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ABSTRACT: We study embeddings of Besov-Morrey spaces N57p7q(Rd) and of Triebel-
Lizorkin-Morrey spaces E;jp,q(Rd) in the limiting cases when the smoothness s equals
so = dmax(1/u—p/u,0) or so, = d/u, which is related to the embeddings in L°¢(R%)
or in Ls (RY), respectively. When s = s we characterise the embeddings in L{°¢(RY)
and when s = s, we obtain embeddings into Orlicz-Morrey spaces of exponential
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1. Introduction

In recent years function spaces built upon Morrey spaces Mu,p(Rd), 0 <
p < u < oo, attracted some attention. They include in particular Besov-

Morrey spaces N, (RY) and Triebel-Lizorkin-Morrey spaces £, (R?), 0 <

p<u<oo 0<qg< oo, s € R The attention paid to the spaces was
motivated first of all by possible applications. The Besov-Morrey spaces

Nj’p’q(Rd) were introduced by Kozono and Yamazaki in [7] and used by

them and later on by Mazzucato [10] in the study of Navier-Stokes equa-
tions. In [28] Tang and Xu introduced the corresponding Triebel-Lizorkin-

Morrey spaces 557p’q(Rd), thanks to establishing the Morrey version of the

Fefferman-Stein vector-valued inequality. Some properties of these spaces in-
cluding their atomic decompositions and wavelet characterisations were later
described in the papers by Sawano [18,19], Sawano and Tanaka [20,21] and
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Rosenthal [17]. Also embedding properties of these spaces were investigated
in a series of papers [4,5].

In our two recent papers [2] and [3] we studied under which conditions the
spaces Nf, (R?) and &, ,(R?) contain only regular distributions, i.e., when

u7p7q
Niipa@®RY) C LR, &5,,(RY) € LY(RY) (1.1)
and when they consist of bounded functions
s d d s d d
Nipa(RY) C Loo(R?), & (RY) C Loo(RY). (1.2)
The embeddings (1.1) hold if the smoothness s is related to
5o = Ld max(}% — 1,0). Similarly the embeddings (1.2) are valid if s is re-

lated to s = g. Therefore we called s, and s, critical smoothnesses. In

particular, the spaces contain a non-regular distribution if s < s, and consist
of locally integrable functions if s > s,. The behaviour in the critical case
s = s, is a delicate question. The analogous situation occurs in the case of
boundedness of the functions.

This paper is the direct continuation of the above mentioned recent articles.
First in Section 3 we prove that the embeddings (1.1) with smoothness s = s,

hold if and only if the spaces N¥ , (R?) and &, ,(R?) are embedded into some

Morrey spaces M, .(R?) with properly defined indices v and r, cf. Theorem
3.2 and Theorem 3.4.

In Section 4 we investigate unboundedness properties of the functions be-
longing to smoothness spaces of Morrey type with s = s.. First we prove
that the spaces No3" (R?) and 7" (R?) can be embedded into Orlicz-Morrey
spaces of exponential type, cf. Theorem 4.5 and Corollary 4.6. The idea
that exponential Young functions can control the unboundedness of func-
tions belonging to the Sobolev spaces of critical smoothness goes back to
Trudinger [34], cf. also Strichartz [27]. There are several definitions of
Orlicz-Morrey spaces. Here we follow the approach proposed by Nakai [13].
Afterwards we embed the above spaces of smoothness % into the so-called
generalised Morrey spaces, c¢f. Theorem 4.10 and Remark 4.11. The gener-
alised Morrey spaces have been investigated by several authors. Our results
here are close to that ones in papers by Sawano and Wadade [22], Naka-
mura, Noi and Sawano [15] and by Eridani, Gunawan, Nakai and Sawano [1].
However in contrast to the above papers we study also the Besov-Morrey
spaces. Moreover in the case of Sobolev-Morrey spaces we are able to prove
the embeddings for a larger set of parameters.
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In the very short last section, somewhat supplementary, we formulate some
outcome concerning embeddings into spaces with smoothness 0, in particular
to bmo(R?). In Section 2 we collect the definition and basic facts concerning
the smoothness Morrey spaces that are needed in the next sections.

2. Smoothness spaces of Morrey type

First we fix some notation. By N we denote the set of natural numbers,
by Ny the set NU {0}, and by Z? the set of all lattice points in R? having
integer components. Let NI, where d € N, be the set of all multi-indices,
a=(o,...,aq) with a; € Ny and |af := Z?ﬂ a;. f = (21,...,74) € RY
and o = (ay,...,a4) € NI, then we put 2 := z{*-- x5’ For a € R, let
la] = max{k € Z : k < a} and a; = max(a,0). If 0 < u < oo, the
number v’ is given by - = (1 — <), with the convention that 1/00 = 0. All
unimportant positive constants will be denoted by C', occasionally the same
letter C is used to denote different constants in the same chain of inequalities.
By the notation A < B, we mean that there exists a positive constant ¢ such
that A < ¢ B, whereas the symbol A ~ B stands for A < B < A. We denote
by B(x,r) = {y € R?: |[x —y| < r} the ball centred at z € R? with radius
r > 0 and | - | denotes the Lebesgue measure when applied to measurable
subsets of R?. Let Q be the collection of all dyadic cubes in R?, namely,
Q:={Qx:=27([0,1)+k): j€Z, keZ}.

Given two (quasi-)Banach spaces X and Y, we write X — YV if X C Y
and the natural embedding of X into Y is continuous.

We introduce smoothness spaces of Morrey type. We recall first the defi-
nition of Morrey spaces.

Definition 2.1. Let 0 < p < u < 0o. The Morrey space M, ,(RY) is the set
of all locally p-integrable functions f € LLOC(Rd) such that

1_1 1/p
11 M ® = sup Q1 ([l an) < oo 2
QReQ Q

Remark 2.2. The spaces M, ,(R?) are quasi-Banach spaces (Banach spaces
for p > 1), that can be equivalently defined if the supremum in (2.1) is taken
over all balls B(z,r) or over all cubes Q(z,r), with center 2 € R? and side
length r > 0, and sides parallel to the axis of coordinates.

These spaces originated from Morrey’s study on PDE (see [12]) and are
part of the wider class of Morrey-Campanato spaces; cf. [16]. They can be
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considered as a complement to L, spaces, since M, ,(R?) = L,(R?) with
p € (0,00), extended by M «(R?) = Ly (R?). In a parallel way one can de-
fine the spaces M ,(RY), p € (0, 0), but using the Lebesgue differentiation
theorem, one arrives at My ,(R?) = Lo (RY). Moreover, M, ,(R?) = {0}
for u < p, and for 0 < py < p; < u < o0,

Lu(RY) = Myu(RY) = Mup, (RY) < My, (RY).

Let S(RY) be the set of all Schwartz functions on RY, endowed with the
usual topology, and denote by S'(R?) its topological dual, namely, the space of

all bounded linear functionals on S(R?) endowed with the weak *-topology.
Let oy = ¢ € S(RY) be such that

suppyp C {z € R?: |z| < 2} and  p(x)=1 if |z| <1, (2.2)
and for each j € N let @;(x) := ¢(277x) — ¢(277*'z). Then {yp;}32, forms a
smooth dyadic resolution of unity.

Definition 2.3. Let 0 <p<u < oo or p=wu=o00. Let ¢ € (0,00], s € R
and {p;}32, a smooth dyadic resolution of unity.

(i) The Besov-Morrey space N§, (R?) is defined to be the set of all distri-
butions f € S&’(RY) such that

00 . 1/q
I 1A @] = (o2 s F DIMu 1) < o
=0
with the usual modification made in case of ¢ = occ.
(ii) Let u € (0,00). The Triebel-Lizorkin-Morrey space £ . (R?) is defined

u.p.g
to be the set of all distributions f € S'(R?) such that

< o0

151 €20ul®)] = | (izﬁwlmffx-nq) ) M @Y

with the usual modification made in case of ¢ = oc.

Remark 2.4. Occasionally we adopt the usual custom to write A3 (RY) in-

up,g
stead of N¥, (RY) or £, .(RY), when both scales are meant simultaneously in

u.p,q
some context. The spaces A;i’p,q(Rd) are independent of the particular dyadic
partition of unity {¢;}32, appearing in their definitions. They are quasi-

Banach spaces (Banach spaces for p, ¢ > 1), and S(RY) — A5 (R?) —
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S'(R?). Moreover, for u = p we re-obtain the usual Besov and Triebel-
Lizorkin spaces .A]"’;p J(RY) = A5 (R?). Besov-Morrey spaces were introduced
by Kozono and Yamazaki in [7]. They studied semi-linear heat equations and
Navier-Stokes equations with initial data belonging to Besov-Morrey spaces.
The investigations were continued by Mazzucato [10], where one can find the
atomic decomposition of some spaces. The Triebel-Lizorkin-Morrey spaces
were later introduced by Tang and Xu [28], we follow their approach. The
ideas were further developed by Sawano and Tanaka [18-21]. Closely related,
alternative approaches can be found in the monographs [32,33,38] or in the

survey papers by Sickel [24,25].

We list some elementary embeddings within this scale of spaces. It holds
AT (R — A5 (RY), if >0, rqe¢ (0,00,

u,p,r u,p,q
and
AR = A (RY), i g < go (2.3)
Sawano proved in [18] that, for s € R and 0 < p < u < o0,
ijmlnpq (Rd) — gipq(Rd) — le,p,oo(Rd)o (24)

where, for the latter embedding, r = oo cannot be improved — unlike in case
of u = p. More precisely, &5 (R?) — N (RY) if, and only if, r = oo
or v = p and r > max(p,q). On the other hand, Mazzucato has shown

in [10, Prop. 4.1] that
Sg’p,Q(Rd) = M, ,(RY, 1<p<u<oo, (2.5)
in particular,
&) oRY) =L,RY), 1<p<oo.

This is nothing else than the well-known classical coincidence F),(R?) =

L,(RY), 1 < p < oo, cf. [30, Thm. 2.5.6]. Further embedding results for the
above scales of function spaces on R? can be found in [3-5,36].

The atomic decompositions. An important tool in our later considerations is
the characterisation of the Besov-Morrey and Triebel-Lizorkin-Morrey spaces
by means of atomic decompositions. We follow [17]; see also [20].

Definition 2.5. Let 0 < p < u < 00, ¢ € (0,00] and s € R. Let K € Ny and
N € {-1}UN,. A collection of L.-functions a;, : R? - C, j € Ny, m € Z¢,
is a family of (K, N)-atoms if, for some ¢; > 1 and ¢, > 0, it holds
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(i) supp ajm C c1Qjm, j € No, m € Z°,
(ii) there exist all (classical derivatives) D%a;,, for o € Nj with |a] < K

and .
| DYjm| Loo(RY) || < 2710 5 € Ny, m € Z, (2.6)
(iii) if v € N¢ with |y| < N, then

/Rd a,(z)de =0, j€Ny, meZ

N = —1 means that no moment condition is required.

For 0 < u < 00, j € Ny and m € Z¢ we denote by X;jm the characteristic

function of the cube Q;,, and by A\

i = 274/t the u-normalised charac-

teristic function of the same cube, i.e., such that ngun)l | My ,(RY|| = 1.

Definition 2.6. Let 0 < p < u < 00, ¢ € (0,00] and s € R,

(i) The sequence space €5, (R?) is defined to be the set of all sequences
= {\jm}jengmezs C C such that

I ] €5 (R = | ( szw** >

mez4

) M (RY | < o0

)

with the usual modlﬁcatlon in case of ¢ = o0
(11) The sequence space ns,, (R?) is defined to be the set of all sequences

{)‘j m}jENo mezd C C such that

] 75, (RY) ||—(22J“ > Pl 1Mo, &) < oo

meZd
with the usual modlﬁcatlon in case of ¢ = o0

Remark 2.7. It was proved in [4] that

d —
H)\ ‘ n ,pq(R )H H/\‘nupq | =
00 q 1/(]
i(s—4d 11 p
(qu]( D sup qud< V) (5 p)( D |Aj,m|p) ) < 0.
]:O v: l/<] k’EZ m:Qj’mCQy,k

For p,q € (0, o0, let

1 1
=d|l-—1 d =d| ———1 ) 2.
o (p >+ . Opa <min(p, Q) >+ ( 7)
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According to [17, Thms. 2.30 and 2.36] (see also [20, Thm. 4.12]), we have

the following atomic decomposition characterisation of Aip’q(Rd), where we

: s dy ; s d S d
adopt the same custom to write yp.q(RY) instead of ny, , (R?) or e; , (RY),
for convenience.

Proposition 2.8. Let 0 < p <u < o0, ¢ € (0,00] and s € R. Let

K > max(|s+1],0)
and
N > max(|op, — s],—1) (E—case) or N >max(|o, —s],—1) (N —case).
Then for each f € A3 (RY), there exist a family {ajm}jen,mezs of (K, N)-

up.g
atoms and a sequence X = {Xjm}jeng meza € @, ,(R?) such that
f = Z Z )\jm Qjm m «S/(Rd)
J=0 mezd

and

IN] a5 RN < CNf A, R
where C' 1s a positive constant independent of A and f.

Conversely, there exists a positive constant C' such that for all families
{ajm}jeNo,meZd of (K, N)-atoms and \ = {/\jm}jeNo,mEZd S a’ip,q(Rd)’

[0 3 Mg | A5, B < Ol ag, (R
J=0 mezd

3. Embeddings with smoothness Lo,

We return to the remarkable coincidence (2.5) and consider the limiting
situation when p = 1. Recall that in case of p = u = 1 it is well-known that
[P5(R?) — Ly(RY) properly embedded, cf. [26]. Now we concentrate on the
Morrey situation when p = 1 < v and can prove some partial counterpart of
(2.5).

Proposition 3.1. Let 1 < u < oo. Then
5871,2(Rd) — Mu,l(Rd)-

Proof: Step 1. We prove that there exists a positive constant C' > 0 such
that
1/ IMua@®Y| < ClIFIELLRI- (3.1)
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Let f € &)1 ,(R%). By the atomic decomposition theorem with atoms satis-
fying the conditions from Definition 2.5 with N > |d(u — 1)] and ¢; = 3, we

have
f = Z Z /\jmafjm

7=0 mezd
with

H@ZWW )Mo (8| < el 10 2RO

Let Q) = Q. be a dyadic cube and decompose f as follows

f = Z Z )\jmajm + Z Z )\jmajm - fl + f2- (32)

j=0 mezd Jj=v+1mezd
Remark that f; € £0,,(R%) and | 110, o(RY] < el f1€0,,(RY] i = 1,2

Step 2. We deal first with fi. Recall Q@ = Q.. Let pj, = {m € YA
Q Nsuppa;, # 0} and note that p;, < ¢ if j < wv. Then we have

Q! / A <1 S / ()] da

j= Ome,u],,
<A Y Pl = QY S 1@l [ (Ranlxinte)) o
J=0 mepu;, j= OmEMJV
<c z 2 S 1l (3 Pubanto)
j= ME L], Qim "~ (=1 nezd
SC(ZQU_V)Z) sup sup |Qjm|_1/ ZZ | Aen|*Xen( ) dx}
=0 0<j<vmepu;, ]m (=1 nezd
<cH(ZZ|AJm\2>@m ) [ Mo (RY)] < el 12, @) (3.3)
J=0 mez?

Step 3. Now we deal with fy for what we rely on the results in [6]. By
checking the proof in [6, Thm. 4.3], we can see that f, € £ ,(R?) can be
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decomposed in terms of non-smooth atoms b;,, supported in cubes c@Q);,, with
side lengths less than 27, that is,

O o
fo = E E A jm@jm = E E timbjm
Jj=v+1meZzd j=v+1meZzd

where

[t == sup |PEH(S ltal) < el fl€0, o(RY|

peQ Qe CP

and ¢ = {tjm} jen, meze-
We remark that the non-smooth atoms from [6] differ from the smooth
ones of Definition 2.5 in condition (2.6); in particular, we have

1 .
Hbjm|LU(Rd)H < |Qjm|“ 17 Jj€Nyg, me A

Then, using Holder’s inequality and the properties of non-smooth atoms we
obtain

\@H/\b e <O S 3 \tm\/ )| da

J=v+1meZd

<@+t Z Z |tijQjm‘liaHbjm‘Lu(Rd)H

J=r+1meZ4:QjmCcQ

<AQIT D DT [tml < clltim)

J=v+1 meZ:Q,mCcdQ
< || f1€n 1R (3.4)

The desired outcome is then a consequence of (3.2), (3.3) and (3.4). u

We equip the spaces LY°(RY) with the metric

oo

LS~ gl L@
d(f,9)=) 5= 2))|l
9 = 2 o T = O]

where @, = [-n,n]’. The space L'°°(R%) with this metric is a complete

locally convex metric space, i.e., a Fréchet space, cf. [11, page 40]. One
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can easily see that a Morrey space J\/lu,p(Rd) is continuously embedded into
LY¢(R?) if p > 1. Indeed we have

— 1 @n‘lf? d
d(f,g) < C E— M, (RY| <
D=0 L 17— m@o !
Z_

f — gIMup R < ClLf — glM BY].
Theorem 3.2. Let 0 < p < u < 00, 0 < ¢ < oo, and s = Loy, The following
assertions are equivalent:
(i) upq(Rd) — LP(RY),
(11) upq( ) — Mminl(‘p,l),max(p,l) (Rd)’
(iii) either p>1 and g <2, or 0 <p < 1.

Proof: Note that the implication (ii) = (i) is already shown, and the part
(i) = (iii) is covered by [3, Thm. 3.4].

Step 1. Consider first the case p = 1. The implication (iii) = (ii) is a
consequence of Proposition 3.1 and an elementary embedding,

53,1,(1(Rd) — 58,1,2(Rd) — Mu,l(Rd> if 0<qg<2.

Step 2. Let 0 < p < 1. Then s = Lo, = (1 —p). The general properties of
embeddings between Triebel- leorkm—l\/[orrey spaces, cf. [5, Thm. 3.1], and
the first step imply

Uu,p,00
which shows that (iii) = (ii), and there is nothing more to be proved in this
case.

Step 3. Now assume p > 1. The implication (iii) = (ii) follows from
E RN = &) H(RY) = M,,(RY) if 0<g<2

u,p,q

Remark 3.3. The above theorem improves the statements of [3, Thm. 3.4]
and extends Theorem 3.3.2(i) and Corollary 3.3.1 in [26] from classical Triebel-
Lizorkin spaces to Triebel-Lizorkin-Morrey spaces.
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Theorem 3.4. Let 0 < p <u <00, 0 < ¢ < o0, and s = Loy,. The following
assertions are equivalent:

(1) Ni,p,q(RZ) — LY°(RY), )
(11) Nj,p,q(R ) — Mm,max(p,l)(R );
(iii) 0 < ¢ < min(max(p,1),2).

Proof: The case p = u is well known, cf. [26, Thm. 3.3.2, Cor. 3.3.1], so we
can restrict ourselves to the case p < u.

Step 1. We prove that (iii) = (ii) = (i). The second implication has been
already shown so it remains to prove the first one.

Let 0 < p < 1. For 0 < ¢ < 1, by general properties of embeddings, in
particular [4, Thm. 3.2], and Theorem 3.2, we have

N (Rd) — Ng,l,l(Rd) — 5%1,1(Rd) — M%,l(Rd)

u,p,q
which proves the implication (iii) = (ii).

Consider the case p > 1. If 0 < ¢ < min(p, 2), then elementary embeddings,
(2.5) and Theorem 3.2 yield

Nip R = €, 2(RY) = My (R,

u,p,q
which shows that (iii) = (ii).

Step 2. We prove that the condition (i) implies (iii). For 0 < p < 1 the
implication was proved in [3], cf. Step 2 of the proof of Theorem 3.4. But
the same argument works for p = 1. Also the case 2 < p < oo is covered by
Theorem 3.4 in [3].

It remains to consider the case 1 < p < 2. We assume that embedding (i)
holds for some ¢ > p. We choose a smooth function a such that
‘ da

, 0<a<l1 and

axi

<1, i=1,....d
(3.5)

a C |0, =
supp a [ 5

and put
a(x) = a(x) — a(—x). (3.6)
Then a is an atom satisfying the first moment condition and supported in
[—3,2]%. Moreover we consider the family of atoms a;,,, j = 0,1,... and
m € Z% that are the dilations and translations of a, i.e.,
a;m(r) = a2z —m—(1/2,...,1/2)).

The function a;,, is an atom supported in Q.
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Let us fix n € N. For any cube @, C Qoo, 1 <j<n,me Z%, we define

a function
bim(z) =27 > ani(x).
k:Qn,kCQj,m

The function b;,, is an atom satisfying the first moment condition supported
in Qj,. We define a smooth function f, by the following finite sum

n
1
Y e
Jj=1 m:QjmCQo,0

The functions f, belong to Ngm(]Rd) and their norms are uniformly bounded
since

SR

S (L 1 1\ 7
an‘NS,p,q(Rd)H < ZQ J9%  sup QdQ(J )y p)( Z j 1)

- <y d
j=1 vivsjkel Qj.m CQukC Qo0

n -
< (ZJZQ”Z sup 2dq(]u)>

v:0<v<j,kezd

j=1
N 1
- (zj Z) CO<m
7=1

recall ¢ > p. On the other hand, for v € N,

Wl L@ = | al L2 (1) | = / S Y )| ds

Llj=1 Qj,mCQo,0
S SEED SR S E
! QijQOOanCQjm
S SIS SR
! Qn,kCQo0

/~< jigjnn> Z ani(z)| do
1 j=1

= Qn,kCQo,0
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—Z]_Z-Zj "n Z /\ank )| dz

Qn,kCQo,0

1 . 1
=cn2™" Zj_EQJ > en'h.
j=1

Thus || fu|L1(Q.)]| = || ful L1(Q1)]] = o0 if n — oo since 1 < p. The local base
at zero in LI°¢(R) is given by the sets Vi = {f : |f|L1(Q))] <&, v =

.,k}. So the sequence f, is not bounded in L*¢(R?). This contradicts
the continuity of the embedding (i). m

Corollary 3.5. Let0 <p<u<v<oo,1 <qg<w andSZ%—%. Then
the followmg assertions are equivalent:

(1) up oo(Rd) — M%q (Rd)7
(ii) Ny, q(Rd) = My ,4(RY),
(iii) ¢ < vk,

Proof: Step 1. First we prove the sufficiency of the condition (iii). If p = %,

then pop =449 =3 So (i) follows from Theorem 3.2. If p > % then

s = Ql —4 > 0 and Gmax = p © > 1. In that case the embedding is a consequence
of Sobolev embeddings [5, "Thm. 3. 2], the Paley-Littlewood formula (2.5) and
the embeddings between Morrey spaces.

Similarly, the embedding (ii) in the case p = = follows from Theorem 3.4
since ¢ = 1. To prove (ii) for p > % and 1 < ¢ < p¥ one can use the
Franke-Jawerth embeddings for smoothness Morrey spaces, cf. [5, Thm. 4.3].

Indeed, we have

N paRY) = € 5 (RY) = M, 4(RY).
If p> + and ¢ = 1, then
NipgRY) = Ngw (RT) = M, 1 (RY),

the statement coincides with our previous statement, Theorem 3.4. We refer
to [4] for a proof of the first embedding.

Step 2. Now we prove the necessity of the conditions.

First we assume that

NE (R e M, 4(RY). (3.7)

u,p,q
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The last embeddings implies that the space N{f’p’q(Rd) consists of locally
integrable functions, so s > Lo, cf. Theorem 3.3. in [3]. This implies p > 2.
If 1 < g, then by (2.4) and (2.5) we get

NiipaRY) = Mug(RY) = €] 5(RY) = Ny o (RY).

u7p7q
But Theorem 3.3 of [4], implies ¢ < 2. If ¢ = 1, then the condition ¢ < £
is satisfied automatically since we have already proved that p > .

Using the same argument as above we can prove that ¢ < 2= if

g RN — M, (RY).

u,p,0

Remark 3.6. The embeddings (i) and (ii) of the last corollary holds also
for ¢ < 1if v > 1 since then we increase the target space whereas the source
space is unchanged or smaller.

Remark 3.7. Another class of generalisations of Besov and Triebel-Lizorkin
spaces are Besov-type spaces B;:;(]Rd) and Triebel-Lizorkin-type spaces
Flf;qT(Rd), 0 < p,qg < oo (with p < oo in case of F7), 7 > 0, s € R in-

troduced in [38]. The spaces are strictly related to N (R?) and &, (RY)

spaces if 0 < 7 < 119. Namely

1 1 1
FST(RY = & (R? if 0<7=--—-<= 3.8
p7q( ) u,p7q( ) 1 >T p u o p (3.8)
and
N° - (RY B (RY if  0< L 3.9
u,p,q( ) = p,q( ) 1 _T_];_E<}_9' (3.9)

The Besov-Morrey and Besov-type spaces coincide only if 7 = 0 or ¢ = o0.
In contrast to the spaces A3 (R?) these scales are embedded into each other

u,pyq
like their classical counterparts, that is,
5T d s,7(md 8,7 d
Bp,min(p,q) (R ) - Fp,q (R ) — Bp,max(p,q) (R ), (310)

whenever 0 < p < 00,0 < g < o0, s €R, 7> 0. Using these relations we can

easily transfer our results to the new class of function spaces if 0 < 7 < ]l).

In particular, if 0 < 7 < % and s = (1 — 7p)o,, then the following three

conditions are equivalent
(i) Fpy (RY) = Ly*(RY),
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se s, 7 (Tod d _
(11) Fp,q (]R ) — Mumax(p,l) (R ), where v = (l_m)pm,
(iii) either p>1land ¢ <2,0or 0 <p < 1.
The above statement improves Theorem 3.8 in [3] and corrects some misprint
concerning non-embeddings of £ (R?) spaces stated in formula (3.31) there.

Moreover we have the following counterpart of Corollary 3.5. If

1 1 d
0<7<—, P < v < 00, s:d<——7'>——, 1<qg<w, (3.11)
p 1—p7 P v
then
FSLRY) = M, (RY) <= g<o(l-pr). (3.12)

This is a direct consequence of (3.8) and Corollary 3.5. In case of spaces
By7(R?) we have a partial counterpart only at the moment: assume (3.11)
and ¢ < p. Then

Byt (RY) — M, o(RY), (3.13)
as by assumption, ¢ < p < v(1—p7); thus (3.12) together with (3.10) conclude
the argument. In case of ¢ > p the situation is not yet complete: while the
embedding (3.9) together with Corollary 3.5 always lead to ¢ < v(1 — p7)
whenever B57(R?) — M, (R?), the sufficiency is not clear in all cases:
assume, in addition to (3.11) that p < ¢ < —57- Then using some Franke-
Jawerth embedding, cf. [36, Thm. 3.10],

d d
$,7 (mpd o,T d _
Bp’q(R)%quw(R ), U—S—]—?+§<S,

and, by (3.12) again,
FRL(RY) = Mf(RY) i 4 o1 —ar)
which is satisfied by our additional assumption on ¢, we get (3.13).

4. Embeddings with smoothness %

In this section we are interested in embeddings of spaces with smoothness
s = g. This is once more the borderline smoothness since if the smoothness

is strictly bigger than %, then the space consists of bounded functions. We
describe the properties of the functions belonging to the spaces with smooth-
ness s = % in terms of exponential Orlicz-Morrey spaces and some generalised
Morrey spaces.

Our approach is based on the extrapolation argument that in the case of

Besov and Triebel-Lizorkin spaces was elaborated by Triebel in [29]. We
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follow the general idea of his work. The extrapolation inequalities we need
are formulated in the following lemma.

Lemma4.1.Let0<p§u<oo,0<q§oo,p<7“<ooandv:%.

(i) If r > 1, then there is a constant C' > 0 depending on d, p, u and q

but independent of v, r such that for any f € Nu%,p,q(Rd) the following
inequalities hold

1 FIMy (R < Co' 0| fINipaRD if g >1, (4.1)
I fIMun R < CllFINidgRY i q< 1. (4.2)

(i) If p <r < 1, then there is a constant C > 0 depending on d, p, u but

independent of v and r such that for any f € ./\/'u%p,oo(Rd) the following
inequality holds

1 1Mo RO < ClLF N (RD]. (4.3)

Remark 4.2. The constant C' is independence of v in that sense that it
depends on u and p but takes the same value as far as the the quotient % is
constant.

v
Proof: First we prove that

[(@)] < Ol | My (R (4.4)
if supp Fy C B(0,2) and 0 < p < u < oo. The proof is standard and based

on the Plancherel-Polya-Nikol’skii inequality

Y (x —y) 3
SUP T C(M(|¢|5)(x)> . zeRL >0, (45)

cf. [30, Theorem 1.3.1]. Here M stands for the Hardy-Littlewood maximal
operator, as usual.

We repeat the argument for completeness, cf. also [15]. One can easily
prove that if |z — y| < 2, then

Sl

u(2)
= S T D

Fc(MEhw)'. @)
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So, if 0 < p, then the boundedness of the maximal function in Morrey spaces
gives us

vl se(iBwar [ (uem)’ ) ’

< 0| (a1001) Wtan @) = € 310 Muss®D)

< C ||| MusspsRY|]” = ClolMup®RY], = € RE

Thus, if p < r, then for any cube () we have

([ 1 as)” < sup ot * ([ e as) <

[ Mo (RY| < Cllo| Mo (RY)]]- (4.7)
The last inequality implies

IF = (Daspy F ) IMun R < CIIFH(Dai(0;F ) IMupRY)| - (4.8)

up (R

since supp Dyi(p; F f) C B(0,2), where Dsg(z) = g(dz). Now the formula for
Fourier dilations and the relation between dilations and the Morrey norms
give us

1F (0 F F) My, (R < CPUDFH o, F L IMup R (4.9)

In consequence, if 1 <r and 1 < g < oo we have

1 IMor R <D T IFonF fI Mo (R
<03 ghtd
k
< o302 ) (2 F [ M (R
k=0 k=0

< Cv' | fINiipg(RY]),

F_lSpkff‘Mu,p(Rd)H
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with obvious changes if ¢ = oo; similarly,

I/ IMur (RO < €Y 7 2MG) up(RY < CllfINiip (R |
k=0
ifl<randO0<gq<1.

Now let p < r < 1 and ¢ = co. We have

LfIMer RD[™ <D IIF o f| Mo (R

k=0

Z 2kdr =) | F o F f | Mo p (R

<
k=
< O sup 24| F I F M (RY]) D2k
keNy k=0
But
<Z2 kd) < Cyp < 00,
SO
d
1Moy R < Ol fINip.so(RY)].
This concludes the argument. |

4.1. Embeddings in Orlicz-Morrey spaces. The Orlicz-Morrey spaces
considered below were introduced by Nakai [13]. They are a generalisation
of both Morrey and Orlicz spaces.

Definition 4.3. Let ® : [0,00) — [0,00) be a Young function, i.e., a contin-
uous convex function with ®(0) = 0 and limy_, ®(t) = 00. For 1 <r < o0
and a cube () we put

Hf”(r,@);Q ;= inf {)\ >0: |Q|:’_1/Q(I)(m)‘\r)|) de < 1} .

The Orlicz-Morrey space M,.5(R?) is the set of all measurable functions f
such that

|f[Mre(RY)] == sup || fllr.e).q < oo
QeQ
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We consider also the following expression
| fIM,eRD||* := inf {)\ > 0 : sup |Q|i_1/ @(M> dr < 1} :
Qe Q A

Since sup, infy < infy sup, we have || fIM,.o(RY)| < || f|M;.0(R)[*. In the
next lemma we show that if the Young function & is of exponential type, then
both expressions are equivalent and the space Mn@(Rd) can be characterised
by extrapolation.

Lemma 4.4. Let 0 < p < u < 00, 0 < g < o0, and D, ,(t) := tPexp(t?).
Then f belongs to the Orlicz-Morrey space /\/lqu,p’q(Rd) if, and only if,

sup j V| f[ Moy (R < o0,

]>1

where p(j) = p + jq and v(j) = %p(j). Moreover,

IfIMza,, RO ~ (I fIMza,, R ~Sup M) R

Proof: Step 1. Tt is sufficient to prove that there are constants ¢, C' > 0 such
that for any measurable function f we have

cllfiIMea,, (R < supj Y fIMuG a0 R < ClLfIMe 0, , (R

j=

(4.10)

Consider a dyadic cube ) and A > 0. Using the Taylor expansion of @,
and the Stirling’s formula, we have

+
[ (Fy =35 [0 o

Z el (2mf) Y2\~ p+3q/|f )P da.

=0
Let x € R (be at our disposal) and let
A = (2m)Tmae o i)/t e N,

It can be easily seen that the sequence ();); converges to e /¢, thus there
are positive constants ¢y, c; such that 0 < ¢y < \j < ¢; < oo for any j € N,
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Therefore,
o
/ a1 o 3t / FPtde. (411)
Q A Q

J=0

Step 2. We prove the left-hand side inequality in (4.10). Assume that
sup 4| FI Moy p0) R < A

ji>1

Then, for any dyadic cube ) and any j € N, it holds
)\—(p—i—qj . p+q1|Q|P 1/ |f |p £E<1

For this A, inserting the above inequality in (4.11) entails

[z _p
/cb (' >d<Z]|Q|1.
Q
By choosing x < —1, we conclude that

sup \Q\Z_l/QQ)p,q (&;”) de <ec

Qe

Step 3. It remains to show the right-hand side inequality in (4.10). Let
now

1f 1Mo (R = sup || f]| oo < 1
QeQ

and let € > 0. Then for any dyadic cube @ thereis Ao, 0 < Ag < || f||¢r0):0+¢,

such that
\Q,Z*/ q)p,q(—'f(x)‘) dr < 1.
Q AQ

Then, by (4.11),

Z]“"’JA )t

/\f )P de < ¢

for all dyadic cubes () and for some positive constant ¢ independent of Q).
Hence, for any j € N and any dyadic cube @), it holds

p(J) -1

i /Q @) de < e AL < e

(r®);Q T 5)p+jq-
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Taking the infimum over € we get

p(j) -1

505 / @) de < e FIRHE

and afterwards taking the supremum over all dyadic cubes gives
TN IMop R < /PO GHPD £l M, 5 (R

Now we take the supremum over all 7. The expression on the right-hand side
is of the size /7 so it can be bounded by a positive constant. This yields

Sp J VY| FIMu)p) RO < el fIMya (BT

Theorem 4.5. Let 0 < p<u<oo and 1 < q < oo. Then
UPq(Rd) — Mg, (Rd)a
where ¢ is the conjugate exponent of q.

Proof: For each j € N, by Lemma 4.1 with » = p(j) = p+ ¢j and v(j) =
(),
d 1/q' 4 d
1M )0y RO < e{o(g) 4N fINipo (R,

where ¢ is a positive constant independent of v(j) and p(j), and thus of j.
Since {v(j)}/9 ~ j1/¢ using also Lemma 4.4, we get

’ a
1fIMza, (R ~ S‘lili)j_l/q 1 IM o) ) RO < ell FINp.g(RD)].
)z

Corollary 4.6. Let 0 <p<u<oo and 0 < q < oo. Then
d
€J7P7Q(Rd> — M%7q)p,1 (Rd)'

Proof: The result follows from the above theorem and elementary embed-
dings:

g d d d
Eitpoo(RY) ‘%Nupoo(R ) = Mg, (RY).
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Remark 4.7. According to [22, Cor. 1.5] it holds

£ o (RY) < M g (RY),

u,p,2
where 1 < p < u < oo and

oo

I
O,(t) = t>0,

77
=7’
with j, := min{j € N: 57 > p}. Since there exists a constant ¢ > 0 such that
®,1(t) > cP,(t) forall ¢ >0,

it turns out that

M%’%’I(Rd) — ./\/l%@p (Rd).
Hence Corollary 4.6 does not only extend [22, Cor. 1.5] from ¢ = 2 to any
1 < g < o0, it improves it.

4.2. Embeddings in generalised Morrey spaces. Now we turn to the
generalised Morrey spaces. The spaces were extensively studied, cf. Nakai
[14], Nakamura, Noi and Sawano [15], Sawano and Wadade [22] and the
references given there. Let 0 < r < oo and let ¢ : [0,00) — [0,00) be a
suitable function. For a locally r-integrable function f we put

1/r
M7= s c@h(10 [ 1ol as) .

The space M¥(R?) is the set of all measurable functions f for which the
quasi-norm (4.12) is finite. If o(t) = t'/%, 0 < r < u, then the definition
coincides with the definition of the Morrey space M, .(RY). Since we will
work with the given examples of functions ¢ we avoid the discussions which
functions ¢ define the reasonable spaces, and we refer the interested reader
to the above mentioned papers.

We start with a proposition that somehow compares the Orlicz-Morrey
spaces with generalised Morrey spaces we will use.

Proposition 4.8. Let0 < p<u<oo,1 <qg< oo andr > p+q. Then there
1s a positive constant C' depending on u, p, q and r such that the following
inequality

1 r xi c _% 0 e -1
<@/Q|f(x)\ d) <c(1+]Q) ™ (log (e + Q1))

=

IfIMz2,, R
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holds for all dyadic cubes QQ and all f € M%@ (RY).

p.q

Proof: It should be clear that it is sufficient to consider the case r = p+jyq for
some jo € N. Note that this refers to r = p(jo) in the notation of Lemma 4.4.

Let Q be a dyadic cube with side length 277 and |Q] = 2779, j € Z. Assume
first 7 < 0. Then by Lemma 4.4 we get

1 G L
(Kﬁévuwdﬂ < Cjy/"|QI || f Mz, (R

< O+ QN | fIMya,,(RY]. (4.13)

Next we assume that j > jp. Then Holder’s inequality and Lemma 4.4
imply

1 G 1 N\
— " d _— r(J) q )
(a1 e as) < (ggp e’ as
< CMNQITHT | fl Mg, (RY)]|
< C (logle + Q)" | fIMea, (RY|  (414)

since

log(e + Q™) ~j and \Q\‘uﬁj) _ 9wt < 2%
At the end we consider the cubes with 0 < j < jo. We have

1
9™ G0y sup (—/ |f(2)]" da:)
Q: [Ql=2-1, 0<j<jo \ Q| Jo

1

1 1 v g
“(io) <—/ |f(x)|" dx) < Cj Hf\Mg,@p,q(Rd)H,
@l Jq

< sup @
Q

by Lemma 4.4, recall » = p(jy). Thus

<ﬁ /Q \f(x)V dx>7 <C (log(e + ‘Q’_l))% Hf|M%,<1>p,q(Rd)H- (415)

Consequently, the inequalities (4.13)-(4.15) prove the proposition. _

The next corollary is an immediate consequence of Theorem 4.5, Corol-
lary 4.6 and Proposition 4.8.
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Corollary 4.9. Let 0 < p<u <00 and 0 < q < o0.

() Ifl<qg<oocandr >p+q . Then there is a positive constant C
such that the inequality

(ﬁ /Q @) dx)T < c(1+1QD)% (log (e + Q1)) [/ IAGha(RY]|
(4.16)

holds for all dyadic cubes (Q and all f € Nu%p,q(Rd).
(i) If0 < g < oo andr > p+ 1. Then there is a positive constant C
such that the inequality

1 , ) ,
(g1 eI az) < e 1QD# os (+ 1017)) e
(4.17)
holds for all dyadic cubes Q) and all f € é’u%’m(]Rd),

The inequalities (4.16) and (4.17) can be extended to the smallest values

of r and ¢. Recall that ¢ is defined by ¢ = q_il if 1 <q¢<ooandq =ocif

0 < g <1, where the usual convention 1/00 = 0 is assumed.

Theorem 4.10. Let 0 < p<u< oo and 0 < g <oo. If1 <r < oo, then
there exists a positive constant ¢ such that

LB
u

(ﬁ /Q @) obc)i <e(L+Q) ™

holds for all dyadic cubes () and all f € ./\/'u%p,q(Rd).

1 d
! u

(log (e + 1QI™")) * [1f[Niip.q (R

Proof: Step 1. Given r > 1, let 7y be such that 7y > max(p,r). By Lemma
4.1, there exists a positive constant ¢, not depending on ry and vy, with
vy = %, such that the inequality

@

T ( /Q @) d:c) < cof | FINE o (RY) (4.18)
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holds for all dyadic cubes @ and all f € Nu%,pyq(Rd). The Holder inequality
and (4.18) yield

(e dx)i <ioF 75 (f e a) %

11 4 d
< c|Q| " v || fINipg(RY)]] (4.19)

for all dyadic cubes @ and all f € ./\/'u%,p,q(Rd).

For convenience we deal with the case ¢ > 1, the other case is even easier.
Assume first that the cubes are small, that is, they satisfy |Q| < e~ umax(l,y),
Then vy = log(|Q|™") and ry = 2y satisfy the above assumptions. Hence
(4.19) leads to

i x)|" 9671" ¢ (log (e S NY 4 d
(|Q|/Q‘f( ) d) < ¢ (log (e + QI ™) ¥ [ fINE R, (4.20)

for any small enough cube Q with |Q| < e ™13 and all f € upq(Rd).
It remains to deal with the bigger cubes.

Step 2. Let r > p. Elementary embeddings and [4, Thm. 3.3] yield
UPQ(RCZ) — N Tl(Rd) — g (Rd) - M%,T(Rd)7 it r> 17

and
upq(]Rd) %NOM(]R{d) — My, [(RY, if r=1,

where the last embedding is due to Theorem 3.4. Therefore, for r > 1 and
r > p, we have

1 AN _»
(@ /Q £(@) dm) <c[Q)

for all dyadic cubes @) and all f € N; pq(Rd). Together with Step 1 this
completes the argument in case of r > p.

FINGEp (RY)], (4.21)
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Step 3. Let 1 < r < p. Using Holder’s inequality we obtain

(/Q\f(x)lr d;z:*)i <10 » (/ ()| dx)’l’ <10
< QI | FINGE g (RY), (4.22)

for all dyadic cubes @ and all f € J\/'UE,M(Rd), where in the last step we used
the fact that

Epoo(RY) =5 N, (RY) 5 €0, ,(RY) = M, ,(RY).

Again the final outcome in thls case follows from Step 1 and (4.22). |

1
p

|| I M (RY)|

Remark 4.11. (i) In terms of embeddings in generalised Morrey spaces,
what has been proved could be stated as follows. Let 0 < p < u < o0,
0<qg<oo,and 1 <7r < oo. Then

u.p, q(Rd) — qu(Rd)

where )
7 L max(1,2)

log(t™h)) ¢ if O0<t<e @ 2
gth(t){(dog( )) 1 e

tﬂmm(lvg) if t>e dmax(l,p). (423)

(ii) If we would consider local generalised Morrey spaces LM? (RY), where
the supremum taken in the definition of the norm is restricted to cubes with
volume less or equal than 1 (cf. [33, page 7]), then we can state that

ipa®Y) = LMERY),  o(t) = [log(t)] ¥, 1<r < oc.

Corollary 4.12. Let 0 <p<u< oo and 0 < ¢ < 0. If1 <r < oo, then
there exists a positive constant ¢ such that

(,Q,/u d) <e(l+1Q)"

holds for all dyadic cubes () and all f € &Ep,q(Rd).

(e +1QI™) 1 fIEipq (Y]

Proof: The outcome is a direct consequence of Theorem 4.10 taking into
account the embedding

d p d p
Eipq(RY) = Niitpoo(R?).
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Remark 4.13. (i) As in Remark 4.11, we can state the following: Let 0 <
p<u<oo, 0<g<oo,and 1 <r < oo. Then

ipaRY o MERY  and  Eipe(RY) < LMP(RY

with ¢, = ¢, given by (4.23) and p(t) = | log(t)| .

(ii) In the particular case of p > 1, ¢ = 2 and r = 1, the result in the above
corollary coincides with Theorem 5.1 of [22].

(iii) In the particular case of p = 1, ¢ = 2 and r = 1, the result in the
above corollary is comparable with Proposition 1.7 of [1].

5. Further embeddings into spaces with smoothnesss = (

In the preceding subsection we dealt with (limiting) embeddings of spaces
A g When s = %, into spaces of Orlicz-Morrey type or generalised Morrey
type. In Corollary 3.5 the parallel setting was studied for embeddings into
Morrey spaces M, q(Rd) when s = % — %. For convenience we briefly recall
the forerunners, that is, when A; q(Rd) is embedded into classical Lebesgue
spaces L,(R%), and into the space C(R?) of bounded, uniformly continuous
functions. We also consider the target space bmo(R?), i.e., the local (non-
homogeneous) space of functions of bounded mean oscillation, consisting of

all locally integrable functions f € LI°°(R?) satisfying that

Fllbmo(ray = SUp /f — f d:z:—l—sup /f )| dz < oo,
iz, = st 0 [ 170 = fal o s o2 [ 1)

where () appearing in the above definition runs over all cubes in R, and fo
denotes the mean value of f with respect to @), namely, fo := | Q‘ [, f 0 ) d.
Most of these results have been obtained in different papers before, we recall

it for completeness and to simplify the comparison with our new findings
presented above.

Corollary 5.1. Let 0 < p < u < 00, q € (0,00] and s € R.
(i) Then

V
SEISH=J-W

, or

o and ¢ <1,

N2 (RY) s ORY) = {z
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and
d
> 2 or
& (RY < ORY = °7w

Here C(R?) can be replaced by Lo (R?).
(ii) Then

AS

u,p,q

d
(R?) — bmo(R?) if, and only if, s > " (5.1)

(iii) Let 1 < r < oo. Ifp < u, then A3, (RY) is never embedded into
L.(RY). If p=u, then

d _d
s>< -2 or
Nj’u,q(Rd) — L,RY) = r>u and {S 4 d and o <
T T =T,
and

1V

and s >0, or
=0 and q<2.

el
RRISH RIS

u’u7q

g MRY = LR «— r>u and {S
s

Proof: Step 1. Part (i) is well-known, we refer to [4, Prop. 5.5] and [5,
Prop. 3.8] for the Morrey situation when p < w, while the classical setting
p = u can be found in [31, Theorem 11.4].

Step 2. We prove (ii). In case of A; = &, this follows from the
analogous statement for F¥7(R?) spaces and the coincidence & (RY) =
Fyi(RY) if 7 = & — &, cf. [37, Props. 5.13, 5.14] and (3.8). The similar

statement for N*

d
wpg(IRY) spaces

N (5.2)

s o(RY) = bmo(RY)  if, and only if, s>

d
u
— % Then, in view of (3.9) and the

can be proved analogously. Let 7 = -

subsequent remark,
Ny oo (RY) = ByZ,(RY) = bmo(R") = By (R")
if 1 -1 _ 10 cf [37, Prop. 5.10, Theorem 2.5]. If 1 — 1 — % = 0, then we
U P u

can choose r such that ©u < r < p and % — % — % > 0. Hence
S d S d d
./\/‘u’ppo(R ) — ./\/’u’r,oo(R ) < bmo(RY).

This proves the sufficiency of the conditions.
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To prove necessity let us take s < 4. If Ny oR?) = bmo(R?), then

& (RY) < bmo(RY). This contradicts (5.1).

u?p?q
Step 3. Part (iii) in case of p < u can be found in [4,5], whereas the classical
results for p = u are well-known. |

Remark 5.2. A partial forerunner of (i) can be found in [23, Prop. 1.11]
dealing with the sufficiency part; see also [25]. In some sense the embeddings
into C(R?) and bmo(R?) can be understood as limiting cases of Corollary 3.5
when v — 0o, whereas the embedding into L,(R?) refers to the situation of
r = v = q in Corollary 3.5.

Remark 5.3. Based on arguments on the known properties of Triebel-
Lizorkin type spaces one can easily strengthen Remark 3.6, in particular
(3.12) with (3.11), as follows. Let 0 < p < 00,0 < ¢<o00,1 <r <v < oo,
se€ R, 7>0. Then

s, 7 (Td d
Fyl(RY) = M, (RY) (5.3)
if, and only if,
s>d(%—7—%)_ , or
r<wv(l—pr), and s=di-7-1)>0, or

The case 0 < 7 < % is covered by Remark 3.6 together with the usual

monotonicity for spaces F¥7(R?) and M, ,(R?), see also the forerunner [5,

Thm. 3.1]. Thus it remains to disprove any embedding of type (5.3) whenever

T > %. Assume first 7 > ]lj or 7 = ]lj and ¢ = oo. Thus the coincidence
$,7(Td) S+d<T_%) d : :

For(RY) = Booo "' (RY), cf. [35], together with (5.3) would imply

s -1
B R = F(RY) o Mus(RY) < N, o (R),
and hence v = oo in view of [4, Thm. 3.3]. But this contradicts our general
assumption. Otherwise, if 7 = ]% and ¢ < 0o, then we may use [38, Prop. 2.6]

s r—1
which states, that F$7(R?) — Bo:; i() ? )(Rd). We choose a number o such

that v < ¢ < oo, and apply an embedding proved by Marschall, cf. [9], to
obtain

Sd Sl
Byof (RY) = F5 (RY) = By (RY) = M, ,(RY) — N

v,r,00

(RY).
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Again the embedding (5.3) would thus lead to ¢ < v in view of [4, Thm. 3.3],
i.e., to a contradiction by our choice of p. Here we also used the identification

F5 (RY) = F,7(R7), see [24, Props. 3.4 and 3.5] and [25, Rem. 10]. In
a completely parallel way one can show that an embedding B;:;(Rd) —
M, -(RY) is never possible when 7 > %.

Note that the limiting case v = oo is covered by [37, Prop. 5.4], [36,
Prop. 4.1], in view of My ,(R?) = L, (R?). In particular, if 0 < p < oo,
0<qg<oo,seRand 7 >0, then

1
s, 7 (Tod d . .
Fol(RY) — Loo(RY) if, and only if, s>d (]_? — T) :

The result for Bs7(RY) looks alike.
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