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ABSTRACT: In this paper the Riemann—Hilbert problem, with jump supported on
a appropriate curve on the complex plane with a finite end point at the origin,
is used for the study of corresponding matrix biorthogonal polynomials associated
with Laguerre type matrices of weights —which are constructed in terms of a given
matrix Pearson equation. First and second order differential systems for the fun-
damental matrix, solution of the mentioned Riemann—Hilbert problem are derived.
An explicit and general example is presented to illustrate the theoretical results of
the work. Related matrix eigenvalue problems for second order matrix differential
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are discussed.
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1. Introduction

Krein [46], 47] was the first to discuss matrix extensions of real orthogonal
polynomials, some relevant papers that appear afterwards on this subject
are [11], [41] and more recently [6]. The Russian mathematicians Aptekarev
and Nikishin [6] made a remarkable finding: for a kind of discrete Sturm—
Liouville operators they solved the scattering problem and proved that the
polynomials that satisfy

ka(x) = AkPkH(x) + kak(w) + A};_lPk_l(x), k=0,1,...,

are orthogonal with respect to a positive definite matrix measure, i.e. they
derived a matrix Favard theorem. Later, it was found that matrix orthogonal
polynomials (MOP) sometimes satisfy properties as do the classical orthogo-
nal polynomials. For example, for matrix versions of Laguerre, Hermite and
Jacobi polynomials, the scalar-type Rodrigues’ formula [35] [34] and a second
order differential equation [13, B2 33] has been discussed. It also has been
proven in [37] that operators of the form D = §?Fy(t)+ 0 Fy(t)+0° Fj have as
eigenfunctions different infinite families of MOP’s. In [3] 4] matrix extensions
of the generalized polynomials considered in [, 2] were studied. Recently,
in [5], the Christoffel transformation to matrix orthogonal polynomials in the
real line (MOPRL) have been extended and a new matrix Christoffel formula
was obtained. Finally, in 7], [§] more general transformations —of Geronimus
and Uvarov type— where also considered.



MATRIX LAGUERRE BIORTHOGONAL POLYNOMIALS 3

Fokas, Its and Kitaev [38] found, in the context of 2D quantum gravity,
that certain Riemann-Hilbert problem was solved in terms of orthogonal
polynomials in the real line (OPRL). They found that the solution of a 2 x 2
Riemann—Hilbert problem can be expressed in terms of orthogonal polyno-
mials in the real line and its Cauchy transforms. Later, Deift and Zhou
combined these ideas with a non-linear steepest descent analysis in a series
of papers [27], 28], B0, 31] which was the seed for a large activity in the field.
To mention just a few relevant results let us cite the study of strong as-
ymptotic with applications in random matrix theory [27, 29], the analysis of
determinantal point processes [24], 25| 48, [49], orthogonal Laurent polynomi-
als [51l, [52] and Painlevé equations [26], 45].

Recursion coefficients for orthogonal polynomials and its properties is a
subject of current interest. See [57, 58] for a review on how the form of the
weight and its properties translates to the recursion coefficients. Freud [39]
has studied weights in R of exponential variation w(x) = |z|” exp(—|z|™),
p > —1landm > 0. When m = 2,4, 6 he constructed relations among them as
well as determined its asymptotic behavior. The role of the discrete Painlevé I
in this context was discovered later by Magnus [50]. For a weight of the form
w(f) = exp(kcosh), k € R, on the unit circle it was found [54, [55] the
discrete Painlevé II equation for the recursion relations of the corresponding
orthogonal polynomials, see also [44] for a connection with the Painlevé I11
equation. The discrete Painlevé II was found in [9] using the Riemann-
Hilbert problem given in [10], see also [56]. For a nice account of the relation
of these discrete Painlevé equations and integrable systems see [23], and for a
survey on the subject of differential and discrete Painlevé equations (cf. [20]).
We also mention the recent paper [22] where a discussion on the relationship
between the recurrence coefficients of orthogonal polynomials with respect to
a semiclassical Laguerre weight and classical solutions of the fourth Painlevé
equation can be found. Also, in [2I] the solution of the discrete alternate
Painlevé equations is presented in terms of the Airy function.

In [17] the Riemann—Hilbert problem for this matrix situation and the ap-
pearance of non-Abelian discrete versions of Painlevé I were explored, show-
ing singularity confinement [18], see also [43]. The singularity analysis for
a matrix discrete version of the Painlevé I equation was performed. It was
found that the singularity confinement holds generically, i.e. in the whole
space of parameters except possibly for algebraic subvarieties. The situation
was considered in [19] for the matrix extension of the Szegd polynomials in
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the unit circle and corresponding non-Abelian versions discrete Painlevé 11
equations.

In [14] we have discussed matrix biorthogonal polynomials with matrix of
weights W (z) such that

e The support of W(z) is a non-intersecting smooth curve on the com-
plex plane with no finite end points, i.e. its end points occur at oc.

e Weight matrix entries were, in principle, Holder continuous, and even-
tually requested to have holomorphic extensions to the complex plane.

e The matrix of weights W(z) is regular, i.e., det [Wj+k]j,k20,...n # 0,
n € N := {0,1,...}, where the moment of order n, W,, associated

1
with W is, for each n € N, given by, W,, := 2—/Z”W(z) dz.
i
v

We obtained Sylvester systems of differential equations for the orthogonal
polynomials and its second kind functions, directly from a Riemann—Hilbert
problem, with jumps supported on appropriate curves on the complex plane.
We considered a Sylvester type differential Pearson equation for the matrix of
weights. We also studied whenever the orthogonal polynomials and its second
kind functions are solutions of a second order linear differential operators with
matrix eigenvalues. This was done by stating an appropriate boundary value
problem for the matrix of weights. In particular, special attention was paid to
non-Abelian Hermite biorthogonal polynomials in the real line, understood
as those whose matrix of weights is a solution of a Sylvester type Pearson
equation with given matrices of degree one polynomials coefficients. We also
found nonlinear equations for the matrix coefficients of the corresponding
three term relations, which extend to the non-commutative case the discrete
Painlevé I and the alternate discrete Painlevé I equations.

In this paper we do a similar study but with more relaxed conditions,
namely of Laguerre type.

Definition 1 (Laguerre type Matrix of weights). We say that a regular ma-

wah oo w@N)
triz of weights W = [ : ] e CN*N s of Laguerre type if

WD L

e The support of W(z) is a non self-intersecting smooth curve on the
complex plane with an end point at O and the other end point at oo,
and such that it intersects the circles |z| = R, R € RY, once and only
once (i.e., it can be taken as a determination curve for argz).
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e The entries WUF) of the matriz measure W can be written as

WUR(z) = > hp(2)z" logh z, z €7, (1)

mGijk

where I;;. denotes a finite set of indexes, o, > —1, pn, € N and
hm(2) is Hélder continuous, bounded and non-vanishing on ~y. Here
the determination of logarithm and the powers are taken along v. We
will request, in the development of the theory, that the functions h,,
have a holomorphic extension to the whole complex plane.

In this work, for the sake of simplicity, the finite end point of the curve ~ is
taken at the origin, ¢ = 0, with no loss of generality, as a similar arguments
apply for ¢ # 0. In [33] different examples of Laguerre matrix weights for the
matrix orthogonal polynomials on the real line are studied.

1.1. Matrix biorthogonal polynomials. Given a Laguerre type matrix
of weights as in Definition [I| we introduce the corresponding sequences of
matriz monic polynomials, the sequence of left matrix orthogonal polyno-
maals {PT';(Z)}%N and the sequence of right matriz orthogonal polynomaials

{PR(2)}, . characterized by the conditions,

1
%ka(z)W(z)zk dz = 5n7k07;1, (2)
1
— [ W (2)PX(2)dz = 6,,C, ", (3)
271 /),
for k=0,1,...,nand n € N, where C,, is an nonsingular matrix. The matrix

of weights W (z) induces a sesquilinear form in the set of matrix polynomials
CN*N[2] given by

1
(P.Qw = 5 / P(W(2)Q(2)d =, (4)
mi /),
for which {PnL(z)}neN and {P,f(z)}neN are biorthogonal
<PnL:P77R;>W:5n,mC;17 n,mEN.

As the polynomials are chosen to be monic, we can write
P;;(z) = Inz2" + ptnznfl -I—pan,z"*2 4o+ p’&m
PS(Z) = In2" + le,nZn_l + pQR,nZn_2 +oet ps,m
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with matrix coefficients p’ﬁvn,pﬁ’n c CVN k=0,...,nand n € N (imposing
that p{, = pk, = I, n € N). Here Iy € CV*" denotes the identity matrix.
We define the sequence of second kind matrix functions by

L P
@) = o [ 2w az,

Comi ), A — 2
1 PR(2)
R NnNtn /
= — [ W d

for n € N. From the orthogonality conditions and we have, for all
n € N, the following asymptotic expansion near infinity

Q;(z) = —C;l(]Nz_”_l + qﬁmz_”_2 + .. ), |z| = oo,
QR(2) = —(Ine "+ qhpz " 24 )C 0, 2] = oo.

The layout of the paper is as follows. In §2 we give a brief introduction
to Riemann—Hilbert problem for matrix biorthogonal polynomials deriving
the three term recurrence relation, discussing the Pearson—-Laguerre matrix
weights with a finite end point and introducing constant jump fundamental
matrix and the important structure matrix. Then, in §3 we give an explicit
example of Laguerre matrix weight and in §4 we apply these ideas to differ-
ential relations and eigenvalue problems for second order matrix differential
operators of Laguerre type. Then, in §5 we end the paper with the finding
of a matrix extension of an instance of the discrete Painlevé IV equation.

2. Riemann—Hilbert problem for Matrix Biorthogonal
Polynomials

2.1. The Riemann—Hilbert problem. We begin this section stating a gen-
eral theorem on Riemann-Hilbert problem for the Laguerre general weights.
A preliminary version of this can be found in [15].

Theorem 1. Given a regular Laguerre type matriz of weights W (x) with
support on v we have:
i) The matriz function

Py (2) Q5 (2)

Loy .
Y, (2) = ~Ch 1Pt (2) —ChqQE ((2)
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is, for each n € N, the unique solution of the Riemann—Hilbert prob-
lem, which consists in the determination of a 2N X 2N complexr matriz

function such that:
(RHL1): Y\(2) is holomorphic in C\ .
(RHL2): Has the following asymptotic behavior near infinity,

Vhe) = (In + f;zjw) M

ON INZ_
(RHL3): Satisfies the jump condition
In W(z)
(YnL(Z))+ — (Yr(2)) lox I ] : z € 7.
O(1) s5(2) 250 7

7 =1,2 and the O conditions are understood entrywise.
ii) The matrixz function

(RHL4): Yi(z2) = {O(l) s%(z)]) as z — 0, and lim zs5(2) = Oy,

R n
= G koo
18, for each n € N, the unique solution of the Riemann—Hilbert prob-
lem, which consists in the determination of a 2N X 2N complex matriz
function such that:

(RHR1): YR(2) is holomorphic in C \ 7.

(RHR2): Has the following asymptotic behavior near infinity,

Yf(z)::[[Nzn ON’] (Lv%-zi;ﬂzj)YZR)-

Oy Inz™"

Py (z) —Piﬂdalﬂ

(RHR3): Satisfies the jump condition
I 0
0F), = |ty 1] 07 sen

(RHR4): YR(2) = [;')f((lz)) Sg((lz))] , as z — 0, and lgré zs]R(z) = Oy,

j=1,2 and the O conditions are understood entrywise.
iii) The determinant of Y,-(z) and Y,R(2) are both equal to 1, for every
z e C.
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Proof: Using the standard calculations from the scalar case it follows that
the matrices Y- and YR satisfy (RHL1)—(RHL3) and (RHR1)-(RHR3) re-
spectively.

The entries W/* of the matrix measure W are given in (). It holds (cf. [40])
that in a neighborhood of the origin the Cauchy transform

L [ p(Q)hm(€)¢" logh™ ¢
m - d )
on(2) = 553 /7 C—2 ¢
where p(¢) denotes any polynomial in (, satisfies lim, g 2¢,,(z) = 0. Then,

(RHL4) and (RHR4) are fulfilled by the matrices Y.\, V'R, respectively. Now,
let us consider the matrix function

Gl2) = Y(2) [ON IN} YR(2) [ON _IN].

—In Oy Iy On

It can easily be proved that G/(z) has no jump or discontinuity on the curve
and that its behavior at the end point c is given by

O(1)st(2) + O(1)s5(2) O(1)sy(z) + O(US?(Z)]

G(z) = O(1)s5(2) + O(1)sR(2) O(1)s5(2) + O(1)sR(2)

z — 0,

so it holds that lim, ,yp 2G(z) = 0 and we conclude that the origin is a re-
movable singularity of G. Now, from the behavior for z — oo,

- [l o 0 I [l o fou ] _fiv 0

Oy Inz™" Oy Inz™" Iy Oy Oy In
hence the Liouville theorem implies that G(z) = oy, and the uniqueness of
the solution of these Riemann—Hilbert follow. |

—Iy Oy

Consequences of the previous result and the proof given for it follow.

Corollary 1. It holds that

GO o Ol el

that entrywise read as follows
Qu(2)Pri(2) — Pr(2)Qn_1(2) = .y, ()
Py 1(2)Qn(2) = Qu1(2)P(2) = CLy, (6)
Qn(2)Pi(2) = Py(2)Q(2) = 0. (7)
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2.2. Three term recurrence relation. Following standard arguments
we find

Al el
Vha@) = THAYHE), T = YO Gl e
—Yn N

where T denotes the left transfer matriz. For the right orthogonality, we
similarly obtain,

L6 =T, The = O e

where T denotes the right transfer matriz.
Hence, we conclude that the sequence of monic polynomials {Pk(z)}
satisfies the three term recurrence relations

2Py (2) = Pria(2) + BBy (2) + 1 Pyy(2), neN,

neN

with recursion coefficients given by 85 = pl , — p{ 4 and 75 == C,1C,_y,
with initial conditions, P, = Oy, POL = In. Analogously,

2P(2) = Bin(2) + PYE)B + Bl neN,
where 8R := C,8LCt and AR .= C,htC = C, 1 C L

2.3. Pearson—Laguerre matrix weights with a finite end point. In-
stead of a given matrix of weights we consider two matrices of entire functions,
say ht(z) and hR(z), such that the following matrix Pearson equations are
satisfied

2(WH'(2) = h-(2)WH(2), A(WH)(2) = WH(2)R"(2),  (8)

and, given solutions to them, we construct the corresponding matrix of
weights as W = WIWR. This matrix of weights is also characterized by
a Pearson equation,

Proposition 1 (Pearson differential equation). Given two matrices of entire
functions ht(z) and hR(z), any solution of the Sylvester type matriz differ-
ential equation, which we call Pearson equation for the weight,

W'(2) = W ()W (2) + W (2)hR(2), (9)

is of the form W = WEWR where the factor matrices W- and WR are solu-
tions of ().
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Given solutions W' and WR of (8), it follows immediately, just using

the Leibniz law for derivatives, that W = W WR fulfills ([9). Moreover, given
a solution W of (9) we pick a solution W' of the first equation in (g), then
it is easy to see that (W)~ satisfies the second equation in (). |

We can give the following result from the literature [59].

Theorem 2 (Solution at a regular singular point). Let the matrixz function
ht(2) be entire. Then, for the solutions of the Pearson equation we have:

i)

ii)

If AL := hY(0) has no eigenvalues that differs from each other by pos-
itive integers then, the solution of the left matrix differential equation
n can be written as

Wh(z) = H(2) 2" W,
where H(2) is an entire and nonsingular matriz function such that

HY0) = Iy, and W} is a constant nonsingular matriz.

If the matriz function A- has eigenvalues that differs from each other
by positive integers, then the solution of the left matriz differential
equation 1n can be written as

Wh(z) = H ()= WL,
where, in this case,
H'(z) = S(2)I1"(2),

and S“(2) is a finite product of factors of the form T;S-(z), with T,
a nonsingular matriz and S-(z) is a shearing matriz, i.e., a matriz

given by blocks as
I, O
L . n;

for some positive integers n;, m;, and HL(z) 1S an entire and non singu-
lar matriz function such that TI“(0) = I, A" is a constant matriz built
from the matriz A-, where the eigenvalues of this matriz are decreased
in such a way that the eigenvalues of the resulting matriz do not differ
by a positive integer and W is a constant nonsingular matriz.
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We can get analogous results for the right matrix differential equation in
and we will denote the solution as

WR(z) = WRAHR(2).

The matrix of functions z4 = e41°8% ig a matrix of holomorphic functions
in C\ v, and
(ZA), — (ZA)Jr eQm’A _ GQMA(ZA)+, z €.

We also adopt the convention that (W(z2)WR(2)), = W(z), i.e., the ma-
trix of weight is obtained from the limit behavior of the right side of the
curve 7 of the matrix function Wt(2)WR(2).

It is necessary, in other to consider the Riemann—Hilbert problem related to
the matrix of weights W satisfying (9)), to study the behavior of W (z) around
the origin. For that aim, let us consider J, the Jordan matrix similar to the

matrix A, so there exists an nonsingular matrix P such that A = PJP~1. It
holds z4 = P2/ P~! so if

J=MIn, + N1) & Nalpp, + No) @ -+ & (AL, + Ny)

where my, is the order of the nilpotent matrix N, we have that

o — M AN @y Aelng tNe oy Ly A N

where Ml N = Al 2N Tt is straightforward that zfm = 2M [, and
log? = log™+ 1 2
Nk _ Nklogz _ 2 mk—l
2k =e = I, +log 2Ny + N +---+-—-—N :
m" &2 ol Tk (my, — 1)1 F
where we have used the nilpotency of N,g = Oy for 5 > my, so we can

conclude that the entries of 24 are linear combinations of 2% with polynomials
coefficients in the variable log z. Hence, if we assume a real spectrum o(A) =
{A1,...,As} € R bounded from below by —1, A\r > —1, as well as the
regularity of the matrix weight W, it holds that this matrix of weights is of
Laguerre type and fulfills the conditions requested in Theorem [I]

2.4. Constant jump fundamental matrix. According with the above
notation and given a matrix of weights as described in (9), with spectra
o(AL) and o(AR), both real and bounded from below by —1, we introduce



12 BRANQUINHO, FOULQUIE AND MANAS

the constant jump fundamental matrices

2= vt |01 gt (10
250 = "0\ ] v (1)

for n € N.

Proposition 2. The constant jump fundamental matrices Z-(2) and ZR(z)
satisfy, for each n € N, the following properties:

i) Are holomorphic on C\ 7.

ii) Present the following constant jump condition on =y

. L
. B . (WOL)—I e—27r1A'- WOL (WOL)—l e—27r1A WOL
(7). = (2 | T O et
WR ef2m'AR(WR)71 0
R N R
(Zn (Z))+ - WSR e—2mAR(W2R)—1 WL 1 p2mi AN /L (Zn (Z>> )
for all z € .

Proof: i) The holomorphic properties of Z- are inherit from that of the
fundamental matrices Y" and z4 and taking into account that H(z) is

an entire matrix function.
ii) From the definition of Z-(2) we have

— (Vi(» (WH2))+ On
(@), = ), |V ]

and taking into account Theorem [[] we successively get
(@), - (). [ VO[O o]
= ) [ e [ R ] [T Gey]
- (@) [T OOV o)
= s [ T e

and we get the desired constant jump condition for Z-(z).
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To complete the proof we only have to check that

R 0 —IN|, L, 1] 0 Iy
i = @ | B (12)
Which is a consequence of . |

2.5. Structure matrix and zero curvature formula. In parallel to the
matrices Z5(2) and ZR(z), for each factorization we introduce what we call
structure matrices given in terms of the left, respectively right, logarithmic
derivatives by,

M(z) = (25 ()(Z52) 7", MRGz) = (Z2R:) (2R (). (13)

It is not difficult to prove that

MR(z) = — []?V _éN] ML= )[ %V I(ﬂ neN.,
Proposition 3 ([14]). i) The transfer matrices satisfy
T(2)Z(2) = Zyja (2), Zn ()T (2) = Z41 (2), neN.
ii) The zero curvature formulas
0 O] = MEA T - THRME),
v x| = TRE) MEa(2) - MEG)TEG),
N On

n € N, are fulfilled.

Now, we discuss the holomorphic properties of the structure matrices just
introduced.

Theorem 3. The structure matrices M-(z) and MR(z) are, for each n € N
meromorphic on C, with singularities located at z = 0, which happen to be a
removable singularity or a simple pole.

Proof: Let us prove the statement for M!(2), for MR(z) one should proceed
similarly. From ([13)) it follows that M\(2) is holomorphic in C\~. Due to the

fact that ZL(z) has a constant jump on the curve 7, the matrix function (Zk)/
has the same constant jump on the curve 7, so the matrix MY(2) has no
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jump on the curve ~, and it follows that at the origin M"'(z) has an isolated
singularity. From and it holds

MY(2) = (25) (=) (Z8(2))

= (N EOHE) "+ ve) [hgfj) _f?év(z)] (Vi)

where

Lo PL(2) Qn(2)
Yo(2) = [_Cnlpk_l(z) —Clebq(Z)] '

Each entry of the matrix QL(2) is a Cauchy transform of certain function
f(2), where f(2) =>,.; ¢di(2)2% log! z, ¢;(2) is an entire function, a; > —1,
p; € N, and [ is a finite set of indices.

It is clear that lim,. ,ozf(z) = 0. Now, see [40, §8.3-8.6] and [53], its

1 t
Cauchy transform ¢(z) = 5 / /(1) dt also satisfies the same property
i

lim, ,9zg(z) = 0. We can also see that lim, .9 2%¢'(2) = 0. Indeed,

2q'(2) = / (t)2 dt = /—(Z(t__t);;gt) dt+ / (tti(i))Q dt,

(t—2z)
L )zdt tf(t; f/v(tf(t))/ 4 L@ ﬁ/ﬁfi@ it

t—z t—=z
From the boundary conditions, the first term is zero and we get

[
vt
and from the definition of f we get that ¢f’(t) is a function in the class of

f, that we denote by v and, consequently, lim, .o 2%¢'(2) = 0. From these
considerations it follows,

o) oo B 8

©)
—~

—_
~—

ﬁ

=
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: 210\ _ - - R(.) _ C_
where lim,_,g 2°r;(z) = Oy, for i = 1,2, and lim,_,¢ 217 (2) = O, for ¢ = 3,4,
so it holds that

lim 2 (Y1) (2)(¥;)
O(1)rk(z) + O(1)rk(z) O(1)rt(z) + O(1)r(
O(1)r§(z) + O(1)rk(z) O(1)r5(z) + O(1)ri(

Similar considerations leads us to the result that

: L hH(z) Oy Loyt

N
~—

)

z—0

N

= lim 22 [

so we obtain that

lim 2° M (2) = Oay,
z—0

and hence the matrix function MY(z) has at most a simple pole at the
point z = 0. u

3. Duran—Griunbaum type Laguerre matrix weights

Motivated by cases considered in the literature [34], [35], B0, 37] we want to
include here an example of a Laguerre weight. In this case, we are able to
explicitly compute the residue matrix at the simple pole at the origin of the
structure matrix.

Let us consider the weight W (z) = e41* 2@ e2?, 2 € C, defined in C\ [0, +00)
with support on v = [0, +00). Here a, A, Ay € CV*V are matrices such that
[, A1] = [a, A3] = Oy, with spectrum o(a) C (—1,+00). To match with
previous developments in [33] we just need to shift each of the matrices A;
and Ay by —Iy. Accordingly, we choose

Wh(z) = eh® 22, WR(2) = 22 e2?,
It can be seen that the matrix function Z- defined by

Wh(z) 0

Z-(2) = YH(2)C(2), where C(z) = [ 0 (WR(z))|

with WH(2)WR(2) = W(z), satisfies
e Z, is holomorphic in C\ [0, +00).

e —imTa
e (&

(24 = () |7y S | over (0 450)
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—ira ,—iTa
¢ i|

3.1.0(a) C (—1,400)\N. In this case the constant jump matrix [ ™ ¢,
can be block diagonalized. For that aim we consider the matrix

P:[IN e ], such that [e_ ¢ ]P:Ple_ O].

0 elm_ e—iﬂ'a 0 ei T 0 ei7ra

So, over the interval (0, +00), we have
2P = - |7

For z € C\ [0, +00), let us define the matrix

(z) = [203 03] , (14)

z

which satisfies, over (0,400), the following jump condition

W) = @E)- |7 ]

e
Consequently, the matrix
Fy(2) = Zy(2) Py H(2)

has no jump in the interval (0,4o00). The matrix function £ has an iso-
lated singularity at the origin which, as we will show now, is a removable
singularity, i.e., lim, o 2F-(2) = Ogy. From its definition we have that

ZFL(Z) . _O(Z) Zsll_(z) _eA1Z z% On Iy e—ima Z_% 0
' - 10(2) 235(3)_ . Ow e 427 ;=5 | Oy el™ —eim 0 .2
O L(2)] [eAr? A1z ,—iTa Lo
= (Z) ZS%(Z) € 7Aez iia iiﬁa | . 0’
0(2) 2s5(2)| | O e 42#(el™ — e~ i79)

and as zs}, zs5 — Oy when z — 0 and O(z)2® — Oy, when z — 0 (be-

cause the eigenvalues of a are bounded from below by —1) we conclude that
2F,(2) = Oay, for z — 0. Hence, F-(2) is a matrix of entire functions.
Now, we want to compute F-(0) = lin% FY(2). Notice that,
zZ—r
Az Az —iTa Lo
FHO) = ) [ |

250 ON e—AQZ(eiﬂ'Oé o e—iﬁa)

where the limit of each factor inside the limit do not need to exist. Given
that o(a) C (—1,+00) \ N we first separately compute F\-(0) in the cases,
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when o(a) C (0,400) \ {1,2,...} and when o(a) C (—1,0), and then we
give F-(0) in general.
Case o(a) C (0,400) \ {1,2,...}. When all the eigenvalues of a are strictly
positive then each limit exists and
I 0
Loy — vL v Uy
Fn (O) _ Yn (O) [()N el T _ e—nra] :
Case o(a) C (—1,0). We cannot proceed as before. However, as the limit
exists, if we are able to rewrite

Az e ima L«

O — 9
n \Z ON e—Agz(eiﬂ'oz_e—iﬂ'oz) — In Z)f(Z),

in terms of two matrix factors Y*(z) and f(z), a non singular matrix, with f
having a well defined limit for z — 0, also being a non-singular matrix, we

. . ~ L L . . oL . .
can ensure that exists 1:13% Y, (z), and F,;(0) = Q% Y (2)) Q% f(2)). This
can be achieved with

~

27 On] "
YnL(Z) = YnL(Z) [ 2iTa ]X] )

]N — € VA
B i P ON eAlz eAlz e—iﬂ'a S
f(z) = _]N . eina Zoz] loN e—AQZ(eiﬂ'Oé o e—iﬂa)]
o [ Z_a eAlz eAlZ e—iﬂ'Oé
- _([N o e2i7ra) eAlz (_ eAlz T e—AQZ)(eiﬂ'Oé o e—iﬂa)za
So that,

tim £2) = |, e S| PO = VO [, Y,
250 IN _ e217ra ON ’ n n IN o teﬂ'a ON :

General case o(a) C (—1,400) \ N. | Recalling the canonical Jordan form,
we can write o = PJP~! with

g Jt On+xn-
o On-x N+ J- ’

and N* (N7) being the sum of the algebraic multiplicities associated with
positive (negative) eigenvalues and in J* (J~) we gather together the Jordan
blocks of all positive (negative) eigenvalues. We have

|:eA1z eAlz e—i7rcx P i| B |:P 0Ni| eAlz eAlZ e—im] Z'] ] |:P ON:| -1

ON e—Agz(eiTroc _ e—iﬂ'oc) ON P ON e—A2z<ei7rJ _ e—i7rJ) ON P
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with flj = P7'A;P, j =1,2. Now, as we did in the previous case, with neg-
ative eigenvalues only, we left multiply by the following nonsingular matrix

IN+ 0N+XN7 0
—J- N -1
S(2) = P On On-xn+ 2 P Oy
' Oy P On+ On+xn- In+  On+xn- Oy P ’
ON—><N+ IN— — teTrJ ON—><N+ ZJ
to get
_ T -
Int ON+XJ_V7 A1z v+ ON+XI_\ﬁ A1z e im/T 27 ON+xN—
On—ynt 277 On—xn+ 277 Oy oyt e ™7 207
P On On+ On+xn— Ay emimst Lt Ont s N P oy1—1
[ON P] 0 0 0 I —e2imd™ |© 0 —imJT I [ON P]
{ N+ Nt xN— }eAlz N=xN*t iN— N—-xNt © z
2imJ~ i i
ON*xN+ IN* _e2im IN+ ON“"X_N* e_A2Z el7\'J+ 78—17rJ+ 0N+><N—
i 0N*><N+ 27 01\]7><1V+ elm _efiTrJ, 1

which for 2 — 0 has a well defined limit, being a non-singular matrix, given by

[NJr ON*XN* ON+ 0N+><N*
|:P ON} ON—><N+ ON— 0N*><N+ eiiﬂ]_ |:P ON} -1
ON P 0NJr ON+><N.* ei”ﬁ —eiimﬁ— ON+><N* ON P )
On-xn+ In-— e?im/” On—xn+ On-
Thus,

[ Iyt Ongyn— } [ On+  On+xn- ]
A 0. 0. 3 —imJ” -1
Fr(0) =Y, (0)] 4 %] [[ on ™ Ot } [emﬁv—?—v;ﬁ Ot sen— }] [on B]

On—xn+ U
Given

My = (Z3)(20)" = () (Fp) ™+ Froe ()
as det F-(2) # 0, we know that (Fk)/(lﬂ';)*l has no singularities, while

FHA U @) = 2a | M @)

2

Consequently, ML(z) has a simple pole at the origin with
1

Mo =1 [ f N (o) o s

On —9
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3.2. @ = mIy,m € N. It can be seen that the matrix function Z- satisfies
over (0, +00) the following jump condition

@ = @) | T TR

For z € C\ [0, +00), instead of (14)), let us define the matrix

22y —s=z27 logzly
27%1]\7 ’

o) = |7 T

where log z is the branch of the logarithmic function defined in C \ [0, +00),
which satisfies, over (0, 4+00), the same jump condition

) = we)- [T R
Consequently, the matrix

Fy(2) = Zy ()97 (2)

has no jump in the interval (0,+o00). The matrix function F' has an iso-
lated singularity at the origin which, as we will show now, is a removable
singularity, i.e.,

Ly [O(2) zst(2)] [O(1) O(1) O(logz)
) = 10(2) 235(2)] {ON o1 )] [O(l) O(1) ]
_ [O(2) 4 zst(2) Of(zlogz) + zst(z) B
- |00 5 ot ) e

and as zsi, zs5 — Oy when z — 0, we conclude that zF,(z) — Oay, for

z— 0.
Hence, F}(2) is a matrix of entire functions. To compute F;,(0) notice that,

Az 1 .m Az
[e 52" log ze ]

FHO0) =T Yi(e) [§ 27 8
N

z—0

For m = 1,2,... it holds that F-(0) = Y}(0). For m = 0 the limit of each
factor inside the limit do not need to exist. As the limit exists, let us write

Az 1 Az
et lo ze ~
YnL(Z) [ON gAgz ]
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with
-1
Loy . L (log2) "' In Oy
Y, (2) =Y, (2){ —2mily logzly|
P N e
© | —2mily  logzIn| | Oy et
_ [(logz)teh® 7 e
— _ _27TieAlz —IOgZ(eAlz_e_A2z>
So that,

m )= | O ] gy syt | Oy ey
z—0 —27TiIN ON’ " " —27Ti[N ON.

Using the same kind of reasoning as above we get that, M'(z) has a simple
pole at the origin with

M-(2) = éFnL(O) l%]N WZJN] (F(0)) ™" +0(1), z— 0.

4. Eigenvalue problems

4.1. Differential relations from the Riemann—Hilbert problem. We
are interested in the differential equations fulfilled by the biorthogonal ma-
trix polynomials determined by Laguerre type matrices of weights. Different
attempts appear in the literature when one considers matrix orthogonality.
Here we use the Riemann—Hilbert problem approach in order to derive these
differential relations.

We use the notation for the structure matrices

My (2) = 2M (2), M,i(2) = 2M;j(2),
with M"(z) and MR(z) matrices of entire functions.

Proposition 4 (First order differential equation for the fundamental matri-
ces Y(z) and YR(2)). It holds that

@i || R )

o+ [ e s remie. a9



MATRIX LAGUERRE BIORTHOGONAL POLYNOMIALS 21

Proof: Equations and follows immediately from the definition of

the matrices M1(2) and MR(z) in (13). m
F?(2)
ot

We introduce the N transform, N'(F(z)) = F'(z) +

Proposition 5 (Second order differential equation for the fundamental ma-
trices). It holds that

L\ L/ 2ht + Iy On
) ) [P R (7)
Loy [N(BY) Oy _ Lyl
vt [N e | = varv,
R\ "/ 2hR + Iy On R
(YR 4 [ o oy (18)
N(RR) Oy Ry _ vRAS( TR
# ) | ) = YN D,
Proof: Differentiating in ({13)) we get
L1 A (i
ZL " ZL 1 — ( n) n n
(2 (zt) " = UL M ()
so that
B B R ML)2
Z|_ " Z|_ 1 ZL/ZL 1: MLI (—n
22)(Z0)  +(Za) (Z) = (M) +—
Now, using and (8), we get the stated result (I7). The equation (L8
follows in a similar way from definition of MR in ((13). n
We introduce the following C*V*?N valued functions
L L R R R ~
e A N Haﬂﬂ] = N,
H21n 22n H21n H22n

It holds that the second order matrix differential equations ) and ( .
split in the following differential relations

2(Pr)"+ (Pr) (2 + ) + PRN(hY) = Hy Py = Hip, Gt Py, (19)
2(Q0)" + (@) (= 20" + L) + QuN (=h >:H&MQL—H%M le 1 (20)
2(BR)" 4 (2h%+ In) (PY) + N (AP = BIHE, = B CuiHE L, (21)

(22)

2(QN)" + (=28 + In) (QF) + N (1N QR = QRHY,, — QR _,C,, IHM
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Now, we illustrate these constructions with the example discussed in § [3|.

Using the identities p}%,n = —q}mil and p}:,n = _Q}%,n—l we can get
ML
nk(z) = 22
2
B 1 Az + [pi,n, Al] +nly + % Angl + C;1A2
oz —Ch1 A1 — ACy —Asz + [p}g,n, A2] —nly — % '

Using , we obtain the second order differential equation

Z(YRL)// + (YnL)l [ ol IN—(S§2A2z]

On
L A1+%A1a+%aA1+zA12 On 1 L (%)2 On . ~rL\/
+ Yn |: On —A2—|—%A20&—|—é04142+21422i| + ZYn |: (U (g)2i| - <(Mn) (0)
+ (WS (0))2 + (5 ()N (0) + ME(O) (ML) (0) + (A1) (0))*2) Y (2)

As we have proven in § 3| for Duran—Grinbaum Laguerre type matrices of
weights, under the restriction [, A1] = |, A3] = Oy, and the spectrum of «
is contained on (—1,+00) \ N the matrix M} = (ZTLL)/(Zk)_l has a pole of
order 1 at z = 0, with residue given by

Wik = £ | 5 (o)

If we now also assume on the matrix o that o? = Ay, we get

A

(%) On (FTI;(O))_l _ ZIQN-

on (%)

We remark that as the spectrum of « is contained in (—1,+00) \ N when
|A| < 1 the £\ are admissible eigenvalues for «, and when |[A\| > 1 only
positive and bigger than 1 eigenvalues are admissible for «, and then oo = A\l.
In an analogous way we obtain for « = mIy, m=0,1,2,...

(M;(0))* = F;(0)

m2

(FL0)) " = TRCS

(3)" On

WO = Fr0) |12 s
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In both cases the second order differential equation is simplified to

Z(YnL)H + (YL)/[Q+IN+2A1Z On ] + YL [A1+A104+A12z On ]

n 0N IN_a_2A22 n ON —A2+A2a+A22z
[ Artlpp AT+ (v +a) AL+ ATz A0 -Co 1 A2 Y"(z)
o — nflA%—‘rA%Cn,l —Ag—[p}?’n,Ag]—l—(nIN—i—a)Ag—i—A%z n ’

Notice that this equation has no pole at zero as it happens in the scalar
Laguerre case. In fact, in the scalar case this equation reduces to

L\ L\/[ 1424, 2 0 L| Ai+Aja+4:°2 0
Z(Yn) + (Yn) [ 0 1—04—2A12] +Yn [ 0 — A+ A a+ A%
| A+ (nta)A+ A2z 0 L(Z)
o 0 —A1+(nta)A+A32 | T ’

as A2C1 = C 1 A3 and A; = Ay = —1/2, and so
A () T ] v L] = [0 ]
and so we get the second order equations for the {P”}neN (cf. for exam-
ple [16]) and {Q"}neN in the Laguerre case, i.e. for all n € N we have
2P'(2) — (z —a—1)P.(2) = —nP,(2),
2Qn(2) + (z —a+ 1)@, (2) = —(n + 1)Qu(2).

4.2. Adjoint operators.

Definition 2. Given linear operator L : CN*N[z] — CVN*N[2] and a matriz
of weights W, its adjoint linear operator L* is an operator such that

<L(P)7p>W - <P7 L*(P)>W7 P(z),f’(z) S (CNXN[Z]?
in terms of the sesquiliner form introduced in (|4)).

Care must be taken at this point because in this definition of adjoint of a
matrix differential operator we are not taken the transpose or the Hermitian
conjugate of the matrix coefficients as was done in [32].

Definition 3. Motiwated by and we introduce two linear opera-
tors - and €R, acting on the linear space of polynomials CN*N[z] as follows

(“(P) := 2P" + P'a"(2) + Pb-(2), £X(P):=2P" 4 aR(2)P' + (2P,

where a-(z) = 2ht + Iy, b (2) == N(hH(2)), aR(2) := 2nR + Iy, and
WR(2) == N(hR(2)).



24 BRANQUINHO, FOULQUIE AND MANAS

Proposition 6. Let us assume that the matrix of weights W do satisfy the
following boundary conditions

ZW|SO = O, ((ZW)/ — aLW) ‘go = Oy, ((ZW)/ — WaR) ’80 =0y. (23)
Here f(z |O = ILm f(z)—lig(l) f(2). Then, W satisfies a Pearson differential

equation (9) if, and only if, W satisfies the following second order matriz
differential equations

(W) = (a*W)" + bW = Wk, (24)
(W) = (WaR) + Wk = ptw. (25)
Proof: Taking derivative on (9)), we get

wr = (Y w o B ()
< z
- (- S (w e w D)+ (v e wio) S
]
< ¥

so it holds that
(W) =2W' 4 2"

hL

— oW+ ((hL)’ - h—L)W+ hL( W+ WhR>

(hLW+Wh >hR+W((hR) ZR)
:W’+bLW+WbR+;hLWhR.

But, it is easy to see that

hb)? 2 2
(a"W) = 2(h")'W + 2 gy 4 2R RR W = W 2w+ “REWRR,
z z

z
and

(h")?

(WaR)" = 2W (R + 2w ~—- -

+ %hLWhR + W' (WaF)'

2
=W + 2WbR + ZhtWhR,
Z
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and so we arrive to and ([29)).
The reciprocal result is a consequence of adding the equations ,

and using the boundary conditions (23). u

Now, we will see that these two operators are adjoint to each other with
respect to the sesquilinear form induced by the weight functions W.

Proposition 7. Whenever W satisfies (9) and the boundary conditions (23)),
we have that

= ()" (26)
Proof: By using the linearity of these operators it is sufficient to prove
(EH(PY), PRyw = (PL, (R(PR)w, nkeN.

If we omit, for the sake of simplicity, the z dependence of the integrands in
the integrals, we have

<”@DJ%W=/4$VWHWZ

v

+/(P;)’aLWP,§ dz+/P;bLWP,§ dz,
v Y

and, using integration by parts, we find

(€-(Py), PRyw = (2(PHYWPR)] .

/ (PL)’<(zWP,§)’— LWP,E)dz+ / P-MW PR d 2
= (2(PYWPR)],, — (PH((zWPR) - OLLWP;‘))‘(97

+ | PY (W PN — (a"W PY) + 6" W PY) dz.

Q\

Now, considering the boundary conditions and taking into account that

(zW PR)" = (:W)" PR+ 2 (W) (PR) + zW (P},
(a"W PY) = (a" W) P + (a" W) (P},
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we arrive to

(L~(PL), PRYy = / (W) = (a" W) + 0" W) PRA 2

P
Y
+ / P(2(zW)" —d'W)(PRY d 2 + / P-2W (PRY'd 2,
Y Y
and so

(E~(PYY, PRy = /P W (z(PR)" + a®(PY) +bR)PRd 2z, n,k €N,
Y

or, equivalently,
(- (Py) s Pow = (Pr s €X(PO))w,
which completes the proof. |

Definition 4. Let a* and aR be two N x N matrices and define the following
linear operators acting on the space of matriz polynomials CN>*N|[z] as follows

LY(P) := zP" + P'a" 4 Pat, LR(P) = 2P" + aRP' + " P.
Observe that
LY(P) =¢~(P) — Pt + Pat, LR(P) = £R(P) — b*P 4 o P,
We have the following characterization.

Theorem 4. The following conditions are equivalent:
i) LR = (EL)* with respect to the matriz of weights W'.
ii) The matriz of weights W satisfies the matriz Pearson equation (9) with
the boundary conditions as well as fulfills the constraint

(" = YW =W (a® —b%). (27)

iii) The matriz of weights W satisfies the boundary conditions as
well as

(W) — (a*W)" + oW = WaF, (28)

(W) — (WaR) + WaR = atw. (29)

Proof: From Proposition
<£L(P)?p>W = (P, ‘CR(]B»W?
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if and only if
(—=Pb- + Pat, P)y = (P, —bRP + oRP)yy,
that is takes place, and so i) is equivalent to ii).

To prove that i) is equivalent to iii) observe that, adding and , the
following holds

W = (aLW)/ + (WCLR)/,

which transforms () if we integrate requesting boundary conditions (23).
Moreover, if we subtract and we arrive directly to (27)). |

4.3. Eigenvalue problems. Now we discuss how our findings based on
the Riemann—Hilbert problem are linked with previous results by Duran and
Griinbaum [32, 33, 35, B6]. The next theorem shows when the polynomials
and associated functions of second kind are eigenfunctions of a second order
operator.

Theorem 5 (Eigenvalue problems for Laguerre matrix orthogonal polyno-
mials). Let ht and hR be degree one matriz polynomials, i.e.

ht(z) = A'2+ B, hR(2) = ARz + BR, AL AR B BR e CVF,

with Ab, AR definite negative, and W a matriz of weights a solution of (29).
subject to the boundary conditions (23). Then, the following conditions
are equivalent:

i) The operators L+ and LR are adjoint operators with respect to the matriz
of weights W, i.e. LR = (EL)*.

ii) The biorthogonal polynomial sequences with respect to W, say {P,';}HGN,
{PnR}neN, are eigenfunctions of L- and LR, i.e. there exist N x N ma-
trices, A5, AR such that

LH(Py) = APy, LY(PY) = PN,
with \-C71 = C7IAR, n e N,

iii) The functions of second kind, {Q,LL}nGN and {QS}HGN, associated with

the biorthogonal polynomials, {P};}%N and {Pﬁ}n fulfill the second
order differential equations,

2(Q)"(2) + (@) (2) (= 2hR(2) + Iy)
2(QN)"(2) + (= 20 (2) + In) (QF) (2)

eN’

@n(2) (af = 24%) = X, Qi (%),
L

_|_
+ (b =24 Q)i(2) = Qi (2) A
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Proof: The proof follows from similar arguments as in [I4, Theorem 5. m

The interpretation in terms of adjoint operators, inherits from the Riemann—
Hilbert problem the characterization for the {Q';L}n N and {Qﬁ}n N that re-
sembles the ones in (20) and (22). Moreover, Theorems [4] we see that W
in Theorem [p| can be taken as a solution of a Pearson Sylvester differential

equation like (9) and satisfying (27).

4.4. Reductions. We consider two possible reductions for the matrix of
weights, the symmetric reduction and the Hermitian reduction.

i) A matrix of weights W (z) with support on = is said to be symmetric if
(W(2)" =W(2), 2 €.
ii) A matrix of weights W (z) with support on R is said to be Hermitian if
(W ()t = W(x), r e R.
These two reductions lead to orthogonal polynomials, as the two biorthogo-
nal families are identified, i.e., for the symmetric case PR(z) = (PnL(z))T,
QR(2) = (Q!;(z))T, and for the Hermitian case, with v = R, PR(z2) =

(PT';(Z))T, QR(z) = (Q,':L(;E))Jr In both cases biorthogonality collapses into
orthogonality.
For the symmetric or Hermitian reductions we find that

R(P) = (@L(PT))T, symmetric,
R(P) = (KL(PT))T, Hermitian,

where in the last case we take x € R. Relation reads in this case
as follows

C(P)=(P")T, symmetric,
*(P) = (¢(PM)T, Hermitian,
for P any matrix polynomial and £ := ¢-.
We find that
LY(P) = (EL(PT))T, symmetric,
LR(P) = (EL(PT))T, Hermitian,

where in the last case we take x € R.
Moreover, the following are equivalent conditions
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i) Equations
LX(P)=(L(P"), symmetric, (30)
L*(P) = (L(P)T, Hermitian, (31)

are satisfied by any matrix polynomial P, where £ := L'
ii) The matrix of weights W satisfies the matrix Pearson equation

W'(2) = h(2)W(2) + W(2)(h(2))", symmetric, (32)
W' (2) = h(2)W(2) + W(2)(h(2))1, Hermitian. (33)
with the boundary conditions
W =0y, ((zW)" = 2k + In)W) | = O (34)
as well as fulfills the constraint
(a— N (W))W (z) = W(z)(a" =N (h(z)"), symmetric,
(a — N(h(2)))W(2) = W(z)(al = N(h(2))T), Hermitian,
iii) The matrix of weights W satisfies the boundary conditions as

well as
(zW(2))" — ((2h(z) + IN)W(z))/ +aW(z) = W(2)a', symmetric, (35)
(zW(2))" — ((2h(z) + IN)W(z))/ +aW(z) = W(2)a', Hermitian. (36)

For the symmetric or Hermitian reductions we take h(z) = Az+ B, with A
definite negative, and W a matrix of weights a solution of subject to
the boundary conditions (34). Then, the following conditions are equivalent:

i) Equation is satisfied.

ii) The matrix orthogonal polynomials with respect to W are eigenfunctions

of L.

iii) The functions of second kind, {Qn(z)}neN, associated with the ma-

trix orthogonal polynomials, {Pn(z)}n o [ulfill the second order differ-
ential equations, in the symmetric

Z(Qn)”<z) + (Qn)/(z) (—2h(2) + In) "+ Qu(z) (@' =2AT) = X, Qu(2),

respectively, Hermitian case

2(Q)(2) + (Qu)'(2) (~20(2) + In)T + Qu(2) (0 — 247) = X, Qu(2).
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These equivalences, excluding the one for the second kind functions (which
is new), coincide with those of [33]. Therefore, these results could be under-
stood as an extension of those obtained by Duran and Griinbaum to the non
Hermitian orthogonality scenario.

5. Matrix discrete Painlevé IV

We can consider, using the notation introduced before, the matrix weight
measure W = WWR such that

(WYY (2) = (AL + Bz + CL2H)Wh(2),
2(WRY(2) = WR(2)(Ag + Brz + Cr)2?

From Theorem |5 we get that the matrix M, = zM" is given explicitly by

(Mp)11 = Cy ' CrCy1 + (AL + Buz + CL2%) + Biag,, 1 + i, Bl
+2(Clar o1 + PLaCL) + CLagg o1 + 17, Ol + PLnClar
(My)12 = (BL+ CLz + Cuag,, + pi,CL)C,
+ C M (Br + Crz + Crpp, + 6L 1 CR),

(My)a1 = —Ch1(BL+ Crz + Clag,, o + Pl 1CL)
— (BrR+ Crz + CRle,n—l + qﬁ,n_lCR)Cn_l,
(My)22 = —=Cp1CLC, ' — (AR + Brz + Crz°) — BrPRn — Qin-1Br

- Z(CRle,n + q&,n—lcR) - CRp2R,n - qE,n—lcR - ql{,n—lcRle,n‘

From the three term recurrence relation for {P-},cn we get that pl ——

pthrl = f3; and pE,n i ntl = Bann + - where vt = C;'C, ;. Con-
sequently,

n—1
=-> 5, ZML Z%
k=0

1,j=0

In the same manner, from the three term recurrence relation for {Q }neN

we deduce that qﬁn 4oy = Br = CuBrC ! and f , —f ) = BRal , +%,
where YR = C,C; 4



MATRIX LAGUERRE BIORTHOGONAL POLYNOMIALS 31

If we consider that W = W' and WR = Iy, and use the representation for
{PYen and {QL),en in 2z powers, the (1,2) and (2,2) entries in read

(2n+ 1) Iy + AL+ CLlv iy + 7 + (87)°) + BLB,
- [piﬂl? OL]pthrl o [pE,TN CL] o [pi,m BL]’

57'”_0 - fy?%(CL(BJ; + 67%—1) + [pi,n—ln CL] + BL)
o (CL(BJE + 67'5—1—1) + [pi,rw CL] + BL)VTI;—H-

We can write these equations as follows

(2n + 1)[]\[ + AL+ CL(%H—I + ’Yn)) (CLﬁL -l- BL)BL (37)
n—1
[Zﬁk,a} Zﬁk [Z 3-8 - Zm%,cm} - [Zﬁt,BL},
1,j=0
ﬁ::a - Tn (CL(BrIZ + ﬁn—l) + BL) (CL(ﬁL + ﬁn—i—l) + BL>7n+1 (38)

__%[Zﬁk,q] B Zﬁk,q}%ﬂ

We will show now that this system contains a noncommutative version of
an instance of discrete Painlevé IV equation, as happens in the analogous
case for the scalar scenario.

We see, on the r.h.s. of the nonlinear discrete equatlons ) and (| .
nonlocal terms (sums) in the recursion coefficients 8- and ~%, all of them in-
side commutators. These nonlocal terms vanish whenever the three matrices
{AL, BL,CL} conform an Abelian set. Moreover, {A(, B., Cy, B, L} is also
an Abelian set. In this commutative setting we have

(2n + 1) Iy + AL+ CL(vE, +95) + (CLBs + BL)BE = Oy,
By — T (CL(@% + 1) + B) + (CL(@% + Bu) + BL)%%H = On.

In terms of
fn = 7 +nly + CL/Yn and M -= C1Lﬁn + BL
the above equations are

51[_““71 = _(Sn + Sn+1)7 675(571 - £n+1) = —Ynln—1 + Vn+1fnt1-
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Now, we multiply the second equation by u,, and taking into account the first
one we arrive to — (&, + §ur1)(§n — Ent1) = —Valbn—1Hn + Vnr1fnpint1, and so

n+1 5 = Tn+1MnMn+1 — Vnln—1M4n-

Hence,

£n+1 50 = Tn+1HnHn+1 and 7%:“71 = _(gn + €n+1) (39)

coincide to the ones presented in [12] as discrete Painlevé IV (dPIV) equation.
In fact, taking v, = pu ! we finally arrive to

CL(&ns1 — AL/2 — nly)

n+1 gO

UnVn+1 = g

En + Ent1 = (CL_lBL—CL_ v, >V;1.

If we take B = 0 in then p, = C AL, and so (BL)2CL = — (& + &np1).
Now, taking square in the first equation in (39) we get

(fn + fn—i—l) (gn—kl + §n+2) = ((€n+1 - AL/Z - nIN)i1 (fn—i—l 50)) )

which is an instance of dPIV by Grammaticos, Hietarinta, and Ramani (cf. [42]).
Thus, and for B = On may be considered as non-Abelian exten-
sion of this instance of dPIV.

Theorem 6 (Non-Abelian extension of the dPIV). When B = Oy, the
following nonlocal nonlinear non-Abelian system for the recursion coefficients

15 fulfilled
(2n+ 1) In + AL+ CL(vs g +75)) + CL(BE)?

= [niﬁk,q} zn:ﬁk— [Zﬁ B; - Zm&,q}

1,j=0

Br =1 (CL(By + By_1)) + (CL(B; + 5n+1))%+1

-]+ [- Tl
k=0

Moreover, this system reduces in the commutative context to the standard
dPIV equation.
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