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ABSTRACT: The fundamental construction underlying descent theory, the lax de-
scent category, comes with a functor that forgets the descent data. We prove that,
in any 2-category 20 with lax descent objects, the forgetful morphisms create all
absolute Kan extensions. As a consequence of this result, we get a monadicity theo-
rem which says that a right adjoint functor is monadic if and only if it is, up to the
composition with an equivalence, a functor that forgets descent data. In particular,
within the classical context of descent theory, we show that, in a fibred category,
the forgetful functor between the category of internal actions of a precategory a and
the category of internal actions of the underlying discrete precategory is monadic if
and only if it has a left adjoint. This proves that one of the implications of the cele-
brated Bénabou-Roubaud theorem does not depend on the so called Beck-Chevalley
condition. Namely, we show that, in a fibred category with pullbacks, whenever an
effective descent morphism induces a right adjoint functor, the functor is monadic.
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Introduction

The (lax) descent objects [44, 46, 33, 36], the 2-dimensional limits underly-
ing descent theory [18, 19, 23, 46, 34], play an important role in 2-dimensional
universal algebra [27, 6, 30, 32]. They can be seen as 2-dimensional ana-
logues of the equalizer. While equalizers encompass equality and commu-
tativity of diagrams in 1-dimensional category theory, the (lax) descent ob-
jects encompass 2-dimensional coherence: morphism (or 2-cell) plus coher-
ence equations [30, 32, 33]. For this reason, results on the lax descent ob-
jects [46, 34] (or on descent theory) usually shed light to a wide range of
situations [5, 9, 20, 30, 33, 34, 36].

Received June 1, 2019.

This research was partially supported by the Institut de Recherche en Mathématique et Physique
(IRMP, UCLouvain, Belgium), and by the Centre for Mathematics of the University of Coim-
bra — UID/MAT/00324/2013 and UID/MAT/00324/2019, funded by the Portuguese Government
through FCT/MCTES and co-funded by the European Regional Development Fund through the
Partnership Agreement PT2020.



2 FERNANDO LUCATELLI NUNES

As shown in [23], in the classical case of the 2-category Cat of categories,
internal category theory provides a useful perspective to introduce descent
theory [19, 18]. The lax descent category can be seen as a generalization of
the 2-functor

Mon(Set)® — Cat, m +— m-Set

in which Mon(Set) denotes the usual category of monoids (of the cartesian
monoidal category Set), and m-Set is the category of sets endowed with
actions of the monoid m, usually called m-sets.

Recall that every small category a (internal category in Set) has an under-
lying truncated simplicial set, called the underlying precategory [20, 21],

Cat(j—, a) : AS® — Set

/Q(do’a)\ /Q(Do’a)\
ﬁ(la Cl) Q(soﬂ)ﬁ ﬁ(27 Cl) <—Q(D1,a) ﬁ(:%a CL)
\@(dl,a)/ \@(DQ,a)/

in which, denoting by A the category of the finite non-empty ordinals and
order preserving functions, j : Ag — Cat is the usual inclusion given by the
composition of the inclusions A3 - A — Cat.

It is well known that there is a fully faithful functor ¥ : Mon(Set) —
Cat(Set) between the category of monoids (internal monoids in Set) and
the category of small categories (internal categories in Set) that associates
each monoid with the corresponding single object category. The underlying
precategory of ¥m is given by

Ym Agp — Set

{m} m(so) m Sm(Dy) mxm
~—VW1

in which m is the underlying set of the monoid, {m} is the singleton with m
as element, ¥m(Ds), ¥m(Dy) : m x m — m are the two product projections,
¥m(D1) is the operation of the monoid, and ¥m(sy) gives the unit. In this
context, the objects and morphisms of the category m-Set can be described
internally in Set as follows.
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Since Set has pullbacks, we can consider the (basic) indexed category, that
is to say, the pseudofunctor coming from the basic bifibration

Set/— : Set” — Cat
w > Set/w
o= r

in which Set/w denotes the comma category, and f* denotes the change of
base functor (given by the pullback along f).

An m-set is a set w endowed with an endomorphism ¢ of the projection
proj,, : m X w — m in the comma category Set/m, subject to the equations

p-m(so)*(§) - p =idser, m(Do)"(&)-p-m(D2)* (&) =p-m(D1)"(§) - p

in which, by abuse of language, we denote by p the appropriate canonical
isomorphisms given by the pseudofunctor Set/— (induced by the universal
properties of the pullbacks in each case). These equations correspond to the
identity and associativity equations for the action. The morphisms (w,§) —
(w', £") of m-sets are morphisms (functions) w — w' between the underlying
sets respecting the structures £ and ¢'.

This viewpoint gives m-Set precisely as the lax descent category of the
composition of op (¥m) : Az — Set’” with the pseudofunctor Set/— : Set”” —
Cat. More generally, given a small category a, the lax descent category (see
Definition 1.2) of

Set/Cat(d’,a) = Cat(d’,a)* Cat(D%,a)*
— T — T
Set/Cat(1, a) <—=Cat(s°.a)* Set/Cat(2, a) Cat(D',a)*— Set/Cat(3, a)
V V
Cat(d',a)* Cat(D?%,a)*

is equivalent to the category Cat[a,Set] of functors a — Set and natural
transformations, that is to say, the category of actions of the small category
a in Set.

In order to reach the level of abstraction of [23], firstly it should be noted
that the definitions above can be considered in any category C with pullbacks,
using the basic indexed category C/— : C°® — Cat. That is to say, we get
the (basic) internal notion of the category of actions a — C for each internal
category a. Secondly, we can replace the pseudofunctor C/— by any other
pseudofunctor (indexed category) F : C°? — Cat of interest. By definition,
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given an internal (pre)category a : As® — C of C, the lax descent category
of

/}' a(do)\ /—}—G(Do)\
F a(so) F a(2) F a(Dy)

\}'a(d )/ \}"a(Dg)/

Fa(l) Fa(3)

is the category of F-internal actions of a in C.

Recall that, if C has pullbacks, given a morphism p : e — b, the kernel
pair induces a precategory which is actually the underlying precategory of
an internal groupoid of C, denoted herein by Eq(p). Following the definition,
given any pseudofunctor F : C°® — Cat, we have that the category of internal
actions of Eq(p) is given by the lax descent category lax-Desc (F - op (Eq(p))).
In this case, the universal property of the lax descent category induces a
factorization (see [23, 34] or, in our context, Lemma 3.6)

F(b) F(p) F(e)

\/

lax-Desc (F - op (Eq(p)))

(F-descent factorization of F(p))
in which lax-Desc (F Eq(p)) — F(e) is the forgetful functor that forgets
descent data.

In this setting, Bénabou and Roubaud [3, 34] showed that, if 7 : C? — Cat
comes from a bifibration satisfying the so called Beck-Chevalley condition [34,
32], then the F-descent factorization of F(p) is equivalent to the Eilenberg-
Moore factorization of the adjunction F(p)! 4 F(p), that is to say, the
semantic factorization of F(p) (see [16, 43, 36]). In particular, in this case,
F(p) is monadic if and only if p is of effective F-descent (which means that
F(b) — lax-Desc (F - op (Eq(p))) is an equivalence).

It should be observed that, without assuming the Beck-Chevalley condi-
tion, monadicity of F(p) does not imply that p is of effective F-descent. This
is shown for instance in Remark 7 of [42], where Sobral, considering Cat en-
dowed with the fibration of op-fibrations, provides an example of a morphism
that is not of effective descent but does induce a monadic functor.

The main result of the present paper is within the general context of the lax
descent object of a truncated pseudocosimplicial object inside a 2-category
2 (see [34, 36]). In the case of 2 = Cat, the main result says that, for any
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given truncated pseudocosimplicial category
A : Ag — Cat
A(d?) A(D?)
A(1) A(s°) A(2) A(DY) A(3)
\A(dl)/ \A(D2)/

the functor d* : lax-Desc (A) — A that forgets descent data creates the right
Kan extensions that are preserved by A(d’) and A(D°)- A(d’). In particular,
such forgetful functor creates absolute Kan extensions, and, hence, more
particularly, it creates absolute limits and colimits.

The result sheds light to 2-dimensional exact properties of Cat and general
2-categories. For instance, it might suggest a conjecture towards the char-
acterization of effective faithful functors in Cat (see [36] for the definition of
effective faithful morphisms in a 2-category). Yet, in the present paper, we
focus on the consequences within the context of [22, 23, 24] briefly described
above.

The main result implies that, given any pseudofunctor F : C°® — Cat, the
forgetful functor

lax-Desc (F o op(a)) — Fa(l)

between the F-internal actions of a precategory a : A3” — C and the category
of internal actions of the underlying precategory of a creates absolute limits
and colimits. This generalizes the fact that, if a is actually a small category,
the forgetful functor (restriction functor)

Cat [a, Set] — Cat [m, Set]

creates absolute limits and colimits, in which, by abuse of language, m
denotes the underlying discrete category of a.

As a particular case of this conclusion, given any indexed category F :
C°? — Cat, whenever p is of effective F-descent, F(p) creates absolute limits
and colimits. Therefore, by Beck’s monadicity theorem [1, 15], assuming that
F(p) has a left adjoint, if p is of effective F-descent then F(p) is monadic.

This result shows that, if F comes from a bifibration, one of the impli-
cations of the Bénabou-Roubaud theorem does not depend on the Beck-
Chevalley condition. Namely, in a bifibred category with pullbacks, effective
descent morphisms always induce monadic functors.
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This consequence can be seen as a generalization of an observation given
in Remark 7 of [42]. Therein, Sobral suggested that, for the particular case
of the fibration of op-fibrations in Cat, descent gives more information than
monadicity.

In Section 1, we briefly show the basic definition of the lax descent category,
and give the corresponding definition for a general 2-category. Namely, a 2-
dimensional limit [44, 27, 33| called the lax descent object. We mostly follow
the approach of [36] but, because of our setting, we start with pseudofunctors
(A, a): As — 2, instead of using a strict replacement of the domain.

In Section 2, we establish our main theorems on the morphisms that forget
descent data. In order to do so, we start by recalling the definitions on Kan
extensions [16] (sometimes just called extensions [47]) inside a 2-category.
Then, we prove the main theorem (Theorem 2.4) and show the main conse-
quences, including the monadicity characterization (Theorem 2.8), proven as
a consequence of Theorem 2.4 and the monadicity theorem of Section 5 of
[36]. It says that a right adjoint functor is monadic if and only if it is, up to
the precomposition of an equivalence, a functor that forgets descent data.

Section 3 establishes the setting of [19, 3, 22, 23], finishing with the defini-
tion of effective descent morphism. Finally, in Section 4, we discuss the main
consequences of our Theorem 2.4 in the context of [3, 22, 23], including the
result that effective descent morphisms always induce monadic functors.

1. The lax descent category

Let Cat be the cartesian closed category of categories in some universe (see,
for instance, Section 1 of [33, 31, 36]). We denote the internal hom by

Cat[—, —] : Cat®® x Cat — Cat,

which of course is a 2-functor (Cat-enriched functor). Moreover, we denote
by

Cat(—, —) : Cat®® x Cat — Cat

the composition of Cat[—, —] with the functor that gives the underlying dis-
crete category. Finally, a small category is a category S such that the un-
derlying discrete category, i.e. Cat(1,S), and the collection of morphisms,
i.e. Cat(2,S), consist of sets. Equivalently, a small category is an internal
category of Set.



DESCENT DATA AND ABSOLUTE KAN EXTENSIONS 7

A 2-category herein is the same as a Cat-enriched category. We denote the
enriched hom of a 2-category 2 by

A(—, —) : AP x A — Cat

which, again, is of course a 2-functor. As usual, the composition of 1-cells
(morphisms) are denoted by o, - or omitted whenever it is clear from the
context. The vertical composition of 2-cells is denoted by - or omitted when
it is clear, while the horizontal composition is denoted by =. From the verti-
cal and horizontal compositions, we construct the fundamental operation of
pasting [39, 45], introduced in [2, 26].

We denote by A the full subcategory of the underlying category of Cat
whose objects are finite nonempty ordinals seen as posets (or thin categories).
We are particularly interested in the subcategory As of A with the objects
1,2 and 3 generated by the morphisms

IS P
1 s 2 D! 3
\dl/ \DQ/

with the following relations:

D2d0 _ DOdl.
! 01 <1 .
DldO _ DOdO. sd = 1d1’
! 0450 _ -
D2d1 _ Dldl- S d = ldl.

In order to fix notation, we briefly recall the definition of pseudofunctor [30]
between a category C and a 2-category 2l below. For the case of 2 = Cat,
this definition was originally introduced by Grothendieck [18, 19] in its con-
travariant form, while its further generalization for arbitrary bicategories
was originally introduced by Bénabou [2] under the name homomorphism of
bicategories.

Definition 1.1. Let C be a category (which can be seen as a locally discrete
2-category) and 2[ a 2-category. A pseudofunctor F : C — 2 is a pair (F,§)
with the following data:

— A function F : obj(C) — obj(2l);

— For each pair (x,y) of objects in C, functions

Fry: Clz,y) = A(F(2), F(y));
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— For each pair g : * — y,h : y — z of morphisms in C, an invertible
2-cell
fug « F(h)F(g) = F(hg);:
— For each object x of C, an invertible 2-cell
such that, if g : © - y,h : y > 2z and e : w — x are morphisms of C, the
following equations hold in 2:

(1) Associativity:

Fle Fle
Fw © Fx Fw © Fzx
fge F(hg)e /
= —
F(hge) F(ge) F(g) = F(hge) F(hg) F(9)
Fr(ge) Fhg
g
Fz 70 Fy Fz Fy
(2) Identity:
F(e)
Fw Fx Fuw =———== Fw Fw

Flidge) | Jidee  F(id,) {f;\idz}"(eidw) Teidu ]-'(idw/) <f:\1d ]-"é =\]-"(e)
RNV NN,

Fr=——=Fx Fx Fw Fx

e

In this paper, we are going to be particularly interested in pseudofunctors
of the type
(A, Cl) : Ag - 9/[,
also called truncated pseudocosimplicial objects. For simplicity, given such
a truncated pseudocosimplicial category, we define:

— _1 . .
Aloo) = “ioldo D10 Ang) = a7 a0
Aloge) = a0, -
o A(nl) = al ’ s0ql
./4(0'12) = aDldl JRATRE

Using this terminology, we recall the definition of the lax descent category of
a pseudofunctor A3 — Cat (see, for instance, [23, 33, 36]).
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Definition 1.2. [Lax descent category| Given a pseudofunctor
(./4, Cl) : Ag - Cat,

the lax descent category lax-Desc (A) of A is defined as follows:

(1) The objects are pairs (w, ¢) in which w is an object of A(1) and ¢ :
A(d")(w) — A(d°)(w) is a morphism in A(2) satisfying the following
equations:

Associativity:

AD®) () - Alon2)w - AD*)(¢) = Alon)w - AD) (@) - Ao12)w
Identity:
Ao)w - A(SO)(‘P) = A(ny)w.

If the pair (w, @) satisfies the above, we say that ¢ is a descent datum
for w w.r.t. A, or just an A-descent datum.
(2) A morphism m : (w, ) — (w',¢') is a morphism m : w — w’ in A(1)
such that
A(d’)(m) - o = ¢ - A(d")(m).
The composition of morphisms is given by the composition of morphisms in

A(1).
The lax descent category comes with an obvious forgetful functor
d?: lax-Desc (A) — A(1)
(w, p) — W
m —m
and a natural transformation \ : A(d")od* = A(d°)od“ defined pointwise
by
ll)(w,ga) =P A(dl)(w) - ‘A(do)(w)
Actually, the pair (d* : lax-Desc (A) — A(1), P : A(d") o d* = A(d°) o d)
is a two dimensional limit (see [44, 31, 33, 36]) of A. Namely, the lax descent
category of

(.A, Cl) : Az — Cat

is the lax descent object, as defined below, of the pseudofunctor A in the
2-category Cat.
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Definition 1.3. [Lax descent object [36]] Given a pseudofunctor A : Az — 2,
the laz descent object lax-Desc (A) is an object lax-Desc (A) of 2 together
with a pair

( lax-Desc (A) \
/q:IA/ \dA\
lax-Desc () - A1) . AD = A(1)
A _A@)
\ A(2) )

in which d4 : lax-Desc (A) — A(1) is a morphism, called herein the for-
getful morphism (of descent data), and 1 is a 2-cell satisfying the following
universal property.
(1) For each pair (F': S — A(1),8: A(d') o F = A(d") o F) in which F
is a morphism and £ is a 2-cell such that the equations

A(d®) A(DY)

s—L - A1) A(2) A(3) A(2) == A(2)
F AN A(ldo) Alcor), A(D°) AD2) | Ao le
1 2 3 = 0
A1) — - AQ) 5 AB) A(2) A1) A
A(d") EalbIN idag) A@y | e %
A(2) g A(3) A(l) ——S——— A1)

(descent associativity)

(1)

(descent identity)
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hold in %A, there is a unique morphism F’ : S — lax-Desc (A) in 2

such that
S S
v \
lax-Desc (\A)

/dA/ \dA\ s \
A(1) — A(l) = AQ1) A(1)
\ 1 O/ N 1 (/
Al A Ad!) A
A(2) A(2)

and F = d? o F’. In this case, we say that the 2-cell § is an A-descent

datum for the morphism F'.
(2) The pair (d,) satisfies the descent associativity and descent identity

equations above. In this case, the unique morphism induced is clearly

the identity on lax-Desc (A).
(3) Assume that (Fy, 81) and (Fy, 5y) are pairs satisfying the descent as-
soctativity and descent identity equations, and that they induce re-

spectively the morphisms
F|,Fj: S — lax-Desc (A).
For each 2-cell £ : F} = Fy : S — A(1) satisfying the equation

—35 S —
/Fi—_gj/ \Fo Fl/ :5:50\

Fo Bo ™~ < By
A~ = A(1) = A1) = T~ A1)
\A(dll\ }(dt)/ \,4(d1< A(d()/
A(2) A(2)

there is a unique 2-cell
¢ F = Fy: A(1) > lax-Desc (A)
in 2 such that idga = &' = &.

Lemma 1.4. Let A: A3 — 2 be a pseudofunctor. The pseudofunctor A has
a laz descent object lax-Desc (A) if and only if there is an isomorphism

2 (S, lax-Desc (A)) = lax-Desc (2 (S,.A—))
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2-natural in S, in which A (S, A—) : Az — Cat is the composition below.

A g7 ot

\QI(S,A—)/

2. Forgetful morphisms and Kan extensions

A

Assuming the existence of the lax descent object of a pseudofunctor
(A, Cl) : Ag - Q[,

the forgetful morphism d* has many properties that are direct consequences
of the definition. Among them, the morphism d# is faithful and conservative
(by which we mean that, for any object S of 2, the functor (8, d*) is faithful
and reflects isomorphisms). In this section, we give the core observation
of the present paper. Namely, we investigate the properties of creation of
Kan extensions by d#. We start by briefly recalling the basic definitions on
preservation and creation of Kan extensions [16, 43, 47, 36].

Let J:S8 — Cand H : S — B be morphisms of a 2-category 2. The right
Kan extension of J along H is, if it exists, the right reflection Rang J of J
along the functor

A(H,C) : A(B,C) — A(S,C).
This means that the right Kan extension is actually a pair

(Ranyg J:B— C,v: (Rang J)o H = J)

consisting of a morphism Rang J and a 2-cell v, called the universal 2-cell,
of 2 such that, for each morphism R : B — C of 2,

B B<~—H——-2°S

\ :
Rang J — Rang J
E g
defines a bijection (B, C)(R, Rany J) = A(S,C)(Ro H, J).

Let J:8 —> C, H:8— Band G:C — D be morphisms in . On the
one hand, if (J,~) is the right Kan extension of J along H, we say that G
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preserves the right Kan extension Rang J if the pair

( B~—nH S

:B]

. \ J
GolJ, J

C

|G

\ D

is the right Kan extension Rany G'J of GJ along H. Equivalently, GG preserves
Rang J if Rany GJ exists and, in addition to that, the unique 2-cell

Go.J = Rany GJ,

induced by the pair (G o J,idg # 7v) and the universal property of Rang GJ,
is invertible [37, 10, 35].

On the other hand, we say that G reflects the right Kan extension of J
along H if, whenever (G o j, idg * v) is the right Kan extension of G'J along
H, (J,~) is the right Kan extension of .J along H.

Finally, assuming the existence of Rany G.J, we say that G : C — D creates
the right Kan extension of GJ : S — D along H if we have that (1) G reflects
Rany GJ and (2) Rany J exists and is preserved by G.

Remark 2.1. [Coduality| The dual notion of that of a right Kan extension is
called right lifting (see [47] or [36]), while the codual notion is called the left
Kan extension, denoted herein by LangJ. Finally, of course, we also have
the codual notion of the right lifting, the left lifting.

Remark 2.2. [Conical (co)limits [37, 10, 35]] For 20 = Cat, right Kan exten-
sions along functors of the type S — 1 give the notion of conical limits. This
is the most elementary and well known relation between Kan extensions and
conical limits [37, 16, 41|, which give the most elementary examples of right
Kan extensions. We briefly recall this fact below.

Let J : S — C be a functor in which S is a small category. Firstly, recall
that a cone over J is a pair

(

w,/;y
N
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in which 1 is the terminal category, w : 1 — C denotes the functor whose
image is the object w, and k is a natural transformation.
Secondly, denoting the composition of

S—1-2C

by w, a morphism ¢ : w — ﬂjl of C defines a morphism between the cones
(w,k:w = J) and (w', k" : w' = J) over J if the equation

S S
/> b
] =— |J = 1~ )J
N eyt

C C

holds, in which, by abuse of language, ¢ denotes the natural transformation
defined by the morphism ¢ : w — w'.

Thirdly, of course, the above defines a category of cones over J. If it exists,
the conical limit of J is the terminal object of the category of cones over J.
This is clearly equivalent to say that the conical limit of J, denoted herein
by lim.J, is the right Kan extension Rang_,; J in the 2-category of categories
Cat, either one existing if the other does. In this context, the definitions
of preservation, reflection and creation of conical limits coincide with those
coming from the respective notions in the case of right Kan extensions along
S — 137, 29, 41].

Codually, the notion of conical colimit of J : S — C coincides with the
notion of left Kan extension of J along the unique functor S — 1 in the
2-category Cat. Again, the notions of preservation, reflection and creation
of conical colimits coincide with those coming from the respective notions in
the case of left Kan extensions along S — 1.

It is well known that there is a deeper relation between conical (and
weighted) limits and Kan extensions for much more general contexts. For
instance, in the case of 2-categories endowed with Yoneda structures [47],
the concept of pointwise Kan extensions [16, 47] encompasses this relation.
Although this concept plays a fundamental role in the theory of Kan exten-
sions, we do not give further comment or use to this concept in the present

paper.
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In order to prove our main theorem, we present an elementary result below,
whose version for limits and colimits is well known.

Lemma 2.3. Let 2 be a 2-category and H, J, G morphisms of A. Assume that
RangJ : B — C exists and is preserved by G : C — D. If G is conservative,
then G creates the right Kan extension of GJ along H.

Proof: By hypothesis, (G - RangJ,idg = v) is the right Kan extension of G'J
along H. If (G- J,idg #+') is also the right Kan extension of GJ along H, on
the one hand, we get a (unique) induced invertible 2-cell G- J = G -Ranp.J.
On the other hand, by the uniqueness property of the universal properties,
this induced invertible 2-cell should be the image by 2(S,G) of the 2-cell
J = RangJ induced by the universal property of Rany.J and the 2-cell 7.
Since 2A(S, G) reflects isomorphisms, the proof is complete. |

Theorem 2.4 (Main Theorem). Assume that the lax descent object of the
pseudofunctor (A, a) : As — A exists. Given morphisms J : S — lax-Desc (A)
and H : S — B of A, the forgetful morphism d* : lax-Desc (A) — A(1)
creates the right Kan extension of dAJ : S — A(1) along H, provided that
Rany d*J exists and is preserved by the morphisms A(d") and A(D°)- A(d°).

Proof: By Lemma 2.3, since d* is conservative, in order to prove that d*
creates the right Kan extension of d4.J : § — A(1) along H, it is enough to
prove that Rany .J exists and is preserved by d*.

Let (dA, 1])) be the universal pair that gives the lax decent object lax-Desc (A).
We assume that J : S — lax-Desc (A) is a functor satisfying the hypotheses
above. We denote by

(RanH dAJ, v (RanH dAJ) oH = dAJ)

the right Kan extension of d4J along H.
— By the universal property of the right Kan extension

( B = s )

A(d) - Rany d*J, Rangy o]
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we get that there is a unique 2-cell ¢ : A(d') - Rang d4J = A(d°) -
Rangy d4J in 2 such that the equation

B—1 3§ S
J
| a]
Rang a4/ | = lax-Desc (A) pony gty B == JaxDese(A)

e dA i ang dA

A1) 2y A1)

A 0

d\x A A(d) |4t

A(2)

(definition of ¢)
holds. We prove below that (Rang d*.J, o) satisfies the descent iden-
tity and descent associativity equations w.r.t. A.

By the definition of ¢, we have that

S lax-Desc (A)
H SN l 4
all iy A .A 0
B ) M 4
90/ - Rang dAJ — A(d°) l Aloo1) lA(DO)
A(1) —A@dH)»— A(2) —AD)»— A(3)
A(dY) A(o12) lidA@)
A2) YOG AG3)
is equal to
.A 0
S lax-Desc (A) i A(1) ) A(2)
HI == d'A ) A(ldo) Aloo1) A(DO)
Rang dA.J A(l) A(dY) A(2) A(DY) A(3)
A(d") A1) id s
A(2) A(3)
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Since 1 is an A-descent datum for d*, we have that the 2-cell above
(and hence ¢') is equal to

AB) —22L— 42) A2)
A(D?) ] _Abow), 1A

A(2) A(d°) A(1) . A(d?)
A(dh) | —L. } o

A(1) <—a4— lax-Desc (A) " A(1)

Rany d4J | AN (0
B S
H

which, by the definition of ¢, is equal to the 2-cell

A®) " Ap) A2)
Ay Aew @
A2) —A@)— A1) = Ad)
a2y | Raat
A(1) T B Rar:Ha:IAJ—> A(1)
H = dA

S

lax-Desc (A)

denoted by ¢”. It should be noted that we proved that ¢’ = ",
By the universal property of the right Kan extension

( B HUS\

——l
Rang d*.J dAJ
0

D

1

0 0 (
A(D") - A(d°) - Rang dAJ, | A
(

’
(

I

)
2
A(D°)

\ 3) )

the equality ¢’ = ¢” implies that the descent associativity equation
w.r.t. A for the pair (Rang d“.J, ©) holds.

D
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Analogously, we have that, by the definition of ¢, the equation

s L lax-Desc (A) S
Hl = A J
A
lax-Desc (A) & A(1)
Rang dAJ A(l) (RanH dAJ) oH AN
RangdAJ | 2o A(d) = at| = A(fo)
A(ng)
1 — A(dl) ————
A1) 2 4(2) A(1) —= A(2)
AL (50 Alny) )(SO)
"1 ;A(s< — T
A(1) A1)

holds. Moreover, by the descent identity equation w.r.t. A for the
pair (dA,ll)), the right side (hence both sides) of the equation above
is equal to v.

Therefore, by the universal property of the right Kan extension
(Rang d4J, v), we conclude that the the descent identity equation
w.r.t. A for the pair (Rang d*J, ¢) holds.

This completes the proof that ¢ is an A-descent datum for Rang d4.J.

— By the universal property of the lax descent object, we conclude that
there is a unique morphism .J : B — lax-Desc (A) of 2 such that

P=+idy = ¢ and d# . J = Rang d*J.

Moreover, by the universal property of the lax descent object and the
definition of ¢, it follows that there is a unique 2-cell v: J - H = J
in 2 such that

iddA * \N/ = V.

We prove below that the pair (.J,¥) is in fact the right Kan extension
of J along H.
Given any morphism R : B — lax-Desc (A) and any 2-cell

w:RoH=J

of A, by the universal property of (RanH d4J, 1/), there is a unique
2-cell

B:d* R = Rangd?J
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in A such that

B a S gt g
\ .
R J J =
:B>\ = s Rang dAJ | dAJ = idga = w.
lax-Desc (A)  lax-Desc (A) d4oR
A1) A1)

Thus, since the 2-cell idga * w is in the image of 2A(S,d*), we have
that

(id oy * v) - (idaaoy * B #idg) - (W *idponr) = (idaao) (B +idp))) - (b * idgon)
= (idao) * 1ddA ¢ w) - (P *idgen)
(P =idy) - (Id gy * idga * w)
= (Y +idy) - (ida@) * (v - (B +idu)))
(P =idy) - (dA(d)*I/)-(ldAdl # B idy) .

By the definition of ¢,
(P #idy)- (ida) * v)-(ida@) = B+ idg) = (id gy = v)-(p = idg)-(id gy = B idg)

and, hence, the equation

S
HL S
B HL d4oJ
RL JRang ¢4J lax-Desc (A) ——B —
lax-Desc (.A):> _ dAl R:ﬁ>dAJ Rang d4J
S A= e A

=
A1) L ad o S
m o % A(2)
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holds. Thus, by the universal property of the right Kan extension
(A(D") - A(d) - Rang d™ J,id 4(poy. a0y * V)
we get that
(id ) * 8) - (b #idg) = @ - (idaqa) * B) .

which, by the universal property of lax-Desc (A), proves that there is
a unique 2-cell B : R = J in 2 such that

idga = B = 5.
By the faithfulness of d#, it is clear then that B is the unique 2-cell
such that
5. (fs*idH> —w.
This completes the proof that (J,¥) is the right Kan extension of J
along H.

~ Finally, from the definition of Rany.J = (J,¥), it is clear that Rany.J
is indeed preserved by d“.

It should be noted that, including the result itself, the Theorem 2.4 has
four duals. We state below the most important one to the present work.

Corollary 2.5. Assume that the lax descent object of the pseudofunctor
(A,a) : Ay — A exists. Given morphisms J : S — lax-Desc(A) and
H :S — B of A, the forgetful morphism d* creates the left Kan extension of
d4J: 8 — A(1) along H, provided that Lang dAJ exists and is preserved by
the morphisms A(d') and A(D?) - A(dY).

2.1. Creation of absolute Kan extensions. In a 2-category 2, we say
that a right Kan extension Rang.J is absolute if it is preserved by any mor-
phism whose domain is the codomain of RangJ.

Moreover, we say that a morphism G creates absolute right Kan exten-
sions if, whenever RanyGJ is an absolute right Kan extension, GG creates
it. Finally, we say that G creates absolute Kan extensions if it creates both
absolute right Kan extensions and absolute left Kan extensions.

The following is an immediate consequence of Theorem 2.4 and Corollary
2.5.
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Corollary 2.6. Assume that the lax descent object of the pseudofunctor
(A,a) : Az — A emists. The forgetful morphism d4 : lax-Desc (A) — A(1)
creates absolute Kan extensions.

Consequently, if @ morphism F of A is equal to d* composed with any equiv-
alence, then F' creates absolute Kan extensions.

Finally, as a consequence of Remark 2.2 and Corollary 2.6, since the notion
of absolute limits/colimits of diagrams J : S — C coincide with the notion
of absolute right/left Kan extensions along S — 1, we get:

Corollary 2.7. Let (A,a) : As — Cat be a pseudofunctor. The forgetful
functor d* : lax-Desc (A) — A(1) creates absolute limits and colimits.
Consequently, if a functor F is equal to d* composed with any equivalence,
then F' creates absolute limits and colimits.

By the result above, Beck’s monadicity theorem [1], and the monadicity
theorem of [36], we get:

Theorem 2.8 (Monadicity Theorem). A functor G : B — C is monadic if
and only if G has a left adjoint and it is, up to the precomposition with an
equivalence, a functor d that forgets the descent data w.r.t. a pseudofunctor

A.

Proof: Assume that G has a left adjoint.

By the monadicity theorem of Section 5 of [36], if G is monadic then it is
an effective faithful functor, which means in particular that it is the forgetful
functor (possibly composed with an equivalence) of the descent data w.r.t.
the higher cokernel of G.

Reciprocally, if there is a pseudofunctor (A,a) : Az — Cat such that
G = d* o K for an equivalence K, then G creates absolute coequalizers
by Corollary 2.7. By Beck’s monadicity theorem, we conclude that G is
monadic. u

3. Descent theory

We briefly establish the setting of descent theory w.r.t. fibrations [18, 19,
34], within the context of [23]|. Instead of considering fibrations, we start
with a pseudofunctor

F :C — Cat

which can be also called an indezxed category [25, 23].
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A precategory [23, 5] in C is a functor a : A;® — C. Hence, each internal
category or groupoid of C has an underlying precategory. In particular, inter-
nal groups and monoids w.r.t. the cartesian monoidal structure also have un-
derlying precategories [5, 20]. By abuse of language, whenever a precategory
a is the underlying precategory of an internal category /groupoid /monoid/group,
we say that the precategory a is an internal category /groupoid /monoid/group.

Remark 3.1. [Composition of pseudofunctors] Let a : A3? — C be a precat-
egory. Firstly, we can consider the functor op(a) : Ay — C°P, also denoted
by a°P, which is the image of a by the usual dualization (invertible) 2-functor

op : Cat®” — Cat.

Secondly, we can consider that op(a) : A3 — C°P is actually a pseudofunctor
between locally discrete 2-categories. Therefore we can define the composi-
tion
F o op(a): Az — Cat

as a particular case of composition of pseudofunctors/homomorphisms of
bicategories/2-categories [2, 30]. Namely, the composition is defined by

Foop(a):=B: As — Cat

r = Fa(z))
g:x—y — F(a®(g:z—y))

by = fa(w) : id F(a(2)) = F (ida(s))
bhg = faor(n)aor(g) : F a°P(h) - Fa®(g) = Fa’®(hg).

By definition, the category of F-internal actions of a precategory
a: AP —C

(actions a — C) is the lax descent object of the composition F o op(a) :
Az — Cat. That is to say,

F-IntAct (a) := lax-Desc (F o op(a)).

As briefly mentioned in the introduction, the definition above generalizes the
well known definitions of categories of actions. For instance, taking C = Set
and F = Set/— : Set®® — Cat, if a : A® — Set is an internal category, the
category of (Set/—)-internal actions of a coincides up to equivalence with
the category Cat|[a,Set] of functors a — Set and natural transformations
(see [23, 5] for further details). This shows that the definition above has as
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particular cases the well known categories of m-sets (or g-sets) for a monoid
m (or a group g).

Analogously, given a topological group g, we can consider the category of
g-Top of the Eilenberg-Moore algebras of the monad g x — with the multipli-
cation gx gx — — gx — given by the operation of g, that is to say, the category
of g-spaces. This again coincides with the category of (Top/—)-IntAct (g),
in which g, by abuse of language, is the underlying precategory of g.

A precategory is discrete if it is naturally isomorphic to a constant functor

w : A3® — C for an object w of C. Clearly, we have:

Lemma 3.2. The category of F-internal actions of a discrete precategory w
is equivalent to F(w).

Given a precategory a : A3” — C, the underlying discrete precategory of the
precategory a is the precategory constantly equal to a(1), which we denote
by a(1) : A — C. We have, then, that the functor

lax-Desc (F 0 a®?) — F oa(l)
that forgets the descent data is the forgetful functor

F-IntAct (a) — F-IntAct (@)

between the category of F-internal actions of a and the category of F-internal
actions of the underlying discrete precategory of a.

Remark 3.3. [Underlying discrete precategory| The definition of the under-
lying discrete precategory of a precategory is motivated by the special case
of internal categories, and/or the case of precategories that can be extended
to cosimplicial objects Az”? — C,

dl\ /D2§\
Dy
50/
in which Aj is the full subcategory of A with the objects 1, 2 and 3. Namely,
we actually get an adjunction

Cat[A", C] 1 Cat[l,C]=C

in which the left adjoint is given by the usual functor w — w that associates
each object to the constant functor w : A; — C. Of course, the right adjoint




24 FERNANDO LUCATELLI NUNES

is given by the conical limit, which, in this case, coincides with a(1), since
1 is the initial object of A3°?. The underlying discrete precategory, in this
case, is given by the monad induced by this adjunction.

Remark 3.4. [Forgetful functor| As particular case of Remark 3.3, in the
case of C = Set and F = Set/—, if a : A" — Set is an internal category, the
forgetful functor

(Set/—)-IntAct (a) — (Set/—)-IntAct (m)

coincides with the usual forgetful functor Cat[a,Set] — Set”™® ~ Set/a(1)
between the category of functors a — Set and the category of functions
between the set a(1) of objects of a and the collection of objects of Set. In
particular, this shows that, if a is a monoid, we get that this forgetful functor
coincides with the usual forgetful functor a-Set — Set. Analogously, taking
C = Top and F = (Top/—), if g : A” — Top is an internal group (topological
group), then the forgetful functor

(Top/—)-IntAct () — (Top/—)-IntAct (ﬁ)

coincides with the usual forgetful functor g-Top — Top between the category
of g-spaces and Top.

Corollary 3.5. Given an indexed category F : C°? — Cat and a precategory
a: AY — C, the forgetful functor

F-IntAct(a) — F-IntAct (ﬁ)

creates absolute Kan extensions and, hence, in particular, it creates absolute
limits and colimits.

Henceforth, we assume that C has pullbacks, and a pseudofunctor F :
C® — Cat is given. Every morphism p : e — b of C induces an internal
groupoid whose underlying precategory, denoted herein by Eq(p), is given by

€ Xyp e € Xpe Xpe

\m/ ~_

in which e x;e denotes the pullback of p along itself, and the arrows are given
by the projections and the diagonal morphisms (see, for instance, Section 3
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of [23], or Section 8 of [34]). For short, we denote by
FP Ay — Cat
the composition pseudofunctor F o Eq(p)°P.

Lemma 3.6. Let (d]:p,ll)) be the universal pair that gives the lar descent
category of FP. For each morphism p:e — b of C, we get a factorization

F(e) (F-descent factorization of F(p))

lax-Desc (F?)

in which d” : lax-Desc (FP) - F(e) = FP(e) denotes the functor that for-
gets descent data, and K, the unique functor such that the diagram above is
commutative and the equation

F(b)
F(b)
Kp
F(p) F(p)
lax-Desc (F?)
@’ _ 7 LN
¢ = Fle) Lt Flrep)=F(x=p) =<z F(e)
FP(1) = F(e) & F(e) = F(1)
\ F(me) F (7€)
Fla)=Fr(d) | F(ro)=Fr(d)
\ Fle xpe)
F(e xpe) = FP(2)
holds.

Proof: This factorization can be found, for instance, in Section 3 of [23] or
Section 8 of [34]. In our context, in order to prove this result, it is enough to
verify that

iy et FP(dY) - F(p) = FP(d°) - F(p)

is an FP-descent datum for F(p), which follows directly from the fact that
F : C°? — Cat is a pseudofunctor. |
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Definition 3.7. [Effective descent morphism| A morphism p of C is of effec-
tiwe F-descent if the comparison K, above is an equivalence.

Remark 3.8. By definition, if p is of effective F-descent, this means in
particular that F(p) : F(b) — F(e) is, up to the composition with a canonical
equivalence, the forgetful functor between the category of F-internal actions
of the internal groupoid Eq(p) and the category of F-internal actions e.
Only with the interpretation above, then, it is easy to see that the effective
(Set/—)-descent morphisms are precisely the surjections (epimorphisms in

Set).

4. Effective descent morphisms and monadicity

The celebrated Bénabou-Roubaud theorem [3, 34] gives an insightful con-
nection between monad theory and descent theory. Namely, the theorem says
that the F-descent factorization of F(p) coincides up to equivalence with the
Eilenberg-Moore/semantic factorization [17, 36] of the right adjoint functor
F(p), provided that F comes from a bifibration satisfying the so called Beck-
Chevalley condition (see, for instance, [22, 21, 32, 34] for the Beck-Chevalley
condition).

The result motivates what is often called monadic approach to descent [4,
34], and it is useful to the characterization of effective descent morphisms in
in several cases of interest [40, 22, 28, 5, 11, 12, 13, 14].

More precisely, in our context, the result can be stated as follows. Assuming
that F : C°? — Cat is a pseudofunctor such that, for every morphism p of C,
— there is an adjunction (F(p)! -4 F(p),e?,n") : F(b) — F(e), and

— the 2-cell obtained from the pasting
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is invertible.
We have that, denoting by 7% the monad

(F(p) - F(p)!sidp) « e« idpg, 1)

the Eilenberg-Moore factorization

F(b) F(p) F(e)
\F( >T/

is pseudonaturally equivalent to the F-descent factorization of F(p). In par-
ticular, we get that, assuming the above, a morphism p s of effective F-
descent if and only if F(p) is monadic.

Remark 4.1. [Basic bifibration] If C has pullbacks, the basic indexed cate-
gory

C/—: C® — Cat

satisfies the Beck-Chevalley condition. Therefore, in this case, by the Bénabou-
Roubaud theorem, one reduces the problem of characterization of effective
descent morphisms to the problem of characterization of the morphisms p for
which the change of base functor C/p is monadic.

For instance, if C is locally cartesian closed and has coequalizers, one can
easily prove that C/p is monadic if and only if p is a universal regular epi-
morphism [22]. On the one hand, this result can be seen as a generalization
of the case of Set. On the other hand, this result is an important of the
usual framework to study effective (C/—)-descent morphisms of non-locally
cartesian closed categories via embedding results [40, 21, 34].

4.1. Non-effective descent morphisms inducing monadic functors.
On the one hand, the Bénabou-Roubaud theorem answers the question of
comparison of the Eilenberg-Moore factorization with the F-descent factor-
ization of F(p) in the case of F coming from a bifibration and satisfying
the Beck-Chevalley condition. On the other hand, one might ask what it
is possible to prove in this direction without assuming the Beck-Chevalley
condition.

Firstly, it should be noted that it is well known that there are indexed
categories F : C? — Cat (coming from bifibrations that do not satisfy
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the Beck-Chevalley condition) for which there are non-effective descent mor-
phisms inducing monadic functors.

For instance, in her master’s thesis [38], Melo gives a detailed proof in
Example 3.2.3 of page 67 (Ezemplo 3.2.3) that the so called fibration of points
of the category of groups does not satisfy the Beck-Chevalley condition (in
particular, w.r.t. the morphism 0 — S3). It is known that, denoting by Pt
the corresponding indexed category, Pt(0 — S3) is monadic but 0 — Sj is
not of effective Pt-descent.

We can produce easy examples of non-effective descent morphisms inducing
monadic functors as above, once we observe the results below.

Proposition 4.2. If the domain of p is the terminal object of C, then p is
of effective F-descent if and only if F(p) is an equivalence.

Proof: Indeed, if the domain of p is the terminal object 1 of C, Eq(p) is
discrete, naturally isomorphic to the precategory 1 : A® — C constantly
equal to 1. Thus

F-IntAct (Eq(p)) ~ F(1).

Therefore the result follows, since the F-descent factorization of F(p), in this
case, is given by

F-IntAct (Eq(p))
m

Remark 4.3. The Example 3.2.3 presented in [38] can be studied using
Proposition 4.2. In an exact protomodular category [7, 8], on the one hand,
denoting again by Pt the indexed category corresponding to the fibration of
points, whenever Pt(p) has a left adjoint, it is monadic (see Theorem 3.4 of
8])-

On the other hand, by Proposition 4.2, 1 — b is of effective Pt-descent if
and only if Pt(1 — b) is an equivalence. In the case of the category of groups,
Pt(0 — S3) has a left adjoint but it is not an equivalence.
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Remark 4.4. It should be noted that, if p : 1 — b is a morphism of C
satisfying the hypothesis of Proposition 4.2, the pasting

F(1) : F(b
:>
f(p)
;f(1) - ]-"(1
f(ﬂ1)=idf(1) | } ld]: ‘

F(1)

is invertible if and only if 7? is invertible. That is to say, if and only if F(p)! is
fully faithful. In other words, p : 1 — b satisfies the Beck-Chevalley condition
w.r.t. F if and only if F(p)! is fully faithful. In this case, in fact, if F(p) is
(pre)monadic, then it is an equivalence and, hence, by Proposition 4.2, p is
of effective F-descent.

idz()

The most elementary examples of non-effective F-descent morphisms in-
ducing monadic functors can be constructed from Lemma 4.5. Namely, in
order to get our desired example, it is enough to consider a pseudofunctor
G : 2°° — Cat whose image of d is a monadic functor which is not an equiv-
alence. In this case, by Lemma 4.5, we conclude that, despite G(d) being
monadic, d is not of effective G-descent.

Lemma 4.5. Consider the category 2 with the only non-trivial morphism
d:0— 1. Given a pseudofunctor G : 2°°? — Cat, d is of effective G-descent
if and only if G(d) is an equivalence.

Proof: Again, in this case, Eq(d) is discrete. We have that
G-IntAct (Eq(d)) =~ G(0),
and, hence, we get the result. |
Finally, in Remark 7, Sobral [42], considering the indexed category
& : Cat”® — Cat

of discrete op-fibrations, gives an example of a morphism p in Cat such that
E(p) is monadic but p is not of effective £-descent. She also suggests that, for
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the indexed category &, descent gives “more information” than monadicity.
We finish this article showing, as an immediate consequence of Theorem 2.8,
that this is in fact the case for any indexed category.

Theorem 4.6 (Effective descent implies monadicity). Let F : C°® — Cat be
any pseudofunctor. If p is of effective F-descent and F(p) has a left adjoint,
then F(p) is monadic.

Proof: It is clearly a particular case of Theorem 2.8. |
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