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1. Introduction

A Sasakian manifold M is a contact metric manifold that satisfies a nor-
mality condition, encoding the integrability of a canonical almost complex
structure on the product M x R. Several equivalent characterizations of this
class of manifolds, in terms of Riemannian cone, or transversal structure, or
curvature, are also known. In particular one can show that an almost contact
metric structure (g, ¢, &, n) is Sasakian if and only if the covariant derivative
of the endomorphism ¢ satisfies

(Vx@)Y —g(X,Y)E+n(Y)X =0, (1)

for all vector fields X,Y € I'(T'M). A relaxation of this notion was intro-
duced by Blair, Showers and Yano in [2], under the name of nearly Sasakian
manifolds, by requiring that just the symmetric part of (1) vanishes. Later
on, several important properties of nearly Sasakian manifolds were discovered
by Olszak ([6]). Nearly Sasakian manifolds may be considered as an odd-
dimensional analogue of nearly Kéahler manifolds. In fact, the prototypical
example of nearly Sasakian manifold is the 5-sphere as totally umbilical hy-
persurface of S% endowed with the almost contact metric structure induced
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by the well-known nearly Kéhler structure of S°. Nevertheless, in recent years
several differences between nearly Sasakian and nearly Kahler geometry were
pointed out. In particular, in [3] it was proved that the 1-form 7 of any nearly
Sasakian manifold is necessarily a contact form, while the fundamental 2-
form of a nearly Kahler manifold is never symplectic unless the manifold is
Kahler. A peculiarity of nearly Sasakian five dimensional manifolds which
are not Sasakian is that upon rescaling the metric one can define a Sasaki-
Einstein structure on them. In fact one has an SU(2)-reduction of the frame
bundle. Conversely, starting with a five dimensional manifold with a Sasaki-
Einstein SU(2)-structure it is possible to construct a one-parameter family of
nearly Sasakian non-Sasakian manifolds. Thus the theory of nearly Sasakian
non-Sasakian manifolds is essentially equivalent to the one of Sasaki-Einstein
manifolds.

Concerning other dimensions, there have been many attempts of finding
explicit examples of nearly Sasakian non-Sasakian manifolds until the recent
result obtained in [4] showing that every nearly Sasakian structure of dimen-
sion greater than five is always Sasakian. This result depends on the early
work [3] by the first and third authors, which in turn draws many properties
proved in [6]. This makes the proof to be spread over several different texts
with different notation.

The aim of this note is to provide a complete and streamlined proof of
the aforementioned dimensional restriction on nearly Sasakian non-Sasakian
manifolds. We will also pinpoint where the positivity of the Riemannian
metric is used. For this purpose we work in the more general setting of
pseudo-Riemannian geometry. We will always assume that the metric is
non-degenerate.

This paper was written on occasion of the conference RIEMain in Contact,
held in Cagliari (Italy), 18-22 June 2018.

2. Preliminaries

2.1. Tensor calculus notation. In this section we review the notation for
the tensor calculus we use throughout the paper.
Given a permutation o € X, we will denote by the same symbol the (g, q)-

tensor TM®4 — TM*? defined by 0(X; ®---® Xy) = Xo11) @ - @ Xp1(y).
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Let V be a covariant derivative. It is easy to show that Vo = 0. If T is an
arbitrary (p, ¢)-tensor, then VT can be considered as a (p, ¢ + 1)-tensor. We
define recursively the (p, q¢ + k)-tensors V*T by VAT .= V(V*T).

We will use the following convention regarding the arguments of V*T

(V) (X1 @ Xyn) o= (Vi D) (X1 @ - @ Xy,

Given Ty and Ty of valencies (p1,q1), (p2,q2), respectively, and such that
q1 > p2, we define the tensor Ty o Ty of type (p1,q1 — p2 + go2) by

(T1 o TQ)(Xl, .. 'qu—pw}/l? .. YZD) == Tl(Xl, . ,qu_pz,TQ(Yi, PN 7Y;]2))'

Note that with our convention for VT, if T7 and T5 are tensors of valencies
(p1,q1) and (p2, g2) respectively, then

Vi oT) =V T+ (Ti @ VIz)o (¢ +1,...,2,1),

where we used the cycle notation for permutations, as we will do throughout
the paper. Moverover, one has

V(TloTQ)ZVT10T2+T10VTQO(Q1—p2+1,...,2,1). (2)

Of course if ¢ = po, then we get just V(11 0 Ty) = (VT1) o Ty + T1 o (VTh).
Suppose Tp = o is a permutation in ;. Then (2) should be used with
caution since in the term V7T o o, we have to consider ¢ as an element
of Y,, not as an element of X, 1. Let us denote by s the inclusion
into 3,41 defined by s(o)(i) = o(i — 1)+ 1,7 > 2, s(o)(1) = 1. Then
V(T oo) =VTos(o). In the computations below, we will always substitute
o with s(o) when needed, so that if in the composition chain the tensor T of
type (p, q) is followed by a permutation o then o is always in 3.

.....

2.2. Nearly Sasakian manifolds. The definition of Sasakian manifolds
was motivated by study of local properties of Kahler manifolds. Namely, a
Sasakian manifold is an odd dimensional Riemannian manifold (M, g) such
that the metric cone (M x R, tg + dt?) is Kihler. Sasakian manifolds can
also be characterized as a subclass of almost contact metric manifolds.

Definition 2.1. An almost contact metric manifold is a tuple (M?", g, ¢, €, 1),
where

1) g is a Riemannian metric;

2) ¢ is a (1, 1)-tensor;
3) £ is a vector field on M;
4) nis a 1-form on M
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such that
7) 2= _Id+¢®@n

i) n(X) = g(X.€), 9(£,§) = 1;
i1i) ¢ is skew symmetric, i.e. go (¢ ®Id) = —go (Id ® ¢).

From the definition it follows that ¢¢ = 0 and no ¢ = 0.
By [1, Theorem 6.3] the following can be used as an alternative definition
of Sasakian manifolds.

Definition 2.2. A Sasakian manifold is an almost contact metric manifold
(M,g,¢,€ n) such that

(Vx9)V = g(X,Y)§ —n(Y)X. (3)

Nearly Sasakian manifolds where introduced in [2] as a generalization of
Sasakian manifolds by relaxing the condition (3).

Definition 2.3. A nearly Sasakian manifold is an almost contact metric
manifold (M, g, ¢, &, n) such that

(Vxo)X = g(X, X)§ — n(X)X. (4)
By polarizing at X the condition (4) can be restated in the form
(Vo —E@g+n@Id)(1+(1,2) =0. (5)

As explained in the introduction, we will work in the more general setting
of pseudo-Riemannian geometry. The definitions of nearly pseudo-Sasakian
and pseudo-Sasakian manifolds are the same as above with only distinction
that now ¢ is a pseudo-Riemannian metric.

We start with establishing some simple properties of nearly pseudo-Sasakian
manifolds. In the case of nearly Sasakian manifolds they were proved in [2].

Proposition 2.4. If (M, g, $,&,n) is a nearly pseudo-Sasakian manifold then

i) for any vector field X, the vector field V x& is orthogonal to &, equiva-
lently n o V& =0;
i) Ve& =0 and Ven = 0;
i) the operators Ve¢ and ¢ o Ve are skew-symmetric and anticommute
with ¢;
w) Vep = p(¢+ VE) and ¢+ VE+ po Vep = 0.
v) (VE?2 +1d — @ n = (Ved)?: = (¢Ved)?, in particular, (VE)* commutes
with ¢;
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vi) & is a Killing vector field or, equivalently, V& is a skew-symmetric oper-
ator;
vii) dn = 2Vn = —2g o VE.

Proof: Applying Vx to 1 = g(&,€), we get

0=g(Vx&,§) +9(&, VxE) = 29(Vx&, §) = 2(no VE)(X),

which is equivalent to Vx& L &.

To show that V¢& = 0, we proceed as follows. First we substitute X = ¢
in (Vx¢)X = ¢g(X,X){ —n(X)X and obtain (Vep)é = 0. As ¢ = 0, this
implies ¢(V¢&) = 0. Therefore

0= ¢*(Ve€) = —Ve& +n(Veg)E.

Since n o V& = 0, the above equation implies

Vel =n(Ve)E =0, Ven=Ve(go((®Id)) =go (Ve ®Id) =0. (6)

To see that V¢¢ is skew-symmetric it is enough to apply V¢ to the equation
go(¢p®Id+1d® ¢) = 0. To show that V¢¢ anticommutes with ¢ we apply
V¢ to the equation ¢* = —Id + £ ® n and use V€ = 0, Ven = 0. Now, that
®V @ is skew-symmetric and anticommutes with ¢ follows from the following
computation

9(@0(Vep) X, V) = —g((Veg) X, 9Y) = g(X, (Ved)oY) = —g(X, (¢V9)Y)
¢(PVed) = —d((Veg)9) = —(¢Vo)o.

Next we show that Ve¢ = ¢(¢+VE). First we polarize (Vx¢) X = g(X, X)E—
n(X)X with respect to X, and get that for any two vector fields X and Y

(Vx@)Y + (Vy9)X =29(X, Y)§ = n(X)Y —n(Y)X. (7)
Taking Y = £ in the above equation, we obtain
(Vx)e + (Ved) X =n(X)E — X = ¢°X. (8)

As € = 0, we have (Vx@)§ = Vx () —d(Vx§) = —d(Vx§) = —(¢oVE) X,
Thus (8) can be rewritten as Ve = ¢(¢ + VE). Now since no ¢ = 0 and
no V& =0, we get

$poVehp= ¢ (¢p+VE) =~ +E@ (no¢) — VE+E® (noVE) = —p — VL.
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Next we show that (V¢¢)? = (VE)*+1d — £ ®@7. Since ¢ anticommutes with
Ve, we get

(VE)? =(=¢p—0oVep)’ =¢"+ ¢ o Vep+dpoVeipod+doVepogpoVe
=-Id+n @&+ (Vep)' — (Ved) e @n = —Td+n® &+ (Ved)”,
where in the last step we used (V)¢ = V(o) — ¢(Ve€) = 0. Since ¢

anticommutes with V¢, we get

(9Vep)? = —(Ved)’0” = (Vo) + (Vep)E @ = (Veo)?,

where we used in the last step ¢§ = 0 and V¢£ = 0.

Next we show that ¢ commutes with (V)2 Since ¢ anticommutes with
Ve, it commutes with (Veg)2. Thus to show that (VE)? commutes with ¢,
we only have to check that ¢ commutes with & ® n. But, as we saw, ¢p£ = 0

and no ¢ =0. Thus go ((@n) =0=({£@n)o .
Next we prove that £ is a Killing vector field, which, in view of

Leg=g0o(VE®Id+1d® VE),

is equivalent to the claim that V¢ is skew-symmetric. But V€ = —¢p—¢o V¢
is a sum of two skew-symmetric operators, and therefore is skew-symmetric.
Since V¢ is skew-symmetric, we get

dn(X,Y) = (Vxn)(Y) = (Vyn)(X) = g(Y, Vx§) — g(X, Vy¢)
- _2(9 o Vf)(X, Y)

=29(Y,Vx§) =2(Vx(g0&)(Y) =2(Vxn)(Y).
m

Next we establish that the 1-form 7 of any nearly Sasakian manifold is
contact. We use in this proposition that the metric g is positively defined,
since this permits to conclude that the square of g-skew-symmetric operator
has non-positive spectrum. This is not true for a general pseudo-Riemannian
metric.

Theorem 2.5 ([3]). Let (M?*"*1 g, ¢,£,m) be a nearly Sasakian manifold.
Then

i) the eigenvalues of (VE)? are non-positive and 0 has multiplicity one in
the spectrum of (VE)?;
it) the operator (V&) has rank 2n;
iii) n is a contact form.
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Proof: By Proposition 2.4, the operator V¢¢ is skew-symmetric, and there-
fore the eigenvalues of (V¢¢)? — Id are negative. By the same proposition
(VE? — & ®@n = (Vep)? — Id. This shows that the spectrum of A :=
(VE)? — € @ n is negative and A has rank 2n + 1. Since rk(é @ n) = 1
and for any two operators rk(B + C') < rk(B) + rk(C'), we conclude that
2n + 1 = rk(A) < rk((VE€)?) + 1, ie. the rank of (VE)? is at least 2n.
This shows also that multiplicity of 0 in the spectrum of (V&)? cannot be
greater than one. Since £ is in the kernel of V& we get that the spectrum of
(VE)? contains 0, it has multiplicity one, and (V€)? has rank 2n. As V¢ is
skew-symmetric by Proposition 2.4, the rank of V¢ coincides with the rank
of (V&)2. Therefore rk(VE) = 2n. Thus at every point of M, there exists
an adapted basis of T, M of the form &, X, ..., X, Y7, ..., Y,, with the
property that Vx, & = A\ Y, and Vy & = — A\ X}, for some A\ > 0. Then

(A (dn)")(&, X1, Y1, .., X, V) =l -2 - T [ Ak # 0.
k=1

3. Curvature properties of nearly Sasakian manifolds

In this section we reestablish curvature properties of nearly Sasakian man-
ifolds obtained by Olszak in [6]. The main consequence of these properties,
used in the rest of the paper, is an explicit formula for V2¢ in terms of V€.

We will use the following notation for curvature tensors

Ryy :=Viky — Vix le. R=V?0(1-(1,2))

R(X,Y,Z,W):=g(RxyZ, W).

In particular R¢ denotes the (1,2)-tensor on M given by (R£)(X,Y) =
RX’Yf. Also

(Ro(1,4,3,2))(X,Y,Z,W) = R(Y, Z, W, X) = g(Ry ;W, X) = g(X, Ry W)
= (9o R)(X,Y, Z, W),

that is B

Ro(1,4,3,2) =goR. (9)
For every covariant tensor T € I'(T'M®*) and endomorphism ¢, we define
isT € T(TM®) by

isT=To(p@Id*F D +1d®¢@I1d°*? + ... + 1[d°F Y  ¢).
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In the following series of propositions we show that i,[? vanishes on every
nearly pseudo-Sasakian manifold. This generalizes the Olszak’s result ob-
tained in [6] for nearly Sasakian manifolds.

Proposition 3.1. Let (M, g) be a pseudo—Rie@anman manifold and ¢ a lin-
ear endomorphism of T'M. Then the tensor igR has the following symmetries

(isR)(1 4 (1,2)) =0
(isR)(1 = (1,3)(2,4)) = 0 (10)
(isR)(1+ (1,2,3) 4 (1,3,2)) = 0.

Proof: Since ¢ @Id*? +1d® ¢ @1d*? +1d*? @ ¢ @ Id +1d? @ ¢ commutes with
every element of ¥4, the result follows from the corresponding symmetries of
the curvature tensor R. |

The following proposition lists a well-known property of tensors with cer-
tain symmetries (see e.g. [5, page 198]).

Proposition 3.2. Let M be a manifold and T a (0,4)-tensor on M such
that

T(1+(1,2)) =0, T(1-(1,3)(2,4) =0, T(1+(1,23)+(1,3,2))=0.
If T(X,Y,X,Y) =0 for any pair of vector fields X, Y then T = 0.

In the next proposition we relate the tensors z’¢§ and Ro.

Proposition 3.3. Let (M, g) be a pseudo-Riemannian manifold. If ¢: TM —
TM is skew-symmetric with respect g then igR = go(Rp®1d)(14(1,3)(2,4)).

Proof: The result follows from
9(Rxy¢)Z,W) = g(Rxy(02),W) — g(¢(Rxy Z), W)
= R(X,Y,06Z, W)+ R(X,Y, Z,6W)
and symmetries of R. |

Prgposition 3.4. If (M, g,,&,m) is a nearly pseudo-Sasakian manifold then
iR = 0. Equivalently, g o (R @ 1d)(1+ (1,3)(2,4)) =0.

Proof: By Proposition 3.1 the tensor i¢§ has the symmetries which permit to
apply Proposition 3.2. Thus it is enough to show that (i,R)(X,Y, X,Y) =0
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for all X, Y € I'(TM). By Proposition 3.3, we have id,é = go (Rop ®
Id)(1 + (1,3)(2,4)). Thus (ixR)(X,Y, X,Y) = 29((Rxy¢)X,Y). By defini-
tion Rxy¢ = V?X’Yqb — V%qu. Since VQY’ng is a skew-symmetric operator,
we get
(isR)(X, Y, X,Y) = =2(g((Vi y9)Y. X) + g((V} x#) X, Y)).

From the above expression it follows that (z¢]§)(X .Y, X,Y) = 0if and only if
the form Q(X,Y) := g((V§ x9)X,Y) satisfies Q(X,Y) = —Q(Y, X). In the
remaining part of the proof we will show that Q(X,Y") = (1/2)dn(X,Y)g(X,Y).

Then the result follows since dn is skew-symmetric and ¢ is symmetric.
Applying V to the defining condition for nearly pseudo-Sasakian structure

(Vo —¢@g+n@Id)(1+(1,2) =0,

we get

(V¢ —VE®g+ Vneld)(1+(2,3)) = 0. (11)
Substituting (Y, X, X) in (11) and then applying g(—,Y") to the result, we
get
By Proposition 2.4, (Vyn)(X) = (1/2)dn(Y, X) and V¢ is skew-symmetric,
which implies that ¢g(Vy¢£,Y) = 0. Hence Q(X,Y) = (1/2)dn(X,Y)g(X,Y)
as promised. n

Prop0~sition 3.5. Let (M, qg,$,&,m) be a nearly pseudo-Sasakian manifold.
Then Ro &l = 0.

Proof: Let X, Y, Z € £&+. We evaluate i¢§ = 0 on the quadruples (¢pX, Y, Z, &),
(X,0Y,Z,€), (X,Y,0Z,€), and (¢X,0Y,0Z,€). As ¢*|c = —Id and, by
Proposition 2.4, ¢& = 0, this gives the relations

—(Ro&)( X, Y, Z)+ (Ro&)(6X,Y, Z)+ (Ro&)(¢X, Y,0Z) =0
(Ro&)(6X,9Y, Z)— (Ro&)( X, Y, Z)+ (Ro&)( X,¢Y,$Z) =0
(Ro&)(¢X, Y,0Z) + (Ro&)( X,4Y,0Z) — (Ro&)( X, Y, Z)=0
—(Ro&)( X,0Y,0Z) — (Ro&)(¢X, Y,0Z) — (Ro&)(6X, oY, Z)=0

Summing up the first three equations with the last one taken twice, we obtain
that —3(Ro¢)(X,Y,Z) =0, and thus Ro [ = 0. m
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Proposition 3.6. Let (M,qg) be a pseudo-Riemannian manifold and & a
Killing vector field on M. Then V%€ can be determined from RE, namely

goV?¢=goREo(1,2).

Proof: Since ¢ is Killing, the operator V¢ is skew-symmetric, i.e. go (VE®
Id +Id ® V&) = 0. Applying V to this equation we get go (V26 ®Id +1d ®
V€0 (1,2))) = 0. Since go (VZ ®@1d) = go V0 (1,2,3), we get
0=goV%*0((1,2,3)+(1,2)) = go V€0 ((1,3)+1)(1,2).
Thus
go Vi =—goV*o(1,3). (12)
Next denote g o & by n. Since £ is Killing, by repeating the computation in
the last step of the proof of Proposition 2.4, we get dn = —2g o V&. This
implies
0=d*n=(Vdn)(1+(1,2,3) +(1,3,2))
= —2(go V€0 (1,2)))(1+(1,2,3) +(1,3,2)) (13)
= 290 V%o (1+(1,2,3)+(1,3,2))(1,2).
Now from (12) and (13), we get
goRE=goVio(l—(23))=-goV€¢o((1,3)+(23))
= —go V3o (1+(1,2,3))(1,3) = go V* 0 (1,3,2)(1,3)
= goV3*o0(1,2).
|

In the next proposition we collect several partial results on the curvature
tensor of a nearly pseudo-Sasakian manifold.

Proposition 3.7. Let (M, g, $,&,m) be a nearly pseudo-Sasakian manifold.
Then

RE=nA(VE)?, VE=—(VE’@n+(g0(VE?) ®¢
Re = (VE)?®@n—£E®@go (VE)
(RO)E = —nAG(VE)?, Rep=—(VE 91— (g0 d(VE?) RE.
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Proof: From Proposition 3.5, we know that E(X, Y, Z,£) =0 for any X, Y,
Z €&t As Ris skew-symmetric on the last two arguments, we conclude that
g(Rxy€&,Z) = R(X,Y,£,Z) = 0. Thus Ryy¢ is proportional to &. Hence
Rxy€é = n(Rxy&)€ = R(X,Y,£,6) =0 for X, Y € ¢4, This implies

Rxy§ =n(X)Rey& —n(Y)Re x&. (14)

Thus it is enough to compute R¢ x§ or, equivalently, E(ﬁ,X ,€,Y). Since
R(§, X,€,Y) is symmetric with respect to the swap of X and Y, it suffices

to find formula for R(&, X,¢, X). By Proposition 2.4 the operator V¢ is
skew-symmetric, and thus also Vgﬁ is skew-symmetric. This implies

R(&,X.€6,X) = g(VigE, X) — g(Vk & X)
=0—9(Vx(Ve), X) +9(Vvye&, X)
= g((VE)*X, X).

Polarizing at X, we get E(f,X,é’,Y) = g((V&)?X,Y). Therefore R¢ x¢& =
(VE€)2X. Now (14) can be written in the form

R¢ =n A (VE)*.

To compute V2¢, we use the expression g o V2§ = (g o RE) o (1,2) obtained
in Proposition 3.6. We get that for any X, Y, Z € I'(T M)

9(X, Vy.2€) = g(Y, Rx z€) = n(X)g(Y, (V€)’Z) = n(Z)g(Y, (VE)*X)
= g(Y. (V) 2)9(X,€) — g(X, (V€)Y )n(Z).

The above formula is equivalent to the formula for V¢ in the statement of
the proposition since g is non-degenerate.

Now let X, Y, Z be arbitrary vector fields on M. Then
9(RexY. Z) = R(§.X,Y, Z) = R(Y, Z.£, X)
= 9(Ry.z¢, X) = n(Y)9((VE)*Z, X) — n(Z)g((VE)*Y, X).
Since (V&)? is self-adjoint and g is non-degenerate, we get
RexY =n(Y)(VE)™X — g(X, (VE)*Y)§

which is equivalent to the formula in the statement.
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To compute (R¢)¢ we use the already established formula for RE

(Rxy9)§ = Rxy(¢€) — d(Rxy€) = —(n A p(VE)?)(X,Y).

To find R¢¢ we use the symmetry property of g o (R¢ ® Id) that was proved
in Proposition 3.4. We get

9(Rex9)Y, Z) = —g((Ry,z0)§, X)
= g(n(Y)p(VE)*Z, X) — g(n(2)p(VE)?Y, X)

— —g((VEP6X, Z)n(Y) - g(&, 2)9(X, $(VE)Y).

Since g is non-degenerate it is equivalent to Re¢p = —(VE)?p @ n — £ ® (g o
P(VE)?). m

Theorem 3.8. Suppose (M, g, ,£,n) is a nearly pseudo-Sasakian manifold.
Then the characteristic polynomial of (VE)? has constant coefficients.

Proof: Throughout the proof we use that V& and V3£ are skew-symmetric
operators. The first fact was proved in Proposition 2.4, and the second is its
consequence.

The coefficients of the characteristic polynomial of (V&)? are constant if and
only if the traces of the operators (V&) for 0 < s < 2n + 1 are constant. In
fact, if at some point p of M the spectrum (over C) of (V&)?is (A1, ..., Aans1)
then the s-th coefficient of the characteristic polynomial of (V&)? is up to
the sign an elementary symmetric polynomial

€s = E /\jl')‘jz"')‘js
J1<<Js

and the trace of (V£)?* is the power sum symmetric polynomial p, = A +
-+ + A3, 41 Now the claim follows from the Newton identities

S

€1 =P, S€s = Z(—l)j_les_jpj, s> 2.
j=1

Next, we show that the traces tr((V&)**) are constant functions for all
s > 1. Since V commutes with contraction, we get that for any vector field

Y on M
Y(tr(VO») = tr(Vy(VOF) = Y tr (VO VEE(VE)).

k+0=2s—1
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By Proposition 3.7 we know that V¢ = —(VE)?®@n+£® (go (VE)?). Since
V€ =0 and o VE = 0 by Proposition 2.4, we get (V&) o (VZ£) o VE = 0.
Thus

Y (tr (VE)™) = tr (((V¥E)(VE)™ 1) +tr ( (VO (V3E) ). (15)

Since the trace of a nilpotent operator is always zero and
((VEO(VE ) = (VEO(VE*  (VEE)(VE™ ' =0
(VO (V€)™ = (VO» HVEE(VE* T (VEE) =0,

we conclude that the both traces in (15) are zero and therefore tr(VE)? is a
constant function for all s. m

In the case of nearly Sasakian manifolds, Theorem 3.8 implies the exis-
tence of a tangent bundle decomposition into a direct sum of subbundles.
This decomposition will be crucial in our proof of Theorem 4.6, which gives
an explicit formula for V¢ on a nearly Sasakian manifold. Recall that by
Theorem 2.5 the spectrum of (V)% on a nearly Sasakian manifold is non-
positive.

Proposition 3.9. Let (M, g, ¢,£,1n) be a nearly Sasakian manifold. Suppose
0=X > =X\ > -+ > =)\ are the roots of the characteristic polynomial
of (VE)2. Then TM can be written as a direct sum of pair-wise orthogonal
subbundles Vi, C TM such that, for every 0 < k < £, the restriction of (V)2
to Vi equals — A\, - 1d.

Proof: By Proposition 2.4 the operator V¢ is skew-symmetric, and therefore
(VE)? is symmetric. As g is positively defined this implies that (V&)? is
diagonalizable. Denote by a; the multiplicity of —\; in the characteristic
polynomial of (V&)2. Then, by examining the diagonal form of (V&)2, one
can see that rk((VE&)2+ )\, -1d) = 2n+1—a; and that TM can be written as
a direct sum of the subbundles V; = ker((V&)2+ A, -1d). Tt is a standard fact
that these subbundles are mutually orthogonal and clearly the restriction of
(VE)? to V, equals — )y, - Id. m

4. Covariant derivative of ¢

In this section we derive a rather explicit formula for Vx¢ on a nearly
pseudo-Sasakian manifold. We achieve this by computing separately V x¢
on subspaces (£), Im(V¢¢), and Im(V¢@)tNEL. Then, we will use the formula
to prove Theorem 4.9.
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Proposition 4.1. Let (M, g, $,&,n) be a nearly pseudo-Sasakian manifold.
Then

Vio=nA(VepoVE) =@ (g0 (Veo o V) ).

Proof: Applying V to the defining relation of nearly pseudo-Sasakian struc-
ture (Vo — €@ g+n®1d)(1+(1,2)) =0 we get

(V2 —VE®R g+ V@ 1d)(1+ (2,3) (16)

) =
Denote (VE® g — Vn®1d)(1 + (2,3)) by T. Then (1 6) becomes (V2¢)(1 +
(2,3)) = T. By definition of R we have (V2¢)(1 —(1,2)) = R¢. We have the
following equality in RY3

(17)
Therefore

2V2p = Ro(1+ (1,2,3) — (1,3,2)) + T(1 — (1,2,3) +(1,3,2)).  (18)
Now we substitute (£, X,Y) in (18)
2(Vix9)Y =(Rexd)Y + (Ryed)X — (Rxyd)E
+TEXY)=T(Y,6,X)+T(X,Y,€).

By Proposition 3.7, we have R¢¢p = —(VE)?0 @ n — (g 0 ¢(VE)?) @ € and
(RP)E = —n A ¢(VE)?. Therefore the R-part of (19) evaluates to

—9(X, 9(VE)’Y)E —n(Y)(VE) o X
+9(Y, 6(VE)?X)E +n(X)(VE)* oY
+n(X)p(VE)Y —n(Y)h(VE)?X
= 2( = g(X, (VY )¢ = n(Y)6(VE)’X +n(X)e(VE?Y ),
where we use that ¢ and (V)% commute by Proposition 2.4. Next,
T X,Y)=0
T(Y,&X) =2(VO Y )n(X) = (Vyn) (X — (Vyn)(X)¢
= —g(X, (VOY){ + 2n(X) (VY
T(X,Y,€) = T(X,£,Y) = —g(V, (VE)X)E + 20(Y) (VE)X.

(19)
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Thus the T-part of the right side of (19) is
29(X, (VOY)E + 2n(Y)(VE) X — 2n(X)(VEY.
As a result we get
Ve =E® g0 (VO — (VE)¢) —n A (VE)(Id — (VE)¢).  (20)

By Proposition 2.4 the operator (V§)? commutes with ¢, n o V& vanishes,
and ¢(¢ + V&) = Veg. Therefore

(VE)(Id — (VE)¢) = (Id — ¢VEVE = (—¢° + £ @1 — $VE)VE

= —¢(¢ + VEVE = —Vipo VE.
Substituting (21) in (20), we get the claim of the proposition. |

(21)

Given two tensor fields T} and 75 on a manifold M such that both products
T1 o Ty and T5 o T} make sense, we define commutator and anticommutator
Ole and TQ by [T17T2i| = T10T2—T20T1 and {Tl,TQ} = T10T2—|—T20T1,
respectively. The aim of the next three propositions is to find (Vx¢)Y on a
nearly pseudo-Sasakian manifold in the case Y is in the image of V¢¢. For
this we compute (V¢)(Ve¢). The later tensor can be written as a half-sum

of { Vo, ngb} and [ng, ngb].
Proposition 4.2. Let (M, g, $,&,m) be a nearly pseudo-Sasakian manifold.

Then
{V§,Veop} =2n @ (Veg)” — (Ved)(Id + Veg) @

+E® (9 o (Veg)(Id — Vscb))-

Proof: Recall that by Proposition 2.4 we have V¢ = 0 and V¢ = 0. Ap-
plying Vg to the almost contact structure condition ¢? +Id — & ®@n = 0 we
get

(V@) od+(Ved)o (V) +(Vh)o(Veh) +¢(Vig) — (Vi€ @n—E@go(VEE) = 0.
Applying the formula V2 = —(V&)?2 @ n + (g o (VE)?) ® £ obtained in
Proposition 3.7, we get

(Viy&) = —(VE*E-n(Y) + g(Y, (VE)*€)E =0.

Therefore

(Ved) 0 (Vo) + (V) o (Vep) = —(Vid) 0 p — ¢ o (Vig). (22)
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We showed in Proposition 4.1 that

Vio =0 A (Vebo VE) ~ €@ (go (Veb o VE)).
Since ¢& = 0 and 1o ¢ = 0, we conclude

Viho =@ (VehoVEos) —£® (go (Vebo VEos))

$0 Vi =1 A (¢0 Vet o VE).

Next, we use that by Proposition 2.4 the operators ¢ and (V¢¢) anticommute,
and V& = —¢(Id + V¢¢) to get

Vepo Voo =—Vepod(ld+Veh) o ¢ = —Veho¢*(Id — Veg)
— Vep(ld - Veo)

$poVepoVE=—poVepop(ld+ Vep) =Vepo ¢2(Id + Vo)

—Veop(Id + Vo).

Combining (22), (23), and (24) we get the statement of the proposition. =

(23)

(24)

Proposition 4.3. Let (M, g, $,&,m) be a nearly pseudo-Sasakian manifold.
Then

[V, Vep | = (Vep)(Id+Vep) @+ €@ (g o (Vep)(Id — Vgcb))-

Proof: By Proposition 2.4, we know that Ve = ¢(¢ + V). Notice that
for any three tensors A, B, and C, such that all pair-wise compositions are
defined, we have

[A, Bo(C] = (AoB+BoA)oC—Bo(AoC+CoA)={A, B}oC—Bo{A,C}.

Thus to find the commutator of V¢ with V¢, we only have to compute the
anti-commutators of V¢ with ¢ and VE.

We start with the anticommutator between V¢ and ¢. For this we apply
V to the almost contact metric condition ¢ = —Id + £ ® n, which gives

{Vo.0} =(Vo)o+6(Ve) = (VE) @1 — £ @ (g0 VE), (25)

where we are using Vi = —g o V¢ from Proposition 2.4.

To find the anticommutator between V¢ and V&, we first compute the
anticommutator between ¢ and V& and then apply V to the resulting for-
mula. By Proposition 2.4, we know that V§ = —¢ — ¢ o V¢¢ and that ¢
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anticommutes with ¢ o V¢¢. Therefore,
poVE+VEogp=—-2-¢"=2-1d—2-£@7
and hence
(V$)o(VE)+poVE+VE0p+(VE)o(Ve) = —2VERN+26®(goVE). (26)
By Proposition 3.7, we know that V¢ = —(VE)2@n+£® (go (VE)?). Since
¢ =0and no ¢ =0, we get
$o Vi =—¢(VE) ®@n
Viogp =61 (go(VE) o).
Combining (26) with (27) and then adding the result to (25), we get

{Vo,0+VE} = (6(VE): - Ve @n+E8 (g0 (Ve (VE)?) ).
Thus
[V6,6(0+VE)] = { V.6 } o (9+ VE) — 60 { Vo, + V¢ )
= =@ (9o VEo 9+ VE)) = (V) = 6VE) @1

Next we use that VE+ ¢ + ¢ o Ve = 0 and (VE)? = (Vep)? —Id+ @7
established in Proposition 2.4 to bring the above expression to the form of
the proposition statement

Véo (¢p+VE) =g¢o(ld+ Veg) oo (Vep) = ¢°(Veg)(Id — Veo)
= —(V¢o)(Id — V¢9)
P*(VE)? — ¢VE = ¢*((Vep)? — 1d + £ @ n) + ¢*(Id + V)
= —(Vep)(Id + Ve9).

This completes the proof. |

(27)

Proposition 4.4. Let (M, g, $,&,m) be a nearly pseudo-Sasakian manifold.
Then for any Y wn the image of V@, the following equation holds

(V@)oY =n@((Vep)V) + €@ (9o (Id = Veg)Y).

Proof: Let Z be such that (V¢¢)Z =Y. Since (V)¢ = 0 we can assume
that n(Z) = 0 by replacing Z with Z —n(Z)¢ if necessary. By Proposition 4.2,
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we get

{V6,Veo} o Z = 20 (Ve)*2) + €@ (g0 (Veo) o (Id — Veo) 0 Z)

— 2 ® (Ved)Y) + €@ (g0 (1d = Vep) oY),

Next, by Proposition 4.3, we have
[V6,Veo]0Z =@ (g0 (Ved) o (1d - Veg) o Z)

=¢(® (go(Id—Vggb)oY).

Thus
(V@)oY = (Vo) o (Vep)o Z
= (1/2)({V6.Vet} 0 2+ [V, Veo] 0 2 )
=@ ((Ved)Y) +€® <g o (Id — Veg) o Y).
This finishes the proof. ]

In the next proposition we use that ¢ is positively defined to conclude that
(Veg)?Y = 0 implies (V¢p)Y = 0. This can be false for a general nearly
pseudo-Sasakian manifold.

Proposition 4.5. Let (M, qg,$,&,m) be a nearly Sasakian manifold. Then
for any Y € T(ker((VE)* +1d)), one has (Vo) oY =£® (goY).

Proof: Throughout the proof we will use that by Proposition 3.7, we have
ViE=—(VE?@n+E® (g0 (VE)). (28)
First we show that Im(VY") C ker(¢V¢o). Since (VE)?Y = —Y, we have
VY = —V((VE?Y) = =V o0VEoY —VEo VoY — (VE)?2 o VY.
Since o V& = 0 and (V&)& = 0 by Proposition 2.4, using (28), we get
VY = —£® (go(VE’ oY) +n(Y) @ (VE) — (VE)? o VY.

Notice that
thus, taking into account (V&)?Y = —Y, we get

VY = £® (g0 (VEY) — (VE)? o VY.
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Applying Vto 0 =n(Y) = go(€®RY), we get go(VERY )+go(E®@VY) = 0.
Since V¢ is skew-symmetric, this implies that g o (V&)Y =no VY. Thus
VY = (£®n) o (VY) = (VE)?2 o VY.

The above equation means that the image of VY is a subset of the kernel
of the operator (V&)? — € ® n + Id. By Proposition 2.4 this operator equals
to (¢Veg)?. Since ¢V is skew-symmetric by the same proposition and g
is positively defined by assumption, we get that Im(VY) C ker(¢pVep) =
ker(¢ + V¢). Thus (¢ + VE) o VY = 0.

Next, we claim that (¢V¢¢)Y = 0. For this we compute

(pVed)’Y = (V) +1d—E@n) Y =-Y +Y —0=0.

Therefore, arguing as before, we have (¢ + V&)Y = 0. Applying V to this
equation, we get

0= (Vo + V)oY +(¢p+VEoVY = (Vo) oYV +£@ (g0 (VE)?Y)
— (V)oY —£® (goY).
This concludes the proof. |
Theorem 4.6 ([4]). On every nearly Sasakian manifold (M, g, ,&,n)
(Vx9)Y = g(X, V)€ —n(Y)X (20)
+0(X)(Ved)Y —n(Y)(Vep) X — g (X, (Vep)Y)E.

Equivalently
Vo=E(@g-1d®@n+n® (V) — (Vep) @1 — @ (g0 (Ved) ).
Proof: By Proposition 2.5 the spectrum of (VE€)? is non-positive and the

multiplicity of 0 is one. Let 0 < A\; < --+ < A¢ be such that (0, —Aq,...,—=\y)
is the spectrum of (V&)2. By Proposition 3.9 the vector bundle TM can be
written as a direct orthogonal sum of the subbundles Vj, Vi,..., V; such that

(VE?y, = 0 and (VE)?|y, = —Ax - Id with positive \;’s. Thus every vector
field Y on M can be written as a sum n(Y )& + Zizl Y., where Y}, are such
that (V&)?*Y, = —\.Y; and n(Y;) = 0.

Since both sides of (29) are linear over C*°(M) with respect to Y, we have
to check the validity of (29) only for £ and Y}’s such that (VE)?Y, = =\, Y
and 7(Yy) = 0.

For Y = ¢ the formula (29) reduces to

(Vx9)§ =n(X)§ — X = (Veg) X.
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We can see that it holds on every nearly Sasakian manifold by substituting
(¢, X) into the defining relation (Vo —&é® g+ n®1d)(1+ (1,2)) = 0.

Now suppose Y is such that (V€)?Y = —Y and n(Y) = 0. By Proposi-
tion 4.5 we know that (Vx¢)Y = g(X,Y){. Next, from the equality

(VE)? —£@n+1d = (Vi) (30)

proved in Proposition 2.4, we get that (V¢¢)*Y = 0. Since V¢¢ is skew-
symmetric and g is positively defined, we conclude that (V¢¢)Y = 0. Thus
evaluating the right side of (29) we also get g(X,Y)<E.

Now assume Y is such that n(Y) = 0 and (V&)?Y = =AY with A € {0, 1}.
Then from (30), we get (Ve¢)?Y = (1 — A\)Y and (1 — \) # 0. This shows
that Y is in the image of V¢¢ and we can apply Proposition 4.4 to compute
(Vxo)Y. We get

(Vx@)Y =n(X)(Ve@)Y +g(X,Y = (Veg)Y)E.
Since 7(Y') = 0 the right side of (29) evaluates to the same expression. This

concludes the proof. |

Remark 4.7. Tt follows from (29) that a nearly Sasakian manifold is Sasakian
if and only if V¢ = 0. In fact, if V¢ = 0, then (29) implies

(Vx9)V = g(X, V)€ —n(Y)X, (31)

which is the defining condition of Sasakian structures. In the opposite di-
rection, if M is a Sasakian manifold, then computing V¢¢ by (31) we get
Z€ero.

Proposition 4.8. Let (M, g, $,&,m) be a nearly Sasakian manifold. Denote
go(p®Id) by ® and go (Vep ®1d) by W. Then ® and U are differential
forms and

dd =3nAVY, nAd¥ =0, dnAV¥ =0.

Proof: The operator ¢ is skew-symmetric by definition of an almost contact
metric structure, and V¢¢ is skew-symmetric by Proposition 2.4. This implies
that both ® and ¥ are two forms.
By definition of the exterior differential we have
dd=go(Vo®Id)o (1+(1,2,3)+(1,3,2)).
By Theorem 4.6, we have

Vo=E(@g—-1dan+n® (Vep) — (Ved) @n—£@ (go (Veo)).  (32)
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Notice that

o((®@geld)=g®n

o(-Iden®Id)=—(g®n)(2,3)

o(n® (V) @1d) =n® ¥

o (—(Ved) @n@1d) = —(n @ U)(1,2)

o (=£® (go(Veo) ®1d) = —(n®@ ¥)(1,3).
Next observe that for every o € {(1,2),(2,3), (1,3)} we have o(1+(1,2,3) +
(1,3,2)) = (1,2) + (2,3) + (1, 3). Hence

(g ® 77)(1 - (27 3))(1 + (1? 273) + (17 37 2))
= (g ® 77)(1 - (17 2))(1 + (17 2, 3) + (17 3, 2))
vanishes, since g is symmetric. Therefore
dd=(ne¥)(1-(1,2)—(1,3))(1+(1,2,3) +(1,3,2))
=neWv)(1-2-(2,3))(1+(1,2,3)+ (1,3,2))
=3neW)(1+(1,2,3) +(1,3,2)) =3n AV,

where we used (n® ¥)(2,3) = —n®@ ¥. Now 0 = d*® = 3(dp A ¥ +n A d¥)
implies that dnAV = —nAdW. Thus it is enough to show only nAd¥ = 0. For
this we have to check that for any X, Y, Z € ker(n) one has d¥(X,Y, 7) =
0. In fact we will show that (Vx(V¢¢))Y is proportional to ¢ for any X,

Y € ker(n). Then the result will follow from the definitions of ¥ and the
exterior derivative d. We have

V(Veg) = V((Vo) o (€@ 1d)) = VPpo (€@ 1d) + (Vo) o (VE® Id).
Applying (32), we get
(Vo) o (VERId) =@ (9o (VERI)) — (VE) @n — (Vep)(VE) @1

—£® (g0 (VE® Vo).

Evaluating the right side of the above equation on (X,Y) with Y € ker(n)
we get a vector field proportional to &. Thus it is left to show that (V%%gb)Y
is proportional to £&. We have

(VXed)Y = —(Rex9)Y + (Vi x0)Y,

and therefore we can use the expressions for R¢¢ and V§¢ obtained in Propo-
sition 3.7 and in Proposition 4.1, respectively. Namely, we have R¢:¢p =
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—(VE)?p@n—(god(VE)?) @&, which implies that (R¢ x¢)Y is proportional
to & for Y € ker(n). Further, Vggb =nA(VepoVE) —ER® <g o(Vepo Vf))

implies that (Vg +®)Y is proportional to £ for X, Y € ker(n). This concludes
the proof. |

Notice that we did not use dim M > 7 in the above proposition.

Theorem 4.9. Let (M, g, ¢,£,1n) be a nearly Sasakian manifold of dimension
greater or equal to 7. Then M 1is a Sasakian manifold.

Proof: In view of Remark 4.7 it is enough to show V¢¢ = 0. As g is non-
degenerate this is equivalent to ¥ = 0. By Proposition 2.5 n is a contact
form on M. Therefore dn is a symplectic form on the distribution ker(n).
The dimension of this distribution is greater than or equal to six. Thus the
wedge product by dn induces an injective map A”ker(n) — A'ker(n). By
Proposition 4.8 we know that dn A W = 0. Therefore the restriction of ¥
to \”ker(n) is zero. It is left to show that 7c% = 0. This follows from the
definition of ¥ and (V¢¢)¢ = 0, which in turn follows from Proposition 2.4.

|
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