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1. Introduction

Courant algebroids were introduced by Liu, Weinstein and Xu [16] to inter-
pret the bracket defined by Courant to study constraints on Dirac manifolds.
In short, a Courant algebroid is a vector bundle £ — M equipped with a
symmetric nondegenerate bilinear form, together with a morphism of vector
bundles p : E'— T'M and such that the space of sections I'(£) has the struc-
ture of a Leibniz algebra. All these data satisfy some compatibility conditions
that we recall in Section 2. This is not the original definition introduced in
[16], but an equivalent non-skew-symmetric version that uses the so-called
Dorfman bracket instead of the Courant bracket.

There is an alternative way to define Courant algebroids, introduced by
Roytenberg [18], which is the one that we consider in this paper. Courant
algebroids can be described as degree 2 symplectic graded manifolds together
with a degree 3 function © satisfying {©,0} = 0, where {-,-} is the graded
Poisson bracket corresponding to the graded symplectic structure. To the
graded Poisson bracket we call big bracket [12]. The morphism p and the
Dorfman bracket are recovered as derived brackets (see [15]).

When the Courant structure is defined on the Whitney sum A ® A* of a
vector bundle A and its dual, we have what we call a split Courant algebroid.
The Courant structure on A®A* can be the double of a Lie bialgebroid struc-
ture on (A, A*), the double of a quasi-Lie bialgebroid structure on (A, A*) or,
more generally, the double of a proto-Lie bialgebroid structure on (A, A*)[19].
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Besides Courant algebroids, the other relevant structures in this paper are
L..-algebras, also known as strongly homotopy Lie algebras. They were in-
troduced by Lada and Stasheff [11] and consist of collections of n-ary brackets
satisfying higher Jacobi identities. In the original definition of [14], the n-ary
brackets are skew-symmetric, but in this paper we consider the equivalent
definition where the brackets are graded symmetric. Roytenberg and We-

instein [20] showed that to each Courant algebroid one can associate a Lie
2-algebra and, recently, Lang, Sheng and Xu [15] proved a converse of this
result.

In this paper we show that split Courant algebroids A @& A* are in a one-
to-one correspondence with multiplicative curved L..-algebra structures on
['(A®A)[2]. This extends other previous results. In 2002, Roytenberg [19]
mentions that each split Courant algebroid which is the double of a quasi-
Lie bialgebroid has an associated L.-algebra defined on I'(A®*A)[2] and that
the converse holds. No proof is given. In 2015, Frégier and Zambon [8]
proved that each split Courant algebroid which is the double of a proto-Lie
bialgebroid determines a curved Ls-algebra structure on I'(A®*A*)[2]. The
proof uses the higher derived brackets construction of Voronov [21]. We give
an alternative and simpler proof that only uses the properties of the graded
Poisson bracket, and we also prove the converse (Theorems 4.1 and 4.3).

Having established a one-to-one correspondence between split Courant al-
gebroids and multiplicative curved L..-algebras, it seemed interesting to dis-
cuss the behavior of Nijenhuis operators under this correspondence. Nijen-
huis morphisms on Courant algebroids were initially considered in [0] and
then revisited in [10], under the graded manifold approach to Courant alge-
broids. Regarding Nijenhuis forms on L..-algebras, they were introduced in
[4]. This notion also appears in [17], although with a simpler definition which
turns out to be a particular case of the one in [1]. In this paper we consider
the definition of [1]. Using the Lie 2-algebra associated to each Courant al-
gebroid according to [20], some relations between Nijenhuis morphisms on
Courant algebroids and Nijenhuis forms on Lie 2-algebras were already es-
tablished in [1]. In the current paper the approach is different since split
Courant algebroids A @ A* are seen as graded manifolds, which is not the
case in [1], and the curved L.-algebra structure is defined on I'(A®A)[2].

One of the advantages of viewing split Courant algebroids as graded man-
ifolds, besides simpler and more efficient computations, is the relation with
Lie algebroid structures on A. Indeed, we have that (A ® A*,© = p) is a
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Courant algebroid if and only if (A, u) is a Lie algebroid. Having this is
mind, we characterize some know structures on Lie algebroids as Nijenhuis
forms on L-algebra structures on I'(A®A)[2].

Another type of operation that behave well under the one-to-one corre-
spondence that we established, is the twisting on Courant algebroids and on
L.-algebras. The twisting of a split Courant algebroid by a bivector was
defined in [19], and the same operation can be done on L.-algebras. In [9]
it is shown that the twisting of a L.-algebra by a degree zero element 7 is
an L..-algebra provided that 7 is a Maurer-Cartan element. In the case of a
curved L..-algebra, we show that m no longer needs to be a Maurer-Cartan
element.

The paper is organized as follows. Section 2 contains a brief review of the
main notions concerning (pre-)Courant algebroids as well as Nijenhuis mor-
phisms on (pre-)Courant algebroids. In Section 3 we recall the definition of
curved L,-algebras and of Nijenhuis forms on curved L..-algebras. Section 4
contains the main theorem, that establishes a one-to-one correspondence be-
tween split Courant algebroids and curved L..-algebras. In Section 5 we show
that the one-to-one correspondence preserves deformations by Nijenhuis op-
erators. In particular, some Nijenhuis morphisms on Courant algebroids are
characterized as Nijenhuis forms on curved L..-algebras. Some well known
structures on Lie algebroids are viewed as Nijenhuis form on L..-algebras. In
Section 6 we discuss the twisting of a split Courant algebroid and of a curved
Lo.-algebra by m € I'(A?A) and we show that the one-to-one correspondence
preserve these twisting operations. In Section 7 we combine the one-to-one
correspondence with the operations of twisting by 7 and deformation by
a skew-symmetric vector-valued form on I'(A®*A)[2]. The commutative dia-
grams included along Sections 4 to 7 can be combined to form a commutative
cubic diagram, presented at the end of the paper.

2. Preliminaries on Courant algebroids and their
Nijenhuis morphisms

In this section we recall the definition of Courant algebroid and how it can
be seen as a ()-manifold, following the approach of [23, 18]. The notion of
Nijenhuis morphism on a (pre)-Courant algebroid is also recalled.

Let £ — M be a vector bundle equipped with a fibrewise non-degenerate
symmetric bilinear form (-, -).
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Definition 2.1. [3] A pre-Courant structure on (E, (-,-)) is a pair (p, [, ]),
where p : E — TM is a morphism of vector bundles called the anchor,
and [-,-] : T'(F) x I'(F) — ['(F) is a R-bilinear bracket, called the Dorfman
bracket, satisfying the relations

p(u) : <U7w> = <[u7U]7w> + <U7 [u7w]>
and
p(u) - (v, w) = (u, [v,w] + [w,v]),

for all u,v,w € I'(F). The quadruple (E, {-,-), p, [,]) is a pre-Courant alge-
broid.

If a pre-Courant structure (p, |-, -]) satisfies the Jacobi identity,
[w, [0, w]] = [[u, v], w] + [v, [u, w]],

for all u,v,w € I'(E), then the pair (p, [, ]) is called a Courant structure on
(E,(-,+)) and (E, {-,-),p,[,"]) is a Courant algebroid.

Next, we recall the notion of Nijenhuis morphism on a (pre-)Courant alge-
broid (£, (-,-),p, |-, ]). Given an endomorphism ¥ : £ — E, the transpose
morphism f* : E* ~ F — E* ~ E is defined by (F*u,v) = (u, Fv) for
all u,v € E. If & = —F*, the morphism 7 is said to be skew-symmetric.
For a skew-symmetric endomorphism ¥ : E — E, we define a deformed
pre-Courant algebroid structure (p.s, [-,-].7) on (E, (-, -)) by setting

pr=poS (1)
[u,v].7 = [Fu,v] + [u, Fv] — Flu,v], Vu,veT'(E).
A skew-symmetric endomorphism ¥ : £ — E on a pre-Courant algebroid
(E,{-,), p,[-,"]) is a Nijenhuis morphism if its Nijenhuis torsion 0.% vanishes,
where

05 (u,v) = % ([Fu, Fv] — F ([u,v]s)),

for all u,v € I'(E). If F is a Nijenhuis morphism, then (E, (-,-), ps, [, "].7)
is a Courant algebroid.

When the underlying vector bundle £ — M of a (pre-)Courant algebroid
is the Whitney sum F = A @& A* of a vector bundle A — M and its dual
A* — M we have a split (pre-)Courant algebroid. The graded manifold
approach of split (pre-)Courant algebroids will be extensively used in this
paper, and so we briefly recall it.
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Given a vector bundle A — M, we denote by A[m| the graded manifold
obtained by shifting the fibre degree by m. The graded manifold 77[2]A[1]
is equipped with a canonical symplectic structure which induces a graded
Poisson bracket on its algebra of functions & := C*°(T*[2] A[1]). This graded
Poisson bracket is sometimes called the big bracket. (see [12]).

Let us describe locally this Poisson algebra (see [1] for more details). Fix
local coordinates x;,p', &, 0% i € {1,...,n},a € {1,...,d}, in T*[2]A[1],
where x;, £, are local coordinates on A[1] and p’, #* are their associated mo-
ment coordinates. In these local coordinates, the Poisson bracket is given

by
o)y ={60"¢& =1, i=1,....n, a=1,....d,

while all the remaining brackets vanish.

The Poisson algebra (%, {-,-}) is endowed with an (Ny x Ny)-valued bide-
gree. We define this bidegree (locally but it is well defined globally, see [23,

]) as follows: the coordinates on the base manifold M, z;, i € {1,...,n},
have bidegree (0,0), while the coordinates on the fibres, &,, a € {1,...,d},
have bidegree (0, 1) and their associated moment coordinates, p’ and 6%, have
bidegree (1,1) and (1,0), respectively. We denote by F*! the space of func-
tions of bidegree (k,l) and by F' the space of functions of (total) degree

,
F' = F.
k=t
Notice that F = C°(M), FO =T'(A4) and F1° =T'(A*). The big bracket
has bidegree (—1,—1), i.e., {Frh Fhll c ghth-Luth=1 anq for all
fLge FO'=C®M)and X +a,Y + 3 € FL =T(A®d A*), we have

{f,g} =0, {f/[ X+a}=0and {X+ao,Y+8}=(X+a,Y+0),
where (-, -) stands for the usual pairing between A and A*,
(X +a,Y +B):=a(Y) + B8(X).

There is a one-to-one correspondence between pre-Courant structures
(p,[-,7]) on (A @ A* (-,-)) and functions © € F3. In other words, a pre-
Courant structure on (A @ A*, (-,-)) corresponds to a hamiltonian vector
field Xo = {O,-} on the graded manifold 7%[2]A[1]. The anchor and Dorf-
man bracket associated to a given © € 3 are defined, for all X + o, Y +f €
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['(A® A*) and f € C*(M), by the derived bracket expressions

p(X+a)f={{X+a,0},f} and [X+ao,YV+8={{X+a,06}Y+5}
)
In [18, 23] it is proved that there is a one-to-one correspondence between
Courant structures on (A @ A*, (-,-)) and functions © € F? such that the
hamiltonian vector field Xg on T%[2]A[1] is a homological vector field, i.e.,
{©,0} = 0. Thus, a Courant algebroid (A @ A*, (-, -),©) corresponds to a
()-manifold (7*[2]A[1], Xe).
In what follows, a split (pre-)Courant algebroid will be denoted simply by
(A A, 0).

A (pre-)Courant structure © € %3 can be decomposed using the bidegrees,
as follows:

O=v+y+u+e, (3)
with ¢ € F30 = T(A3A),y € F2\ € F12 and ¢ € FO3 = T(A3A*). We
recall from [19] that, when ¢y = v = ¢ = 0, © is a Courant structure on

A @ A" if and only if (A, pu) is a Lie algebroid. When ¢ = ¢ = 0, O is a
Courant structure on A@ A* if and only if ((A, A*), u, ) is a Lie bialgebroid
and when ¢ = 0 (resp. ¥ = 0), © is a Courant structure on A ® A* if and
only if ((A, A*), u,v,¢) (resp. ((A*, A),v, i, ¢)) is a quasi-Lie bialgebroid.
In the more general case, © = ¥ + v+ pu + ¢ is a Courant structure if and
only if ((A, A*), u,v,%, @) is a proto-Lie bialgebroid. In this general case,

({7, 4} =0
1k +2{n, ¢} =0
{0.0} =0 & {{m}+{,¢} =0 (4)
{ps it +2{v, 0} =0
| {n. 90} =0.

Now, we shall see what is the function on %3 corresponding to the deformed

(pre-)Courant structure (1) on A@ A*. A skew-symmetric endomorphism on
AP A*, J: A® A" — AP A*, is of the type

= (5 _@é) (5)
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with N : A = A;m € T'(A*A4), w € T'(A?A*) and where N* : A* — A*
i A" A W0 A — A* are defined by

(N*a, X) = (ar, NX)

(m*(a), B) = 7(a, B)
(W (X),Y) =w(X,Y),

for all X,Y € I'(A) and «, € ['(A*).”
We have

JX+a)={X+a,r+N+uw},

so the morphism J corresponds to the function 7+ N +w € T'(A?(A® A*)) C
C>*(T*[2]A[1]), that we also denote by J.

The deformation of the (pre-)Courant structure © by J is the function
O =0O0,iN1w = {7+ N +w,0} € F3, that corresponds to (py, [, ]s) (via
2)).

When J satisfies J2 = Aid gq 4+, for some X € R, the Nijenhuis torsion of J
is given by [10, 1]

To = 3((0)s — 20), )

where (©); denotes the deformation of ©; by J.

3. Review on L.-algebras and Nijenhuis forms

In this section we recall the definitions of curved (pre-)L.-algebra and
Nijenhuis form on an L..-algebra, following [1]. For the definition of an L..-
algebra we consider graded symmetric brackets, which is not the case in the
original definition introduced in [I1]. Both definitions are equivalent, and
the equivalence is given by the so-called décalage isomorphism (see [24, 1]
for more details).

In what follows, we consider graded vector spaces with all components of
finite dimension.

Definition 3.1. A curved pre-Lo.-algebra (£,¢) is a graded vector space
Z = P,y L together with a family of symmetric vector-valued forms
(brackets) ¢; : L — £L,i > 0, of degree 1. For i = 0, £y € &. The
term ¢ is called the curvature. We write £ =Y.,

*We use the same notation for the maps induced on the space of sections I'(A) and I'(A*).
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The pair (£,¢) is called a curved Loo-algebra if the generalized Jacobi
identity is satisfied:

Z Z G(U)fj(fi(Xa(l)a T 7Xa(i))7 T 7Xa(n)) =0 (7)

i+j=n+1 geSh(i,j—i)

for all n € Ny, where Sh(i, j —i) stands for the set of (i, j — 7)-unshuffles and
€(0) is the (graded commutative) Koszul sign defined by

XJ(1)®...®XJ(R):E(O')Xl(X)...@Xn,

for all Xi,..., X, € &. When the curvature vanishes, i.e. £y =0, (Z,?) is
simply called an L.-algebra.

For k > 0, we denote by S*(Z*) ® &£ the space of symmetric vector-valued
k-forms on the graded vector space &, i.e., graded symmetric k-linear maps
on £, and we set

S(LNeL=PsNL)IeL
k>0
For k = 0, SY(Z*) ® & is isomorphic to Z.

The insertion operator of a symmetric vector-valued k-form K is an oper-

ator
1k S(LNRL - S(L)R L
defined by

ZKH(Xb SR 7Xk‘+h—1) - Z E(O)H (K(XU(1)7 SR 7X0(k))7 s 7X0(k+hf1)) )
oeSh(k,h—1)

forall He SM(£)@ % and X1,...,. Xjp 1 € L. fFHe SNZLNRZL ~
g, ZKH = 0.

Given a symmetric vector-valued k-form K € S*(Z£*)®<Z and a symmetric
vector-valued h-form H € S"(Z£*) ® £, the Richardson-Nijenhuis bracket of
K and H is the symmetric vector-valued (k+h—1)-form [K, H] on &, given
by

(K, H] =ucH — (-1)" "y K, (8)
where K is the degree of K as a graded map, that is K(Xi,...,X};) €
Lyvovoais forall Xs € £ i =1,... k. The pair (S*(Z*)®@ Z,[-,"]) is a
graded skew-symmetric Lie algebra.

Curved Ly-algebras can be characterized using the Richardson-Nijenhuis
bracket.
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Proposition 3.2. [1] A curved pre-Loo-algebra (£,€) is a curved Ly,-algebra
if and only if [€,¢] = 0.

Assume that there exists an associative graded commutative algebra struc-
ture of degree zero on &, denoted by A. A vector-valued k-form K €

SH(PL*) ® £ is said to be a multiderivation symmetric vector-valued k-form
if

K(Xla"' 7Xk—17Y/\Z) :K(Xl, ,Xk;_l,Y>/\Z
+ (—D)"*K(Xy, -, Xp1, Z) Y,

forall Xq,--- X 1€ Z,YeZ,and Z € Z..

The space of all multiderivation symmetric vector-valued forms on & is a
graded Lie subalgebra of (S*(Z*) @ &, [+, ]).

A curved L.~ algebra (&,¢) is called multiplicative if all the brackets
are multiderivations. Multiplicative (curved) L. algebras are also called
(curved) Py- algebras [7]. They can be viewed as a symmetric version of
(G »-algebras.

Given a curved L..-structure # and a symmetric vector-valued form of
degree zero, 7, on a graded vector space, we call [z, £] the deformation of ¢
by 7 and denote the deformed structure by £, := [z, ].

Next we recall the definition of Nijenhuis vector-valued form on an L..-
algebra, introduced in [1].

Definition 3.3. Let (&, ) be a curved pre-L-algebra. A symmetric vector-
valued form on &, 7, of degree zero, is called a Nijenhuis form on (£, ¢) if
there exists a vector-valued form £ of degree zero, such that

[72,[7,¢]] = [#£,¢] and [n,£]=0.
Such a vector-valued form £ is called a square of 7.

In the forthcoming sections we will often use the so-called Euler map. Given
a graded vector space .Z = €, ., <, the Euler map & : & — £ is a linear
map of degree zero defined by

&(P) = pP, (9)

for all homogeneous elements P € Z,.
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4. From Courant algebroids to L.-algebras and back

In this section we prove a theorem that generalizes a result initially es-
tablished by Roytenberg [19] in the case of a split Courant algebroid which
is the double of a quasi-Lie bialgebroid, and then extended by Frégier and
Zambon [3] to the case where the Courant structure is the double of a proto-
bialgebroid. A result similar to the one in [8] was obtained by Gualtieri,
Matviichuk and Scott [I1]. In all cases, given a split Courant algebroid
structure, a (curved) Loo.-algebra is constructed. Our theorem includes the
converse and the proof uses a technique different from the one in [3].

Let (A @ A*, ©) be a pre-Courant algebroid where © € %3 can be decom-
posed using the bidegrees as in (3):

O=¢+v+ut+o.
Set L = I'(A®A)[2]. Thus L = Y ,L; is a graded vector space where
Lfg = COO(M), Lfl = F(A) and Lz = F(/\H—QA), ) Z 0.

Let us consider the map

M F3 S* (LY ® L

O=v+yv+pu+o——Ii=l+hL+0L+I

where
o M) =1y € L =T (A*A) is defined by

lo = ¥ (10)

o M(y) =1 € S (L") ® L is defined by
LW(P) ={v,P}; (11)

o M(p) =1y € S*(L*) ® L is defined by
L(P,Q) ={{n, P},Q}; (12)

o M () =13 € S3(L*)® L is defined by
l3(P,Q, R) = {{{¢. P},Q}, R}, (13)

for all P,@Q, R € T'(A*A).
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Theorem 4.1. The map M, defined by Equations (10)-(13), establishes a
one-to-one correspondence between pre-Courant structures on A & A* and
multiplicative curved pre-Loo-algebra structures | = lo+ 11 + 1o + 13 on L =

[(A®A)[2].
Before proving Theorem 4.1, let us recall Lemma 3.1.6 from [1].

Lemma 4.2. Consider F € ™, with s > 0. If F satisfies {F, X} =0, for
all X € I'(A), then FF = 0.

Now let us prove Theorem 4.1

Proof of Theorem j.1: Let © = ¢ 4+ v 4+ 1 + ¢ be a pre-Courant structure
on A @ A*. First, let us prove that | = #(©), defined by Equations (10)-
(13), is a multiplicative curved pre-L.-algebra structure. The fact that [ is
multiplicative is a direct consequence of the definition of [ and the Leibniz
rule for the big bracket {-,-}. The remaining part of the statement claims
that [ = Z?:o [; is a graded symmetric linear map of degree 1. This is
immediate due to the definition of [ = #(©) and to the properties of the
big bracket in C*°(T*[2]A[1]). For example, let us check explicitly that [ is
a graded symmetric map S?(L) — L of degree 1.

For all P € L, = I'(AP"2A) and Q € L, = T(A"2A), using the Jacobi
identity of the big bracket, we have

Io(Q, P) = {{m, Q}, P} = {1, {Q, P}} + (1)@ {{y, P}, Q} =
- (_1)pq {{Ma P} ) Q} - (_1)pq ZQ(Pa Q)7
which proves that [y is a graded symmetric map. Furthermore, in
C>®(T*[2]A[1]), the big bracket is a map of bidegree (—1,—1) and the el-
ements u, P and @) have bidegrees (1,2), (p+2,0) and (¢+2,0), respectively.
Thus, {{u, P}, @} has bidegree

which means that

l2<P7 Q) - {{:LL7 P} ) Q} S F(/\p+q+3A) - Lp+q+1-
Then Is is a map of degree 1.
Conversely, given a multiplicative curved pre-L..-algebra structure [ =
lo+ 1 +1y+13 on L = T'(A*A)[2], let us prove that there is an unique
0, € F3 " such that (0, = l,,, for each n =0, 1,2, 3.

e For n = 0, we have Oy = [y € I'(A3A) = F30,
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e For n = 1, we need to define ©; € F*!, such that #(0,) = Iy, i.e,
such that,

{01, P} = ,(P), YPeT(AA). (14)

We claim that Equation (14) defines explicitly an unique ©; € F*1
Indeed, locally, on coordinates (z;, p', &, 0%), such an element is writ-
ten as ©1 = A;(x)p'0* + BS,(2)0°0°¢. and, using Equation (14), its
coefficients are determined (apart from signs that depend on conven-
tions) by [y, as follows:

{ Aig = {01, 2}, &} = £ < li(w4), & >
By = +1{{{01,0°} &}, &) = +5 <h(6°),& N > .

Thus, the existence of O satisfying Equation (14) is guaranteed. Fur-
thermore, we can not have two elements ©; and ©] satisfying Equation
(14) because Lemma 4.2 would imply that ©; — 0] = 0.

e Analogously, for n = 2, we need to define ©y € F!? such that

M(O3) =y, i.e., such that
{65, P},Q} = b(P,Q), VP,Q € T(AA). (15)
Locally, Oy = C(2)p'&, + D(2)£,60¢ and, using Equation (15), the

coefficients are determined by [y as follows:

Czq == {{@2,1’2} ) ea} - il?(x% ea)
D = £1{{{0,,0°},6"} &} = £L < 15(67,0"), & > .

e Finally, for n = 3, O3 € F"3 = I'(A3A*) is a 3-form and condition
M (©3) = I3 implies that
{{{63?X}7Y}?Z} — l3(X7Y7 Z);
for all X,Y,Z € I'(A), and this defines uniquely Os.

Theorem 4.3. Let © € F3 be a pre-Courant structure on A® A* and | =
AM(O) its corresponding multiplicative curved pre-Ly-algebra structure on
L =T(N*A)[2]. Then, the following assertions are equivalent:

i) (A® A*,0) is a Courant algebroid;

it) (L, 1) is a multiplicative curved Lo-algebra.
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Proof: The generalized Jacobi identity (7) satisfied by [ corresponds exactly
to the different conditions we obtained in (4), after splitting the condition
{©,0} = 0 using bidegree. Indeed, for n = 0, we have

Li(l) =0« {y, ¢} =0 (16)
while for n =1 and for all P € L,

lo(lo, P) + Lh(L(P)) = 0 & {{pm, v}, P} +{7.{r, P}} = 0

& {{u,¢}+%{v,7},P} =0

& {0} + % {v,7} =0, (17)

where the last equivalence follows from Lemma 4.2. For n = 2 we have, for
all P € L, and Q) € Ly,

l3(lo, P, Q) + l2(Li(P), Q) + (=1)M2(l(Q), P) + Li(l2(P,Q)) =0

< {{{o. v}, P}, QY+ {{w. {7, P} Q@+ (=1)" {{n, {7, Q}}, P}
+{7.{{w, P}, Q}} =0

& {{{o. v} +{u}. P}, Q=0

< Ao, vt +{w}=0 (18)

Equations (16), (17) and (18) are precisely the first, second and third equa-
tions on the right side of (4).

For n = 3,4 and 5, since more terms are involved, computations are
rather cumbersome but straightforward and only use the properties of the
big bracket (essentially Jacobi identity). Computations for n = 3 and 4 lead
to the last two equations on the right side of (4). For n = 5, we prove that
forall P,Q, R,S,T € L,

O ly((P, @, B), 5,T) = 5 {{{{{6,0}, P}.Q}, R}, S}, T},

where O stands for the sum of the ten terms corresponding to the graded
(3,2)-unshuffled permutations of the set {P,Q, R,S,T}. This condition is
trivially satisfied because {¢,¢} = 0, for bidegree reasons, for any ¢ €
T(A3A%). u

Notice that the roles of the vector bundle A and its dual A* can be reversed
everywhere in this section, since (A @ A*, ©) is a Courant algebroid if and
only if (A*® A, ©) is a Courant algebroid [19]. As a consequence, in Theorem
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4.3, instead of considering the graded vector space L = I'(A®A)[2], we can
take £ := ['(A*A*)[2] and define the following graded symmetric brackets of
degree 1:

>\0 0

M(a) = {,a}

lo ) = ({7,010 (19)
Nl B.) = {6}, B} .}

for all a, B,n € T(A®A*). Set A\ = Zi:() i

Next corollary summarizes what we have proved so far.

Corollary 4.4. The following assertions are equivalent:

i) (A® A*,0) is a Courant algebroid;
it) (A" @ A, 0) is a Courant algebroid;
ii1) (L,1) is a curved Lo-algebra;

i) (£,\) is a curved Ly -algebra.

Remark 4.5. In [8] it is proved that (¢) (or (ii)) implies (iv). The technique
used to obtain the curved L..-algebra structure is the Voronov’s higher de-
rived brackets [21]. See also [! 1] for the case of exact Courant algebroids.

Having established Corollary 4.4, we can proceed over the next sections
either with the curved Lo-algebra (L = I'(A*A)[2],1) or with the curved L.-
algebra (£ = T'(A*A*)[2],\). We will continue with (L,[), but one should
have in mind that all the forthcoming results have their dual version if we
would consider (£, \) instead of (L, ).

5. Nijenhuis on Courant algebroids and on L.-algebras

In this section, to each skew-symmetric endomorphism on A @ A* we asso-
ciate a vector-valued form of degree zero on I'(A®* A)[2] and we analyse how the
induced deformations on pre-Courant algebroids and curved pre-L..-algebras
are related under the map . This leads to a relationship between Nijen-
huis operators and also enable us to see some structures on Lie algebroids as
Nijenhuis forms on L..-algebras.

Consider a skew-symmetric endomorphism J : A & A* — A @ A* given as

in (5):
(X %),
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Recall that J is identified with 74+ N +w € T'(A?(A®A*)) and that J(X +a) =
{X+a,rm+N+w}.

Let us define the extensions N and w of the tensors N and w, respectively,
by setting, for all functions f € C*°(M) and homogeneous elements P =
PN ANP,eT(NPA)and Q = Q1 N ...NQ, € I'(A1A),

{Mﬁﬁﬂ) A
N(P) = X0, (-1)" ' N(P) A P,

and

{gva=Mwaﬂ) N o
w(P,Q) (1P (P, Q)P A )

Wheref)i=P1/\.../\Pi,1/\Pi+1/\.../\Pp and@;le/\.../\ijl/\ijLl/\
AQ,

Lemma 5.1. The extensions N and w are multiderivation symmetric vector-
valued 1-form and 2-form, respectively, i.e.,

i) N(PAQ)=N(P)ANQ+ (1) N(Q) AP,
II’/[’) Q(Pa Q) - (_1)pq@(Q7P);
1)) w(P,Q AN R) =w(P,Q) AR+ (=1)"w(P,R) NQ,

for all P € T'(APA), Q € T'(AN1A) and R € T'(A*A).

Proof: Let us consider homogeneous elements P = P, A ... A P, € I'(APA),
Q=QN...NQ,eT'(NA)and R= R A... AR, € ['(N"A). Then,

i)

~

(—1)" I N(Q) AP AQ;

M-

NPAQ)= (-1)"'NPYANP,AQ+

.

~.
Il M»s
N

1

s (Eor )

_ N(P)AQ+ (~1) N(Q) A

<
Il
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ii)

P g
:ZZ( 1)p+Z+J+(p 1)( (Qw 1)@\]/\}31

= (1P (=) T(Q), P) QA P

b q
W(P.QAR) =Y (Z(—D“”“w(l%,é?j) BAQAR

J=1

k=1

(ZZ pril <PZ,@3>PA@J) AR
=1

J=1

p
+ Z (_1)p+i+q+k71+q(Tfl)w(Pi’Rk) PZ A Rk A Q

If one uses the graded Poisson bracket (big bracket) on the graded sym-
plectic manifold T*[2] A[1], the evaluation of N and w on sections of A*A is
much simpler to handle, as it is shown in the next lemma.

Lemma 5.2. For all P,Q € T'(A*A), we have:
Z) M(P) = {_Na P};
W) WP, Q) = {{-w, P},Q}.

Proof: All the operators are derivations on each entry, so we only have to
check the identities for sections of I'(A). But in this case the identities are
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obvious because the extensions N and w coincide with the original tensors
N and w. [ |

Remark 5.3. In general, a tensor 7~ € T'(A*A* ® A'A) can be extended as
a graded symmetric multiderivation 7 € S°L* ® L of degree k + | — 2, by
setting

V(P PF) = (1) 5 HkOutetn) Y i,
i ng

S oDyt (B P PE) A PLA...APE

ag?
a1:1 ak:1

for all homogeneous elements P' = P{ A ... A P. € I'(A"A) and where we

used the notation ]/32 =P/A...AP._ AP  A...ANP. i=1,... k. Using
derived brackets, the extension 7 is simply defined by

V(P',... P = (- {7, P} PP, PR (20)

Let us now consider the map

T: [(A2(A@ AY))

S (L)@ L

J=m+N4w——7=s0+11+ 1o

where
o Y(7) = 79 € Ly C S°(L*) ® L is defined by
Lo = —T; (21)
e TY(N)= s € SY(L*) ® L is defined by
21(P) = N(P); (22)
o T(w) = 72 € S*(L*) ® L is defined by
£2(P,Q) = w(P,Q), (23)

for all P,Q € I'(A*A).
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By Lemma 5.2, we can rewrite the expressions defining the map YT using
the big bracket as follows:

J0=—T
21(P) ={-N, P}
22(P.Q) = {{-w,P},Q}.

Lemma 5.4. The map Y(J) = 7 : S*(L) — L is a graded symmetric linear
map of degree zero.

Proof: The map 7 is of degree zero because 7y € Ly and z7 and 75 are both
maps of degree zero. To check this we use the same procedure as in the proof
of Theorem 4.1. For example, in the case of 75, if P € L, and () € L,, then

72(P,Q) = {{—w, P}, Q} has bidegree
((0,2) + (p+2,00+(=1,-1)) +(¢+2,00+ (-1, -1) = (p+ ¢ +2,0),
which means that 75(P, Q) € Ly, and so 7 is a map of degree zero. |

Having shown in Theorem 4.1 that the map . is invertible, it seems natural
to ask if T also admits an inverse. The answer is yes. Indeed, given three
maps z; : S'(L) — L, i = 0,1,2, of degree zero and such that 277, = 0,
for all f € L_y = C®(M), we can define J € I'(A%(A @ A*)) such that
Y(J) = zo+ 71+ z2 The proof is analogous to the proof of converse part
of Theorem 4.1.

Recall that © € %3 can be deformed by a skew-symmetric endomorphism
J of A@ A*, yielding ©; (see Section 2). Also, a curved pre-L-algebra can
be deformed by a degree zero symmetric vector-valued form 7 yielding the
curved pre-Ly-algebra £,, = [72,¢] (see Section 3).

A way to confirm that the maps . and T are a natural way to embed
skew-symmetric endomorphisms of split pre-Courant algebroids into vector-
valued forms on curved pre-L..-structures is by checking that the following
diagram is commutative:

0 L 1= .u(0)
deformation
Q \{by Y(J)=, (24)

M

deformation
by J

O

L,
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This is the purpose of the next theorem.

Theorem 5.5. Let (A@ A*,0O) be a pre-Courant algebroid and J : A® A* —
A® A" a skew-symmetric endomorphism. The diagram (2/) is commutative,
which means that

M(O) = (M (O))rx (1),

where M and Y are defined by Equations (10)-(13) and (21)-(23), respec-
tively.

Proof: Let us take © = ¢ +~v+pu+ ¢ and J = 7+ N 4+ w (see equations (3)
and (5)). Then,

O;=1{J,0}={r+N+w+y+pu+ao¢}

can be decomposed as follows:

(©1) 30 = {m 7} +{N, ¥}
(©1)n) = {m py +{N,7} + {w, ¢}
(©1)a2 =A{m ¢} +{N,u} +{w, 7}
( J)(O?) _{N7¢}+{w7u}
Now, Equations (10)-(13) define explicitly the brackets forming (0 ):
(H(©1))y = {m 7} +{N, ¢}
((©))1 (P) = {{m i} + (N} + (.03, P) )
(M(©7)), (P,Q) = {{m, ¢} +{N,u} +{w,7},P},Q}
(H(©1)); (P, Q, R) = {{{{N, ¢} + {w,u}, P}, Q}, R}

for all P,Q, R € ['(A*A).

On the other hand, #(©) =1 = Iy + l; + Iy + I3 is defined by Equations
(10)-(13) while Y(J) = 7 = £o + £1 + 4> is defined by Equations (21)-(23).
Thus, the curved pre-L..-structure

(L (O))yy = [£,1] = Lo+ 21+ 22, 1o+ 11 + lg + 1]

can be decomposed in four terms [ 7,1]; € SY(L*)® L,i = 0,1, 2,3, as follows:

LZ.7 Z]O LZOa ll] + [02.17 ZO]

[02.7 l]l [0207 ZQ] + [02‘17 ll] [0227 l()] (26)
1.7 2 = [ A0, 3] + [ 1, 2] + [ 72, 11]

12513 = [ 41, 3] + [ 72, 1]



20 P. ANTUNES AND J.M. NUNES DA COSTA

We need to prove that the curved pre-L..-structures defined by Equations
(25) and (26) coincide. For the O-brackets, we have

[0, li] + [ 21, o] = 1 (20) — £1(lo)
={v, =7} —{-N. ¢}
=A{m} +{N. ¥},
where we used Equations (8), (10), (11), (21) and (22). The 1-brackets
require more computations, but still straightforward. Besides the equations

used for the 0-brackets we also use Equations (12) and (23) to carry out the
computations, for any P € L:

([0, lo] + L1, 1] + [72, lo]) (P) = la( 20, P) + 11(A1(P)) — A1(L(P))
— Z2(l, P)
=l(-m, P)+ L({-N,P}) — /1({7. P})
— Z2(¢, P)
= {{p, =7}, P} +{7,{-N, P}}
—{-N.{v. Pt} —{{-w. ¥}, P}
={{mu}t, P} —{{7, N}, P} + {{w, ¥}, P}
= {mu} +{N. v} +{w, ¥}, P}.

For 2-brackets and 3-brackets, computations are more laborious (because
they implicate more terms) but are similar. ]

In the next theorem we shall use Theorem 5.5 in order to relate some
classes of Nijenhuis endomorphisms on (A @& A*, ©) with Nijenhuis vector-
valued forms on (L, 1).

Theorem 5.6. Let (A @ A*,0) be a pre-Courant algebroid and J be a skew-
symmetric endomorphism of A®A* such that J?> = \idaga-, for some X € R.

Then, J is a Nijenhuis morphism on (AGA*,©) iff 7 = Y(J) is a Nijenhuis
vector-valued form on the curved pre-Loo-structure | = M (©) with square
£ =—\&, where & is the Euler map defined by (9).

Let us prove a calculatory lemma before proving Theorem 5.6

Lemma 5.7. Let £ be the vector-valued form on L, of degree zero, given by
% = —M\&, for some A € R.
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i) Ifl;,1=0,1,2,3, are graded symmetric brackets of degree 1 on L, then
[#,01] =Xl;, i=0,1,2,3.

it) If 75,1 = 0,1,2, are graded symmetric vector-valued forms of degree
zero on L, then

i, 2] =0, =0,1,2.

Proof: i) The proof is done directly. We present here, as an example,
the computations for ¢ = 2. For all P € L, and () € L,, we have

(2, 1L)(P, Q) = (sl2 — u, 2) (P, Q)
= 12(A(P), Q)+ (—1)M13(£(Q), P) — £(12(P,Q))
= —Apl(P,Q) = Aq(=1)"}(Q,P) + A(p+q+1)1(P,Q)
= Aa(P, Q).

ii) Analogous to i).

Let us now prove Theorem 5.6

Proof of Theorem 5.6: The statement of Lemma 5.7 ii) ensures that 7 is a
Nijenhuis vector-valued form on | = #(©) with square £ if and only if

75 L2 10 = 141, (27)
Using Theorem 5.5 twice, for the Lh.s. of Equation (27), we have :
750 =), = A ((O5),)
Furthermore, by Lemma 5.7 i) we know that
(A =A== (O)=M(\O).
Thus, Equation (27) is equivalent to

which is equivalent to (©;) ; = A O, because the map ./ is injective (this is
part of the proof of Theorem 4.1). But, using Equation (6), this is equivalent
to J being a Nijenhuis endomorphism on (A @& A*, ©). |

Remark 5.8. In Theorem 5.6, if © is a Courant algebroid structure then
© is also a Courant algebroid structure and both [ and [, are curved L
structures.
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As it was mentioned in Section 2, (A @ A*, u) is a Courant algebroid if
and only if (A, ) is a Lie algebroid. Moreover, if © = u + ¢, from (4) we
have that (A @ A*, u+ ¢) is a Courant algebroid if and only if (A, u) is a Lie
algebroid and {u, ¢} = 0. The condition {u, ¢} = 0 means that ¢ is a closed
3-form on the Lie algebroid (A, 1), and we write d¢ = 0.

Poisson quasi-Nijenhuis structures with background were intoduced in [!]
as quadruples (7w, N, ¢, H) formed by a bivector 7, a (1, 1)-tensor N and two
closed 3-forms ¢ and H on a Lie algebroid (A, i), satisfying some conditions.
In the case where ¢ is exact, ¢ = dw, we have an exact Poisson quasi-
Nijenhuis structure with background [2]. Denoting by C(mw, N) the Magri-
Morosi concomitant of 7 and N and by ©N the Nijenhuis torsion of N on
(A, ), the definition goes as follows:

Definition 5.9. [2] An ezact Poisson quasi-Nijenhuis structure with back-
ground on a Lie algebroid (A, u) is a quadruple (7w, N,w, H), where 7 is a
bivector, w is a 2-form, N is a (1,1)-tensor and H is a closed 3-form such
that N on# = 7% o N*, w’ o N = N* o w” and
(i) 7 is Poisson,
(ii) O(m, N) (o, B) = 2H (77 (), 7% (), .), for all a, B € T'(A*),
(iii) ON(X,Y) = 7a*(H(NX,Y,.) + H(X,NY,.) + dw(X,Y,.)), for all
X, Y eI'(A4),
(iv) indw — dwy — Z + AH = 0, for some A € R,
with wy(X,Y) = w(NX,Y) and Z(X,Y.Z) :=Oxyz H(NX,NY, Z), for
all X,Y,Z € I'(A), where Oxyz means sum after circular permutation on
X,Y and Z.

In [2] we proved that, given a closed 3-form H € I'(A3A*) on a Lie algebroid
(A, 1) and a skew-symmetric endomorphism J of A & A*,

N xf
‘]_<wb _N*>a

such that J? = Xidgga«, for some X € R, then J is a Nijenhuis morphism on
the Courant algebroid (A® A*, u+ H) if and only if the quadruple (7, N,w, H)
is an exact Poisson quasi-Nijenhuis structure with background on (A, ).

From Theorem 5.6, we get that each exact Poisson quasi-Nijenhuis struc-
ture with background on a Lie algebroid (A, ) can be seen as a Nijen-
huis vector-valued form with respect to a curved L..-algebra structure on
['(A®A)[2]. More precisely, we have:
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Corollary 5.10. Let (A, ) be a Lie algebroid, m a bivector, w a 2-form, N a
(1,1)—tensor and ¢ a closed 3-form on (A, ). Assume that Non™ = 7# o N*,
w’ o N = N*o w’ and N?> = Xidy, for some A € R. Then, the quadruple
(7, N,w, @) is an exact Poisson quasi-Nijenhuis structure with background on
(A, p) if and only if 7 = —m + N + w is a Nijenhuis vector-valued form on
the Loo-algebra (I'(A*A)[2], 1y + I3), with square £ = —\&.

In [5] a one-to-one correspondence between an exact Poisson quasi-Nijenhuis
structure with background and a co-boundary Nijenhuis' vector-valued form
is established. Indeed, Theorem 4.4 in [5] establishes that (m, N, —w, ¢) is an
exact Poisson quasi-Nijenhuis structure with background on a Lie algebroid
(A, p) if and only if /' = 7+ N 4w is a co-boundary Nijenhuis vector-valued
form on the Ly-algebra (T(A®A)[2],lo+ ¢ = I —13)*, with square N2+ [w, 7).

The approach in [5] is different from the one considered in the current
paper since, contrary to what happens in Corollary 5.10, T(7 + N —w) =
T+ N—-—w#N.

When, in Definition 5.9, w = 0 and H = 0, the pair (7w, N) is a Poisson-
Nigenhuis structure on the Lie algebroid (A, ). In the case where N? = \id 4,
for some A € R, Theorem 5.6 gives the following characterization of these
Poisson-Nijenhuis structures in the setting of L.-algebras (see [2]).

Corollary 5.11. Let (A, ) be a Lie algebroid, m a bivector and N a (1,1)-
tensor such that N o m# = 7% o N* and N?> = Xidy, for some A € R.
Then, the pair (w, N) is a Poisson-Nijenhuis structure on (A, p) if and only
if 7/ = —m 4+ N s a Nygenhuis vector-valued form with respect to the Luo-
algebra (D'(A*A)[2],15), with square # = —\&.

Recall that an QN structure on a Lie algebroid (A, i) is a pair (w, N'), where
N is a Nijenhuis tensor, w is a closed 2-form such that w’ o N = N*ow” and
the 2-form wy(-, ) = w(N-,-) is closed.

In [2] we proved that, given a closed 2-form w on a Lie algebroid (A, u)
and a skew-symmetric endomorphism J, y of A ® A*,

N 0
Jw,N_(wb _N*>7

TIf we remove condition [72, 2] = 0 in Definition 3.3, 7 is called a co-boundary Nijenhuis form.
IThe extension ¢ of the 3-form ¢ is given by (20). More precisely, for all P,Q, R € T'(A*A),
o(P,Q,R) = {{{-9¢,P},Q}, R} = —I3(P,Q, R) and Lemma 4.2 yields ¢ = —I3.
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such that Jg,N = Aidgga-, for some X € R, then J, y is a Nijenhuis mor-
phism on the Courant algebroid (A @ A*, u) if and only if (w, N) is an QN
structure on (A, ). So, from Theorem 5.6, we get the following characteri-
zation of these QN structures in the setting of L..-algebras.

Corollary 5.12. Let (A, u) be a Lie algebroid, w a 2-form and N a (1,1)-
tensor such that w’ o N = N* ow’ and N? = Xidy, for some A\ € R. Then,
the pair (w, N) is an QN structure on (A, p) if and only if 7 = N +w is a
Nijenhuis vector-valued form with respect to the Lo-algebra (I'(A*A)[2], [2),
with square £ = —\&.

A PQ structure on a Lie algebroid (A, u) is a pair (m,w), where 7 is a
Poisson bivector and the 2-forms w and wy are closed, with N = 7 o &”.

Using Theorem 5.6, we may establish a relation between a class of P2
structures and L,.-algebras. For that purpose we need to recall the next two
lemmas.

Lemma 5.13. [1] If (7,w) is a PQ structure on (A, ), then N = 7% o w” is
a Nijenhuis tensor on (A, ).

Lemma 5.14. [13] Let N be a (1,1)-tensor on a Lie algebroid (A, ) such
that N? = Xida, for some A € R. Then N is a Nijenhuis tensor on (A, u) if
N

and only if Jy : AGA* — ADA* given by Jy = 0

0 : g :
N ) s a Niyjenhuis
morphism on the Courant algebroid (A @ A*, ).

Corollary 5.15. Let (A, ) be a Lie algebroid, m a Poisson bivector and w
a closed 2-form such that N := f o’ satisfies N> = \idy, for some \ € R.
If the pair (m,w) is a PQ structure on (A, u) then 7 = N is a Nijenhuis
vector-valued form with respect to the Lo-algebra (I'(A*A)[2], l5), with square
£ =-\&.

Proof: It is a direct consequence of Theorem 5.6, by application of Lemmas
5.13 and 5.14. u
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6. Twisting by a bivector

The purpose of this section is to discuss the twisting of a Courant algebroid
and of a curved L,.-algebra by a bivector.

Given a pre-Courant structure © on A @ A*, the notion of twisting © by a
bivector m € I'(A2A) was introduced in [19] as the canonical transformation
given by the flow of the Hamiltonian vector field X := {m, -} associated to
T

=14 )+ g {1+ g {1 4

When applied to © = + v+ p + ¢ yields

O =+ {m, 7} + 3 {m {m it + o {01
b {4+ gm0}k (m, 0} + 0

Since X, := {m, -} is of degree zero, ¢"© has degree 3, that is to say "0 € F3
is a pre-Courant structure on A @ A*. Moreover, we have the following:

Proposition 6.1. [19] If © is a Courant structure on A ® A* so is e"O.

Replacing m € T'(A?A) by w € T'(A2A*) one has the twisting of © by w,
e“© [19]. Proposition 6.1 also holds for e“©.

Remark 6.2. The next Definition 6.3 and Propositions 6.4 and 6.5 also hold,
without any change, for curved pre-L..-algebras but, for the sake of better
reading, we shall not address them in the more general setting.

Recall that a Maurer-Cartan element of a curved L.-algebra (&£, Z?:o ;)
is a degree zero element m € £ such that

1 1
to— () + Efg(ﬂ, ) — éfg(ﬂ, m,m) = 0. (28)

Let (£, ;5 ¢i) be a curved Loc-algebra and m € %, a degree zero element
of &. Let us define the operator

(=1)°
3!

(=1

e"i=1—[m ]+ 5

[7T7 [7T7 H + [77 [77 [77 ]H +..
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that, applied to ¢ := Z?:o ¢;, yields:

1 1
e =6y — (1) + 5&(7, ) — gfg(ﬂ, T, ) (29)

7

~"

(e™)o

1
+\f1—52(7T,')+§f3(7T,7T,')J+f2—f3(7T,')+ {3

(ef)s (e7¢)s (e7¢)s

Definition 6.3. The pair (&, £"¢) is called the twisting by 7 of the curved
L-algebra (£, 7).

When the curvature vanishes (£y = 0) and so (£, ¢) is an Ly-algebra, in
general, the term (£7¢)y € &£ need not to vanish. The vanishing of (¢7¢)y,
which is equivalent to

1 1
Z/ﬂl(ﬂ-) - §f2(ﬂa 7T) + El’ﬂ?)(ﬂ-?ﬂ_a 7T) - 07

means that 7 is a Maurer-Cartan element of the L..-algebra (&, Z?Zl ;)
(see (28)). So, we recover a result from [9]:

Proposition 6.4. The twisting by ™ of the Loo-algebra (£,€) is an Loo-
algebra provided that 7 is a Maurer-Cartan element of (Z£,¢).

Let us see that when dealing with curved L..-algebras, the condition of
7 being a Maurer-Cartan element can be removed. Next proposition holds
for any curved L,.-algebra, but we only consider the case where &; = 0, for
1 > 4, which is the one we are interested in.

Proposition 6.5. Let (&, Z?:O ;) be a curved Ly-algebra and m a degree
zero element of &. Then, (£,£"C) is a curved L-algebra.

Proof: We have to prove that, for all homogeneous X, X1,--- , X5 € &, and
using the notation of (29):

)(e")((e7¢)0) = 0;
1)(€70)2((e7¢ )0, X) + (") ((€70)1(X)) = 0;
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i) (e7)3((€7¢ )0, X1, X2) + (7€)1 ((€7¢)2( X1, X2))
(€7)2((e70)1(Xn), X2) + (=1)"72(7€)a((€7)1(X2), X1) = 0;
iv) Y €0)(EE)s((ET(Ko(r), Xow@) Xo)
c€Sh(1,2)
- Z ((e™)2(Xo(1), Xo2), Xo(3)))

o€Sh(2,1)
+ (e"¢)1((e7¢)3( X1, X2, X3)) = 0;

o) Y ) E)3(Xo)s Xow) Ko@) Xow)

c€Sh(3,1)
D ((€7)2(Xo(1): Xo(2), Xo(3), Xoa)) = 0;
c€Sh(2,2)
vi) Y e(0)(EE)s((£7)3(Xo(1): Xo@) Xo@)s Xows Xoz) = 0,
0€Sh(3,2)

where x; stands for the degree of X;. For i), we compute

EONEDD) = (€0l — 1) + Sl ) — ol )

— {fl(fo)] — {fl(fl(ﬂ)) +f2(ﬂ,f0)}

+ %,ﬁ(,@(ﬂ, m)) + Co(m, £1(m)) + %fg(w, , fo)}

— _%Lﬂl(fi%(ﬂ-a T, ﬂ-)) + %£2(7T? l2(7T? ﬂ)) + %l’ﬂ?’(ﬂ’ U fl(ﬂ-)):|

1 1
+ e, s, m)) + e w>>]

1
— Efg(ﬂ T, Cs(m, W))] .

Since (&, Z?:o ¢;) is a curved L.-algebra, each expression inside the brackets
[- -] is zero as a consequence of the generalized Jacobi identity (7) for n =
0,1,...,5, with X; =m, i =1,...,5. Thus, ¢) is proved.
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For i), we have
(O X) + (EO(EERX) = [Aalo, X) + 4(61(X)

- [@(ﬁl(w), X) + &3(m, o, X) + C1(6a(m, X)) + Eo(£1(X), w)}

+ Bfg(@(w, ). X) + £5(A(m), 7w X) + %fl(fg(w, . X)) + £o(ta(m, X), 7)

o600, 7m)| = | Sl a(m 7). X) + Gl aln ). 7,0

1 1
+§f2(l’ﬂ3(ﬂ-7 T, X)? 7T) + §l’ﬂ3(f2(ﬂ-7 X)? T, W)]

1 1
+ [_fii(f?)(ﬂ-)ﬂ_aﬂ_))ﬂ-aX) + Zf?)(fii(ﬂ_)ﬂ_aX))ﬂ_aﬂ_)] :

6
Again, using (7) we get that each expression inside the brackets [- - -] is zero,
and i7) is proved. The proofs of 7ii), iv), v) and vi) are similar. |

Next we shall see that the map ., given by Equations (10)-(13), commutes
with the operations of twisting by .

Let (A® A*,© =9+ ~v+ 1+ ¢) be a pre-Courant algebroid and (L =
L'(A*A)[2],l = #(©)) the corresponding curved pre-Lq-algebra constructed
in Section 4. Let 7 be a degree zero element of L, i.e., 7 € ['(A2A) = Ly.
Since O is a pre-Courant structure on A @® A*, so it is €O and, according to
Theorem 4.1, A (e"O) is a curved pre-L-algebra.

Proposition 6.6. We have,
M(e"O) =" (M(O)) = £"1.

FEquivalently, the next diagram is commutative:

S il l
T}
R — 7]

Proof: Applying 4 to
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O =yt {r 7} + o ()} + £l (7 0}))

bidegree (3,0)

1
+ ) 5 ) ) )
yHAmpy o Am ol rpt inop+ @
bidegree (1,2)  bidegree (0,3)

bidegree (2,1)

and using (10)-(13), yields 4 (e"0) = 377, (%(eﬂ@)) with

[ ((E0))0= b+ {7} + S e L A (. 0}))

)
§ (A(eO))(P )—{%P}+{{7T ph Py + 3 {{7? {m, é}}, P}
M(€70))s(P, Q) = {{p P}, Q} + {{{m, cb} P}, Q%
"0))s(P,Q, R) = {{{¢, P}, Q}, R},

€ I'(A*A)[2]. Now, the twisting of [ = .#(O) by 7 is, according
(13), given by 5”(%(@)) — ™ =327 (¢71); with

0 (29) and (10)-

e o =9 —{v, 7} + {{/MT} }——{{{¢,7T} T} m}

(™)

¢ (E7D1(P) =A{, P} - {{WT} P} + {{{(b,ﬂ} ), P}
(e™)2(P, Q) = {{m, P}, Q} — {{{(b,ﬂ} Py, Q}

| (€")3(P,Q, R) = {{{¢, P},Q}, R},

for all P,Q, R € ['(A*A)[2]. Thus,
(e™); = (M(€7O));,

for:=0,---,3, which concludes the proof. u

The next corollary is a consequence of the previous results.

Corollary 6.7. The following assertions are equivalent:

i) (A® A*,e"0) is a Courant algebroid;
i) (L,e™) is a multiplicative curved Lo-algebra.

Next, we show that the L..-algebra attached to a bivector introduced in
[21, 22] can be deduced from Corollary 4.4 as a particular case. This way,
one can avoid the long direct proof presented in [21].
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Let (A, i) be a Lie algebroid over M and take a bivector m € I'(A%2A). Next
lemma appears in [19] for the case A = TM.

Lemma 6.8. (A, 1) is a Lie algebroid if and only if (AGA*, e"u) is a Courant
algebroud.

Proof: Note that (A, u) is a Lie algebroid if and only if (A @ A* u) is a
Courant algebroid. Applying Proposition 6.1 with © = pu, we have that if
(A, i) is a Lie algebroid then (A®A*, ™) is a Courant algebroid. Conversely,
the twisting of p by 7 is

1
"= pAm py + p{m AT ub}
and, by bidegree reasons, we have that

{e"u,e"ut =0 = {u,pu} =0.
So, if (A® A*,e"u) is a Courant algebroid, then (A, p) is a Lie algebroid. =

The twisting of . by m can be written as

1

eﬁ:u =K =+ {7T,,LL} o 5[7T77T]5N7

where [, -], is the Schouten-Nijenhuis bracket on the space I'(A®*A) of mul-
tivectors of A. The bivector 7 defines a twisted- Poisson structure on the Lie
algebroid A and (u, {7, u}, —3[m, 7],y ) is a quasi-Lie bialgebroid structure on
(A", A) [19].

The (curved) Ly.-algebra on I'(A®*A*)[2] that corresponds to the Courant
algebroid (A* @ A, p + {m, p} — 3[r, my,) is given by (19), with ¢ = 0,
v = {m, pu} and ¢ = —3[m, 7],,. More precisely, and denoting by [-, ] the
bracket on the space I'(A*A*) of forms on A, that is usually called the Koszul
bracket, (19) gives:

Mi(a) = {p, o}
)\2(0&,6) = {{{7’(’,”},0&} 76} = (_1)|a|[a76]7r

1
)\3(0475777) - {{{_E[ﬂ-?ﬂ_]sjv)a} 7ﬁ} 777}7
where |a| denotes the degree of « on the Gerstenhaber algebra

(D(A*A")[1], A, [+, +]x). For A = T'M, this is the Lo-algebra (Q(M)[2], \1 +
A2 + A3) introduced in [21].
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7. Twisting and deformation

In this section we combine the operations of twisting and deformation on
both (pre-)Courant algebroids and curved (pre-)L.-algebras.

Let m € T'(A?A) be a bivector. Take N € I'(A® A*) such that Non# = 1#o
N* and consider the bivector 7y € T'(A%A) defined, for all a, 8 € T'(A*), by
(o, B) = m(N*a, ) or, using the big bracket, by my = %{7‘(’, N}. Miming
the twisting of a pre-Courant structure by m, we may define the twisting
of N by w, and set ¢"N := N + {m, N}. We denote by Jy and J;x the
skew-symmetric endomorphisms of A ¢ A* given, respectively, by

(N 0 (N 2%
JN_(O —N*) and by JﬁN_(O —N*>'

Jn and J;, are identified with N and e"™ N, respectively, since
INX+a)={X+a,N} and J (X +a)={X+a,e"N}.

The deformation by Jy of the (pre-)Courant structure © = ¢ + v + u + ¢
is the pre-Courant structure © y = {N, ©}, while the deformation by J;, of
the (pre-)Courant structure e™® is the pre-Courant’ structure (€70).y =
{e"N,e"™©}. On the other hand, the twisting of ©y by 7 is the pre-Courant
structure e™(Oy). The relation between these functions on F? is given in
the next proposition.

Proposition 7.1. We hawe,
e"(On) = (€"O)enn.

Equivalently, the next diagram is commutative:

© = e"O
N Q e™N
Oy — (e7O)ery

Proof: We compute,

§Note that in general {N,0} is a pre-Courant structure, even if © is Courant. When © is
Courant, { N, 0} is Courant if and only if IV is a weak-Nijenhuis morphism [10].
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(Ox) = N, 0} = (N} + {r, {N,6)}
FAN A} AN, i) + 5 (AN, 601 + (Y, 6)

1 1
FAN O} A AT AN A} + Am Am AN, b} + pAm i AT AN, 631
Applying the Jacobi identity of the big bracket, we get
e{N, 0} ={N, "0} + {{m, N}, p+{m pu}} + {{m, N}, 7}

F{m N} 6+ {m.0) + o {m {7 0)))

By bidegree reasons,

{{77 N}7 %{77 {7Ta :u}}} =0, {{77 N}7 {7Ta 7}} =0, {77 {77 7}} =0
and
{m. N} {m {7 {m, o}}}} =0,
and so we may write
e"{N,0} ={N,e"0} + {{m, N}, "0}
:(GWG)ewN.
|

Corollary 7.2. If Jy is a Nijenhuis morphism on the Courant algebroid
(A® A*,0), then €™ (On) = (€7O)ery is a Courant structure on A @ A*.

Proof: If Jy is a Nijenhuis morphism on the Courant algebroid (A ® A*, ©),
then Oy is a Courant structure on A @ A* [1]. By Proposition 6.1, e™(Oy)
is a Courant structure on A ¢ A*. u

Next we shall see how Proposition 7.1 and Corollary 7.2 translate into
curved (pre-)L.-algebras.

Proposition 7.3. Let (A® A*, ©) be a pre-Courant algebroid, (L, = M (O))
the curved pre-Loo-algebra determined by M and (I'(A®A)[2], ™) its twisting
by m € T'(A2A). Consider 7' = 71+ N(z0), with 7o and 71 given by (21)
and (22). Then,

(L) = (1) (30
FEquivalently, the next diagram is commutative:
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[ c g™l
J1 Q z'
Ly, = 71, 1] - 7', el] = (5”)1’

Proof: We start by applying Proposition 7.1 to the pre-Courant structure
O/, to get
M(e"(On)) = M((€7O)ern). (31)

Then, applying Theorem 5.5 on the right-hand side of (31), for the pre-
Courant structure e"©® and the endomorphism J;,,, gives

M((€"O)ern) = (M(€"O))1(erny = (M(e7O)) /1,
since by (21) and (22),
T("™N)=T{m N} + N) = —{m, N} + 71 = N(z0) + /1.
Using Proposition 6.6, we have
(M (70)) = (1) 1.

Now, we take the left-hand side of (31) and apply Proposition 6.6 to it, to
get
ﬂ(eﬁ@]\[) = é?ﬁﬂ(@N).

Then, Theorem 5.5 for © and the endomorphism Jy, gives
e"M(ON) =" (lxvy) =" (L),
which completes the proof. ]

Remark 7.4. If (A@® A*, ©) is a Courant algebroid, then €™, = (") ,» is a
curved Le-algebra structure on (I'(A®A)[2].

Corollary 7.5. If 71 = T(N) is a Nijenhuis form on the curved L.-algebra
(D(A*A)[2],1), thenl,, ande™(l,,) = (€71) ;» are curved L-algebra structures
on I'(A*A)[2].

Proof: If 71 = Y(N) is Nijenhuis for [, then I ,, = [71,]] = [N, ] is a curved
L-algebra structure on I'(A*A4)[2] [1]. By Proposition 6.5, €™(l,) is a curved
L-algebra on I'(A®A)[2]. |
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The results of Theorem 5.5 and Propositions 6.6, 7.1 and 7.3 can be com-
bined to form the following commutative cubic diagram:

g™l (e™) 4
2,.:7r /
L1
z L W
M
M co N (€7O) =y
er Y/ /
€7T
o N O

Acknowledgments. The authors would like to thank Alfonso Tortorella
for several comments and suggestions on a preliminary version of this paper.
This work was partially supported by the Centre for Mathematics of the

University of Coimbra — UID/MAT/00324/2019, funded by the Portuguese
Government through FCT/MEC and co-funded by the European Regional
Development Fund through the Partnership Agreement PT2020.

References

[1] P. Antunes, Crochets de Poisson gradués et applications:  structures compatibles et
généralisations des structures hyperkahlériennes, These de doctorat de I’ Ecole Polytechnique,
Palaiseau, France (2010). (https://pastel.archives-ouvertes.fr/pastel-00006109)

[2] P. Antunes, J. M. Nunes da Costa, Nijenhuis and compatible tensors on Lie and Courant
algebroids, J. Geom. Phys. 65 (2013) 66-79.

[3] P. Antunes, C. Laurent-Gengoux, J. M. Nunes da Costa, Hierarchies and compatibility on
Courant algebroids, Pac. J. Math. 261 (2013), no. 1, 1-32.

[4] M. J. Azimi, C. Laurent-Gengoux, J. M. Nunes da Costa, Nijenhuis forms on L. -algebras
and Poisson geometry, Differential Geom. Appl. 38 (2015), 69-113.

[5] M. J. Azimi, C. Laurent-Gengoux, J. M. Nunes da Costa, Nijenhuis forms on Lie-infinity
algebras associated to Lie algebroids, Communications in Algebra, 46 (2018), 494-515.

[6] J.F. Cariniena, J. Grabowski, G. Marmo, Courant algebroid and Lie bialgebroid contractions,
J. Phys. A 37 ) (2004), no. 19, 5189-5202.

[7] A. S. Cattaneo, G. Felder, Relative formality theorem and quantization of coisotropic sub-
manifolds, Adv. Math. 208 (2007) 521-548.

[8] Y. Frégier, M. Zambon, Simultaneous deformations and Poisson geometry, Compos. Math.
151 (2015), 1763-1790.

[9] E. Getzler, Lie theory for nilpotent L.-algebras, Annals of Math. 170 (2009), 271-301.



[10]
[11]

[12]

[13]
[14]
[15]

[16]

SPLIT COURANT ALGEBROIDS AS L..-STRUCTURES 35

J. Grabowski, Courant-Nijenhuis tensors and generalized geometries, in Groups, geometry and
physics, Monogr. Real Acad. Ci. Exact. Fis.- Quim. Nat. Zaragoza, 29, 2006, pp. 101-112.
M. Gualtieri, M. Matviichuk, G. Scott, Deformation of Dirac structures via L..-algebras,
arXiv:1702.08837.

Y. Kosmann-Schwarzbach, Jacobian quasi-bialgebras and quasi-Poisson Lie groups, in Math-
ematical aspects of classical field theory, edited by M. J. Gotay et al., Contemp. Math. 132,
Amer. Math. Soc., Providence, RI, 1992, pp. 459—489.

Y. Kosmann-Schwarzbach, Nijenhuis structures on Courant algebroids, Bull Braz Math Soc,
New Series, 42 (2011), pp. 625-649.

T. Lada, J. Stasheff, Introduction to SH Lie algebras for physicists, Int. J. Theor. Phys. 32
(7) (1993) 1087-1103.

H. Lang, Y. Sheng, X. Xu, Strong homotopy Lie algebras, homotopy Poisson manifolds and
Courant algebroids, Lett. Math. Phys. 107 (2017) 861-885.

Z.-J. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids, J. Differential Geom.
45 (3) (1997) 547-574.

Z. Liu, Y. Sheng, T. Zhanga, Deformations of Lie 2-algebras, J. Geom. Phys. 86 (2014) 66-80.
D. Roytenberg, On the structure of graded symplectic supermanifolds and Courant algebroids,
in Quantization, Poisson brackets and beyond, T. Voronov, ed., Contemp. Math., 315, Amer.
Math. Soc., Providence, RI, 2002, pp. 169-185.

D. Roytenberg, Quasi-Lie bialgebroids and twisted Poisson manifolds, Lett. Math. Phys. 61
(2002), no. 2, 123-137.

D. Roytenberg, A. Weinstein, Courant algebroids and strongly homotopy algebras, Lett. Math.
Phys. 46 (1998) 81-93.

F. Schétz, M. Zambon, Deformations of pre-symplectic structures and the Koszul L..-algebra,
arXiv:1703.00290.

F. Schéatz, M. Zambon, Deformations of pre-symplectic structures: a Dirac Geometry Ap-
proach, SIGMA 14 (2018), 128, 12 pages.

T. Voronov, Graded manifolds and Drinfeld doubles for Lie bialgebroids, in Quantization,
Poisson brackets and beyond, T. Voronov, ed., Contemp. Math. 315, Amer. Math. Soc., Prov-
idence, RI, 2002, pp. 131-168.

T. Voronov, Higher derived brackets and homotopy algebras, J. Pure Appl. Algebra 202 (2005),
133-153.

P. ANTUNES
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3001-501 COIMBRA, PORTUGAL

E-mail address: pantunes@mat.uc.pt

J.M. NUNES DA CosTA
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3001-501 COIMBRA, PORTUGAL

E-mail address: jmcosta@mat.uc.pt



	1. Introduction
	2. Preliminaries on Courant algebroids and theirNijenhuis morphisms
	3. Review on L-algebras and Nijenhuis forms
	4. From Courant algebroids to L-algebras and back
	5. Nijenhuis on Courant algebroids and on L-algebras
	6. Twisting by a bivector
	7. Twisting and deformation
	References

