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MATRICES - A STABLE AND SUPRACONVERGENT FDM
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ABSTRACT: Drug release from viscoelastic polymeric matrices is a complex phe-
nomenon where the main actors are the fluid, the polymeric structure and the drug.
As the fluid enters into the polymer, the polymeric chains relax inducing a resis-
tance to the fluid entrance. In contact with the fluid, a dissolution processes takes
place and the dissolved drug diffuses through the medium. Our main goal in this
paper is to propose a stable finite difference method that leads to a supraconvergent
approximations for the fluid, solid and dissolved drug concentrations. The analysis
proposed is non-standard in the sense that the error estimates have an important
role in the stability analysis.

Keywords: Drug release, viscoelastic polymeric matrix, fluid entrance, disso-
lution, dissolved drug transport, stability, convergence.

1. Introduction

Controlled drug delivery systems (CDDS) belong to the second generation
of drug delivery devices that were proposed to avoid the drawbacks of the
fist generation of DDS: oscillatory behaviour of the drug concentration in the
target tissue that can exceeds the bounds that define the therapeutic window
- the drug can be toxic (exceeds the highest therapeutic window threshold)
or it may have no therapeutic effect (the drug concentration is lower than the
lowest therapeutic window threshold) ([18]). While in the first generation of
DDS the drug release mechanisms are: dissolution and diffusion, the proper-
ties of the reservoir used to transport drug enter in the game in the second
generation of DDS. The need of drug delivery devices characterized by a sus-
tained drug release and a constant concentration profile in the target tissues
was the main motivation for the dialogue between material engineers, chem-
ical engineers, pharmaceutics and medical doctors which led to the design of
intelligent drug delivery systems with prescribed properties.

Viscoelastic polymers are today an important component of several smart
drug delivery devices. For instance, in tablets that are orally administered,
intelligent polymers are used to transport the drug trough the gastrointestinal
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system. The polymeric cross-links and the drug properties (dissolution and
diffusion) are the main responsible by the drug release control ([1]). In these
systems, a solid drug is initially dispersed. When the device is in contact with
a solvent, the fluid enters in the polymer and it swells. The fluid entrance
due to the difference of concentrations induces a polymeric response that was
mathematically translated in [10] by an anti-convective transport defined by
the polymeric stress o that depends on the polymeric characteristics

Vac(t) = D,Vo(t).

In contact with the solvent, the solid drug initially homogeneously distributed
in the polymeric reservoir, dissolves and diffuses through the relaxed poly-
meric structure. In what follows we assume that the polymeric chains do not
induce an opposition to the transport of drug particles being this transport
defined only by diffusion. In [10], [11] and [12] the authors assume that o is
given by the Boltzmann integral

o(t) = —/0 E(t — 3)%(3) ds (1)

where € denotes the strain, E(s) is given by the Maxwell-Wiechert model

() :
B(s)=Ey+ Y Ejexp <—i> 2)

=1 g
K
Ej
polymeric viscosity. Non-Fickian diffusion in polymeric coating and arte-
rial vessel wall tissue in the context of drug eluting stents applications were
recently considered in [9] and [17].

The mathematical description of diffusion processes in polymers that do not
follow Fick’s law has been prosed in the literature. Without being exhaustive,
we mention [4], the work of Cohen and his coauthors [5], [6], [7] and [8] and
the reference therein, and finally, [16] and [19]. We remark that in the last
papers, the relation

where F; denotes the Young’s modulus, 7; = - with p; that represent the

oo Oe

E—I—ﬁazcbe—l—va (3)

between the stress o and strain € was considered. In (3), ¢ and v are positive
constants whose physical meaning is associated to the mechanistic description
of the behaviour of polymers, the inverse of the relaxation parameter 5 was
taken constant in [19] and depending on the concentration in [5] and [19].
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In what follows we do not take into account the polymeric swelling. In this
work we consider that the polymeric device is an homogeneous and isotropic
sphere and these properties allow us to replace the 3D system by an one
dimensional problem defined in the radial direction.

Let 2 = (0, R) be the spatial domain and let ¢, ¢4 and ¢s be the solvent,
dissolved drug and solid drug concentrations. The behaviour of the these
variables is described by the following system of partial differential equations

(Jcy O dcy 0 Jo
e %( E%) + %(Dv%)
aCd 0 aCd
e _ 7 @ 4
< o ax(Dd 6x) + f(cs, cq, co) (4)
dc,
L 8t = _f(CS7 Cd, Cﬁ)a

defined in Q x (0, 7], where T is a final time, and the reaction term f defining
the dissolution process is given by

Cool — C
f(es, ca, co) = H(cs) kdlc—lng. (5)

In this definition, k; denotes the dissolution rate, ¢y, is the solubility limit

and H(c,) is the Heaviside function.

In (4), the diffusion coefficients are of Fujita type ([15])

D = Duyep (i (1)) )
Dy = Dycexp (—ﬁd (1 - C‘O) . (7)

D., and Dy, denote the diffusion coefficients of the solvent and of the dis-
solved drug in the fully swollen sample, respectively, and (,, 3; denote di-

mensionless positive constants. In [10] the following expression for D, was
deduced

Dv = Cy. (8>

8
where 7 is the radius of a virtual cross-section of the polymeric sample avail-
able for the convective flux, and [i represents the viscosity of the polymer-

solvent solution characterized by a solvent concentration c.
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In (1), the strain € is given by
pe \/3
g\cy) = ( ) - 1, 9
(e = (£ 0
where py is the solvent density (see [12]). In [11] a different g expression was
proposed for polymeric cylinders. From (1), we obtain

ot0) = ~olei)B + o) (Bo+ 3 B %) + [ Z 2 (o))

As ¢/(0) = 0, then, from (9), we conclude that g(cE(O)) = 0 and consequently

o(0) = =gl + [ Frlt = (e (10)
with k., (s Z —e 7 and E = ZE

Combining now the first equation of (4) with (10), we conclude for ¢, the
following differential equation

%9 (D) - D) B c0) )

b (Dulen) [ Rt = ) er) S5

We observe that this equation can be rewritten in the following equivalent
form

(11)

an an
ot o ox =0,
where J; denotes the solvent mass flux which is given by
oc
Jo(t) = —(Diler(t) = Duler()) ' (ex(t)) (1)

Dy(et)) / Forlt = 5)g'e0() 2t (5)ds.

The drug release from the polymeric sphere is then described by (11) coupled
with
8Cd . 0 D 8Cd

o~ oz Py
Jdc,
ot

) + f(csa Cd, Cf) (12)

and

= —f(cs, ca, co). (13)
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The differential system (11), (12) and (13) is completed by the following
boundary conditions

%(O,t) =0, co(R,t) = Cent, (14)
%(O,t) —0, cy(R,t)=0. (15)

The first condition for ¢, and ¢; are consequence of the symmetry of the
polymeric sphere at the origin, the second condition for ¢, means that at the
boundary of the surface the concentration is equal to the solvent concentra-
tion ¢, at the medium where the sphere is imbedded. This last condition is
considered as a simplification of

Jo(R,t) = al(ci(R,t) — Cept), (16)

considered before in [12], where a represents a permeability constant. We
remark that the simplified boundary conditions (14), (15) will be considered
in what follows.

The differential problem is coupled with the general initial conditions

co(z, 0) = cro(z),x € Q, (17)

cs(, 0) = cs0(x), ca(z, 0) = cqo(z), z € Q. (18)

In this paper our main goal is to propose a finite difference method to
solve the system of partial differential equations (11), (12) and (13), comple-
mented with the boundary conditions (14), (15), and the initial conditions
(17), (18), defined on nonuniform grids that presents second convergence or-
der. We observe that a finite difference method for a simplified version of the
integro-differential equation (11) was studied in [13]. In [2] the coupling be-
tween a quasi-linear elliptic equation with an quasi-linear integro-differential
equation was studied from numerical point of view considering only Dirichlet
boundary conditions. In the present work, the symmetric conditions (14),
(15) introduce additional difficulties in the stability and convergence analysis
that need to be carefully treated. The method that we propose can be seen
simultaneously as a finite difference method and a fully discrete piecewise
linear finite element method (see for instance [2], [13] and [14]). The nonlin-
earity of the IBVP under analysis in this work, introduces another difficulty in
the stability analysis. In fact, as we will see, to conclude the stability we need
to impose the boundness of the sequence of the numerical approximations
for the variables of the model. However, to avoid such anomalous restriction,
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we start by proving the second convergence order being the boundness of the
numerical approximations consequence of such result. Although the trunca-
tion error of the method that we propose hast first order, with respect to the
norm |||/, we will prove that the global error presents second convergence
order. The finite difference methods is said supraconvergent.

The paper is organized as follows. In Section 2 we present the notations,
auxiliary results and the the new numerical method that is based on MOL
approach (method of lines approach). We start by analysing the solvent
concentration showing the convergence properties and its stability in Section
3. We remark that in the convergence analysis we do not use the stability
but we conclude such property analysing the error equation. The stability
result is consequence of the error estimates established in this section. The
solvent concentration properties are crucial in the study of the dissolved and
solid drug concentrations. In fact, as we will show in Section 4 where the
convergence and stability of the dissolved and solid drugs are studied, we
need to use the boundness of the solvent semi-discrete approximation with
respect to the norm ||.||». In Section 5 we include some numerical experiments
illustrating the theoretical results proved in the previous sections and, finally,
in Section 6 we present some conclusions.

2. Preliminary results
Let A be a sequence of vector h = (hy,...,hy) such that h; > 0,i =

N
1,....N, R = Zhi, Bmee = max h; — 0. Let h € A and Oy, be the grid
P i=1,.,N
defined by h
ﬁh: {:Uz-,z’:O,...,N,:UZ- =21+ h;, 1= 1,...,N,$0:0,ZUN:R}.

To discretize the Neumann boundary condition for ¢, and ¢4 at x = 0, we
define the fictitious point z_1 = —z¢, and then zy — x_1 = hg = h;. We
introduce the following sets

ﬁ; = ﬁh U {l’,l}, Q) = ﬁh N Q.
Let V3o, Wy, and U, be the following sets of grid functions
Viso = {vp, : ﬁz — R, vp(zy) = 0},

Wh:{wh:ﬁh—)R}
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and
Uy = {uh : Qh — IR,},

respectively. By D_, we denote the backward finite difference operator and
let D} be defined by

VR (Tig1) — vn(;)

hit1/2

Divp(x;) = i=0,...,N—1,

hi + h;
where hi—|—1/2 = g

In W), we introduce the following inner product

hy i h

(why @n)n = = wn(20)an(o) + > i pwn(a)gn(x) + %wh(xN)Qh(xN)a
i-1

for wy, g, € Wh, and by .||, we denote the correspondent induced norm. We
use the following notation
N

(wnon)+ = Y hjun(x;)on(;), up,vn € Uy,
=1

1/2
and [Jup||s = (jg:izuh xiﬁ) .

Let D, be the ﬁrst order centered operator defined by

Uh(xz‘ﬂ) - ”Uh(l‘i—1)
hi + hit1 ’

D.p(z;) = i=0,...,N—1.

1
By M), we denote the average operator Myvp,(x;) = 5(1};1(331) + vp(xi-1)).
Proposition 1. For all vy, wy, € V,{':O we have

(=D, D_ v, wp)n, = Devp(xo)wp (o) + (D_yvp, D_ywp) . (19)

As we are dealing with homogeneous Neumann boundary conditions at
x = 0, a new boundary finite difference operator needs to be introduced

Dwm@@:%GﬂMﬁanDﬂm@ﬁ+aM@m@@ﬂlﬂmmD,(%)

where v, € V), and a : IR — IR. Using summation by parts, it is easy to
show the following proposition.
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Proposition 2. For all vy, wy, € Vi’ and a : R — IR, we have

(—D;(G(thh)D_th), wh)h = Dc@(vh(l‘o))wh(l‘o)—l—(a(MhUh)D_xvh, D_xwh)+.

(21)
N
As for uy, € Vi, up(zo) = Z hiD_,up(z;), we conclude the next result.
=1
Proposition 3. For all uy € V), we have
[un(w0)] < VR|| D punl|¢ (22)
Proposition 4. For all u, € W}, we have
lunllso < VRID_yunl s + |un(an)| (23)

where ||up || = max |up.
h

We consider the solvent equation (11) rewritten in the following abstract
form

where a(z) = Dy(z) — ED,(2)¢'(2) and q(t, s, 2,y) = Dy(y)ker(t — 5)g'(2).

As g is a discontinuous function at equilibrium state when c¢/(t) = py,
from theoretical point of view we need to replace g by its regularization g,
where € is positive and arbitrarily small. Such regularization can be defined
for instance considering the Hermite interpolator at (p, £ €, g(ps = €)). We
assume that

Hi: M > a(x) > ag > 0,]d'(z)] < M, v € R,
i a(t5,50)] < M, [ 2| < MGtz < M (e @
0,7] x IR x IR.
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By ¢5(t) we represent the semi-discrete approximation for ¢,(¢) defined by
the following initial boundary value problem

( %(i) = D; (CL(Mthvh(t))Dng’h(t)>
+ D; ( /Ot q(t, S, Mth,h(S), Mth,h@))Dng,h(S)dS)
< (25)

inﬁh — {J,'N} X (O,T],
Dccf,h(x()at) - 07 Cé,h(xNat) = Ceyt; t e (OaT]v

\ con(0) given

The semi-discrete approximations cq j, ¢, for the dissolved and undissolved
drugs cg and ¢, are solutions of the following differential problems

( dcdﬁ
dt

= Dy (Da(Mncen(t))D-zcan(t)) + f(esn(t), can(t), cen(t))
in 0 — {an} x (0,7,

4 (26)
Dccd,h(xoat) = O, cd,h(xN,t) = 0, t e (O,T]

| can(0) given,

and

df;h = —f(csn(t), can(t), con(t)) in Q, — {zy} x (0,7,
(27)

csn(0) given.

3. Solvent concentration: convergence analysis and sta-
bility

Let ¢, n(t), Con(t) be two solutions of the IBVP (25) with different initial
conditions. The nonlinear stability analysis with respect to the discrete
L*—norm ||.||, requires the boundness of ||D_,copn(t)|loo OF || D—2Con(t)]loo0,
as it will be shown in this section (see (33)). We note that this boundness
does not follow from the application of the energy method to the IBVP (25)
to obtain upper bounds for ¢, ;,(¢) or for ¢ ;(t) and it is crucial to get stabil-
ity. In fact, let wy(t) = con(t) — rn(t) € Viy and, to simplify, we consider
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(25) without the integral term. Using Proposition 2, it can be shown that
|w(t)]|7 is solution of the initial value problem

Sl O e ()D s (0), Dsn(1))
) = —((a(Mpeen(t)) — a(Mpéen(t)) D—peen(t), D—gwn(t))+

— D qcon(xo, t)wn(zo,t) + DeoCon(zo, t)wn(zo,t), t € (0,77,
\ wen(0) = con(0) = én(0),

(28)
where the finite difference operator D, , is defined in (20).
As

Deacop(wo,t) = 2a'(n)hiDecop(zo, t)D_ycon(m1,t) + alMycop(zo, t)) Decen(zo, t),

where 7 is in the interval defined by Mj,c, (2o, t) and Mycep(x1,t), and since
D.cop(xo,t) = 0, we obtain

DC,an,h(l’o, t) = 0. (29)

Analogously, we also have

Dc,aég,h(l’o, t) = 0. (30)

Using assumption Hy, it can be shown the next estimates

((a(Mth,h(t)) — a(Myéop () Dosern(t), wah(t)>

+
< MV2Jwn(®)llnll D—scen(t)llocl| D-sron (t) |+ (31)
1
< oM w1 D—een®lls + €1 D—wn (B3,

where € # 0. In (31), the following notation is used

[D—zcen(t)|loc = max [D_zcon(wi,t)].
i=1,....N

.....

Then, considering (29), (30) and (31) in (28) and the assumption H;, we
obtain
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(NG = [t

o[ [ ID el 2
saa-e) [ e c |D_ ()| ds) <0,
0

(32)
for t € (0,T]. Consequently,

1 t
2 oM [ ID el 2
lwea(®)2 +2(a0 — &) / |D_wn(s)|2ds

_MQ/ HD ngh( )Hoods 5
< [wn(0) I3, ¢ € 0, 7],
(33)
provided that ¢, ¢, € CY([0,T7, Viro)-
t

To conclude the stability we need to impose that / |D_scon(s)||’ds is

uniformly bounded in A € A and ¢ € [0,7]. Such agsumption should be
avoided and, as we will see in what follows, it is consequence of the conver-
gence properties of the finite difference scheme (25).

Let ep(t) = Ruce(t) — con(t) be the semi-discrete error where R;, denotes
the restriction operator. Let us suppose that the following estimate holds

t
[ ID-scunts) s < € (b + lesnO)IR) (31)
0

for h € A and t € [0,7].
If we assume that the sequence A of vectors h = (hy, ha, ..., hy) is such
that

hmam
<C (35)
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then

t t t
[ IDcalds <2 [ 1D en@)lds +2 [ D Ricts)
0 0 0

<ol

t t
[ ID-scuats)ids +2 [ 1D Rico)ds
0 0

hmin

1

< 20 (R, +

leen(O)I1) + 2lleelFx(o.z.cr0.0
(36)

hmin

If ||leen(0)]|n = O(Vhimas), then, using (35),(36), we conclude

t
/ 1D scen(s)|Puds < Mig (37)
0

for some positive constant M4, h and t independent, and provided that
c, € L*(0,T,C0, R)).

The previous remarks show the importance of the estimate (34) in the
stability analysis. In what follow we analyse the behaviour of the error e/ ().
Let T3,(t) be the truncation error induced by the spatial discretization that
leads to the semi-discrete IBVP (25). These two errors are related by the
equation

(d
Z‘;h ) =D <oi(Mth(t))D_$Rth(t)> — D (a(th&h(t))D_xc&h(t»
+D;, / q(t, s, Myce(s), Mpco(t))D_p Rpce(s)ds
0
t
< —D; / q(t, S, MhC&h(S), Mh0g7h(t))D_ng7h(S)d8

—I—Th(t)o inﬁh — {I‘N} X (O, T],

Dcegjh(ﬂﬁo,t) = Tho(t), e&h(ajN,t) = 0, t e (0, T],

L ern(0) given |

(38)
where, to simplify, Mpc,(t) = My Rpce(t). Such simplification will be also
used in what follows.

Theorem 1. Under the assumption Hy, Hy, and assuming that

¢, € C1([0,T7],C°[0, R]) N C°([0,T],C?0,R)) N L*(0,T,C*[0, R])
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and
Cen € Cl([oa 11, Vfio)>

then for the semi-discretization error e;p(t) = Rpce(t) — con(t), where c(t)
and cgp(t) are defined respectively by the IBVPs (24), (14), (17) and (25),
there exist positive constants Ci(cp), i = 1,2, that are h and t independent,
such that holds the following

t
Hee,h(t)l\?ﬂr/ 1D—seen(s)|2ds < Crle)e™ ) (Apae + llecn(0)17) .t € (0,1,
0

(39)
Proof: From (38) we easily obtain
1d
5 azlleen@®lli + (a(Mycen(®)) Dosern(t), Dsern(t))+

= —(t(a(thM(t)) — a(Mth’h(t)))D_thCg(t), D_,eon(t))+
— [ (att.s. Micats), Mica(0)

Ot —q(t, 5, Mycon(s), Myco(#))) Do Race(s)ds, D-yeqn(t)) .
—/ ((q(t, s, Mucep(s), Mpco(t))

Ot —qt, 5, Macon(s), Mycon()) D Ruce(s)ds, D_yern(t))
_ / (4(t, 5, Macun(s), Mucon(t)) D_sern(s)ds, D_ecn(t)) ,
+D2,tac£,h(xo, tYeon (o, t) — Dc,aRh(;g(xot, t)een(zo,t)
— DC’%tRhcf(:L'o,s)dseg’h(xo,t)+/ DC’%th(:po,s)ds eon(To,t)

0
+(Th(t)7 ef,h)hv t e (07 T]7
. (40)
where D, , is defined by (20) and

D. gi1vn(z0,s) = %( q(t, s, Mo (1, s), Mpop(x1,t)) D_yop (21, 8)
+q(t, s, Mpop(zo, ), Mpvp(xo,t)) D_on(zo, 5)) .
Let Tj,(t) be given by the terms involving the boundary point
Th(t) = anc&h(:ﬂ?, t) — DeoRpc(o, t) t
—/0 DQq’tRth(xo, s)ds + /0 Dc7q7th7h(l‘0, s)ds.
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In what follow we obtain an upper bound for T (t). As in (30) we have

De.qcon(o,t) = 0.

Analogously, as (O t) =0, for D, aRnce(xo,t) we obtain

ox
. )1 1
| De.aRce(o,t)| < Mh1(§“€£(t)!|02[o,m + 6||C£(t)||03[0,R]>-
As D.cyp(zo,s) = 0, for the integral term we conclude

t B 1 t
/ D, gicon(zo,5)ds = 5/ (q(t s, Mpcon(x1,s), Mpcon(x1,t))
0
—q(t, s, Mycep(zo, 8), Mucop(20,t))) D_ycon(x1, s)ds

/ (t,s, Mycon(xo, s), Mucen(xo,t))Decon(xo, s)ds
= 0.

Moreover, it can be shown that

) cqtBnci(zo, s)ds

: 820@ 3205
< M ( [ 5 (1556 s+ 1 Ol 1D Ricrlas)
+|D.Ryco(wo, S)|)d5

< WM (wwpw@m ST eo®)lleopo.mleel z20.00.m)

+sVTlledlzoncom)

o1
< hj 5 M|cel| z2(0.4,0300,R)) (HCEHLQ 0,t,C2[0,R]) T \/_( + ||ee(t )HC2[0,R]))-
Consequently, for Tj,() we obtain

T < WM (lleelzoscoo.m (el ooy + VTG + llee®)llcrom) )

1
Hee®lleso.m(lee®llcom + ) ) = BT,
(41)
Considering now the assumptions H; and Hs in (40) we get
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1d

thH@e W7+ aol| D_sern(t)|I3

< \/_M||lt?—thC£(t)Hool\eé,h(t)HhHD—x@é,h(t)\|+
+\/§M/ (leen(s)|ln + llecn(®) || D—zRuce(s)||ccds|| D—zeen(t)]]
0

t
M [ D seuns) s D-ern (D)l
_Jo
+|Th(t)”€g,h($0, t)‘ + (Th(t), eg’h)h, t e (0, T],

(42)
We estimate now the first three terms of right hand side of (42). We have
successively

VAM|D- Ryt s ()| D-seen(®)] 2
< g5 M lee) gy lleea (O + 1D-cern (D)2,

\/§M/O(Heah(S)Hh+Hee,h(t)Hh)HDthce(S)HoodSHDxee,h(t)lh

t
Séwﬂy@%%mwmmlWW@M%+Mﬁmmm@WAM@
+2¢%|[ D_ye () [|5
1 t
<<§UWTVQ#WM&@ﬂcwﬁyAIwhwmwﬂﬁ%+ﬂﬁﬁmmmmmM%Mﬂﬁ)
+2¢%|[ D_ye () ]|3

and

/HDfmm>mmwxwxmk

1
< —

_42mﬂ*/nDﬂm@anmm+wwﬂwum+
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Taking the last upper bounds in (42) we conclude

(1d
5 g lleen(t )i + (a0 — 4) [ D—_recn(t)|I2
1
= ﬁMQ(”CE( )H%”OR] + 2T2HC£H%2 (0,7,C1[0,R]) )Heéh( )i
1
P (L 4R el ) [ 1Dt Rds (03

T () leen (o, t)] + (T (1), 6£,h)h7 t € (0,77,

L 6g7h(0) = Rth(O) — C&h(O).

We establish in what follows an an estimate for | T, ()||eqn(zo, t)| and (T (t), esn)n.
We recall that, from Proposition 3 and (41), we deduce

B(E)llewn(zo, )] < VRITWOIID ern(t)]+
1 R
< SRITOP + | D-seen(t) 2 (44)

1 A
= 4—6237111%(15)2 + €| Dwecn(®)]3-

We establish in what follows an estimate for (73,(), es)n considering, to
simplify, the coefficient function a constant (for non constant a the differ-
ences are minor). To obtain such an estimate we observe that Tj(t) has the
representation

Ty(xi,t) = TV (2, t) + T (1), i =0,...,N -1,
where
1 1 (‘33@
T;E )(l’z’,t) = g(hH—l — hi)%(%t),
and

T2 (25,)] < _thmxucf(t)HC‘*[O,R]-

For the term (T}EQ)(t), ern)n We easily get

2 1 2
(T2 (1), eenln < pnTé "OIF + Ellecnt);

< 1 1
= 42144

(45)
— Rt Wesommar + € lleen(®)]li-
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To obtain an estimate for (T,El)(t), ern)n, we remark that using summation

by parts, it can be shown the following

h D3¢y
(T (), eon)n = 21T;§)($o,t)€£h(flfo, + = Z i — hz)a 3($z,t)€£,h($¢,t)
h 830
= 21T( (o, t)eqn(zo,t) — 6h26 —— (0, t)ern(@o, t)
N
1 ok Cy ok Cr
_EZhQ(a 5 (@i, Deon(zis t) — e — (@i 1,t)€e,h(xi—1>t)>
=1
h e
= ElTél)(xo,ﬁ)eéh(éUo, t) — 6h28 —— (0, t)ern(@o, t)
N
_ézzl:h (9x4 —(z, t)dxes (w1, t)
N
-5 ZZ h; %(ajl, t)D_yepn(zi,t)
3_ .
"1 (@),
=1
(46)
where
1,1 1,9(1 1 ,0%
10w = (S (0. t) = hi5 5 (w0 1) Jeen(ao. 1
1 @305 83@ 18302
g2
= h1<5<%(517t) — %(fz,t)) s ($07t)>€€,h($07t)>

and 51 € [0,%1], 62 € [ZE_l,O],

12 Lo [7 9
T, (t)——éizzlhi x“@(x,t)dxeg,h(scil,t)
and N
1,3 1 5364
T (1) = - S Wi (i, ) Dsern (i ).
=1

For T,Em)(t) and T(l’?’)( t) we have, respectively,

1,2) I 1
T20] < 5 Rl g s + 22Nl (47)
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and

11

(1,3)
T < —

= Rllce®) o0 mPmar + €1 D—een(®)]5- (48)

For Tél’l)(t), applying Proposition 3, we obtain
(49)

Finally, considering in (46) the upper bounds (47)-(49) we get for (T,El)(t), eon)h
the following upper bound

1 31
(T eondn < S 5ae R llce®) 2
(50)

+3€°||een(t)|17 + 2€° || D_pern(t)]]7-

To obtain an upper bound for (7}(t),e,n(t)), we observe that the error
bounds (45) and (50) lead to

T con®n < gy Rl ®) oo o
A en (D) + 22D _sern (2.
Taking into account in (43) the upper bounds (44) and (51), we get
d 2 2
Zlleen(®ll +2(a0 = T D—sern(t)|
< (@ (1o + 27 o) + 56 el o
oML+ 4- ey o) [ 1D e (o)
R (el Ol 2. + 5 T0)?) £ € (0.7),
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with e;,(0) given. Consequently,

t
leen(®)17 +2(a0 — 762)/ I D_zeon(s)||*ds
0
1 t
< (gM 2(”Cf“QCO([o,T],Cl[o,RD + 2T2”C€||%2<0,T,01[0,R1>) + 862) /0 leen(s)|l7ds
1 t S
+5aMTP (1 + 4Rl nenm) | [ 1D-eoolduds

5B ar (oo cnpy + 5To0)?) + leca(Ol, ¢ € 0,7)
(53)
Fixing € by
ag — 7€ > 0 (54)
and applying Gronwall lemma we conclude the existence of positive constants
Ci(ce) depending on ¢ and h and ¢ independent such that (39) holds.
I

Theorem 1 allows us to conclude that there exists a positive constant C', h
and t independent, such that

t
leealtlf+ | 1D-sean(s)ds < € (Bl crpmyHleesO)IE) ¢ € 0.7),

for h € A. This fact implies that there exists a positive constant C, h and ¢
independent, such that

leen(l} < C (o + lleen(0)12).
t (55)
| 1D sen(o) s < € (b + s O)IR).

for t € [0,7],h € A. If ¢o4(0) = Rpce(0), then Proposition 4 leads to the
following upper bounds

'
/0 leen(s)2ds < Chpaullclizor.cmor)  t € [0,T], (56)
and
t
/0 Hc&h(t)Hgods < C,te|0,T],h €A, (57)

We have the following corollaries:
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Corollary 1. Under the assumptions of Theorem 1, if cy5(0) = Rpce(0) and
the sequence of vectors A is such that (35) holds, then there exist positive
constants C', h and t independent, such that

t
/ ID_scon(s)|%ds < C, t € [0,T], h € A, (58)
0
[ |

Corollary 2. Let ¢, & € CH([0,T], V) be solutions of the IBVP (25)
with initial conditions ¢, (0) and ¢,5,(0), respectively, such that |Rpc,(0) —

cen(0)] < Cv/hmazr and |Rpce(0) — Eep(0)] < Cv/hmaz. Then for wp(t) =
con(t) — Eop(t) we conclude

leon ()12 + / ID_sun(s)|2ds < Clun(O)]2, t € [0,T].  (59)
[ ]

The last result means that we have stability provided that the initial con-

ditions are in B,(Ryce(0)), for p < Cv/hpmaz-

4. Dissolved and solid drug concentrations: stability and
convergence

In what follows we establish an upper bound for the semi-discrete approx-
imations c¢g;(t) and ¢ p(t) for the dissolved and solid drug concentrations
cq(t) and c4(t), respectively, as well as we analyse their convergence proper-
ties. In order to do that, we need to assume that the partial derivatives of f
are bounded. To guarantee this requirement we assume that f defined in (5)
is replaced by f,, that is obtained replacing H by some of its regularization

H,. as for instance
1

= 1_|_ 6_2KZ :
Other regularization possibilities for H(z) can be considered. We will impose
that such regularization satisfies the following assumptions

Ry: [Hi| < M, in R,

Ro: |H| < M, in IR,
where M, is a positive constant.

In the stability analysis for the dissolved and solid drug concentrations, the
estimate (57) has an important role as we can see in what follows.
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4.1. Stability. We start by establishing the uniform boundness of

t
lean(®I2 + llesn(®)2 + / ID_scan(s)|2 ds.

int € [0,7] and h € A, provided that cg(0), cs,(0) are uniformly bounded

in h € A, where cq(t) and ¢, (t) are solutions of the following initial value

problems

( dCd,h
dt

= Dy (d(Mpncep(t) D—zcan(t)) + fap(csn(t), can(t), con(t))
in ﬁh — {IUN} X (O,T],

X (60)
DCCdﬁ(ZL‘(),t) =0, cd,h(xN,t) =0,t€ (O,T],

| can(0) given,
and

df;h = —fup(csn (), can(t), con(t)) in Q, — {ay} x (0,7,
(61)

cs.n(0) given.

In the IBVP (60), the generic function d : IR — IR replaces the diffusion
coefficient Dy and satisfies the following assumptions

D120<d0§d§MdiHR,
Dy: |d'| < M, in IR,

where dy and M, are positive constants. Since, from Proposition 3, we have
t t
[ eants)Eeds < R [ ID-seants) s
0 0

thus establishing the uniform boundness of / t |D_zcan(s)|5ds,in h € A and
t € [0,T], we can conclude, as done in Corolloary 3, the uniform boundness of
/t llcan(s)||%ds. This result will be used in the proof of the stability of the
ir?itial value problems (60) and (61).

Theorem 2. Let cq;, € C'([0,T], Vi) and ¢y, in CH([0, T], W) be solutions
of the IBVPs (60) and (61), respectively. If d satisfies D1 and Hy satisfies
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Ry, then, under the assumptions of Theorem 1, we have

3 t
(22 ) Mk [ et
||Cd7h(t)|‘%+Hcs,h(t)Hi+2do/ e( Csol s
0

1D scan(s) |2 ds
3 t
) Mk [ e

S
< (llean(O) 2 + llesn (O )\
3

t
(e ) b [ el
My [\ ; leen(s)I12ds,
0

for t € (0,T],h € A.

(62)

Proof: From (60) (61), using the assumption D;, and Proposition 2, we

obtain
1d

2dt

S (fap(cs,h(t), Cd’h(t), C&h(t)), Cd,h(t) — Cs,h(t))h (63)

(llean(®I2 + llean(®)12) + doll D-sean(t)I2

+ Dy acan(wo, t)can(wo, t),t € (0,7,
where the finite difference operator lA)Qd is defined by

ﬁc,dvh(xo) = % (d(th&h(xl, t))D_th(xl) -+ d(Mth,h(xo, t))D_J;Uh(Io)> )

for vy, € V. As Decgn(zo,t) =0, it can be shown that

A

D acqn(zo,t) = 0. (64)

Considering the assumption R; in the first term of the right hand side of (63)
we obtain successively that

| (fap(Cs.n(t), can(t), cen(t)), can(t) — csn(t))nl

“len(Ollcliean ) (learla + lleaa(o)ls

Csol

< Mrkd(HCe,h(t)Hh +

Mrkd Cﬂ,h(t)Hoo 1
< 255 (243105 (a1 + hews OIR) + GMballecn O
(65)
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Taking (64), (65) in (63) we get
d
= (llean @I + llesn(®) ) + 2do | D-scan(®)l%
l[cen(®)lloo 2 2 2
< Miky ( 2+ 3522 ) (lean()l + lesn(®)F) + Mikallcen(®) 2, ¢ € (0,7)

sol
(66)
and consequently

3 t
£~ (20 ) ks [ leeato) s
2\ : (lean I + llew(t)1)

dt

3 S
t—@+ )MM/H%MWMM
w2y [ e\ o 0 1D _scan(s)|2ds
0

3
t—@+ )t [lealilldn
- Mok | Cuo leea(s)I3ds) <0,
(67)

for ¢ € (0,7}, that leads to (62).

Corollary 3. Under the assumptions of Theorems 1 and 2, if ||can(0)||? +

lcsn(0)|2,h € A, is bounded, and |Rpce(0) — crn(0)] < Cv/hinar, then there
exists a positive constant C', h and t independent, such that

t
lean (@Il + llesn®)7 +/ ID—scan(s)|ids < Ct € [0,T),h € A, (68)
0

and
t
/ lean(s)|2ds < C.t € [0,T], h € A, (69)
0
lean(®2 < C.t € [0.7)h € A. (70)
[ |

Let cop, G € C([0,T],Vy,) be solutions of the IBVP (25) with initial
conditions ¢;,(0), &,4(0), respectively. Let cqp,éan € CH([0,T],V},) and
sy Csn € CH([0,T), Wy) be solutions of the IBVP (60) and (61) with initial
conditions ¢q,(0), ¢41(0) and ¢ 4(0), ¢5.,(0) respectively.
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If |Ruce(0) — con(0)] < Cv/hmar and |Rpce(0) — 0p(0)] < Cvhpgs, from
Corollary 2 concluded (59) and consequently, using Proposition 3 for wy ), =
Con — éﬁ,h; we have

t
lwen(); < Cllwen (), /0 lwen(s)llzds < Cllwen(O)lly, t € [0,T]. (71)

Let wgp = can — Cap and wyj, = ¢sp — Cs . From (60) and (61) we get

S (lwan @13 + Nwan(®)13) + doll D_rwan (B2

< Mllwe () ||ool| D—zcan ()]l | D—zwan ()] +

+ (fap(csn(t), can(t), cen(t)) — fap(Csn(l), Can(t), Con(t)), wan(t) — wsn(t))n

A A

+ (Degcapn(xo,t) — DeaCan(xo,t))wapn(xo,t).
(72)
As before, we have ﬁc,dcd,h(xo,t) = Dc,déd,h(l‘o,t) = 0. Moreover, it can be
shown using the assumption Ry that

(fap(Cs,n(t), can(t); con(t)) = fap(Csn(t), Can(t), Con(t)), wan(t) — wsn(t))n
Jean(®)l) (51 + ——lean(®ll) + lleea(®)lc)

sol
- 1
HCe,h(t)lloo) (lwan@NF + llwsn(®)17) + §derllwe,h(t)HZ

1
< 2kgM, ((1 +
Csol
1

sol

= glcan(t), Can(t), con(t)) (lwan ()7 + lwsn(®7) + %deere,h(t)Hi-

(73)
Then, considering the upper bound (73) in (72) we conclude
d 2 2 2
— | 22 lwin(IlE | +2(do — )| D-swan(t)I
i=d,s
—29(can(t), Can(t), con(t Z l|w;n ()7 (74)

i=d,s

1
< 5 M llwen ()12 D—zcan®)|5 + kaMyllwen ()], t € (0,7,

that leads to the next result:
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Theorem 3. Let cip, Cop € Cl([O,T],V}Z’ZO), Cdhs Cdp € Cl([O,T],V}:O) and
Csny Cs € CH([0,T), Wy,) be solutions of the IBVP (25), (60) and (61) with
initial conditions cg,(0), ¢on(0), can(0), Ean(0) and cs1(0), Es1(0), respectively.
For wip =cip — ¢y fori=4{,d,s, we have

S Juna(@)l +2(ds — ) / / YD (5112

i=d,s

t
t /g(ﬂ)du 1 ) ) )
< [l T (Ml D ean(s) I + M wra ()] ) s

/t
Z lwin(O)15: t € [0, 71,
i=d,s
(75)
where € # 0 and

g(t) = 4hkaM ((1+ 2 llean(®)llo0) (3(1+ 2 lean®lloc) + lleen(t)loo)
b en(Ol )

sol

Let € # 0 be fixed such that dy — €* > 0. If the initial conditions ¢, (0)
@Jl(O) are such that |Rth( ) — Cgh( )| < CvVhpmaz, |Rth( ) — 5g’h(0)| <
Cv e, then

t
[ et < c
0
t
[ et < c (70
0
t
[ hnats)izas <.
0

for t € [0,T]. In (76), C' is h and ¢ independent, and consequently, for v, =
Ct,h Co, Wehy ||Vn |l e(0,77,200 (o)) 18 bounded by a positive constant independent
on h.
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If h € A, and ¢44(0), ¢44(0) are uniformly bounded in h, then, from Corol-
lary 3, we have

t
[ easts)izas < .
0 (77)

t
/wm@@wsa
0

for ¢t € [0,T]. In (77) C'is h independent and consequently, for vy, = ¢4, Can,
|vnlleqom,Lovi0)), B € A, is bounded by a positive constant i independent.

From (76) and (77) we guarantee that there exists a positive constant C,
h and t independent, such that

t
/g(u)du
eJo < C,tel0,T],h €A,

From
/ MdHW ()12 D—zcan(s)|% + Mere,h(S)Hi)dS <C,

for t € [0,T],h € A. These last conclusions allow us to finalize this section
with the following stability result for the the dissolved and solid drugs.

Corollary 4. Under the assumptions of Corollary 1 and Theorem 3, if the
initial conditions cg(0), ¢o(0) are such that |Ruci(0) — con(0)] < CvVhimaa,s
|Rice(0) — ¢en(0)] < CvVhimaw, and cqp(0),¢qn(0) are uniformly bounded in
h, h € A, then there exists a positive constant C, h independent and t, such
that

t
S Jws(®lf + [ ID-wan()|ds
i=d,s 0
(78)
< CZ [w; w(0)I7, ¢ € [0, 7).
i=d,s

4.2. Convergence analysis. In what follows we establish the convergence
of the semi-discrete approximations c¢q(t), csn(t) defined by (60) and (61)
that depend on the approximation ¢y (t) for the approximation for the fluid
concentration that is defined by (25). An estimate for the error ey (t) =
Ryco(t) — cop(t) was established in Theorem 1.



A STABLE AND SUPRACONVERGENT FDM 27

Theorem 4. Let us suppose that the assumptions of Theorem 1 hold,
ca € C1([0,T],C°[0, R]) n C°([0, T, L*([0, T, C*[0, R])

and for the coefficient function d we assume also that |d"| < My, |d"| < My
in IR. Let e;;,(t) be the semi-discretization error defined by e; ,(t) = Rpci(t)—
cin(t),i =d, s, where cap(t), csp(t) are defined by (60) and (61) that depend
on the approximation cyp(t) defined by (25). Then there exists a positive
constant C', h independent, such that

S llewa(®)[} + 2(do — (R +3) / / D seante)|2ds

1=s,d
/t
g(p)dp / 79
<o ST o |\h+M/ Ylewtolias
i=s,d
+C- hﬁm/ / HCd )||?J4[0,R]+HCZ(S)||%3[0,R])CZ57

where € # 0, and
1

1 1
g(t) = Ak M, ((1 +— leatt)llcsom ) (5(1+ -
1

ch,hos)noo) .

leat)llcop,m) + llee(t)lcop.m)

sol

sol

Proof: It can be shown that for e;;(t) and e, () we have

th Z lein(®)]l + doll D—wean(®)]?
1=s,d

—((d(Mpeo(t)) — d(Mpcep(t)))D-oRpca(t), D—zean(t))+ + (Th(t), ean(t))n

+ (D:’dcd(t) (:E‘O, t) — Dc,dcd,h (t) (1’0, t)) ed’h($0, t)

+ (fap(es(t), ca(t), co(t)) — faplens(t), can(t), con(t)), ean(t) — esn(t))n, 50
80
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where T}, (t) denotes the spatial truncation error induced by the discretization
defined by (60), and D* v.aCd(t)(wo, ) is defined by

~ 1
Dy gea®)(o,t) = 5 (d(Mh@(:cl, D)D_yealr, )+ d(Myco(zo, 1)) D—scalo, t)) .
For the first term of right hand side of (80) we have

—((d(Mpee(t)) — d(Mpcen(t)))D-zca(t), D-zeqn(t))+

< MaV2lleen(®)Inllca(t)llerpo,p | D-cean(t)ll+ (81)

1 2
< 4_62(Mdﬂ‘|ef»h(t)HhHCd(t)“Cl[O,R]) + EQHDfxedﬁ(t)”i,
where € # 0.
As
D?ciOcqy 1 e 20¢
Tilen) = (hion =) (e )8756_;+1d"(0e)<a_;) in
1 / a2cdaC€ 836d 5
430 (@) Gt + () 5 8) + Ol

where the partial derivatives are evaluated at (z;,t) and O(h2, ) is a error
term that satisfies

02,0l < C((1+llce®levom ) e llesio mlca®llesio.m+lea®llero m )

for a positive constant C' h independent.
Following the procedure used to obtain the estimate (51), it can be shown
that

(T (), €an(®) < Clits (llea(®)l2ugo o+

(1+ ee(®) 2 ee ) g oo ) )
+2¢%|[ean ()17 + 26| D_zean(t)|1%-

ac;

ox

- 1/1 1
1D acal®)(wo, )] < M (Sllee®ll o mllca®llenom + 5llcal®llcoo.m )
(83)

As —(xg,t) = 0,1 = d, ¢, we observe that
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Using the homogeneous Neumann boundary conditions for ¢, (t) and cqp(t)
at x = xy we deduce

Dc,dcd,h(t) (:L‘O, t) = 0. (84)

From (83) and Proposition 3 we get

[?’ck’dcd(t)(xo, t) — Dc,dcd,h(t)(xo, t) )ean(xo,t)
( )eanao. )

1/1 1 2
A@4(Hw(ﬂwmﬁmw@wcmﬂy+gwﬂwmﬁmm)h%

+€2R\|D—x6dh( )|

(85)

Analogously to (73), we also have

(fap(es(t), calt), ce(t)) = fap(csn(t), can(t), con(t)), ean(t) — esn(t))n

1 1 1
Jeat)leoppm) (5 (1 + -

sol

lca(®)|lcop,m) + llce(t)|lcop,r))

< 2kad, (14

sol

_|_

1 1
HCe,h(t)Hoo) (lean®lls + llesn @) + Skadllecn®)]l;

sol

= glca(t), can(t), ce(t)) (lean(®llh + llesn(®)3) + %derHee,h(t)Hi-

(86)
Finally, considering (81), (82), (85) and (86) in (80) we easily get (79).
m
If we assume that ¢, ;,(0) = Rpco, crn(0) = 0, ¢q,(0) = 0, then, from Corol-
¢ ¢

lary 3, / |can(s)||%ds is uniformly bounded in A, as well as / |l ca(s) H%o[oﬂ]ds
0 0

t
/ glwdp .
and / llco(s)||? copp,p ds. Consequently, e is uniformly bounded in
h € A and t € [0,T]. Under the assumptions of Theorem 1, we have

L/wm $)|2ds < Ch o lerl oo,

Finally, under the assumptions of Theorem 4, for € such that dy—e*(R+3) >
0, we conclude the following result:
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Corollary 5. Under the assumptions of Theorems 1 and 4, there exists a
positive constant C', h and t independent, such that

t
> lleaal®l + [ 1D-seans)ds
o 4 2 : 2 2 (87)
< Chhae (lealsozcnomy + lelaomcnomy ) + D lewn(O)IR).

i=s,d

fort e [0,T], h € A.

5. Numerical results

In what follows we illustrate the theoretical results established in this pa-
per, namely, Theorems 1 and 4 (or Corollary 5). We take ¢;;(0) = Rpci(0),
Cd,h(o) = Rhcd(O) and 057]1(0) = Rh05<0) that implies that eg,h(()) = €d7h(0) =
esn(0) = 0. The time integration of the differential systems (25), (26), (27)
is numerically performed in block using an explicit embedded Runge-Kutta
(4,5) created by Dormand and Prince called variously RK5(4)7FM, DOPRI5,
DP(4,5) and DP54 and included in the Matlab ode suite [22, 23] with the
code ode45. Let {t,,n =,0..., M} be the time grid with variable step size
less than At,,... By Cipy 0= (,d, s, we denote the numerical approximation
for ¢;(t,), i = ¢,d, s, constructed using the described procedure.

We illustrate the behaviour of the errors

n
leinlln = max - Jllef, |7 + > At||D_gel |2, fori=1¢, d, (88)

..... P
lesplln = max fleg,]ln, (89)

showing that the rates
ll€i.nlln
ate; = 5 (90)
&7,

max

for i = ¢,d, s, are approximately 2. In (90), h is obtained from h introducing
the mean point in each subinterval [x; 1, x;] defined by the vector h.

To consider differential problems with known solutions, we replace the
system of partial differential equations (11), (12), and (13), complemented
with the boundary conditions (14), (15), and the initial conditions (17),
(18), by a corresponding new problem obtained by adding in each partial
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differential equation a reaction term R;(x,t),i = ¢,d,s. These last terms
will be such that the new problems have known solutions. As the present
work deals with stability and convergence, the previous modifications do not
disturb the established results, namely, Theorems 1 and 4 (or Corollary 5).

Example 1. We start by considering a reqular C* solution

(1-

co(x, t) 1

e~
e~
ca(z, t) = tcos ( )
= 1
cs(x, t) te”" cos (ZR) + 1,

defined in (0, R) x (0,T], with R=1,T = 0.01, 7 = 225, and a = 0.75R.
In Table 1 we present the norms of the measured errors and the corresponding

)Cext +e %(RCLt)(x - a)57 x> a,

)Cext x S a,

~H- ~H<*

H homax H ||eg’h||h ‘ Ratey H ||@d7hHh ‘ Ratey H ||es,h||h ‘ Rateg H
6.25 x 1072 [[ 1.3504 x 1071 — 5.4082 x 106 — 1.8116 x 10~ —
3.125 x 1072 || 5.2621 x 102 | 1.3597 || 2.1362 x 1076 | 1.3401 || 5.2196 x 10~ 7 | 1.7953
1.563 x 1072 || 1.5601 x 1072 | 1.7536 || 6.4476 x 10~7 | 1.7282 || 1.3568 x 107 | 1.9437
7.813 x 1073 ][ 4.0923 x 103 [ 1.9310 || 1.6938 x 10~7 | 1.9285 || 3.4223 x 10~8 | 1.9872
3.906 x 1073 || 1.0275 x 1072 | 1.9937 || 4.2082 x 10~% | 2.0090 || 8.5739 x 10~7 | 1.9970
1.953 x 1073 || 2.5705 x 10~% [ 1.9991 || 1.050 x 10~ | 2.0027 || 2.1446 x 109 | 1.9993
9.766 x 10~% || 6.4279 x 1077 | 1.9996 || 2.6239 x 10~ | 2.0007 || 5.3622 x 10~ 1° | 1.9998

TABLE 1. Norm of the errors ||e; || for i = ¢, d, ||esn||n and the
corresponding convergence rates.

convergence rates for the concentration c;j fori1=4¢,s,d.

In Figure 1 we plot the logarithmic of the errors of ¢;p, fort={,d,s. The
results in Table and the corresponding plots in Figure 1 show that we can
reach the second order of convergence rate for all the concentrations when
hynaw smaller than 1073,

In the next example we reduce the smoothness of the solvent concentration
ce and, to simplify, we take a t independent ¢, concentration. In this example
our objective is to analyse the sharpness of the smoothness assumptions
imposed in the convergence results.
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_ |

§

(a) Solvent (b) Dissolved Drug (c¢) Undissolved Drug

F1GURE 1. Plot of the logarithmic of the errors and correspond-
ing convergence rate: errors (in blue), line with slope equal to 2
(in red).

Example 2. We consider the following solution

c
e—m4(x—a)4, if v > a,

ez, t) = ¢ (R—a)
0, if v < a,
T
) - en(52)
cq(z, t) e cos |57 )
cs(w, t) = te'cos (;r_]x%) +1,

defined in [0, R] x [0,T] with R =1, T = 0.01, and a = 0.75R. We observe
that c,(t) & C*0, R]. In fact this function belongs to C3[0, R].

The resulting errors and the corresponding convergence rates are presented
in Table 2. In Figure 2 we plot the logarithm of the error norms.

H himaz (approx.) H lleenlln \ Rate; H llea.rlln \ Ratey H lles.nlln \ Rate, H
3.125 x 102 [ 2.0197 x 10~2 — 8.1087 x 10~ 7 — 2.2732 x 10~ 7 —

1.563 x 1072 [/ 5.8958 x 1073 | 1.7764 || 2.4043 x 10~7 | 1.7539 || 5.8505 x 10~% | 1.9581
7.813 x 1073 || 1.5404 x 1073 | 1.9364 || 6.2919 x 10~% | 1.9340 || 1.4724 x 10~8 | 1.9904
3.906 x 103 [/ 3.8969 x 10~% [ 1.9829 || 1.5907 x 10~ | 1.9838 || 3.6869 x 10~? | 1.9977
1.953 x 10~3 [ 9.7628 x 107" [ 1.9969 || 3.9804 x 107 | 1.9987 | 9.2210 x 10~ 19 | 1.9994
9.766 x 10~* || 2.4410 x 107> | 1.9999 || 9.9459 x 10~1° | 2.0007 || 2.3055 x 10~ | 1.9998
4.883 x 10~%* 1 6.1025 x 1075 | 2.0000 || 2.4862 x 10~10 [ 2.0002 || 5.7639 x 10~ | 2.0000

TABLE 2. Errors |lejs||n for ¢ = ¢,d, s, and the corresponding
convergence rates.
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(a) Solvent (b) Dissolved Drug (c¢) Undissolved Drug

FIGURE 2. Logarithm of the errors (in blue) and line with a slope
2 (in red) for the second example.

The numerical results presented in Table 2 and plotted included in Figure
2 show that the convergence order remains equal to 2 when the smoothness
of the solutions of the differential problem s reduced.

6. Conclusions

In this paper we propose a numerical tool to solve a coupled IBVP intro-
duced in [12] to describe the drug release from a polymeric structure where a
solid drug is initially dispersed. The polymer is in contact with a solvent that
enters into the polymeric structure due to a solvent gradient concentration
inducing a set of complex phenomena that take place within the polymeric
chains. The solid drug in contact with the solvent dissolves and diffuses
trough the polymer to the exterior. At microstructure level, the polymeric
chains offer a resistance to the solvent entrance inducing a violation of Fick’s
law for the solvent transport.

The IBVP (11), (12), and (13), complemented with the boundary condi-
tions (14), (15), is nonlinear and the boundary conditions for the solvent
and drug concentrations at x = 0 are of Neumann type. These two factors
requires a non-standard stability and convergence analysis. In the proof of
the main convergence results - Theorems 1 and 4 - several assumptions were
imposed on the coefficient function a (Hy), on ¢ (Hs), on the function f (R;
and Ry) and on d (D; and Ds). In the numerical experiments presented
in Section 5, the following functions a(z) = Dy(z) — D,(z)Eg'(z), where
Dy and D, are defined by (6) and (8), respectively, and g is given by (9),
q(t,s,z,y) = Dy(y)ker(t — s)g'(z) were used. It is clear that these functions
do not satisfy all the assumptions mentioned before. Moreover, the function
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fap that defines ¢; and ¢4 was replaced by f defined by (5) that do not satisfies
the assumptions imposed to f,.

The previous remark shows that the numerical tool proposed to solve the
IBVP (11), (12), and (13), complemented with the boundary conditions (14),
(15) lead to second order approximations for ¢y, ¢q and ¢; under weaker con-
ditions on the the functions a, ¢ and f,, than those imposed in the proofs of
Theorems 1 and 4.

The numerical results obtained in Example 2, in Section 5, shows that
second order approximations for ¢y, c; and ¢s can be obtained under weaker
smoothness assumptions in these solutions. This fact shows that the con-
vergence results established in the present work may be true under weaker
smoothness assumptions for the solutions of the differential problem. In the
near future we intend to analyse the extension of the results established in
this work considering the approach followed in [2], [13] and [14].

Finally, we comment the stability result Corollary 2. In this result is estab-
lished that if Cg’h(O), @,h(O) € Brh(Rth(O)) = {?)h € Vhfo : th — Rth(O)H}L <
rn}, where 1, < Cv/ By, then (59) holds. This means that we have local sta-
bility at Rj,cs and the domain for the initial conditions is threshold dependent
20].
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