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ABSTRACT: We derive sharp regularity for viscosity solutions of an inhomogeneous
infinity Laplace equation across the free boundary, when the right hand side of the
equation does not change sign and satisfies a certain growth condition. We prove
geometric regularity estimates for solutions and conclude that the free boundary
is a porous set and hence has zero Lebesgue measure. Additionally, we derive a
Liouville type theorem. When the right hand side is comparable to power function
of degree three, we show that if a non-negative viscosity solution vanishes at a point,
then it has to vanish everywhere.
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1. Introduction

Reaction-diffusion equations arise naturally when modeling certain phe-
nomena in biological, chemical and physical systems. In this paper we study
reaction-diffusion equations for infinity Laplacian, which despite being too
degenerate to realistically represent a physical diffusion process, has been
studied in the framework of optimization and free boundary problems (see,
for example, [3], [10], [12, 13, [14], just to cite a few). More precisely, we
establish regularity and geometric properties of solutions of the problem

Asu = f(u) in £, (1.1)
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where 2 C R", f € C(R,) and
f(ot) > M& f(¢) > 0, (1.2)

with M > 0, € [0,3), t > 0 bounded, and 6 > 0 small enough. Additionally,
we assume that
f is non-decreasing or inf f > 0. (1.3)

Here, R, is the set of non-negative numbers, and the infinity Laplacian is
defined as follows:

Asu(x) == Z U, U Uz
ij=1
with u,, = Ou/0x;. Note that the continuity of f provides that f(u) is
bounded once u is bounded. Note also that ([l.2) is quite general in the
sense that it needs to hold only for ¢ close to zero. For example, it holds
for functions that are homogeneous of degree . Condition () is needed
to guarantee the comparison principle. Solutions of (|L.1)) are understood in
the viscosity sense according to the following definition:

Definition 1.1. A function u € C(2) is called a viscosity super-solution
(resp. sub-solution) of (), and written as Au < f(u) (resp. >), if
for every ¢ € C*(Q) such that u — ¢ has a local minimum at zg € Q, with
o(xo) = u(xg), we have

Ascd(z0) < f((x0)).  (resp. =)
A function u is called a viscosity solution if it is both a viscosity super-solution
and a viscosity sub-solution.

The infinity Laplace operator is related to the absolutely minimizing Lips-
chitz extension problem: for a given Lipschitz function on the boundary of a
bounded domain, find its extension inside the domain in a way that has the
minimal Lipschitz constant, [1]. It is known (see [[7]) that such function u has
to be an infinity harmonic one, i.e. Ay u = 0 (in the viscosity sense). The
regularity issue of infinity harmonic functions received extensive attention
over the years. As was shown in [5], the infinity harmonic functions in the
plane are C1%, for a small « (it is conjectured that the optimal regularity
is Cl’%). In higher dimensions infinity harmonic functions are known to be
everywhere differentiable (see [0]).

As for the inhomogeneous case of A, u = f, it is known that the Dirichlet
problem has a unique viscosity solution, provided f does not change sign
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(see [9]). Moreover, as was shown in [§], for bounded right hand side, the
Lipschitz estimate and everywhere differentiability of solutions remain true.
The case of f not being bounded away from zero, mainly, when f = u] , where
uy = max (u,0) and v € [0,3) is a constant, was studied in [2] (dead-core
problem). The authors show that for such right hand side (strong absorbtion)
across the free boundary 0{u > 0} non-negative viscosity solutions are of

class C77. The denominator 3 — v is related to the degree of homogeneity
of the operator, which is three, i.e., Ay (Cu) = C3A u, for any constant C.
Note that for v € (0,3) this regularity is more than the conjectured C’l%,
i.e., we obtain higher regularity across the free boundary. This result allows
to establish Hausdorff dimension estimate for the free boundary d{u > 0}
and conclude that it has Lebesgue measure zero.

Our strategy is the following: by means of a flattening argument, we show
that across the free boundary 0{u > 0} N non-negative viscosity solutions

of () are of class C77 7, when () holds. This result is sharp in the sense
that across the free boundary non-negative viscosity solutions grow exactly
as 777 in the ball of radius r. We also analyze the borderline (critical)
case, that is, when v = 3. Unlike [2], f is not given explicitly, which makes it
harder to construct a barrier function - needed for our analysis. Nevertheless,
we are able to show that if f is comparable to power function of degree three,
(which is also the degree of the homogeneity of the infinity Laplacian), then
(IL.1) has a viscosity sub-solution whose gradient has modulus separated from
zero. We use this function to build up a suitable barrier to conclude that if
a viscosity solution vanishes at a point, it has to vanish everywhere.

The paper is organized as follows: in Section ?5 we prove an auxiliary re-
sult (flattening solutions) (Lemma which we use in Section B to derive
the main regularity result (T heorem . and as a_consequence, in Sec-
tion W, we obtain Liouville type theorems (Theorem Y.1| and Theorem @
In Section [, we prove several geometric measure estimates (Theorem p.1
(non-degeneracy) and Corollary (porosity)), and conclude that the free
boundary has Lebesgue measure zero (Corollary p.2). In Section E: for f
comparable to power function of degree three, we show that the only non-
negative viscosity solution that has zero, is the function that is identically
zero (Theorem 6.1)).
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2. Preliminaries

In this section we list some preliminaries, as well as prove an auxiliary
lemma for future reference. We start by the comparison principle, the proof
of which can be found in [4, 9].

Lemma 2.1. Let u, v € C(Q) be such that
Asu— f(u) <0, Ajv— f(v) >0 in Q
in the viscosity sense, and [ satisfy () If u>wv on 0, then u > v in €.

The comparison principle, together with Perron’s method leads to the fol-
lowing result (for the proof we refer the reader to [4], for example). In fact,
existence of solutions can be shown even without directly applying the com-
parison principle, as it was done, for example, in [11, Theorem 3.1].

Theorem 2.1. If Q@ C R" is bounded and ¢ € C(0R) is a non-negative
function, then there is a unique and non-negative function u that solves the
Dirichlet problem

{Aoou = f(u) in Q, 2.1)

u = on 0f)
in the viscosity sense.

The following auxiliary lemma is a variant of the flatness improvement tech-
nique introduced in [2, 15, 16] to study the regularity properties of solutions
of dead-core problems.

Lemma 2.2. Let g € L™(By) N C(By) be a non-negative function. For any
given | > 0 there exists a constant k, = k(p,n) > 0 such that if in B a
continuous functions v, which vanishes at the origin and v € [0, 1], satisfies,
1m viscosity sense,

Aot — /fﬁg(v) =0

for 0 <k < Ky, then

Proof: We argue by contradiction assuming that there exist p* > 0, {v; }ien
and {k;}ien with v;(0) =0, 0 <wv; < 1, in By satisfying in viscosity sense to

AooUi - ’%fg(vz) =0
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where x; = o(1), while
supv; > p*. (2.2)
Byjo
By local Lipschitz regularity (see [8, Corollary 2], for example), the sequence
{v;}ien is pre-compact in the C%( By /1). Hence, by Arzela-Ascoli theorem, v;
converges (up to a subsequence) to a function vy locally uniformly in By /s.
Moreover, v,(0) =0, 0 < v5 < 1 and Ay vy = 0. The maximum principle
for the infinity harmonic functions then yields v = 0, which contradicts to
() once i is big enough. m

The following definition is for future reference.

Definition 2.1. A function u is called an entire solution, if it is a viscosity
solution of () in R™.

We close this section by reminding the notion of porosity.

Definition 2.2. The set E C R" s called porous with porosity o, if there is
R > 0 such that Vo € E and Vr € (0, R) there exists y € R" such that

B,.(y) C B,(x) \ E.

A porous set of porosity ¢ has Hausdorff dimension not exceeding n — co”,
where ¢ > 0 is a constant depending only on dimension. In particular, a
porous set has Lebesgue measure zero (see [17], for instance).

3. Regularity across the free boundary

In this section we make use of Lemma @ and derive regularity result for
viscosity solutions of () across the free boundary 0{u > 0}.

Theorem 3.1. If u is a non-negative viscosity solution of (), where f
satisfies (), and xg € 0{u > 0} N, then there exists a constant C > 0,
depending only on 7y, ||u||s and dist(zq, 02), such that

u(x) < Cle — xo\ﬁ
for x € {u > 0} near z.
Proof: The idea is to use an iteration argument and carefully choose sequence

of functions that allows to make use of the Lemma . Observe that without
loss of generality, we may assume that zo = 0 and B; C €.
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For p = Q_ﬁ, let now x, > 0 be as in Lemma . We then construct the
first member of the sequence by setting
wi(x) == Tu(pxr) in By,

where

r:=min {1, |ul|'} and p:= FouT T
Note that T = k277, wi(0) = 0 and in w; € [0,1]. Since u is a viscosity
1.1)

1
solution of ([L.1]), then

Aoy (x) = 7°p" f (7w () = 0
or, equivalently,
Aswi(z) — /iiT’yf(T_lwl(a:)) = 0. (3.1)
From () we have for 0 < 7 < dy, for §y small enough
0 < 77 f(r 7 wn) < M f(wn),

hence g(wy) = 77 f(77'w;) is bounded. Otherwise, if §o < 7 < 1, g remains
bounded. Then from Lemma P.2, we obtain

For 7 € N, we then define

w;(x) = 2_%101;1(2_11:).
and observe that w;(0) = 0, w; € [0,1] and w; satisfies (Ell) Hence, once
again applying Lemma 2.2, one gets

_ 4
supw; < 2737,
By o

or in other terms,

_9_4
supw;_1 < 2 23*"/.
B4

Continuing this way, for w; we obtain

4
supw; < 27'37. (3.2)
B,

Next, for a fixed 0 < r < £, by choosing 7 € N such that

2—(i+1) < f S 2—2'7

p
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and using (), we estimate
1

supu < sup u =T = Sup wi
B, B B

p2~t p2—t
- 4 4 . 4
< 727 =25l

4

_4
S (7_—12p—1)3—'y ,r.ﬁ
= CT%.
|

Geometrically Theorem B.1] means that no matter how “bad” the function
w is in {u > 0}, it touches the free boundary d{u > 0} smoothly. In other
words, a non-negative viscosity solution of (h) may have cusp singularities
in its positivity set, and yet it is smooth near its free boundary.

4. Liouville type results

Despite the regularity information being available only across the free
boundary, it is enough to derive the following Liouville type theorem.

Theorem 4.1. If u is an entire solution, () holds and u(xy) = 0 for a
ro € R"™ with

u(z) =o <|x\3fv> . as |z| — oo, (4.1)
then u = 0.

Proof: Without loss of generality we may assume that zop = 0. For k£ € N,
set

;4
up(x) = k¥ u(kx), =z € By,
where Bj is the ball of radius one centered at the origin. Note that u;(0) = 0.
Since u is an entire solution, for x € B; one has

Avottg () — kT f (ks“wuk(@) — 0.
Also, from () we have
0 <k f (K5 7ue()) < M7 f(u(x))
From Theorem , we then deduce that if x; € B, is such that

ug(zy) = Sup ug,
By
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where r > 0 is small, then in B, one has
lugllo = 0, as k — oo, (4.2)

In fact, if |kxy| remains bounded as k — oo, then applying Theorem to
ug we obtain

wp(zr) < Cilaw]77, (4.3)

where C; > 0 and C; — 0. This implies that u(kzy) remains bounded as
k — oo, and therefore ui(zr) — 0, as k — oo, and (4.2) is true. It remains
true also in the case when |kxy| — oo, as k — oo, since then from () we
get

ug(zy) < |kxk\_ﬁk_ﬁ — 0, as k — oc.
Now, if there exists y € R" such that u(y) > 0, by choosing k£ € N large
enough so y € By, and using (@) and (4.3), we estimate

uy) _ o) wla) ()
o7 B el 2yl

U

which is a contradiction. ]

In fact, once the comparison principle holds, the condition () can be

weakened in the following sense (Theorem below). Let zyp € R™ and
r > 0 be fixed, and let u > 0 be the unique solution of (R.1) in B,(xy) with
© = a, > 0 constant, guaranteed by Theorem P.1|. Note that u is a viscosity

sub-solution of

Axv =] in B(x),
{ v=a, on JdB(xg), (44)
where
A= MpBTTf(B), (4.5)

and 8 > ||u||« is a constant big enough so () holds. Then the condition
4.1) can be weakened and substituted by

lim sup — &) <A(3_—7)4)) - , (4.6)

200 |7 — 2|77 64(1 +

where A is defined by (E), and Theorem can be improved to the followin
variant (see Theorem Y.2 below). The choice of the right hand side of (@g);
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comes from the explicit structure of the unique solution of (@), which, as
observed in [2], is given by

o(z) =T (y:c—xoy o (%)) (4.7)

_|_
where

(%) 48

Theorem 4.2. Let (), () hold. If u is an entire solution and satisfies
(@), then u = 0.

PTO?@ODCG r > 0 is large enough, then (@) guarantees, with T > 0 defined
by (#.8),

sup —— < 07,
0B, T3-7

for some 6 < 1. On the other hand, using ([l.2), one has that the unique
solution of (Q), with a,, = sup wu, given by ([417]), is a viscosity super-

aBT(LC())
solution of () The comparison principle, Lemma El], then implies that
u < v in B,(xg). Letting r — oo, we conclude that u = 0. u

Remark 4.1. As can be seen from (@), the plateau of v, i.e., the set {v = 0},
is the ball Bg(xy), where

3=

Qr\ 4

Since 0 < u < v, the plateau of u contains the Br(zy).
Remark 4.2. Note that the inequality (@) has to be strict. For example, if
w(z) = T|w — 29|77

then

lim sup w(w) =T,

|x]—00 ‘iL‘ — Z’o‘%

but w is not identically zero.
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5. Non-degeneracy and porosity

In this section we show that the result of Theorem is sharp in the sense
that across the free boundary non-negative viscosity solutions of () grow

exactly as ri in the ball B,, for r > 0 small enough. As a consequence,
we conclude that the touching ground surface is a porous set, which implies
that it has Hausdorff dimension less than n, and so its Lebesgue measure is
zero (see [L7]). We start by the following non-degeneracy theorem.

Theorem 5.1. Let (), () hold. If u is a non-negative viscosity solution
of (IL.1)), then there exists a universal constant ¢ > 0, depending only on
dimension and v, such that

4
sup u > cri3-v,
B.(x0)

where xg € {u >0} NQ and 0 < r < dist(zg, 02).

Proof: Since u is continuous, it is enough to prove the theorem for points
zo € {u > 0} NQ such that u(xg) > 0. Set

_4
v(z) == clx — xo|37,

with a constant ¢ € (0,7), where T > 0 is defined by (@) Using (),
direct computation reveals that the choice of ¢ makes v a viscosity super-
solution of () in B,(zg), where r > 0 is such that B,(x¢) C Q. If v > u
on 0B,(xg), then the comparison principle, Lemma R.1, would imply v > u
in B, (xg), contradicting to the fact that 0 = v(zy) < u(xy). Hence, there is
a point y € 0B,.(xg) such that v(y) < u(y). We then estimate

4

sup u > u(y) > v(y) = cr3—.
Br(wo)

|
As a consequence, we obtain that the free boundary is a porous set, there-

fore it has Hausdorff dimension strictly less than n, hence its Lebesgue mea-
sure is zero.

Corollary 5.1. Let (), () hold. If u is a bounded non-negative viscosity
solution of (L.1]), then 0{u > 0} is a porous set.

Proof: Let x € 8{u > 0} and y € B,(z) be such that

u(y) = sup u.
B, (x)
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By Theorem , u(y) > cra. On the other hand, Theorem B.1| provides
u(y) < Cld(y)]*,
where d(y) := dist (y,0{u > 0}). Therefore,

e\ 8

(&) " r=dw

Hence, if o := % (%)T, one has
Bosr(y) C {u > 0}.
We now choose € € (0,1) such that for the point z := £y + (1 — )z we have
|y — z| = or. Then
Byy(2) C Baor(y) N By (2).
Moreover, we have
Baor(y) N By(x) C {u > 0},

which together with the previous inclusion implies

Boy(2) C Baor(y) N By(x) € By(x) \ {u > 0},
that is, the set 0{u > 0} is porous with porosity o. |
Corollary 5.2. If (), () hold, and u is a wviscosity solution of (),

then Lebesque measure of the set 0{u > 0} is zero.

6. The borderline case

Although, in general, one cannot_expect more than C%® regularity for
viscosity solutions of (), Theorem B.1| provides higher and higher regularity
across the free boundary, as v € [0,3) gets closer to 3. In this section we
analyze the limit case of v = 3. The scaling property of the operator plays an
essential role here, as v = 3 is also the degree of homogeneity of the infinity
Laplacian, meaning that A, (Cu) = C?Ayu, for any constant C. Observe
that Theorem 3.1 cannot be applied directly, since the estimates deteriorate
as 7 — 3. Our first observation states as follows.

Lemma 6.1. Let () hold. If u is a non-negative viscosity solution of ()
with v = 3, then its every zero is of infinite order.
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Proof: This is a consequence of Theorem . To see that it is enough to
rewrite (), for v =3, as

F(68) > Mso* P f(¢),

where M; := Mé” and 8 > 0. An application of Theorem with M = M;
leads to the conclusion that if u(z) = 0 for z € Q, then D"u(z) = 0, Vn €
N. |

Furthermore, we show that in a particular case, when f is comparable to
power function of degree three, i.e., for constants N > M >0

N&f(t) > f(5t) > M&f(t) >0, (6.1)

with ¢ > 0 bounded and ¢ > 0 small, if a non-negative viscosity solution of
() vanishes at a point, then it must vanish everywhere. In the particular
case, when N = M, f is homogeneous of degree three, that is, f(t) = M.
This case was studied in [2], where by means of a suitable barrier function,
was concluded that if non-negative viscosity solution vanishes in an inner
point, then it has to vanish everywhere. Unlike [2], our function f is not
given explicitly, which makes the construction of a suitable barrier function
more complicated. Observe that (El]) implies f(0) = 0, hence inf f = 0, so
to use the comparison principle, we need to assume that f is non-decreasing.

Theorem 6.1. Let u be a non-negative viscosity solution of (), where f
is non-decreasing and satisfies (6.1)). If {u =0} N Q #£ 0, then u = 0.

Proof: We argue by contradiction, assuming that there is x € {2 such that
u(x) =0, but u(y) > 0 for a point y € Q. Without loss of generality we may
assume that

r:=dist (y,{u=0}) < %Odist (y,00).

We aim is to construct a sub-solution of () which stays below u on 0B, (y).
Let w be an infinity sub-harmonic function in B,(y) such that |[Vw| > n
for n > 0 constant to be chosen later. Such function can be built up as a
limit, as p — o0, of p-super-harmonic functions with modulus of gradient
separated from zero by 1. We refer the reader for details to [[7].
Now if g is a smooth function and v = g(w), direct computation reveals
that

Asv = [g' (w)]° A + [¢ (w))* ¢ (w)|Vw|*.
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Thus, for g(t) = e + ¢,
2
Ascv > [g'(w)]” g" (w)|Vwl*, (6.2)

since ¢’ > 1 and A w > 0. Also g” > e~ I*l~ > 0, and (@) yields (recall
that |Vw| > n)
Asov > pum, (6.3)

where p:= e~ I¥l~ > 0. Choosing

n > — max f,
1 [0,][v]lso]

from () we obtain
A v — Nf(v) > Ajv — pun >0,

i.e., v is a sub-solution of () The latter together with () gives, for any
small constant > 0,

Aso (0v) = f (v) = 6% (Av = N f(v)) = 0,

that is, the function dv is also a sub-solution of () We choose ¢ > 0 small
enough to guarantee

v(z) <wu(zx), x € dB(y),
and by the comparison principle, Lemma ,
() <u(z), =€ B.(y). (6.4)
Observe, that writing the lower bound of () as
f(3t) > M&a*f(t),
and applying Theorem with M = M§ , we arrive at

sup u < Cd*, (6.5)
Bd(z)
where z € 0B, (y) N 0{u > 0}, and d > 0 is small. In fact, we choose
0<d< <f—c *. Using the fact that Vou| = ¢'|Vw| > n, recalling (@) and

(@) and the choice of d, we estimate

ond < sup Slv(x) —v(z)| < sup dv < sup u < Cd* <

1
—ond,
Bd(z) Bd(z) Bd(z) 4

which is a contradiction. ]
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Remark 6.1. Note that in order to use the reqularity result across the free
boundary, the barrier arqgument forces the right hand side to be comparable
to power function of degree three. In that sense, condition () cannot be
broadened, and Theorem |6.1 is optimal.
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