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ABSTRACT: In our previous work [8], we found all Borel-Schur algebra of finite
representation type. In the present article, we determine which Borel-Schur algebras
of infinite representation type are tame, and which are wild.
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Borel-Schur algebras occur as subalgebras of Schur algebras. They were
introduced by J. A. Green in [13]. A main result, or even the motivation,
of that work, is that the Schur algebra has a triangular decomposition with
factors an upper and a lower Borel-Schur algebra.

Borel-Schur algebras have shown to be a powertful tool for the study of pro-
jective resolutions of Weyl modules for the general linear group [22, 23]. More
recently they played a crucial role in the work of the last two authors [20]
on this problem. Also, in the same paper, Borel-Schur algebras were used
to prove the Boltje-Hartmann conjecture [2] on permutational resolutions of
(co-)Specht modules.

We fix an infinite field K. The Schur algebra S(n, r) is the K-algebra whose
module category is equivalent to the category of r-homogeneous polynomial
representations of the general linear group GL,(K). This Schur algebra is
finite-dimensional, and it has an explicit subalgebra S™(n,r), the (upper)
Borel-Schur algebra, whose module category is equivalent to the category of
r-homogeneous polynomial representations of BT, the group of upper trian-
gular matrices in GL,,(K). The parameters of S™(n,r) which we have to take
into account are n, r, and, in addition, the characteristic of the field K.

Borel-Schur algebras are basic. They have finite global dimension and a
highest weight theory. There is an explicit formula for the multiplication,
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but except for small cases, this is not easy to use. In [19], the second author
determined the Ext quiver of a Borel-Schur algebra. She also proved some
results useful for the construction of almost split sequences of simple modules.
More recently this was continued in [8], where it was also determined precisely
which Borel-Schur algebras are of finite representation type. The answer is:

Theorem 0.1 ([8]). Consider the Borel-Schur algebra S*(n,r) over an al-
gebraically closed field K. Then S*(n,r) has finite representation type if and
only if
1) n =2 and one of the following alternatives holds:

(a) char(K) = 0;

(b) char(K) =2 and r < 3;

(c) char(K) =3 and r < 4;

(d) char(K) =p >5 and r < p;
2)n>3andr=1.

This leaves to identify when a Borel-Schur algebra has tame representation
type, and this is answered completely in this paper. Our main result is as
follows.

Theorem 0.2. Consider the Borel-Schur algebra S (n,r) over an algebraically
closed field K. Suppose that S™(n,r) is of infinite type. Then ST (n,r) is tame
of

(a) n =2, charK =3, and r = 5;
(b)n=3 and r = 2.

Otherwise ST (n,r) is wild.

The above results can be visualized as follows:

charK =0 charK = 2
1l 2 3 - 1l 2 3 4 -
finite 2 | finite
t 3 t
4 . 4 .
wild wild
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charK =3 charK=p>5
|1 2 3 456 - 1l 2 p p+tl--
finite t 2 | finite
t 3 t
4 . 4 .
wild wild

To prove Theorem 0.2, we reduce the problem by idempotent methods: one
has to show that only few algebras are wild, and that the algebras listed
in the theorem are tame. To prove that an algebra is wild can be done by
relating its module category to that of some known wild algebra. Our main
method is based on coverings (see Section 2).

This leaves to prove that the two remaining algebras are tame. We show
that S*(3,2) degenerates to a special biserial algebra, which is known to be
tame. Then a result from [12] implies that the algebra S*(3,2) is tame. Our
proof works for arbitrary characteristic, although the algebra structure for
characteristic 2 is different.

Our proof that ST(2,5) in characteristic 3 is tame is very different from
the proof of the previous case. This is done by exploiting representation
theory of posets, and using the fact that the representation type of posets is
completely understood. To follow this route, it is crucial that S*(2,7) is a
one-point extension of ST(2,7 — 1) (see Section 6 for details).
= 61 % , if A has finite
type and M is suitable, one can construct a finite poset from the Auslander-
Reiten quiver of A. Moreover, the representation type of this poset is the
same as the representation type of the algebra A[M]. We use this when
A = S57(2,4), A[M] = S7(2,5), and the characteristic of the base field is
3. It was proved in [8] that the algebra S*(2,4) has finite type by explicitly
computing its Auslander-Reiten quiver. Now we take this quiver, compute
the relevant poset, and then prove that it has tame type (see Section 6).

In general, given a one-point extension A[M]

We note that the representation type of Schur algebras S(n,r) (and also
of their g-analogs) has been classified, but the methods used are different
(see [3] and [7]), and also as far as we can see there is no connection with
the techniques we use in the present article. This makes the problem we



4 KARIN ERDMANN, ANA PAULA SANTANA AND IVAN YUDIN

describe next rather intriguing. Besides Borel-Schur algebras, Green defined
in [13] a subalgebra S(G,r) of S(n,r) for every subgroup G of GL,(K).
This subalgebra coincides with ST (n,r) if G = B* and with S(n,r) if G =
GL,(K). Of course, B* and GL,(K) are extremal elements of the family of
parabolic subgroups Py in GL,(K). It would be interesting to determine the
representation type of the algebras S(Py,r) with arbitrary P.

The paper is organized as follows. In Section 2 we introduce the techniques
we will use on the study of wild type. Section 3 is dedicated to Borel-
Schur algebras. We introduce basic facts and prove that for every positive
integer m < n and s < r there is an idempotent e in ST (n,r) such that
eST(n,r)e = ST (m,s). This result will be crucial for our classification. In
Section 4 we classify the Borel-Schur algebras of wild representation type
using the covering techniques described in Section 2. Using degeneration
techniques due to Gabriel [10] and Geiss [12], we prove in Section 5 that
S7(3,2) is tame. Section 6 contains the proof that S*(2,5) is tame over fields
of characteristic 3. As was mentioned above this is done using representation
theory of posets.

For background on Schur algebras and Borel-Schur algebras we refer to [14]
and [13]. Background on representation theory of algebras can be found in
[18], or other text books.

We assume throughout that the field K is algebraically closed, and that all
quivers are finite.

1. Preliminaries on wild representation type

Let A be a finite dimensional algebra over K. We will write A-mod for
the category of finite dimensional left A-modules. The algebra A is said to
have finite representation type if there are only finitely many isomorphism
classes of finite dimensional indecomposable modules. Otherwise A has in-
finite representation type. The famous Drozd Dichotomy Theorem, proved
in [4], divides algebras of infinite representation type into two mutually exclu-
sive classes: algebras of tame type and algebras of wild type. The algebra A
is tame if it has infinite type and, for every dimension d > 0, all, but a finite
number of, isomorphism classes of indecomposable A-modules of dimension
d can be parametrised by a finite number of 1-parameter families.

To define wild we need a further notion.

Given another K-algebra B, a functor F': B-mod — A-mod is called a
representation embedding if it preserves indecomposability and isomorphism
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classes. More formally, F'is a representation embedding if for every indecom-
posable object X € B-mod the object F'(X) is indecomposable in A-mod,
and if F(Y) = F(Z) for some Y and Z in B-mod, then Y = 7.

An algebra A is wild if there is an A-K (u, v)-bimodule Z, free of finite rank
as a right K (u, v)-module, such that the functor Z®xg, ) —: K (u,v) -mod —
A-mod is a representation embedding.

It is shown in [1, Proposition 22.4] that to prove that A is wild it is enough
to see that the functor Z ®g,.) — preserves isomorphism classes. As an
immediate corollary we get that if B is a wild algebra and there is an isomor-
phisms preserving functor B-mod — A-mod, then A has wild representation
type.

Since full and faithful functors preserve isomorphism classes the following
result is obvious.

Proposition 1.1. Let A be a finite dimensional algebra over K. Suppose
there is an ideal I of A such that A/I has wild representation type. Then A
15 a wild algebra.

It is not in general true that if B is a wild subalgebra of an algebra A, then

A is also wild. Nevertheless, the following partial result in this direction
holds.

Proposition 1.2. Let A be a finite dimensional algebra. Suppose there is
an idempotent e in A such that eAe is wild. Then A has wild representation

type.

Proof: The induction functor M — Ae ®.qe M from eAe-mod to A-mod
preserves isomorphism classes. In fact, suppose Ae @cae M = Ae Qepe N for
some M, N € eAe-mod. Then

M = ecAe @cpe M = e(Ae @epe M) = e(Ae @eae N) = N. |

We will now describe further sufficiency criteria for wildness of basic alge-
bras in terms of their quivers. For this we need some notation.

For a (finite) quiver Q and a K-algebra B, we denote by Q-repy the cat-
egory of representations ((V;)ze0,, (Va)aco,) such that V, is a finitely gener-
ated free B-module for every x € Q. Given a collection P of paths in Q
with common source and target, we say that Zpe pbyp, with b, € B, is a
relation defined over B. For a collection R of relations defined over B, we
write (Q, R)-repp for the full subcategory of Q-repp whose objects are the
representations on which every relation in R vanishes. We suppress B when
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it coincides with the base field K. The objects of (Q, R)-rep are of course just
finite dimensional representations of (Q, R). Evidently (Q, R)-rep is equiv-
alent to the category of finite dimensional modules over KQ/ (R), where KQ
is the path algebra of Q and (R) the ideal generated by R in this algebra.

The algebra KQ/ (R) is wild if and only if there exists Z € (Q, R)-repg(,.)
such that the functor

Z @k (upy —: K{u,v)-mod — (Q, R)-rep
defined by
(Z ®K<u,v> V)x - Zﬂt‘(®1[§<u,1)>‘/7 (Z ®K<u,v> V)a - Za®K<u,v>V7 all = € QO: o€ Qlu

is a representation embedding. We say that (Q, R) is wild if the correspond-
ing path algebra is wild.

Let (Q, R) be a quiver with relations defined over B and Q' a subquiver
of Q. Suppose r = Zp ayp is a relation in Q. We define the restriction

rly, of mto @ by 7|, = > aup. In particular, if the initial or the
pIn
final vertex of 7 is not in @ then r[, = 0. Denote by R|_ the collec-

tion {7“|Q, rrEeR, |, F# 0} of relations in Q. If V is a representation of
(Q', R|,) over B then, following [6], we define the extension-by-zero repre-

sentation V of (Q, R) over B by

— / . !/
%{%,xEQ %{%,QEQ

0, otherwise 0, otherwise

for every vertex x agd every arrow « in Q. It is not difficult to see that the cor-
respondence V' + V' defines a full and faithful functor from (@', R|_,)-repp
to (Q, R)-repg. This implies the following result.

Theorem 1.3. Let Q be a quiver and R a set of relations defined over K in
Q. Suppose Q' is a subquiver of Q such that (Q', R|,,) is wild. Then (Q, R)
15 wild.

Given V € Q-repp, we define supp(V) to be the subquiver of Q contain-
ing all the vertices x € Qy and all the arrows a € Qp such that V, # 0
and V,, # 0. Then the essential image of the extension-by-zero functor from
(Q', R|,)-repp to (Q, R)-repy coincides with the class of those represen-
tations V' such that supp(V) C Q'. We will use this fact in the proof of
Theorem 1.5.



REPRESENTATION TYPE OF BOREL-SCHUR ALGEBRAS 7

Next we discuss the behaviour of representation type under coverings of
quivers. Let Q be a quiver equipped with an action of a finite group G.
Denote by ¢ the canonical projection @ — Q/G. In that situation one says
that Q is a regular covering of Q/G. Given a representation V' of Q we define
the representation ¢,V of Q/G by

¢*(V)xG = @ vacg; ¢*(V)04G - Z Eyg © vOég O Mg,

geG geG

for every G € Q/G and every arrow x — y in Q, where 7, and ¢, are,
respectively, the canonical projections and inclusions associated with the
direct sum decomposition.

The group G induces an action on the category of finite dimensional rep-

resentations of Q as follows. Given such a representation V and g € G we
define

(0:V)e = Vg1, (9:V)a = Vag-1: (V)2 = Vg1 = (9:V)y = V1.
For the convenience of the reader we restate [11, Lemma 3.5

Theorem 1.4 ([11]). Let Q be a quiver and G a group acting freely on
Q. Suppose that V is a finite dimensional indecomposable representation
of Q over K such that g,V 2 V, for every g € G, g # 1g. Then ¢,V
is indecomposable. Moreover, if U 22 V is a representation of Q such that
oU = ¢,V , then there is g € G, g # 1¢g, such that g,V = U.

Let G be a finite group acting freely on Q. Then for every vertices =,
y € Q, path p: G — yG in Q/G, and g € G there is a unique element
g € G such that there is a (unique) path p,: xg — y¢' in Q that lifts p.
Notice that the correspondence g — ¢ defines a bijective map o,: G = G.
For each relation » = > a,p in Q/G we define the set of relations r¢g in Q

peJ
by
rg = { Zappg‘g € G}.
peJ

It is not difficult to see that if V' is a representation of (Q,r¢g) then ¢,V is a
representation of (Q/G, r). More generally, if R is a set of relations in Q/G

and we define Rg = |J r¢g, then for every representation V' of (Q, R¢), the
reR
representation ¢,V of Q/G satisfies the relations in R.
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The next theorem will be used to prove wildness of some quivers with
relations. We say that a wild quiver with relations (Q, .S) is minimal wild if
(Q',5],) is not wild for every proper subquiver Q' of Q.

Theorem 1.5. Let Q be a finite quiver, G a group acting freely on Q, and
S a set of relations in Q/G. Suppose there is a subquiver Q' of Q such that
o (Q,5¢l|,) is minimal wild;

e there is no non-trivial g € G that fixes Q';

Then the quiver (Q/G,S) has wild representation type.

Proof: Let Z be a representation of (Q', 5|, ) over K(u,v) such that the
functor Z @y, — is a representation embedding. Recall that we denote by

~ the extension-by-zero functor. It is clear that the functors ¢, o (Z K (uv) —)
and (¢, Z )®K (u,p) — are naturally isomorphic. Thus to show that (Q/G,S) is

wild it is enough to check that gb*o(Z ®K(uv)—) is a representation embedding.
Since (Q', 5|, ) is minimal wild, the support of Z, and thus also the

support of Z, coincides with Q'. N
Let X be an indecomposable K (u,v)-module. Denote Z ®g, ) X by

X. Then supp (7) = supp < > Q' and so supp(g.X) = supp(X)g~! #

supp(X) unless g = eg. In particular, ¢.X % X. Thus, by Theorem 1.4, the
representation ¢, X of (Q/G,S) is indecomposable.

Now let Y be another indecomposable K (u, v)-module not isomorphic to
X. We write Y for Z QK (uw) Y- Then X 2Y since Z QK (up) — 18 a repre-
sentation embedding. Therefore, by Theorem 1.4, the representations ¢, X
and ¢,Y of (Q/G,S) are isomorphic if and only if there is g # e such that
¢:.X =Y. But then

supp(Z) = supp(Y) = supp(¢.X) = supp(X)g~' = supp(Z)g ",
which contradicts the already proved assertion that supp(Z )g # supp(Z ) for
g # eq. This finishes the proof of the theorem. |

Let (Q, R) be a quiver with relations and A the corresponding basic algebra.
Suppose Q' is a subquiver of Q. Denote by e the idempotent of A given by
> reo €e- Then eAe is a basic algebra. It is not true in general that the
quiver of eAe is @'. We say that Q' is convez if every path in Q connecting
two vertices in @' completely lies in @'. Notice, that a convex subquiver is
always full.
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Proposition 1.6. Let (Q, R) be a quiver with relations defined over K, and
Q' a convex subquiver of Q. Then Q' is the quiver of the basic algebra eAe,
where A =KQ/(R) ande =) .o €.

Proof: The algebra eAe is K-spanned by the paths in Q that start and end
in Q. As Q' is convex all these paths lie inside @'. Thus eAe is generated
as a ring by arrows in @Q'. Every arrow of @’ lies in the radical of A and so
is nilpotent. Hence it also lies in the radical of eAe. Similarly every path of
length no less than two with start and end in Q' lies in the rad®(eAe). This
shows that rad(eAe)/rad®(eAe) is generated by the arrows in @', i.e. that
Q' is the quiver of the basic algebra eAe. |

2. Borel-Schur algebras

In this section we introduce Schur and Borel-Schur algebras and establish
some basic facts about these algebras.

Let n and r be arbitrary fixed positive integers. Consider the general linear
group GL,(K) and denote by B the Borel subgroup of GL, (K) consisting
of all upper triangular invertible matrices. The general linear group GL,,(K)
acts on K" by multiplication. So GL,(K) acts on the r-fold tensor product
(K™)®" by the rule g(v; ® -+ @ v,) = g ® - ® gu,, all g € GL,(K),
vy, ..., 0, € K" Let

pnr: KGL,(K) — Endg ((K™)®")

be the representation afforded by (K")®" as a KGL,(K)-module. Then
pnr(KGL,(K)) is a subalgebra of Endg ((K™)®").

Definition 2.1. The algebra p, ,(KGL,(K)) is called the Schur algebra for
n, r and K and is denoted by Sk(n,r), or simply S(n,r). The Borel-Schur
algebra S*(n,r) = Si (n,r) is the subalgebra p,, ,(KB™) of the Schur algebra.

To describe a standard basis for S(n,r) we need some combinatorics. We
start by summarizing the terms we use.

e Y, is the symmetric group on {1,...,7}.

o [(n,r) = {i=(i1,...,%)]is€Z, 1 <ig<mn, forall s}. The ele-
ments of I(n,r) are called multi-indices.

e A(n,r)={A=,..., M) | MEZ 0N (t=1,...,n), i =1}
is the set of all compositions of r into n parts.

e i € I(n,r) has weight A € A(n,r) if iy = #{1<s<r|i; =1},
t=1,...,n.
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e < denotes the dominance order on A(n,r), thatis o < Sif Y7 oy <
Y B foralll <s<mn.
e Fori,j € I(n,r), 1 < jmeans is < js, s = 1,...,7, and i < j means
1 < j and ¢ # j. Obviously, if ¢ has weight © and j has weight A, then
1 < 7 implies A < p.
The symmetric group ¥, acts on the right of I(n,r) and of I(n,r)x I(n,r),
respectively, by

i0 = (ig(1)s - - -+ 90()) and (i,j)o = (io,jo), alli,j € I(n,r),0 € X,.

Note that i,j € I(n,r) are in the same X,-orbit if and only if they have
the same weight. Therefore the X,-orbits on I(n,r) are identified with the
elements of A(n,r). We denote by ¥; the stabilizer of ¢ in X, that is X; =
{oeX |ic=1i}. Wewrite;; =X,NY;, alli,j € I(n,r).

To each pair (i,7) € I(n,r) x I(n,r) one can associate an element &, ; of
S(n,r) (see [14]). These elements satisfy & ; = & if and only if (4, j) and
(k,?) are in the same X,-orbit of I(n,r) x I(n,r). Fix a transversal Q(n,r)
for the action of ¥, on I(n,r) x I(n,r). Then the set {& ;| (4,7) € Q(n,r)}
is a basis of S(n,r) over K. It is also well known (see [13]) that ST (n,r) =
K{&; i <J, (i) € O, )}

A formula for the product of two basis elements is the following (see [13]):
& i€kn = 0, unless j and k are in the same X,-orbit, and

§ijSih = Z Dion t Biojn] Sion (2.1)
where the sum is over a transversal {o} of the set of all double cosets ¥; ;0%; 5,
in Ej, and Zig,jvh = Eimh N Zj.

If ¢ has weight A € A(n,r), we write &; = &). Then 1g(,,) = Z/\GA(W) )
is an orthogonal idempotent decomposition of 1g(, ).

It was shown in [19] that the algebra S™(n,r) is a basic algebra. The
idempotents &, , A € A(n,r), are primitive in ST (n,r). The quiver Q of
ST (n,r) was de facto determined in [19, Theorem 5.4]. The vertices of Q
correspond to the primitive idempotents &), and so Qg can be identified with
A(n,r). If char K = 0, the quiver Q contains an arrow from the vertex A to
the vertex p if and only if, for some positive integer s, we have u — A = ~;,
where v5 = (0,...,1,—1,...,0) with 1 at the sth position. If charK = p,
such an arrow exists if and only if there are integers s > 1 and d > 0 such that
p— A = py,. Notice that for such A and p the vector space £,5T (n, )€y is
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one-dimensional and is spanned by the element &y (s p)).¢(r), Where £()\) and
{(M\(s,p?)) € I(n,r) are the standard elements

(N =(1,...,1,....n,...,n),
—— —_——
)\1 An
(N (s,p)) = (1,...,1,...,8,...,8,s+1,....,s+1,....n,...,n).
—— —— ™ —~— ~ —_——
)\1 )\erpd >\s+17pd )\"

A similar result holds in characteristic 0, with p? replaced by 1. It should
also be mentioned that the sets

{ & | 1<s<n—1 }, if charK = 0,
(2.2)
{ € e ! 1<s<n—1;1<p" <Ay }, if char K = p,

are minimal sets of ST (n,r)-generators of rad St(n,r)&, (see [19, Theo-
rem 4.5]). In [8] we determined the relations for the quiver Q of S*(2,r).
If charK = 0, Q is of type A, and KQ ~ S*(2,r). Suppose now that
char K = p. For every )\, p € A(2,7) such that g — A = (p?, —p?), we denote
by a4 the arrow from A to pin Q. We say that g ) is of type oy. Notice
that every vertex in Q has at most one incoming and at most one outgoing
arrow of type ay. This implies that to specify a path in Q it is enough to
indicate the starting vertex and the types of arrows in the path. For ex-
ample (agar)(qp Will denote the path ag (qypp—p)0i,ap)- It is also natural
to abbreviate the repeated types with the usual power notation. With these
conventions, the relations for S(2,r) as quotient algebra of the path algebra
of O can be written as

(sar)n = (apas)y, Ao >p°+p', s#t

(@2)x =0, Ay > p*.

Proposition 2.2. For every m < n and s < t there is an idempotent e in
ST (n,t) such that
eST(n,t)e =2 ST (m, s).

Proof: It is enough to consider the cases n = m + 1, t = s and n = m,
t = s+ 1. The case n = m+ 1, t = s was treated in Section 5 of [8]. For
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n=m and t = s+ 1, we define

€ = j{: fx

AEA(n,s+1): A >1

For each i = (i1,...,i5) € I(n,s), write 2 = (1,41,...,i5) € I(n,s+ 1). Note
that, for i,7,k,¢ € I(n,s), we have that (i,7) and (k,¢) are in the same
Y,-orbit of I(n,s) x I(n,s) if and only if (z,7) and (k,¢) are in the same
Ysr1-orbit of I(n,s+1) x I(n,s + 1). So there is an injective linear map
¢: ST(n,s) = ST(n,s + 1) defined by ¢(&;;) = &5 It is easy to see that the
image of ¢ coincides with eS™(n, s + 1)e, and that ¢(1) = @3 ycppns ) =
e. Next we verify that ¢ preserves products.

If j, k € I(n, s) are not in the same Y -orbit, then 7 and k are not in the
same gy 1-orbit. Therefore & ;&xe = 0 and 3657 = 0. Now fix multi-
indices i < j < £ in I(n,s), and consider the products &; ;¢ and & ;€.
For each multi-index h, let h(t) = {u|h,=t}, t = 1,...,n. Then the
stabilizer of h is Y1) X -+ X Xy, Since we know that ¢ < j < £, we
have £(1) C j(1) € i(1), and ¥;; = Xjq) X .... Therefore, we can choose
a transversal {o} of the set of double cosets ¥; ;j0%;, in ¥; so that the
restriction of o to Y1) is the identity. Now that we have such a transversal,
we construct from it a transversal ¢ of the set of double cosets ;6% in
>; in the following way: o — o, where 0y = Ol for t # 1, and 00 = vd.
This can be done because j(t) = j(t), for t # 1, and X;; = Xj) x .... Now

we have

¢ (&i&i0) = [Sioe: Siojil &orr and ¢ (5) 0 () = [Sror: Siagi] €

o g

a0

|

But 16 = (1,i501),.-.,l0()) = 0. Also, if we write Xj5y = Y1) x X and
Yioje = 2y X Y, then Xz 7 = 3yq) x X and X = Yy X Y. Therefore
Xioe : Bioju) = Y7 T s A for all o in the transversal.

w00 —

10

3. Borel-Schur algebras of wild representation type

In this section we will show that all the Borel-Schur algebras of infinite
type, excluding the algebras S*(2,5) over fields of characteristic 3 and the
algebras S7(3,2) over fields of arbltrary characteristic, are indeed wild.
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3.1. The algebra S*(3,3). In this subsection we prove that the algebra

S7(3,3) has wild representation type. By Propositions 1.2 and 2.2, this

implies that the algebras S*(n,r) are wild for all n > 3 and r > 3.
Consider the subset X of A(3,3) marked by the black dots below

030 120 210 300

[ ] [ ] o o
021 111 201
[ ] [ ] [ ]
012 102
O ©)
003
©)

Let @ denote the quiver of S7(3,3) and write Q' for the subquiver of Q
spanned by X. Since existence of an arrow a: A\ — p in Q implies that pu
dominates A, we get that the subquiver @’ is convex. Hence by Proposi-
tion 1.6, Q' is the quiver of the basic algebra eS™(3,3)e for e = Y, _x &

If char K = 2, @ has the form

030 122,222 120
£122,123
£222,223
123,223 11 £113,123 201
021
113,223

(3.1)
where we labelled arrows by the corresponding basis elements of eS™ (3, 3)e.
Notice that (3.1) does not contain any path of length greater than or equal
to 3 . By direct computation we have that £1221238123203 7# §122,2226222,223
and &1131236123.223 = 0 in S7(3,3), and so also in eS™(3,3)e. Therefore the
category eS™(3,3)e-mod is equivalent to the category (Q', 113123123 .223)-T€P-
Denote by Q" the quiver obtained from Q' by removing the arrow &;13123.
Since the path &1131236123.203 does not belong to Q", we get that Q"-rep
embeds into (Q', &1131238123,203)-rep. Now Q" is a quiver without relations
and oriented cycles. Moreover it is neither a Dynkin nor an extended Dynkin
diagram. Therefore Q" is wild. Hence also (Q’, 113,1238123.223) and eS™(3,3)e
are wild. This shows that S*(3,3) is wild when char K = 2.
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When char K > 3 the quiver @' defined above has the form

030 §122,222 120

122,123

5222,223

111

£123,223 £113,123 201

021
(3.2)
We have again 192123123,203 7 £122,2226229,203 in ST (3, 3). Therefore eS™(3,3)e
is hereditary in this case. As (3.2) is not of Dynkin type we conclude that
eST(3,3)e and, hence, also S7(3,3) have wild representation type.

3.2. The algebra S*(4,2). We consider now the algebra S*(4,2) and show
that it has wild representation type if the characteristic of the base field K
is p > 3. In view of Proposition 1.2 and Proposition 2.2, this will imply that
the algebras S*(n,r) are wild for all n > 4, r > 2, and char K > 3.

We consider the idempotent

e = &aa94 + &2323 + E12.12

in S*(4,2), and write A = eS™(4,2)e. We are going to compute the quiver
of A. It has three vertices corresponding to the primitive idempotents &1 12,
2323, £2424. Now, to obtain a basis of rad A, note that

2323 A82104 = K&a3 94,  &1212A4821014 = K294 B K249,
12124823 23 = K&12.23 @ K2 39.

So {623,24, 512724, 512742, 512723, 512’32} is a basis of rad A. On the other hand,

512723523724 = 512,247 512,32523,24 = 6127427

which implies that rad®A has basis {1224, 1942 }. Thus A is the path algebra

of the quiver
: (3.3)

without relations. Since (3.3) is neither a Dynkin nor an extended Dynkin
diagram, it has wild representation type. Hence the algebra S*(4,2) is wild.
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3.3. The algebras ST(2,r). Let p be the characteristic of the base field. In
this section we show that S*(2,p+ 1) has wild representation type if p > 5,
and that the same result holds for S™(2,4) if p = 2, and for ST (2,6) if p = 3.
In Section 5 we will prove that ST(2,5) has tame representation type if p = 3.
By Propositions 1.2 and 2.2, this completes the classification of all algebras
ST(2,7) of infinite representation type.

We change slightly the notation introduced in Section 2, namely we write
a for ag, B for a;, and v for as, for the types of arrows in the quiver of
ST(2,7). This is convenient since the types ay with s > 3 will not appear
in this section. Further, we will identify compositions A = (A1, o) € A(2,7)
with A9. This will not create an ambiguity, since r will be fixed in each
particular case and A\ = r — Ao.

3.3.1. The algebra ST(2,p + 1) over a field of characteristic p > 7. We
described the quiver Q of S*(2,p+ 1) and the corresponding relations R in
Section 2. Denote by @’ the subquiver

p—2 p—1 D p+1

0 1 2 3 4

(3.4)
of Q. We used here the fact that char K > 7, as otherwise different vertices
in (3.4) would have the same labels in A(2,p+1), and so (3.4) would not be a
subquiver of Q. Now, char K > 7 implies that the sets of relations (a)}|_, and
(B)i]y are empty for all X € Q). Hence R|_, = {(Ba)ps1 — (af)p1}. The
pair (Q', R|,) is isomorphic to the XXVIIIth quiver in Ringel’s list in [17]
of minimal wild quivers with one relation. By Proposition 1.3, we get that
ST(2,p+ 1) is wild over a field of characteristic no less than 7.
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3.3.2. The algebra S*(2,6) over a field of characteristic 5. The quiver Q of
the algebra S*(2,6) over a field of characteristic 5 is given by

(3.5)
and the corresponding relations are R = { (a®)g, (a®)s, (aff — Ba)g } Next
we consider the quiver Q

6/ 6//

with a free action of the symmetric group s given by interchanging ' with ”.
The quiver (3.5) is the quotient of (3.6) under this action when we identify
the orbit {s’, s”} with the vertex s of the quiver (3.5). As the quotient map
preserves the types of arrows, we get that

Ry, = { (045)6/ (@), (045)5’ (@), (aff = Ba)y, (af — Par)er } :

Denote by @' the subquiver

6//

of Q. As Q' does not contain paths of type o and 6' ¢ é{), we get that
Rsl, = { (af — Ba)er}
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The pair (@’,322]5,) is isomorphic to the XVIIIth quiver in Ringel’s list
in [17] of minimal wild quivers with one relation. By Theorem 1.5, the
quiver (Q, R) is wild. This shows that S™(2,6) has wild representation type
over fields of characteristic 5.

3.3.3. The algebra S*(2,6) over a field of characteristic 3. In this section
we show that if the base field has characteristic 3 then the algebra S*(2,6)
is wild. The quiver Q of S7(2,6) is

g g
1 3 4 N5 6
« « o « « «
3.8
- ; (3.8)
and the corresponding relations are
R := {(a3)6 ) (a3)5 ) (Oé3)4 ) (043)3 )
(QB_BO‘)GJ (056_605)57 (045_505)4 }
Let us consider the quiver Q
5
3 4 a 5 a 6
a (3.9)
5 5 B g
@ «a @ 34" 5«
0/ 1/ 2/ « « 6//
g 5 B
« «

with the action of Y, given by swapping ' and ”. The quotient é/ Yo is
isomorphic to the quiver (3.8) and the canonical projection preserves the
types of arrows. Therefore

RZQ = { (043)5’7 (ag)s”a (Oéﬁ o ﬁa)t’a (045 - Ba)t” 3 <s< 67 4 <t< 6} .
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We consider the following subquiver Q' of (3.9)

4 o 5 o 6

B B

@ a 4"
2/ 3//

/8 /
@« o3 (3.10)

1// 2//

As @' does not contain any path of type a® and contains only one square with
the border paths of types a8 and Ba, we get that R|é, ={ (af — Ba)g }.
The quiver with relations (Q/, R|,,) is isomorphic to the XXIXth quiver in
Ringel’s list of minimal wild quivers with one relation provided in [17]. From

Theorem 1.5, we conclude that (Q, R) is wild. This implies that S*(2,6) is
wild over a field of characteristic 3.

3.3.4. The algebra ST(2,4) over a field of characteristic 2. The last algebra
to be analyzed in this section is S*(2,4) over a base field of characteristic 2.
We will show that this algebra is wild.

Given a quiver Q, the associated separated quiver sp(Q) is the quiver with
the set of vertices { v/, v" |v € Qp} and arrows &: v/ — w" for every e: v — w
in Q. Let R be any set of relations for Q. According to Gabriel (see [9])
the category of representations of sp(Q) is equivalent to the category of
representations of (Q, R) whose Loewy length does not exceed 2. From this
and from the classification of tame hereditary quivers it follows that if (Q, R)
is tame then sp(Q) is a union of Dynkin and extended Dynkin diagrams.

The quiver of the algebra S*(2,4) over a base field of characteristic 2 is
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The corresponding separated quiver has three connected components: two
isolated vertices 0/, 4”, and

0" 17

v 3.

2//
Since the above quiver is neither Dynkin nor extended Dynkin diagram, we
conclude that S*(2,4) is wild if the characteristic of the base field is 2.

4. Tame representation type: the degeneration technique
and S7(3,2).

We proved in [8] that the Borel-Schur algebra S*(3,2) has infinite repre-
sentation type (independently of the characteristic of the ground field K).
The aim of this section is to show that S™(3,2) is tame. For this we will use
degeneration techniques developed by Gabrlel in [10] and by Geiss in [12].

Given a vector space V', denote by alg(V) the variety of associative algebra
structures with identity on V. Each such structure is determined by the
multiplication map p: V®V — V. Hence we can consider alg(V') as a subset
of the affine space Homg(V ® V, V). The group GL(V) acts on Homg(V ®
V,V)by gu=gopo(gt®g1),all g € GL(V). This action preserves
alg(V).

A product py € alg(V) is called a degeneration of u € alg(V) if pg lies in
the Zariski closure of the GL(V')-orbit of p.

We will use the following result proved in [12].

Theorem 4.1 ([12]). Let py be a degeneration of u in alg(V'). If po is not
wild, then the same holds for .

One way to construct a degeneration of p € alg(V) is as follows. Fix a
basis { v1,...,v, } of V, such that v; is the identity element for p. Then u
determines the multiplication constants fyk by

p(vp @ vy) Z YhiVk-

Suppose we have a function ¢: {1,... ,m} — N such that ¢(k) — ¢(h) —
o(l) > 0, for every triple (h,l, k) satisfying v¥, # 0. We also assume that
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®(1) = 0. For each t € K*, define the linear isomorphism ¢;: V" — V by
gi(vp) = t?™y, h = 1,...,m. Then we obtain another algebra with the
product pu; := g:u satistying

(1) (von @ 01) = g¢ (g, 'vn @ g 'w)) = Z 1R =o =0k .

Since ¢(k) — ¢(h) — ¢(1) > 0 if 4% # 0, we can substitute ¢ by 0 in this
formula. We obtain a new product py which is well defined. It follows from
the associativity of the products p; for ¢ # 0 that gy is associative. Since
(1) = 0, it is easy to check that v; is the identity for py. Let G be the
subgroup {g|t € K*} of GL(V). Then pg is in the Zariski closure of Gu.
Henceforth it is also in the Zariski closure of GL(V')pu.

Now we apply this technique to the algebra S*(3,2). Its quiver depends
on the characteristic of the base field:

(a) charK = 2 (b) char K # 2

611 22

020 12,22 511 12 §12,22 110 11,12 200

€22.23 £12,13 §12,13 (4 1)
£13,23 §22,23 &13.23
23,33
23,33

002 002

§22,33

Next we compute the multiplication table for S™(3,2) with respect to the
¢-basis
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Multiplication at (1,0,1) Multiplication at (0,1,1)
‘ §13.23 §13,33 23,33
§11,13 | §11,23 261133 11,23 2 &1133
12,13 | 12,23 §12,33 §12,32 12,33
12,23 12,33
Multiplication at (0,2, 0) €13.23 £13.33
‘ 22,33 §22.23 §22.23 2 £99.33

§11,22 | §11,33 11,23

§1222 | §1233  &1223 + &12.32

Multiplication at (1, 1,0)
‘ 12,23 12,33 12,13 §12,22 12,32
11,12 ’ 11,23 261133 11,13 2611,22 §11,23

Note that we do not list the trivial products & ;&7 = 0 in case j and i’ are
not in the same Y,-orbit, and §; ;& ; = & = & ;&55. Given ¢t € K*, we define
the diagonal automorphism ¢; of S7(3,2) by multiplying
§11,22, §22.33, §11,13, 1213, 13,23, §13.33,
with ¢,
§1133, §11.23, 1223, §12.33

with ¢2, and by fixing all the other basis elements. The induced product
x; coincides with the original product for all pairs of elements, except the
following ones:

2
§12,32 *¢ 2333 = 17€12,33, §22,23 *¢ §23.33 = 2t£20 33,
§11,22 *¢ 2203 = t&11,23, 12,22 *¢ §22.33 = 112,33

E112 %t E12.90 = 2t&11929, Enn2 % E1232 = PE1103
and
E12.92 %t Ea203 = E1232 + t7E12.03. 4.2)

(
We shaded the corresponding cells in the multiplication table for S*(3,2
Now, by setting t = 0, we get a new product xq on the vector space S™(3,2

).
).
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Denote the resulting algebra by B. We can identify from the multiplication
table for S*(3,2) a basis of rad? B. Namely, every non-shaded cell in which
the basis element has coefficient 1 give an element of rad* B independently
of the characteristic of K, i.e.

11,23, §12,23, 1233, §13,33, §11,33, §11,13 (4.3)

are in rad®* B. Now, the non-shaded cells in which the basis element has
coefficient 2 could give extra elements of rad® B if char K # 2. But only 11,33
appears in these cells and it is already in the list (4.3). One more element
of rad® B comes from (4.2), namely &1232. We obtain in this way a basis of
rad® B. Taking the complement of the computed basis of rad® B inside the
basis of rad B, we get that the images of

E11.12, §1122, 12,22, 12,13, £22.23, £22.33, 13,23, £23.33

by the canonical epimorphism rad B — rad B/ rad? B form a basis of rad B / rad’ B.
Now, it is easy to verify, that the quiver of B coincides with the quiver (4.1)(a)

of S7(3,2) over a field of characteristic 2. From the multiplication table we
know that the following products vanish

§2223 ¥0 £2333,  §12.22 %0 §22.33, 11,22 *¥0 §22,23,  &11,12 *0 &12,22-

Therefore, by inspecting the quiver of B, we see that B is a special biserial
algebra. By a classification result of Wald and Waschbiisch [21], we get that
the representation type of B is either finite or tame. In other words B is not
wild. Hence by Proposition 4.1, the Borel-Schur algebra S¥(3,2) does not
have wild representation type. We proved in [8] that S™(3,2) has infinite
representation type, hence S7(3,2) is tame.

5. Tame representation type: the algebra S*(2,5) over a
field of characteristic 3.

To finish classifying the representation type of Borel-Schur algebras, we
need to study S*(2,5) over a field K of characteristic 3. In this section
we show that this algebra has tame representation type. We will use a
combination of Auslander-Reiten theory and poset representation theory as
described by Ringel in [17].

Given a finite dimensional algebra A and an A-module M, the one-point ex-
tension algebra A[M] is the matrix algebra (4 # ). This is relevant since any
Borel-Schur algebra S*(2,7) is a one-point extension algebra A[M], where
A is isomorphic to ST(2,7 — 1). To see this, let S := S™(2,r). Take the
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idempotent e = &, of S, and let € = 1 — e. From the relations for S (see
also [8, Lemma 6.2]), it is immediate that eSe = S*(2,r — 1). As a left
S-module S can be decomposed into the direct sum Se @ Se. Note that, for
any (0,7) # A € A(2,7), A dominates (0,7). Therefore eSe = 0 and hence
Se = eSe, and Se = M & Ke, where M = radSe = eSe. With this, the
product of two elements in S has precisely the form of the product in A[M]
with A = eSe.

The representation theory of a one-point extension algebra is often closely
related to representations of a certain poset. Given a poset (P, <), a P-space
(V,V,) is a vector space V together with subspaces V,,, p € P, such that p < ¢
implies V,, C V. A homomorphism between P-spaces (V,V,) and (W, W,) is
a linear map f: V — W such that f(V,) C W, for all p € P.

Given a natural number k, we also denote by k the ordinal with k& elements.
Given posets Py, ..., Ps, we write (P, ..., Ps) for their disjoint union. We
denote by NN the poset consisting of four elements t1, t5 , b1, bo with relations
t1 < b, ti < by for © =1, 2. This poset can be visualized as follows

N

Like for algebras, it is possible to define the representation type of a poset P,
with the category of P-spaces taking the place of the category of modules. It
was proved by Nazarova in [15] that every poset has either finite, or tame, or
wild representation type, and that these possibilities are mutually exclusive.
Moreover, she characterized the wild posets.

Theorem 5.1 (Nazarova, [15]). The poset P is of wild representation type
if and only if P contains as a full subposet one of the sets (1,1,1,1,1),
(1,1,1,2), (2,2,3), (1,3,4), (1,2,6), or (N,5).

We call the six posets listed in this theorem Nazarova posets.

For a finite dimensional algebra A, denote by I'y the Auslander-Reiten
quiver of A. Now consider a finite dimensional A-module M, and the functor
hyr := Homy (M, —). Define I'y; to be the subquiver of I" 4 whose vertices are
given by the indecomposable A-modules N with hy/(N) # 0, and arrows are
given by the irreducible morphisms f in I'4 such that h/(f) # 0.
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Proposition 5.2. Let A be a finite dimensional algebra of finite represen-
tation type and M an indecomposable A-module. If dimhy (N) < 1 for all
indecomposable A-modules N, then I'y; is the Hasse diagram of a poset Pyy.
In this case, the representation type of A{M] coincides with the representation

type of Pas.

For a proof we refer to Section 2 of [17], see also Section 2 of [18], which
discusses this in more detail. The underlying set of P,; consists of the iso-
morphism classes [U] of indecomposable A-modules U such that hy(U) # 0.
The partial order is defined by [U] < [V] provided there is an irreducible
map f: U — V such that hy(f) is non-zero. With our assumptions, for I'4
without multiple arrows, hy;(f) # 0 if and only if hjy; induces an injective
map hy(U) — hpy (V). To minimize the number of symbols we write U
instead of [U] for an element of the poset.

We apply these results to S = S*(2,5) for K of characteristic 3. We have
seen that this is the one-point extension A[M] with A = S*(2,4) and where
M is the radical of Se, as described above. We have proved in [8] that
A = S7(2,4) has finite representation type, and computed its Auslander-
Reiten quiver. We reproduce it in Figure 1. It is 90° clockwise rotated
for typographical reasons. The module M is framed with a circle. We also
labelled the modules in I'j; with encircled numbers for future reference, and
we will write M; for the module in I'); labelled with ¢. In Subsection 5.1 we
will prove the following:

e The modules not in I'y; are framed with dots.
o The arrows in I'y; are solid and all other arrows are dotted.

The right side of the quiver is glued to the left side along the dashed line.
The resulting poset is redrawn in Figure 2. Later we will show that this poset
has tame representation type.

Now we explain the notation we use for modules in Figure 1 as much as we
need. Once more we will write « for ag, 8 for ag, and Ay for (Ay, Ag) € A(2,4).
As proved in [8], the quiver @ of A is of the form
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1 (5.1)
!
2\
J
3 4
NN
5 6 7
PNUE N
8 9 10
PN N
11 12 13
NN
14 15 16 17
NN N
18 19 20
NOE N
21 22
NOF N
23 24
N
25 26
N
27
33

FIGURE 2. Poset Py,

and A is defined by the relations o = 0, (8a)y = (af)s. Consider the
factor algebra A := A/(Ba)s. Note that the A-modules are precisely those
A-modules on which (Ba)s (hence (o3)4) acts as zero. The algebra A is a
special biserial algebra, of finite type. Thus indecomposable A-modules (and
the corresponding A-modules) are string modules and can be described by
quivers as in [16] or in [5, Chapter II]. Consider for example 4 2 %0, This

stands for the 5-dimensional module with basis {vy,...,v5}. The canonical
idempotents of A act as {u_y vy = vy, t =1,...,4, the arrows act as follows

541)4 = V1, OQUy = V1, «Q3VU3 = V2, [33@3 = o,

and anything else acts as zero. This module has minimal generators vy, vs,
and its largest semisimple submodule is spanned by vy and vy.
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The above string modules account for most vertices in Figure 1. We do
not need explicit descriptions of the other modules, except the module 3 3 1.

It has a basis {v;|0 <1 <4}, the canonical idempotents of A act again as
§a—tVr = vy, the arrows act as follows

541)4 = V1, OQy4Uq4 =73, ©C1V] = Uy, 53713 = o,

and anything else acts as zero.

5.1. Computing I'y;. To compute I'y; we use the following reduction that
simplifies calculations. Let Ly denote the (simple) socle of M and write
M = M/Ly. Notice that M = M,. We claim that the canonical projection
m: M — M induces an isomorphism Hom (M, X) = Homx (M, X), for every
indecomposable A-module X which is not isomorphic to M. Since M — M
is an epimorphism, the map

Homy (M, X) — Hom (M, X)
fr=form

is an inclusion, and its image can be identified with those 6: M — X such
that 6(Lg) = 0. Suppose this map is not surjective. Then there is §: M — X
such that 6(Ly) # 0. As Ly is the socle of M, the map 6 is injective, and
it splits, since M is injective as an A-module. As we assumed that X is
indecomposable, we must have X = M, which contradicts our assumption
that X 22 M.

On the part of I'y with A-modules one can compute h := Homu (M, —)
using the string module presentation (recall that A = A/(Ba);). We deal
now with the part involving non-string modules. For convenience, we draw
the relevant part of I'4 (recall that the labelling refers to Figure 1). It is also
convenient to include several string modules, in particular, M3, Mg, Mo,
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and M28.
~\ / \ - A,
301 Mo Mg 34
g : e
NZANIZN
M3 — Myy — My > 3 R Mo Mo LY/— - M
\ / \ / At \
4 2
M My 3 1 Mg
0 7
\ / D
N N
M19 3 ;1 1 1 2

(1) We exploit Auslander-Reiten sequences which have terms U, where
U is a string module and h(U) = 0. In each case, isomorphisms are
given by h(f) for a relevant irreducible map, using the fact that h is
a functor.

We start with the path from Myy via Moy to Msg. Applying h to
the Auslander-Reiten sequence ending in My gives h(Msy) = h(Mas),
and applying it to the Auslander-Reiten sequence ending in My, shows
that h(Mayo) = h(Msy). The same type of argument shows that

h(May) = h(Msg) = h(Mor).

We claim that h(Msy) = h(Mosg). Consider the Auslander-Reiten se-
quence 0 - U — Z — V — 0 ending in the module V' = ;2. Note
that Z = 7(Msg). Then h(U) = 0, as the (simple) socle of U is not
a composition factor of M. As well, h(V) = 0, and hence h(Z) = 0.
This implies that h(Ms;) = h(Mog), by applying h to the Auslander-
Reiten sequence ending in Msyg. Using the fact that Mg is a string
module, we check that h(Msyg) = K.

(2) Considering the Auslander-Reiten sequence starting with Mg = 3
gives K = h(Mig) = h(Ms;). The Auslander-Reiten sequence starting
with My gives h(Masy) = h(Mss), which therefore also is 1-dimensional.

(3) The Auslander-Reiten sequence ending with My has middle term Mas.
Since h takes the end term to zero we get h(Ma3) = h(Mss). Similarly
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the Auslander-Reiten sequence starting with M7 has indecomposable
middle term My, and h maps the end term to zero. Hence h(My7) =
h(Msy) = K. )

(4) Considering the Auslander-Reiten sequence ending in M, we conclude

that h(M) = h(M) = K.

In total, for each non-string module W which is not framed, we have that
h(W) is one-dimensional and most of the irreducible maps are taken to iso-
morphisms.

The remaining irreducible maps can be dealt with, either they are injective
between modules which are taken to K by A, or one can use the mesh relations
to deduce that h takes them to isomorphisms.

5.2. 'y is tame. From now, we only work with the poset I'j;, and we use
the labels for elements as shown in Figure 2. Note that, since S*(2,5) has
infinite representation type by Theorem 0.1, we know by Proposition 5.2 that
the poset 'y is not of finite type.

Now we prove that I'y; is not wild. By Theorem 5.1, we must show that
it does not contain a Nazarova subposet. We can see directly that I'y; does
not contain five incomparable points, that is, (1,1,1, 1, 1) does not occur. To
exclude the other five Nazarova subposets we use some reductions.

We describe first the strategy. More generally, let P be any poset. We
wish to show that some disjoint unions (Y, Z), with Z of width no less than
2, are not full subposets of P.

For any subposet W of P, we write

Cw = {s € P | s is not comparable with any w € W}.

If (Y,Z) is a full subposet of P, then Z is contained in Cy. Denote by U
the convex hull of Y, then Cy = Cy. So we get that Z C Cy. Moreover,
if X is any subposet of U then Cy C Cx and therefore Cx should contain
the subposet Z. Thus if Z is of width no less than 2, we get that the same
property holds for Cx. This suggests to have a list of test subsets X with
C'x of width no less than 2.

So let P = T'y;. We will determine all subposets X of size 3 of the form
X ={z,y,z} with x < y < z where x,y, z are neighbours with respect to
<, and we will use this list for the strategy as above. We refer to these as
minimal triples.
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Take such X. Then, referring to the diagram, X is either “vertical”, or X
is “diagonal”, or X is at the edge, by this we mean one of the posets

{10,13,17}, {17,20,22}, {21,23,25},

or X is not convex and its convex hull is a set V = X U{w} with z < w < z.
We list now all such posets X and the corresponding C'x for which C'x has
width no less than 2.

(1) There are six such X which are vertical:

5 6 7 8 9 10
| | | | | |
8 9 10 11 12 13
| | | | | |
11 12 13 14 15 16

The corresponding subsets C'y are

4
8 b\

4 AN 6 7 -1
F N\ 11 12 N N
6\7, 7 ; VN Y 9\10 ; 14 , 14 15

| 14 15 | N

10 14 N 13 10 18

18 N
17
(2) There are four such X which are diagonal:
15 16 20 19
N N N N
19 20 22 21
N N N N
21 22 24 23
The corresponding subsets C'y are
11 11
22 14
AN N
14 , 14 15, 14 15 , 24
N ENEIAN
24 18 18 19 18
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(3) There are three posets X at the edge of P with C'x of width 2:

10 17 21

| ’ AN
13 20 23
AN N |
17 22 25

The corresponding subsets C'y are

8
AN 11
1112 I\ 14
i\ ! 14 15 , 24
14 15 RN
Y 18 19 18
18

(4) There are three sets V; = X; U {w;}, for t = 1,2, 3, for which Cx, (= Cy,)
has width no less than 2:

11 13 12
N N N
Vi= 14 15, Va= 16 17, V3= 15 16
N N N
18 20 19
For these, the corresponding subsets Cy, are, respectively,
7
|
10
|
13 11
b\ N
16 17 , 14 15, 14 17.
N N
20 18
N
22
AN
24

With this preparation, we can exclude Nazarova posets.



32 KARIN ERDMANN, ANA PAULA SANTANA AND IVAN YUDIN

(I) We claim that P does not have a subposet isomorphic to (1,3,4). Assume
for a contradiction there is a subposet (Y, Z) where Y = (3) and Z = (1,4).
Let U be the convex hull of Y, so Cy = Cy and Z C Cpy. Then U contains
a minimal triple X and then Cy C Cx. Therefore Cx contains a subposet
isomorphic to (1,4). The only sets X in our list such that Cx contains a
subposet (4) are X = {8,11,14}, X = {7,10,13}, X = {10,13,17}, and
X C V4, but then Cx does not contain a subposet (1,4), a contradiction.

(IT) We claim that P does not have a subposet isomorphic to (2,2,3). Sup-
pose there is a subposet (Y, 7) with Y = (3) and Z = (2,2). Let U be the
convex hull of Y, so Cy = Cy and Z C Cpy. Then U contains a minimal
triple X and then Cpy C Cx and Z C (Cx so that C'x contains a subposet
isomorphic to (2,2). Our list does not contain such a minimal triple, a con-
tradiction.

(III) We claim that P does not have a subposet isomorphic to (N, 5). Assume
for a contradiction that there is a subposet (Y, Z) with Y isomorphic to (5)
and Z isomorphic to N. Let U be the convex hull of Y, so that Cy = Cly.
Then Y (and U) contains at least three different minimal triples X, and
Cy C Cx. Each of these C'x must contain the same copy of N as a subposet.
From our list, the only subposets isomorphic to N which occur as subsets of
more than one of such Cy are

14 15 11 12
18 19 14 15.
We see Cy, = {17,20,22,24} and Cy, = {7,10, 13,17}, which are too small
to contain the subposet (5), and we have a contradiction.

(IV) We claim that P does not contain a subposet isomorphic to (1,2,6).
Suppose we have a subposet (Y, Z) with Y = (6) and Z = (1,2). Let U be
the convex hull of Y, so that Cy = Cy. Assume first that U has a subposet
V' of size four which is the union of two minimal triples + < y < z and
x <w <z Then Z C Cy C Cy. Now, from part (4) of the list, Cy has
width > 2 for V;, V5 and V3 but in each case Cy does not contain (1,2), a
contradiction. This shows that U (and Y') does not contain such a V. This
implies that Y is either “vertical” or “diagonal” (using that Y has size 6).
If Y is vertical then it can only be {4 < 6 < ... < 18} but then Cy = (). If
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Y is diagonal then its smallest element is 8 or 11, and then Cy = () as well.
This shows that no subposet isomorphic to (1,2,6) exists.

(V) We claim that P does not contain a subposet Y isomorphic to (1,1, 1, 2).
If so then this contains the unique subposet of P isomorphic to (1,1,1,1),
which is Z = {14,15,16,17}. Then Y is the union of Z together with pre-
cisely one element s not in this set. In each case there are two distinct
elements of Z comparable with s, so that Y is not the disjoint union of (2)
with (1,1, 1), a contradiction. [J

We proved that I'); does not contain any Nazarova subposet. So, by The-
orem 5.1, we have that I'y; is not wild. Since, by Proposition 5.2 and Theo-
rem 0.1, we know that it is not of finite type, we conclude that I'j; is tame.
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