P.Q)),, = D luks, P(@) Quu(@)],  4,j=0,1--+ ,N—1.

k,1=0

Here, [u; j, p(x)] is the action of the linear functional w; ; on the scalar poly-
nomial p(x).

An important property of the sesquilinear form defined in terms of a matrix
of linear functionals is that (z P(x),Q(x)), = (P(x),x Q(z)),. Hereinafter

u
we only work with matrix sesquilinear forms satisfying the above property

and, unless otherwise stated, we will assume that (I,I), = L

Definition 1. The n-th moment of a sesquilinear form associated with a
matriz of linear functionals is defined as

<U,070, l’n> e <U,07N_1, l’n>
Uy = , n € N.

(un—10,2") ... (un—1N-1,2")
We also define the block moment matrix M and its n-th truncation as

uO ul PR uO . .. un—l
M= |m u | M,=1|: . |, neN, (4

Up—1 - U2p—2

Let x(z) = [I Iz Iz? }T Observe that with this notation, the block

moment matrix can be expressed as M = (x(z), x(x)),,.

Proposition 1. The block moment matrixz M satisfies

0 I O
MA" =AM, where A=1]o 0o I .. (5)
Proof: The proof follows from the identity Ax(z) = x x(x). _

Definition 2. A sesquilinear form (-, -),, is said to be quasi-definite if all block
leading sub-matrices of the corresponding block moment matrix are nonsin-
gular.
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Proposition 2 (cf. [1]). If the sesquilinear form (-,-), is quasi-definite, then
its block moment matrix M has an unique Gauss-Borel factorization,

M = S7HH(S) ™, (6)
where S1, Sy are lower unitriangular block matrices and H is a block diagonal
matriz. Moreover, if M = M7, then S = Ss.

Definition 3. Let (-,-), be a quasi-definite sesquilinear form, such that the
associated block moment matriz has a Gauss-Borel factorization as in (0.

The first and second families of matriz biorthogonal polynomials with respect
to (-,-), are defined by

Ry (@) (@)
Pl(z) = | P2) | = Six(a), PR(z) = | PP(2) | = Sox(a).

Proposition 3 (Biorthogonality). The first and second families of monic
matriz polynomials (P#])%N and (P,[lz])neN are biorthogonal, i.e.,

<PM (), P2 (x)> = 5 Ho, n,m € N,

n m

where H, is the (n,n)-block element of the block semi-infinite matriz H ob-
tained in the Gauss-Borel factorization (0)). These biorthogonal relations
yields,

(P(z),a"1) =0,  («"LPP(x)) =0, m=0...n-1,

u u

<P[1](a:),:v”1> — H,, <:c"I, P,?](g;)> —H, neN.

n
u u
Definition 4. The matrices
Ji = S1AS, Jy = SyAS; 1, (7)
are said to be the Jacobi matrices associated with the moment matrixz M.

Proposition 4. The two block tridiagonal Jacobi matrices in (7)) are re-
lated by

H'Jy=JJH™,
Moreover, we have that

JPY(z) = 2P (x), Jo P () = 2 PPl(1). (8)
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Proof: The relation between the above two Jacobi matrices follows from the

Gauss-Borel factorization and by (). The relation follows from the defi-
nitions of the Jacobi matrices ([7)). m

Observe that as a consequence of the above proposition we get that J; and
Jo have a three diagonal block shape with the block I on the superdiagonal,

i 1 S
Jy= | 0o , Jy= | b7 )

The equations in (8) means that (Py[ll])neN and (PT[Lz])nGN, respectively satisfies
a three term recurrence relation, for n € N,

eP(z) = P () + )P0 (z) + dlV PV (2), B(z) =1, PY(z) =0,
vPA(z) = PP (2) + 0P PP (z) + a? PP (2), P(z) =1, PP(x) =0,

where for ¢ = 1, 2, ag], and bg] are N x N matrices. Moreover, ag] = HnH;_ll.

Proposition 5. Given a matriz of linear functionals u and its sequence of
moments (up)nen. Then u, = (J}")o0, n € N.

Proof: We know from that JPPW(z) = 2"Pl(z), n € N, and the first
block line gives us

n

' Fyl(2) = Y (oaBy (@),

k=0

Now, applying the sesquilinear form and making use of the biorthogonality
condition we get the desired result. ]

Definition 5 (cf. [12]). Let A € C™™, B € C™N C € CN*™ and D €
CN*N with A a nonsingular matriz. The last quasi-determinant of the block

tri A Bl . . b
matrix C D,zsgzven Yy

o, [é f;} _D—_CA'B.



8 BRANQUINHO, FOULQUIE AND GARCIA-ARDILA

Remark 1. The sequences of matriz polynomials (P,gl])neN and (Hy)nen can
be written in term of the moments (uy,)nen as follows (cf. [1])

Ip
xl),
Pr[bl] () = 2", — [un uz”_l} Mgl , , and
_xn—llp_
_ ", -
HTL - @* Mn 9
Uon—1
| Up -+ - Up—1 Uop, |

where M, is given in (). From these representations and using the three
term recurrence relation, we have

un+1

o) = 1,1t W= D,H,, where D=0,

Uan
Up ** - Usp—1 U2n+1

There exist similar formulas for (PT[?])%N, ag] and bg],

Definition 6. Let v be a matriz of linear functionals with sequence of mo-
ments (up)nen. Let r = sup{|z| : © € suppu} < oo and consider the disks
about infinity, D = {z € C : |z| > r}. For z € D we define the Stieltjes

matrix function as
1
F(z) = LT) .
(Z> <Z —r’ >u

0
N\ k
Observe that in this definition we have that the geometric series E <—)
z
k=0
is uniform convergent in any compact subset of . With this in mind, F(z)

can also be written as
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Proposition 6 (Matrix Favard’s theorem). Let (a,)nen and (b,)nen be two
sequences of matrices with a, nonsingular for every n € N. If we define the
matrixz polynomials (P#])%N by:  Py(x)=1, P_1(x)=0, and

P (2) = (a1 = b)) PN (z) — a, P, (2), n>0,  (10)

then we can find a matrix of linear functionals u such that its sesquilinear
form satisfies

<P[1](CL‘), me>u =0Qp---a 5n,m7

n

where Oy, 1s the Kronecker delta function.

Proof: To prove the above result we inductively define the moments (uy,)nen
of the matrix of the linear functional u by

w = (LT) =1, <P7£1](a:),1> —0, n=1,2....

u

So, we can define u; using the fact that

0= <P1m(x), 1>u — (2] — by), ) = w1 — bouo.

In the same way us can be defined from
0= <P2[” (), I> — (221 — by — wby — biby, 1) = s — (by + by )us — bybouo.

Following this process we can find all the moments of u. From the above
definition and the recurrence relation (10]), we arrive to the orthogonality
conditions

<P[1](CL’), SUmI> =0, m<n, aswellas H, = <P[1](aj)’ x”1> — Q- ay.

n n
u

As a last comment, it is important to point out that from the Proposition [4,
we can construct the second family of matrix biorthogonal polynomials with

respect to (-,-),, i.e. (R[LQ})%N. _

3. Symmetrized sesquilinear forms

Let (PT[LH)%N and (PJLQ])%N be the sequences of matrix biorthogonal poly-
nomials with respect to a quasi-definite sesquilinear form (-,-),. We are in-
terested in finding conditions such that the Jacobi matrices J; and Js, have
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LU block factorization, i.e,
I M
7ol vl

Ji = LiU; = N om g . i=1,2.  (11)

where (7371 +1)nen are nonsingular matrices.
The above factorization will be our principal tool to construct a new solu-
tion of a Matrix Toda system (as in (18], Section [d)) from another given one.

Lemma 1. Let J;, i = 1,2, be the Jacobi matriz associated with (P,[Li])neN.

Then, the P,ﬂ[ﬂ(O) is, for each n € N, a non-singular matriz, if and only if
there exist block matrices L; and U; as in such that J; = L;U;. Moreover,

i -1
Yo = =P (0)(PP(0) neN. (12)

Proof: If the factorization exists, then necessarily

b =+ 20, dl =, 1
with 79 = 0. Now, we are going to use the induction process to prove (112)).
Observe that for n = 0, bg} = —P ( )( ( )t = ﬁ]. Suppose now that
for k < n, 7£1]c L = —P[](O)(Plg]l(O)) 1. Using the three term recurrence
relation @
—P,(0) = b1 PI(0) + afl P, (0),
then
~PLO)(PRO) ™ = b+ )P () (P (0) !
) ) . , -1

= by +ay) | BH0)(PL,(0)7!

:b%] ’qu]zﬁn 1(’7511 1)_1

= b%] M ’ng]wrl

Thus, if Pi(0), is a nonsingular matrix, then the block elements of the
matrix U; are well defined. Defining the block elements of the matrix L; as
ﬁjl = b — vgjl .1 we obtain the result.

Conversely, assume that there exist block matrices L; and U; as in ((11)

such that J; = L;U;. Using induction, we are going to prove that pli (0)
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is a non-singular matrix for every n € N. Notice that Fy(0) = I. Suppose

now that (P,g] (0))7—, are non-singular matrices and that the matrix PT[LZ](O) is
singular. Since J; has LU block factorization as in ([L1]), then is not difficult
to check that

(Ji)n = (Li)n(Us)n,

where (A), is the block n-th truncation of the matrix A. From here

Pl (x) Pl z) 0 Pil) 0
| = ] T o | T E T e
P, (x) P (2) P (x) P (z) P(z)

Evaluating the above in zero, we get

P0) 0
Lz n\Yi)n : - —
(Li)n(Us) P o) ;

P (0) Pi(0)

Taking into account that (L;), is a non-singular matrix and its inverse is
also a block triangular matrices with I's in the main diagonal, then PT[Z](O) =

—ngl_lPT[f]_l(O). Now, as from the hypothesis ygjl_l and Py_l(O) are non
singular matrices, we get a contradiction. Thus PT[LZ}(O) is a non-singular ma-
trix. -

Now, let consider JNZ = U,L;, v = 1,2. It is not difficult to check that j@ is
also a block tridiagonal matrix

b1
il i
Ji = 2l 3 : (13)

thus the sequences (é@)neN, i = 1,2, of matrix polynomials defined by the
recurrence formula: Py]l(a:) =0, Pom(x) =1, and

ePfl(x) = By (o) + BF @) + @) P, (), n=0,

n
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are also biorthogonal with respect to a matrix sesquilinear form. But what
is the corresponding matrix of the functionals? The answer is given in the
next result.

Proposition 7. Let u be a matriz of linear functionals and J;, 1 = 1,2 its
respectively block Jacobi matrices with LU block factorization as in , (or

equivalently, for every n € N, Py](O) is a nonsingular matrix). Then the
matriz polynomials (é&”)neN and (é?])neN associated with J; = UyL, and
Jy = UsLy are the sequences of matrix biorthogonal polynomaials with respect
to the sesquilinear form generated by the matriz of linear functionals xu.

Proof Define Q! = U;Pl with ¢ = 1,2. The hypothesis implies that
Qn( ) = rurl( ) + ”ygj,b HPM( ) (observe that QY (x) is a polynomial of de-
gree n + 1). From the LU block factorization we also have that zPll =
(L;U;) P = L;Q1, thus

2P (x) = QUl(x) + 10 QY | (x), neN,

but this implies that Q%](O) = —7&@5]_1(0) and taking into account that by
definition 7[@'] = 0, then Q%](O) = 0 for every n =0, 1,.... From here, Q%] (x)
can be written as x5} () where P () is a matrix polynomial of degree n.
As a consequence

eP(z) = P () + 4 Pl (z).

with ygjlﬂ = —P,EZL(O)(P,[LZ‘](O))A. In [I] was shown that (ﬁé”)neN and
(ﬁﬁ)neN are precisely the families of matrix biorthogonal polynomials as-
sociated with the sesquilinear form (-, ), . m

Definition 7 (cf. [1]). The matriz of linear functionals xu is said to be the
Christoffel transformation of u.

Now, we define the sequences of matrix polynomials (S,[Ll])neN, (SLQ])%N by

Sul(x) = P(a?), Sy 1 (x) = 2Pl (2?), i=1,2,

it is not difficult to check that (Sy H)neN for 1 = 1,2, satisfies the following
three term recurrence relation

w8 (x) = S| (2) + 41181 | (2), n €N,

n —
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or equivalently, its corresponding block Jacobi matrix has the shape

0 I
(4]
0 I
g (m 0 _
Fl = 0 ,yg] 0 I 5 1 = 1, 2.

Let s be the matrix of linear functionals for which the sequences (ST[}])”QN and

(Sr[f])neN are biorthogonal and (wy,),en its corresponding sequence of matrix
moments, then

Way, = Uy, and Wopi1 = 0, n € N.

Observe also that from the LU block factorization, we have the following
relations for i = 1, 2,

Bl eall nzo Wl ezt o
by = ’VgT]LJrQ + 'ng]zﬂa n 20, a, = 'Vg]wlfyg]z nzl (15)

with the convention ’Y([)i] = 0. From here and Proposition ,

Yoni = ~Pa O(PPO) 7 = —alRLO(F0) 7, (16)
Yo = (Hy i Ho)', Yo = (H, o H)'.
The above, give us the following representation for 57[3] and ’5%]
0 =PLO(PLO) " + bk - PLOEN0) T, a7

al) = P (0)(PY(0) el P (0) (P0)

n n

4. Matrix Toda Lattice

In the scalar case, if we have a moment functional u(t) : Clx] — C depend-
ing on a parameter ¢ € R, then it is clear that its moments also depend on ¢,
i.e (u(t),z") = pp(t). We can define the derivative of a moment functional
with respect to t as follows,

<d > - u(t+ h),p(x)) — (u(t), p(x))

S 1(t), p(z) ) = lim - ,  p(x) € Cla].

An important property that can be proven from the above definition is the
following. Suppose that we have a polynomial depending on t, i.e. p(x,t) =
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Zm:ck(t)xk then
& .00 = (o0, 0t0)) + (50, o))

Extrapolating the above argument, we can define the derivative of a sesquilin-
ear form associated with a matrix of linear functionals that depends on a
parameter t as follows

d
dt (P(z), Q($)>u(t)
= (S P@). Q) + (P). Q) gy + (P(), Q)

Consider now the following semi-infinite system of matrix differential equa-
tions

{bnos) = an(t) = @i (1),

(1 (t) = ang1 (D)0 (1) = bpyr () ansa (1) ap(t) =0, neN.  (18)

To give an interpretation of the above system, we start by considering the
following sequence of matrix orthogonal polynomials (Pr[bl])neN satisfying the
three term recurrence relation: Pﬂ(x, t) =0, Pom (x,t) =1, and

e (1) = P (o, 6) 4+ bu() P (2, 0) + an (0P (2,0) 0 >0, (19)

From Proposition @, we know that there exists a sesquilinear form (-,-),

(depending on t) such that the sequence (P,[Ll])neN is the first family of ma-
trix biorthogonal polynomials, as well as that the sequences (a,(t)),en and
(bn(t))nen can be written in term of the quasi-determinants (cf. Remark [I)).
In this Section we are interested in showing the relationship between the se-
quence of matrix polynomials (P#])%N (as well as, its associated matrix of
the linear functionals) and the Toda matrix system ([L8]).

If we assume that J; is as in (9), we have that the system (18) can be
described in terms of a Lax pair (Ji, J;_), i.e.

J(t)=J_Ji — W\ Ji_, (20)



MATRIX TODA AND VOLTERRA LATTICES 15

where J;_ is the following block matrix

0 0 0
aq (t) 0 0
0 (21)

Jl— - 0 (lg(t)

Lemma 2. Let J; be a solution of a Toda lattice system as in . Then,
the following relation holds,

H, =-b,H, + H,by, n € N.
Proof: Taking into account that a,(t) = H,H ', then from (I8 we get
HyHY — HyH Hy HYY = HyH by — by H H
After some manipulations, we arrive to
H'H,-H,YH, ,=H, b, 1H,_| — H,'b,H,.
Thus, for every n € N we see that
H, (Hy + by Hy) = Hy'(Ho + boHo),
and remembering that Hy = I, we complete the proof. ]

Proposition 8. If J; is a solution of a Toda lattice as in (18)), then Jy is a
solution of the semi-infinite matriz differential system

{5&3} ~ (@ — )+ o2 — )

2 2l L2 2 2 2 2 9 L2 ,
GLL = a7[1—]|—1b7[1] - bLLaLL + (b([)]ay[zlul - av[llqb([)])

a([f] =0, neN.
Proof: From Proposition [4 we have that
J=—-H'WH+H'"YJH+H '"JH

= —H'HH'YJH) +H Y J — L J_)H+H ' H

—(H'J,_H—H'H)J} - JJ(H'J,_H — H'H). (22)
On the other hand, from Lemma 2| we get
0

R U Ol
-1 -1 -
H JlfH — H "H = 0 I (b[;] N b([)z])’r
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Thus, replacing the above in we obtain

2 2 A+, [2 2+, 2 .

i [ O, e,
e = Nl — R R~ ), =

and the result follows. ]

From Proposition [§ we note that J; is not a solution of the matrix Toda
lattice. However this holds true, if we apply a transformation as we will see
in the next result.

Proposition 9. Let J; be a solution of a Toda lattice system as in (18)). If
for every H,,, we can find two matriz functions V,, and W, satisfying

Vn - _bnvna Wn - _bOWna
and such that H, = Van_l, then

Wik wy Ty = Wlatwy T - wiaZ wy T n=01...,
2 — 2 2 — 2 2 _
%(WgaﬁlWO T) = WJCLL—]H[)L]WO = ngLLJ]rlangAWO Lon=01,....

Proof: First of all observe that if we take derivative on H,, = V,,W~ ! then,

we obtain the result given in Lemma . From the fact that %(HHWO) =

—b,H, W, and taking into account that bi;'' = H'b,H, and o' = H- ' H,
we get the desired result. ]

Proposition 10. Let J; be a solution of a Toda lattice as in (18) and

(qul})neN its first family of associated matrixz biorthogonal polynomials. Then,
for every n € N,

P2, t) = a ()P (2, 1)

Proof: From the relation 2 P = J; P (recall that we are taking the derivate
on the variable t), we have

ePW = P P = (g gy — gy )P 4 g P
From here
(xf — J))(PY — g _Ply = 0.

So we get the result. |
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Proposition 11. If J; is a solution of a Toda lattice, then for alln =1,2...
the following identity is satisfied
(J7) = L Jf = T

Proof: The proof will be by induction. For n = 1, it follows from (20]). For
n = 2 we have

JE= L+ NS = (L J— L)+ Ji(Ji_ = JiJ )
= J_JE = JH_.
Suppose that the property is satisfied by n = m — 1 to prove by n = m
Jn = Jr g+ g
= (J_J =gt ) I A I T = )
=i J"—=J"J_.
thus for every n € N we get the result. ]

Corollary 1. Let u be a matriz of linear functionals such that the corre-
sponding block Jacobi matriz is a solution of (18)). Then the sequence of
matriz moments (U, )nen Satisfies the following matriz differential equation

U () = up(t)ur () — upi1(t), n € N.
Proof: The result follows from the fact that w,(t) = (J}")o0- _

Corollary 2. Let u be a matrix of linear functionals such that its correspond-
ing block Jacobi matriz is a solution of (18). Then its associated Stieltjes
function satisfies the following matrix differential equation

F(2) = F(2)(u(t) — 2I) + L (23)
Proof: Using Corollary [I] we have that

o0 0

- i (1) i)
F(z) = Z S F(2)u(t) — ZZ Z:+2 ’
k=0 k=0
and the result follows from the definition of F(z). _

Proposition 12. If J; is a solution of a Toda lattice as in (18]) and u is the
corresponding matrix of linear functionals, then the following equation holds

W(t) = u(t)uy(t) — zul(t). (24)
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Proof: Using the original representation of the Stieltjes matrix function F'(2)

andwehave
. |
Fz:< ,ultT—ZI> + (LD,
&)= (gm0 =21) (L

I z
— < — ,Ul(t)T> + < — ,I> + <I, I>u(t) 3

. I I
F(z) = < ,1> - < ,1> .
~— X w(t)uq (t) ~— X xu(t)

Thus, if we denote by © the matrix of linear functionals u = —%u +uuq(t) —
ux, then the corresponding Stieltjes function is the zero matrix; but this
implies that every matrix moment of @ is equal to 0, and from here u is
equal to the zero matrix of linear functionals. |

and so

Corollary 3. If in particular (P, Q), = /PW(:U, 1)Qdx and its correspond-

ing Jacobi matrix Ji satisfies , then the matriz weight function W (z,t)
has the structure

W(z,t) = e ""W(x,0)K(t), (25)
where K (t) satisfies the following matriz differential equation
K(t) = K (t)uy(t).

Proof: Recall that if J; satisfies (18)), then u satisfies (24)), but this im-
plies that

W(x,t) = W(x,t)(u(t) — I).
On the other hand, if we take derivative in ([25),
Wz, t) = W(x, t)(K ' (t)K(t) — 2I),
and taking into account our hypothesis, we get the result. |

Suppose now that we have a Jacobi matrix J;(¢) with LU block factorization
as in (11). If the sequence of matrix (7,)nen is a solution of a Volterra
lattice, i.e.

Ynr1(t) = V1 (O (t) — Yar2(t) sy (t), n >0, (26)
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then using the representation it is easy to prove that J; and jl are solu-
tions of the Toda lattice . Here we are interested in the reciprocal result.

Theorem 1. Let (by)nen and (ay)nen be a solution of the Toda lattice ((18)
satisfying the hypothesis of Lemma 1. If v, is defined by (14), then (L5
defines a new solution of (L§).

Proof: First of all, notice that

d d
—( pll -1\ _ _ pll] —-1( 2 pli] 1] -1
(P = =P, ) (S P 0)) P )

Let J; be as in (13). If we take derivative in (17)), we get that J; is also a
solution of the Toda lattice. Now, defining the sequence of matrices (7V,)nen
as in ((16)), and taking derivative we obtain

Yont1 = —an+1P7£J]r1(O t) (Pm(O,t))
+ P (0, 6)(PM(0, 1))
= —V2n+2V2n+1 T 72n+1’72m
Fon = —(anbu_1 — buay) P (0,8) (PI(0,2))
— @y 1 P! b(o t) (P M o,t>> <anP“ (0, 5)(PY(0,6) 7,
a1

—1

-1 -1

an ()P, (0,) (PIV(0, 1))

n

and, as b, = —PH

n+1 ( )
Aon = an(t) — Piilm t><P[ 10,8))an(t >P£h<0 t) (R0, 1))~

= "2nV2n—-1 — V2n+172n-

0,t) (Rg1 ) we get that

Observe that from the above, if (b, ),en and (a,)nen are solutions of the Toda
lattice and we know the sequence of matrix polynomials (P,El] (2,1))nen,
that satisfies the recurrence relation ((19)) and P,[l” (0,t), n > 0, is a nonsingular
matrix, then the matrix sequences (a,(z))nen and (En(:p))neN defined by

ba(t) = PLLy(0,6) (P (0,8) ™" 4 busa () — Pura (0,8) (B (0,8)) 7,

~ -1 -1
an(t) = P (0, 8) (P, ) " an(t) P (0,8) (PY(0, 1) 7,
are also solution of the matrix Toda lattice . Moreover, in this case

i i -1
Yon1(t) = =PI (0, 6) (PI(0,6)) ™, yon(t) = —an(t) P (0,8) (PP (0,1))

is solution of a matrix Volterra lattice. ]

-1
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Next, we are going to show an illustrative example.

Example 1. Suppose that we have the following matriz weight

Wz, t) = el [g _xl} e "x%, z €10, 00], a>—1.

Observe that in this case / Wz, t)dz is an invertible matriz different from

the identity. However, this hypothesis is not necessary in the symmetrization

process. If (PJL”)%N is the sequence of left matriz orthogonal polynomials
with respect to W(x,t), then making a suitable change of the variable, we
obtain that

1
(1] -~ oW
where
_ | Lt ) —gala @) [T =+ 1)
QE}(Z’) - [() ﬁ] |: 0 Lf{“(x) ] [0 (t—i—l) ] ) (28)

and (L) nen is the sequence of scalar monic Laguerre polynomials of parame-
ter a which are orthogonal with respect to the measure dy = e~ *x“dx and has
the following monomial representation (cf. [9] for other characterizations),

=G ()

k=0

On the other hand, we know that P,[Ll](x, t) satisfies a three term recurrence re-
lation

P (a,t) = (21— bu(6) PP (2, 1) — an(t) P (2, ).

Using the representation given in and the properties of the Laguerre
polynomaals, we find that

24+a+2n 2 n(a+vlwgl) 0
Q _ t
bn(t) - t61 21‘%# ) an(t) — (B) n(a—i—n—;l) )
(t+1)

and
enll(a+n+2)[1 _tD
— a+1
n (t + 1)a+2n+2 0 1 )
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Besides, observe that (by)nen and (an)nen satisfy the Toda lattice (18)). More-
over, from the representation and

gy = L [L 1] L) Lo [T =+ D)
n ( )_ (t+1)n 0 L1 0 Lngl(O) 0 (t—i—l) )

)
JTla+n+1)

where L2(0) = (—1) Tot D)

cess we obtain that
(t+1) (t+1)
Yont1(t) = LM [1 (a+1)(a+2)] 7 Yo (t) " [1 _(a+1)(a+2)] _

. Thus, if we use the symmetrization pro-

t+1 |0 1 T i+1]0 1

It is not difficult to check that the sequence of matrices (v, )nen satisfies (26))

and consequently we can construct a second solution of the matrix Toda

lattice.  Moreover, defining the following sequence of matriz polynomaials,
1

(S nen, by

1 1

Sz ¢y = @7 T (Lot ((t+ 1)) — 25 Lo+ D)a?)] [1 =+ 1)
20\ 0 G 0 Lot ((t + 1)2?) 0 (t+1) |

SW (z4) = |@07 @ | [P Def) =2l Daf)) 11—+ 1)
2n+1\Ls 0 ] | 0 LoT2((t+1)2?) 10 +1)

then, we have that

2SW(z,t) = S (2, 8) + () SY (2, ).

n

We can also see that (SE])%N 15 the first family of matrix biorthogonal poly-
nomials with respect to the matriz weight

2 _
W (z,t) = ell=#1 [xo le} e~ |20, reR.

Due to the close relation between the matrix lattices of Toda and Volterra
we are going to study the properties of the last one.

5. Matrix Volterra System

Suppose that we have the following matrix Volterra system

Ynt1(t) = Y1 ()7 #) = V2O nra(t), n>0. (29)

This system can be described in terms of a Lax pair (I'y, I'?_(t)), i.e.

() =121, -0I71%, (30)
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where T'1(¢) and T'?_(t) are the following block matrices

i 0 1 B 0 0 ]
B o

T (1) — Tall DT (8) = | e®n®) 0

1) 0 () 0 . 1- () 0 73(15)"72(’5)

Observe that for each t € R, we have associated to the matrix I'1(¢) a sequence
of matrix polynomials (SL”)%N defined by

S (1) = 28U (a, £) — 3 (D) S (1),

or, in more compact form,

1
SO (t) =2SM,  where S = [S([)lﬁ(x,t) S[lﬁ(x,t) } . (31)

1
We will denote by s the matrix of linear functionals associated with (S}ll])neN,

and (wy,)pen Will be the corresponding sequence of moment matrices.

Theorem 2. The following conditions are equivalent

(2) (Yn)nen is a solution of (29), i.e. Ty(t)=T2 Iy —II? .
(b) Forn € N,

d
E(F?)O,O = (I'Doo(Too + (F1o2(IT)20- (32)

(c) For n € N, the moments satisfy that 1w, = w,wy — Wy42.
(d) The Stieltjes function satisfies the following differential equation

F(2) = F(2)(wa(t) — 2%21) + zwo(t). (33)
(e) The following equations for the matriz of the moment functionals hold
5(t) = s(t)wo(t) — 2°s(1). (34)

(f) If (SLl])neN is the first sequence of matriz orthogonal polynomials as-
sociated with I'y, then

d
M (@) = (0701 (DS, (2, 0). (35)
Proof: We will prove this theorem according to the following scheme

(@) = ) = (0 = (4 = (o = ( = (a).
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We begin proving that (a) = (b). First of all we establish that (a) im-
plies that

M =121 -, n € N, (36)
The proof will be by induction. For n = 2 we have
([2) =TTy + 04y = (I3 0y — T2 )0 + Ty (T2 0y — T4 T2
=T% 't —T°% .
Suppose that is satisfied by n = m — 1, and analyze when n = m.
(7)) = (CP DT+ I7 'y

= (O Iy =P )y 4+ 0P (I Ty — Ty )

=3 5 U L
To prove (32), we note that

(0.9]

(oo =D (T DoxTDro — T1os(T Jro = =TT )a0.

On the other hand, is not difficult to check that (I'? )oo = (I'9)20 and
(700 = (T1)o0(T oo + (F)o2(IF)20.

From here

(oo = —(T1)o2(TF )20 — (oo (L)oo + (T1)oo(TF o
= (M)oo(T1-)oo — (T )oo-
To prove that (b) = (c), we use and Proposition 5| to obtain
wn = WpWo — Wp42-

To prove that (¢) = (d), we use the definition of the Stieltjes function, and
the fact that wy(t) = 0.

Wi+2 (t)
T kL

=
N
I
(]
n | 8
ol Il
=
I
E
v | 8
ol Il
=
S
=

= F(2)(wa(t) — 2%1) 4 zwo(t).
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To prove that (¢) = (d), we use the original representation of the Stieltjes
function F'(z). Notice that from (33)), we have that

Mw=< I,wﬂﬂ—?Q (LT + (T Ty

z—x s(t)

I _ —
_ < Jws () — 521> T <Z x1,1> + <xz le1,1>
Z— T 5(t) Z— X 5(t) Z— X 5(t)
() ()
() ()
2 - s(t)wa(t) z—a 225(t) '

Thus, denoting by 5 the matrix of linear functionals

. d 5

§=5 s(t)we(t) — s(t)x”,
then its corresponding Stieltjes function is equal to the zero matrix, but this
implies that every moment matrix of 5 is equal to 0, and from here s is equal
to the zero matrix of linear functionals.

To prove that (d) = (e), we use the fact that Sg](x, t) — vnfyn_lSElQ(x, t)

is a matrix polynomial of degree less or equal ton—1. Let m =0,...,n— 1.
From the hypothesis

Oy = % <S7[11] (x,1), me>5 = <S7[11] (x,1), me>é + <ST[L1](:1:, t), me>
= <S}ll](x, t), xm1>5 wsy(t) — <£C2S7[11](33, t), xm1>5 + <Sn” (x,1), :UmI>

- <Sv[11](x7 t) o ’Yn’Yn—lSr[Lllg(l', t), ZIZ'mI> ,

S

and it implies that Sn(x t) = YnYn_1Sn—2(x, t).
Before proving that ( ) = (a) We observe that using the notation in (31)
we can rewrite as 450 =12 (¢)S. With this in mind and recall that

S (1) = 2SN we get

I () Sz, ) + Ty () SN (2, t) = 2SM (2, t).



MATRIX TODA AND VOLTERRA LATTICES 25

Thus,
(0502, 1) + (D4 (1) — 2D (557 (2, 1) = 0,
(Fl(t) — F12_F1 + F1F12_)Sm (.T, t) = 0.

And since for each t, (P,(x,t))nen is a basis of left module CY*V[x] we
conclude that

Fl(t) — FﬁFl -+ FlFﬁ =0. |

Corollary 4. If in particular (P,Q), = /PW(QJ,t)Qde and its associated

Jacobi matriz T'y satisfies (29), then the matriz weight function W (z,t) has
the structure

W(z,t) = e "W (z, 0)K(t), (37)
where K(t) satisfies the matriz differential equation K (t) = K (t)ws(t).
Proof: Recall that from Theorem [2, 'y satisfies (34]), which implies that

Wz, t) = Wiz, t)(wa(t) — 2°1).
On the other hand, taking derivative in (37)),
Wiz, t) =Wz, t) (K () K(t) — z2),
and making use of our hypothesis, we get the result. |

Corollary 5 (Lax-type Theorem). Let SU be the block column vector of

matriz monic polynomials st (x,t) and let \(t) be a spectral point of the
Jacobi matriz T'y(t), i.e.

LiSUA) = A SHAD))- (38)
If Ty (t) satisfies (30)), then A(t) does not depend on t.
Proof: Taking derivative in (38))
LiSUA®) + TiSUE) = A ST A®)) + A6 STAD)),
and using we get
(AT =T)TT_sM(N) = SHN) = A@)SUA®)).

Again using that S (z,t) = I'?_SU(z, ) we get A(t)S(A(t)) = 0 but this
implies that A(t) = 0. n
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Remark 2. We emphasize that we do not have the reciprocal of the last result.

In fact, if the spectral points of the Jacobi matrix I';(¢) do not depend
on ¢, then there exists a semi-infinite block matrix C' = [c;]7;_, such that

I, =CrIy — [';C, where C' has the shape

0O 0 0 0O 0 o
0O 0 0 0O O o
*x 0 0 O o0 O
0O «x 0 0 0 o
*x 0 x 0 0 O
0 « 0 = 0 O
*x 0 x 0 =x O

The sequence (7, )neny must satisfy that

Tn = Cnn—2 — Cn4+1,n—1, n < N;

moreover, for every n > 2 and m = 2,3, ...

0= Cnn—2m + Cnn—2(m—1)Tn—2(m-1) — TnCn—1n—(2m—1) — Cn+1n—(2m—1)-

Observe then that in this case we cannot assure that C' is equal to I'2. This
is due among other things to the fact that any matrix high-order Volterra
lattice also satisfies the Corollary 5| (¢f. [5]), where we said that 'y is a
solution of a matrix high-order Volterra lattice if it satisfies that

[y(t) = (T1)* Ty — Ty ()™,

for some m € N.
We remark that all the results given here can be generalized, using similar
techniques, to study this type of high order Volterra systems.
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