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ON THE MAXIMUM OF A BIVARIATE INFINITE MA
MODEL WITH INTEGER INNOVATIONS

J. HUSLER, M.G. TEMIDO AND A. VALENTE-FREITAS

ABSTRACT: We study the limiting behaviour of the maximum of a bivariate moving
average model, based on discrete random variables. We assume that the bivariate
distribution of the innovations belong to the Anderson’ class (Anderson, 1970). The
innovations have an impact on the random variables of the MA model by binomial
thinning. We show that the limiting distribution of the bivariate maximum is
also of Anderson’ class, and that the components of the bivariate maximum are
asymptotically independent.

KEYWORDS: Bivariate maximum, MA model, interger random variables, limit dis-
tribution.

1. Introduction

Hall (2003) studied the limiting distribution of the maximum term M, =
max(Xy,---,X,) of stationary sequences defined by non-negative integer-
valued moving sequences of the form

Xp = i Q; o aniy

1=—00

where the innovation sequence {V,,} is an iid sequence of non-negative integer-
valued random variables (rv’s) with exponential type tails of the form

1—Fy(n)=n*L(n)(1+ X", neNy E€R N>0, (1)

where L(n) is slowly varying at +oo, and o denotes binomial thinning with
probabilities «; € [0, 1]. Hall (2003) proved that {X,,} satisfies Leadbetter’s
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conditions D(z+b,) and D'(x+b,), for a suitable real sequence b,,, and then

lim SUDPy, 00 P(Mn <z+ bn) < eXp( (1 + )\/amax)_x)
liminf, P(Mn <z+ bn) > eXp( (1 + )‘/Ofmax) (z— 1))

for all real x and ayay := max{«;, i € Z}. This is an extension of Theorem
2 of Anderson (1970), where it is proved that for sequences of iid rv’s with
an integer-valued distribution function (df) F' with infinite right endpoint,
the limit

. 1—F(n-1)
= 1 2
I B 2

is equivalent to

limsup,, ., F™"(z +b,) < exp(—r~7)
liminf, Fn(x‘ + bn) > exp(—r_(x_l))

for all real x.
The class of df’s satisfying (1), which is a particular case of (2) (see, e.g.,
Hall and Temido (2007)) is called Anderson’s class.

In this paper we extend the result of Hall (2003) for the bivariate case of
an integer-valued MA model. Concretely, we study the limiting distribu-
tion of the maximum term of stationary sequences {(X,,Y;,)} where the two
marginals are defined by non-negative integer-valued moving sequences of

the form
(Xn. Yy) (Z ;o Vo, Z Bio W, ) ,

1=—00 1=—00
where X, and Y,, are defined as above with respect to a two-dimensional
innovation sequence {V,,, W, }. The possible class of bivariate discrete distri-
butions Fy (see (4)) includes also the bivariate geometric models. .
We assume that X = aoV and Y = 8o W are conditionally independent
given (V, W), i.e

P(X €AY € B|V,W)=P(X € AlV,W)P(Y € B[V,IW)
— P(X € A[V) P (Y € B|W)

for all events A and B. We assume that «;, 5; € [0, 1] and
ai, B = O ([i| ), i| = +oo, (3)

for some § > 2.
Following similar ideas of Hall (2003) for the univariate case, we
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e Define a bivariate model Fyy which contains the bivariate geometric
model

e Characterize the tail of (o V, 8o W) and the tail of (X,,,Y},), defined
in terms of the model Fyyy.

e Establish the limiting behaviour of the bivariate maximum (Mél), M7§2))
of the stationary sequence {(X,,,Y},)} which is defined componentwise.

2. Preliminaries results for bivariate innovations

Let (V, W) be a non-negative random vector (rv) with bivariate distribution
function (df) Fy satisfying

1— Fyw(v,w) = (14+ A1) " ) Ly (v) + (1 + X)) [w]® Ly (w)

. 4
(14 A Ag) gD [ () L () oS5 b w, w) (4)

as v,w — 400, for positive real constants A\; > 0, 2 = 1,2, # > 0 such that
0 <min{l 4+ A\, 1+ A2} and 0 > 1 — \; Ay, some real constants &;, and slowly
varying functions L;, 1 = 1,2,3,4, and where ¢(v,w) is a positive bounded
(say by ¢) function which converges to a positive constant, which may depend
onv < w,v=worw > w.

By [z] we denote the greatest integer not greater than x.

Remark 2.1. The marginal distributions are of the form:
1—Fy (v) ~ [ (14+M) L1 (0) and 1—Fy(w) ~ [w]*2(1+X) " La(w) (5)
for v,w — 0o. Both marginal dfs belong to the Anderson class since

1 — F 1-F
lim v(v) =14+ and Iim w(w)

=1+ Ao
v—)ool—FV(’U—|—1) W%ool—Fw(W—l-l) + A9

From (4), we can derive the probability function (pf) of (V,W):

Proposition 2.1. . The pf of the random vector (V, W) with df (4}) is given
by
P(V=v,W=w) ~ (1+A) "(1+ Ag) wgmnllhled=1
x L3(v) Ly (w) v w (v, w) (v, w)
for v, w large integers, where
A(1+XM—0), v<uw,
lim f(v,w) =< MA+0-1, w=uv, (6)
e MA+X=0), w<o,
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and (v, w)l*(v,w) is bounded and converges to a positive constant.

Proof: Since for v < w — 1
PV=v,W=uw)=PV<v,W<uw) —PV<v—1W<uw)
—PV<o,W<w—-1)+PV<v—1,W<w-1)
= (14 X)) "8 Ly (v) — (T+ M) " (v = D8 Ly(v —1)
— (14 X) L)+ L+ M) (0= D)% Ly (v — 1)
+ (14 X)) w2 Ly(w) — (1 + Xo) " w®Ly(w)
— (14 X)) " (w—=1)2Ly(w — 1)+ (1 + X)) (w = 1)2Ly(w — 1)
F (14 M) (1 + A) Y 0% Ly (v) Ly (w) (v, w)
— (T 2) 7 (14 X0) 70" (0 = 1)%wh Ly(v — 1) Ly(w)l(v — 1,w)
— (T4 2) " (14 A0) 0705 (w = 1)% Ly(v) Ly(w — 1)f(v,w — 1)
(1+ A1)

(1M A+ 2) 0 0 — DB (w — 1) Ls(v — 1) X
X Ly(w—1)l(v —1,w—1)

then, we deduce for v and w large

= (14 M) (14 X)) " 0" oS wS Ly(v) Ly(w)l (v, w) x

- C 1" Ly(v — 1) f(v — 1, w)
[9 1+ (1-5) CLG

B LN Ly(w — 1) f(v,w — 1)
(14 A2)0 (1 w) Ly(w) (v, w)

+ (14 A (1 + Ao) (1 - %)&’ (1 - i)f

L3(v—1)Ly(w — 1) (v — 1, w — 1)]
Ls(v) Ly(w) l(v,w)
= (14 X)) 71 4 X)) 790" 1w Ly (v) Ly(w) (v, w)€* (v, w)

where 0*(v,w) — (1 4+ Ay — 0), as v, w — +00.
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For v > w + 1 the steps are similar, with ¢*(v, w)

lim £* (v, w) = 0—(1—%)\1)limM

VW vw (v, w)

— (14 2 lim f(z(;"—;)l)
lv—1,w—1)
(v, w)

+ (L4 A)(1+ Ag) lim
= M1+ X —0)
For v = w € N large, we get with similar steps as above
PV =v,W=uv)=
= (14 M) 7" (14 X)) "0 ST Ly(v) Ly(v) (v, v) X
[9 (14N (1 - %)g L?’L(Z(;)l) E(Z(; i’)”) (1) (1 - %)5 <

Lyv—1)4(v,v—1)
Ly(v) l(v,v)

S 1A+ M) (1 - ;>€3+€4 x

Ly(v—1)Ly(v —1)b(v—1,v — 1)]
Ls(v)Ly(v) l(v,v)

= (14 M) 71 4+ Xo) 720" %8 La(v) Ly(v) (v, v) (v, v)

X

where (*(v,v) — MAa+60—1 > 0 as v — 400 , a positive constant by
assumption. u

Example 2.1. The Bivariate Geometric (BG) distribution is a particular
case of the model (4) with margins (5). Indeed, using the construction of a
BG distribution based on sequences of biwariate Bernoulli random variables
(B1, By) with success probabilities py1 and py11, the pf and the df of a ran-
dom vector (V, W) with BG distribution are given, respectively, by Mitov and
Nadarajah (2005)

Phop1opo" pe1, 0 < v <w,
fV,W(UJ w) - P(V =, W = w) = Pgopll ’ v =w, (7)
Pbuopmpglw_lpH , 0<w <,
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forv,w € Ny, and
Fov(v,w) = PV < 0,W < w) (3)

[v]+1 [w]—[v] <<
Ll el 0 P 0Sv<w,
T o pO—I— p+0 +

P pop L 0<w <o,

for v,w € Ry, assuming that 0 < pos,pyo < 1. Hence this distribution

satzsﬁes (4) wzth the constants A1, Ao given by 1+ \; = L >1and 1+ X =

i > 1 and the index 6 associated to the dependence structure of the rv

(Bl,Bg) is

0 — Doo '

DPo+P+0
The slowly varying functions are constants and & = 0 fort=1,2,3,4. The
independence case occurs when 0 = 1. For dependence cases, we can have
0 <6 < 1orf > 1. Finally, we note that {(v,w) is a constant. For
instance, take Li(v) = L3(v) = 1/(1 4+ A1), Lo(v) = La(v) = 1/(1 + A2), we
have €(v,w) = 0) with {*(v,w) as in (6).
The marginal df of V. and W are

P(VSU)—l—pH_—H and P(Wgw)zl—p%ﬂ, forv,w >0

which means V' and W follow a geometric distribution with parameter piy
and p.1, respectively. [

In order to characterize the df of (X,Y) = (a0 V, 50 W) we start by es-
tablishing the relationship between the probability generating function (pgf)
of (V,W) and (X,Y), defined e.g. for (V, W) as

PVW 81,82 Z Z P V= ]€1,W kQ)Sl 82
=0 ko=

which exists in the region R of convergence of the double series in Pyyy.
Obviously, any (s1, s2) € R with |s;| < 1.

Proposition 2.2. The pgf of (X,Y) = (a0 V,B80 W) is given in terms of
the pgf of (V,W) by Pxy(s1,82) = Prw(asi +1 —a,Bs2+1— 3) for all
(s1,892) € R.
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Proof: Denoting B(n, p) a random variable following a binomial distribution
with parameters n and p, we have:

PXY (s1,52) ZZP = J1, —]2)3{15%2

0]2 0

= 2.2 D D PX =Y =p[V =k W =k)

J1=0 j2=0 k1=j1 ka=j2
_ ”7 _ J1 J2

= D3> Y P =4V =k)P(Y = W = k) x

J1=0 j2=0 k1=j1 ka=jo
PV = b, W = )T 22

=SS S S PBla) = ) P(Bl B) = ) %

J1=0 j2=0 k1=j1 ka=j>
_ ”f _ J1 .J2

0 0.0} 1

= ZZZiP B(k1, ) = j1)P(B(ks, ) = jo) %

=0 k=0 j1=0 jo=
XP(V = kl, W = /CQ)SJllS‘;Q

= ii(ZP (ky, @ _jl)s{1> X

0]{32 0 J1 0

X (Z P(B(ks, B) = jQ)s;f) P(V =k, W = k)

120

= ZZ (asy+1—a)" (Bsa+1—B)2P(V =k, W = ky)

=0 ko=

= Py/’W(ozsl +1—a,Bss+1—0)
u

Taking into account Proposition 2.1, the series Py (asi+1—a, Bse+1—[)
converges obviously for any s; < 1. Even for some s; > 1 the series converges
because of the assumption (4). By this assumption, we have E(s}) < oo if
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s1 < 14+ X and E(sY) < oo if s5 < 1+ Xg. For the joint distribution with
s; > 1, the series exists shown in the following lemma.

Lemma 2.1. For sy, 89 > 1, Pyyy(s1,s0) = E(sYsY) exists if s; < 1+ N\, i =
1,2 in case 0 < 1, and if s;vV0 < 14+ Ni,i = 1,2, or s < 1+ A\ and
s90 < 14 X9 in case of 6 > 1.

Proof: We have

k=0
= s’fsP(v kW =10) +225182 V=kW=1(
k=0 (=0 k=0 (=n+1
+ ) Sk P(V =k W =0+ Y Z SEAP(V =k, W = ()
k=m+1 ¢=0 k=m+1{=n+1

The first partial sum is finite. The second one is bounded by

0
2 SsPW

f=n+1

(m+1—1

which is finite for s, < 1+ A9. Analogously, the third one is bounded by

i sSP(V = k)

k=m+1

( n+l 1
S9 — 1
which is finite for s; < 1 4+ A;. Finally, for the last partial sum we use
Proposition 2.1 for large k, ¢ if 6 > 1 with
Qmin(k,ﬂ) < 9(/4;4—5)/2 or emin(/ﬁ,ﬁ) < 95
for the second conditions. This sum is finite if s;v/0 < 1+ A\; and s9v0 <
1+ )\2 or if
31§1+)\1 and 829§1—|—>\2.

If 8 < 1, the last sum exists by the first mentioned conditions s; < 1 + \;,
1=1,2. u

We want to derive an exact relationship of the two distributions Fyw (v, w)
and Fxy(z,y). First, we investigate the pgf of the two distributions and
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define the modified pgf

Qv (s1, 52) Z Z (1= Fva(ky, k) si's5,

=0 ko=

and analogously for X,Y. Between Qv (v, w) and Py (v,w) we have the
relationship

1 — Pyw(s1,s2)
(1 —s1)(1—s2)’

Qvw(si, s2) = 51,52 € R,

if the series converge.
Proposition 2.3. The modified pgf of (X,Y) and (V,W) satisfy
Qxy(s1,52) = aBQvw(asi + 1 —a, Bs2 +1 - ).

Proof: Write a1 = as1 +1 — a and ay = fss + 1 — 3. By Proposition 2.2 we
have
1— ijy(sl, 82) o 1 — PV7w<O&S’1 + 1— 04,582 + 1— ﬁ)

QX,Y(Sb 82) =

(1 — 81)(1 — 82> a (1 — 81)(1 — 82)
o 1— PV,W(al, CLQ)
o ].—(11 1—a2
a B

1— PV,W(al, CLQ)
=«
6(1 —a1)(1 — ag)
= afQvw(a,az).
for all (s1,s2) € R.

From Propositions 2.2 and 2.3, we can derive now the tail 1 — Fxy(z,y)
in terms of 1 — Fyw(z,y).

Proposition 2.4. The joint df Fxy s given in terms of the joint df Fyw,
with ©,y € Z, by

1 - FX,Y(xvy) -

= i i (l“) (kQ) (1 —a)"7(1 — B)Fva™ 1B (1 — Fyw (ku, ko))
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Proof: By Proposition 2.3, and the definition of Qv we have

Rxy(s1,52) = afQvw(asi +1—a,Bss+1—f)

= ogﬁ Z Z (1 — FV’W(]ﬁ, kg)) (0481 + 1 — Ck)kl (582 + 1— B)kQ

:O ]{2:

=0\
i=0 j=0 | ki=i ko=j

X (1 — Fuw(lﬁ, ]{32))} 8218%

= ZZ (1= Fxy(i,)) 1)

Hence the tail of Fxy can be estimated by the assumption (4).

Proposition 2.5. If the joint df of (V,W) satisfies (4), then for integers x
and y

\ —x
1—FX,Y(CL‘,y) = <1+El> .CL’&Lﬂl< ([C)—l— <1+

where

A2

5) Ve Ly(y) — H(z,y)

0 < H(z,y) < 9Lj(x)2 (1 + Al) Li(w)y® (1 " %) X

where L} are slowly varying functions, being

14 )\ &1+l 14\ Ea+1
e =a (320 ne. sw=s(15s) LW
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14\ §3+1 14\ §atl
Lo =a(370) ) L =p () b

where ¥ bounds (v, w) and

As 0 <1
Aog = (9)
L1, 6>1

For 6 > 1, we have 0 < Ay < Ao.

Proof: Due to the assumption (2) and Proposition 2.4, for x and y large,
1 — Fxy(x,y) is given by the sum of three terms. Each term, defined by
double sums, can be determined or bounded by (unique) sums associated to
univariate tail functions satisfying Theorem 4 of Hall (2003) or see also Hall
and Temido (2007).

Hence, for x,y € Z, for the first sum,

+00 400

2.2 (1)) 1=t pyrame aenyion o
—jj(;>ﬂcw“%1+xgiﬁuquﬁﬁ“§§<i>u5yy5w1
= f (Z Z x) (1—a) (14+X\)"""(i+2)Ly (i +x) ™!

The second sum can be dealt with in the same way:.
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For the third term observe that due to the fact (v, w) is a bounded func-
tion, with bound ¥, we get for large integers x, y,

H(x, y):P(X>:1:Y>y)

< Z Z (’“) (’”) — )P (1 — )RVt A (1 Ay TR (14 M)

k‘1 l‘k‘g =Y
x L (k1) Ly(ko) max(1, gk y s o

+00
k L .
<0y (;) (1—a)" a1+ M) " P Ls(ky)

]{?1:3?

X Z (k2> BYEY BUH (1 4 Ag) ™2 max(1, 0%) kS Ly (ks)

~ L3 (z) 2% <1 + %) - L (y) v (1 + %) : u

3. The bivariate stationary sequence

We consider now the stationary bivariate sequence (X,,Y;). We establish
first the tail behaviour of (X,,,Y,). Dominating are the maximal values of «;
and [; as in the univariate case. Therefore we write ay,.x = max{a; : |i| > 0}
and fpax = max{fF; : [i{| > 0}. It may happen in the bivariate case that amay
and [Bnax occurs at the same index or at different ones, and also whether they
are unique or not. We assume for simplicity that they are unique and the
«;’s and f3;’s are such that

+00 +00
Zai<oo, Zﬁi<oo. (10)

1=—00 1=—00

Note that (10) holds because of (3).
Suppose first that ap.x and B¢ are occuring at different indexes 7y and
11, respectively. We write

Xn = Ompax © Vn—io + Qj, © Vn—i1 + E Q; O Vn—i

Z#ZO 7i1
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and
Yn - Bmax o Wn—i1 + 62’0 o Wn—io + Z 62 o Wn—i .
ii,i1
Denote Sy = aax © Viigy S = i, 0 Vg, S3= Y oV, S =S5+ S,
iio,i1
Ty = Buwax © Wiy, To = Biy o Wiy and Ty = Y~ Bio Wy, T = Tp + T,
ii0,i1

Hence, X, =S1+ S+ S3=51+Sand Y, =T+ T +T5=T1+T.

For the proof of the main proposition of this section we need the following
lemmas.

Lemma 3.1. If Z belongs to the Anderson class, then
E(14+h)? =14+ hE(Z)(1 +04(1)), as h— 0",

Proof: We first note that Z has all moments finite. Applying the mean value
theorem twice to the function f(1 + h) = (1 + h)*, h > 0, we get, for some
small positive values hy < hy < h,

(14+h)* = 1+ hk(1+ hy)*!
= 14+ hk (14 hi(k—1)(1+ ho)F?)
< 1+ h(k+ k*hi(1 + ho)*)

Since Y %0 k2(1 + he)*P(Z = k) is finite for small hy, we obtain
E(1+h)? <1+hE(Z)(14 o,(1)).
Due to the fact that (1 + h)* > 1 + hk the proof is complete. m

Lemma 3.2. For any set I of integers, let o = max{«;,i € I}. Consider
the rv Z =3,y a; 0 V. Then E(1+ h)? is finite for any 0 < h < %

Proof: Let € > 0 and take M large such that o;h < € for |i| > M. Then,
E(1+h)? =] EQ+h)>V= =] EQ+ah) =
1€l 1€l

= J] EQ+an)x J] EQ+ah)™
iel|i|<M el]i|>M
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Note that E(1 + a;h)"»— is finite for all h < A;/a; which holds because
h < % Using Lemma 3.1 we obtain

lo_o[ E(1 4 a;h)— = ﬁ (14 a;hE(V)(1 4 0(1)))
|i|>M |i|>M

< exp i In(1 + a;hE(V)(1+ 0.(1)))

li|>M
<exp | (1+o(1)hE(V) Z a; | <oo
li|>M

because > .-, «; is finite. The bound tends to 1 for h — 0+. Note that the
term o.(1) does not depend on i. |

We derive now the limiting behaviour of the tail of (X,,,Y},). Besides of the
univariate tail distributions we derive only an appropriate bound H*(z,y)
for the joint tail which is sufficient for the asymptotic limit distribution of
the maxima. We will see that we get asymptotic independence of the com-
ponents (MT(lD, MéQ)) of the bivariate maxima, since this normalized H*(x,y)
is vanishing, not contributing to the limit.

For this derivation, we use ¥, p < 1 and A > 0 such that ai <A< %,
with o = max{«;, 1 # iy},
A A
1+ < (4N <1+A<1+ (11)
O‘max a
and
A\ A
P<leog<1+ 2>/log(1+—%)>- (12)
ﬁmax /BZO

Proposition 3.1. If (V,W) satisfies (4) and amax and Pmax are unique and
taken at different indexes, then

(i) for the marginal distributions

1 P o) ~ ol (14 2 )_M Li(2)

O‘max
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and

—[y]
1—&@%@&@+§j Ly (y).

(i) for the joint distribution with 1, p, A satisfying (11) and (12)

—[]
1= P (o) = (14 222) L5 @) 1+ 0nl1)
—[y]
(1452 ) IO+ o, (1) - (o)

where

Lﬂw=ﬁmw(u—M)s,me=@@w(u—M)T (13)

O‘max max

and

—x —py
H*(z,y) <o,(1) <1+ Al) (HM) 28 Ly(x) + Ca Ty Li(x) Ly(y) X

Qmax Bio
Al —(1-¢)x Ay —y+(logy)?
><<1+& ) <1+5 ) +O(P(S > 1))
X X (14)

for some constant C' > 0 with 1, = [¢z].

We show also that P(S > v,) = o(P(S1 > x)).

Proof: We deal with the three terms in (15), separately.
1= Fux,vy(@y) =1-Fx,(z) +1 - Fy,(y) - P(Xy > 2. Y, >y)  (19)

(i) Since - < 2= taking the sum S = Z in Lemma 3.2, we conclude

max

S T
that F <1 + %) is finite. Similarly F (1 + 5’\2 ) is also finite.
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The tail function of X, is given, with 1, = [x], by

1—Fx (z) = P(Sl+5>a:):§:P(Sl>:E—k)P(S:k)

¢ B
— P(S > 1) ZP(]‘E(ISTi x)k)P(S = k)+ (16)

k=0

+ i P(S; >z — k)P(S = k).

k=141

For the first sum of (16), we get by applying Proposition 2.5 for the
marginal distributions

v " )
P(Sl > T — ]C) B B A\ B
2 P(S) > x) P(S=k) =2 (1 T am) (1+ 0.(1))P(S = k)
k=0 =0

o0 )\1 k
- Z (1 * Oémax) P(S B k)
k=0
A S
=L <1 + - ) , T — +OO,
Omax

by dominated convergence.
For the second sum in (16), we get for x large

i P(S;>x—k)P(S=k) < P(S > ¢z)
k=1,+1 (17)

) B+
=P (L4272 1+ ™) < T yin

using the Markov inequality, since E (1 + \)” is finite for A < A /a*.
Since (1+M\)¥ > 1+ ozL we get by Theorem 4 of Hall (2003)

(LX) ¥
P(Sl > x)
and thus together

— 0, £ — 400, (18)
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Q/max
A\ (14 \)"%
E(1 A
(ean) w0 (pmrs

= P(S, > 2)E <1 4 )S (1 + 0,(1)).

CleaX

S
1= Fx,(z) = P(S > 2)E <1 LA ) +O((1+ X))

ZP(Sl >5C)

With the same arguments we characterize the tail 1 — Fy, . Hence,
the statements on the marginal distributions are shown.

(ii) Now we deal with the third term in (15). Note that (S1,73), (S2,71)
and (S3,7T3) in the representation of X, and Y,, are independent. For
any ¢ € (0,1) and A > 0 satisfying (11), we use that (17) and (18)
imply

P(Sy + S5 > px) = P (S > ¢yx) = O((1 +\)~¥) (19)

with S := Sy + S5. The probability in the third term of (15) is
split into four summands with ¢ < 1 satisfying (11), ¥, = [¢pz] and
6, = [y — (logy)?]. We get for = and y large,

P(Xn>x, Yn>y):P(Sl+SQ+Sg>$, T1—|—T2—|—T3>y)

:ZZP(Sl >J,‘—k,T2>y—€)P(SQ—|—83:]€,T1+T3:€)+
k=0 ¢=0

Ve o0
—|—Z Z P(Sl>$—k,T2>y—£)P(S2+53:k,T1+T3:€)+
k=0 (=6,+1
0o Oy
+ PS> —kTy>y—)P(Sy+S3 =k Ty +T3 =)+
k=1, +1 (=0

+ Y ) PG zr—kTy>y—OP(Sy+ 8=k T+ Ty =10).

(20)
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The last sum is bounded by P(Ty + 15 > §,,52 + S3 > 9,) <
P(Sy+ S3 > ,) = O((1+ \)~%) by (19).

For the first sum of (20), we obtain with p < 1 such that (12) holds,
using Proposition 2.5,

Y PS>k Ty>y—OP(Sy+ 8=k T+ Ty =)

< ii{[x—k&([]—@ <1+ al )([x]k)(l_l_@) ([M)x

O‘Inax 57/0
x Ly([z] — k) Ly([y] = )P (S2+S3 =k, T1 + 13 = ()
Yo Oy —([z]—Fk) —((1=p)+p)([y]—¢)
A A
< ZZ{ ([y] — f)f4<1+a1> <1+;9)

x Ly([z] = k)Li([y] = OP (S2+ Ss =k, Ty + T3 = ()

& 7 A\ Mg\
<oy(1)x>Li(x) [ 1+ - 1+ 5— X

x> Y (14 HB_ P(Sy+ S35 =k T +T5=10)

20

< 0,(1)2% L(2) (1+ Al ) (1+%> «

A (S2+S3) Ao p(T1+13)
% E <1 + 2 ) <1 + —9>
Gmax /BZO

f A\ Aog
< o,(1)x* L 1 14+ 2=
_%mxgm(+%m) (+%)

since (y — £) > (logy)? for £ < §,, and

<r+§%< W-0(ly] — 0% L([y] — 0)

<(+ A_ée)—u—p)qy]—@([y] st 0

as y — 0 uniformly, for any small € > 0.
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The last pgf exists due to Lemma 3.2 and (12). Let I = {i # iy},

(SQ-‘rSg) p(Tl-‘rTg)
(( M) () ) )
amax 510
Al oor ( g )ﬁ“’Wi
=L 1+ ——)"" (1 4+ =)
( <];JI:( @max) ( 52’0 )

=[] ((1 - i)ai""i <(1 + 2—?5)”) BiOWi>

il Gmax

_ QA1 _ A201p T
[T (0+ 220+ 22 1),
el max io

The expectations exist by assumption (4) since (1 4 221) < 1+ Ay,

Omax

and also 1+ f;([1 + %]p —1) <14 Buax([1+ %]p —1) <14 Ay, for
%0 0
all 7, by the choice of p in (12). For |ay|,|5i| < € for any small € > 0,

we can approximate the expectations as in Lemma 3.1 by

(1 ;. Qi E(V)) (1 + Bi([1+ A%]p - 1)E(W)> (14 o(oy + 5)).

COmax 6@'0

Because of the summability of the a; and ;, the pgt exists.

We consider now the approximation of the second sum in (20). We
have with some positive constant C'

wx o0
ZZP(81>a:—k,T2>y—€)P(SQ+53:k,T1+T3:€)
k=0 =5, +1

%» o0
< Z ZP(51>$—]€)P(T1+T3:€)
k=0 (=0,+1

A —(1-¢)x
< Co8 M L(x) (1 + A ) P(Ty + T3 > 0,) (21)

amax
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By the arguments used to approximate P(X,, > x) = P(S1 + S +
S3 > x) in (i), we also obtain

>\ T3 )\ —(Sy
P(T\+Ts > §,) ~ Cy* Ly(y)E (1 +3 = ) (1 +3 2 ) . asy — 4oo.

with some generic constant C. Hence, it implies together with (21)

Ve o0
Y PGS >a—kTy>y—0OP(Sy+ Sy =k T +Ts =)

k=0 (=6,+1
A ) e Ay —y+(logy)?
< Cat My Li(x) Ly(y) {1+ 1+
Qmax ﬁmax
as y — +00.

For the third sum in (20), we get analogously to the derivation of
the second sum

o0 5y
Y)Y PSi>a—kTy>y—OP(Sy+Ss=kTi+T5=10)
k=1, +1 (=0

< 6,P(Ty >y — 0,)P(Sy + S5 > 1)

< y(log y)? L (log y)*) (1 + g—?>—“0gy>2p<sg -S> )
— 0,(1)P(Ss + 83 > 1.) = 0,(P(S > )

Combining now the four bounds, we get our statement. |

Suppose now the case that the unique ayna and S are taken at the same
index i, say. Write

Xn = O'max © Vn—io + Z Q; O Vn—i

i#io
and
Yn - ﬁmax o Wn—io + Z /B’L © Wn—i
ii
Denote Sl = Qpax © Vn—ioa S = Z&i o Vn—z’a T = Bmax O Wn—im and T =

i#i
Zﬁi o W, _;, as used for Proposition 3.1. Observe that (S1,71) and (S,T)
i#i
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are independent. Then the corresponding statement of Proposition 3.1 holds
for this case (letting 8;, = Pmax) given in Proposition 3.2. We omit the proof
since it is very similar to the given one with a few obvious changes.

Proposition 3.2. If (V,W) satisfies (4) and amax and Pmax are unique, oc-
curring at the same index, then

—[z]
1= Fronoa) ~ (14 25 L) (14 0,(0)

amax
¢ Ao —[y] .
+ [y]*? <1 + 3 ) L5 (y) (1 + 0y(1))
— H*(z,y)
where
)\1 S >\2 T
L) = Li(=) E (1 + = ) L) = LwE (1 3 )
and
* §37 % A1 o Aoy 4
H*(x,y) < oy(1)> Ly () 1+a 1—|—5 +

A ) e Ay | YTCosy)?
+ Cy®2Li(y)a* T L () <1 + ) <1 + )

amax /BmaX
+ O(P (S > ¥x))
for some constant C > 0 and ¢ € (0,1) satisfying (11).

Now we investigate the limiting behaviour for the bivariate maxima, in
case of iid. (X,,,Y,).

Theorem 3.1. Let (VW) be such that (4) holds and cqumax and PBmax are
unique, occurring either at the same or not the same index. Let

A A
di =1/log(1+-21), dy=1/log(1+ —2)

max /B max

Define the normalizations
up(z) = x + diflogn + & loglogn + log Li* (log(n)) + &1 log d4 ] (22)

and

v (y) = y + daflogn + & loglog n + log L5* (log(n))] + &2 log do)] (23)
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Then for x,y real

lim sup (liminf) n(1 — Fix, y,)) (un(7), v (y)) S

W\ ) o\ o)
(i 2) M (g )

amax

Proof: The convergence for the marginal distributions holds by applying
Proposition 3.1 or 3.2 with the chosen normalization sequences. Since u, ()
and v,(y) are similar in type, we only show the derivation of the first mar-
ginal. Because the normalization u,(x) is not always an integer, we have to
consider limsup and liminf. Let us consider lim sup. The liminf derivation
follows similarly. Note that

\ —dy logn A —ds logn 1
o) )
Qmax Brnax n

(1 . )\1 )—dl(fl log log n+log Li*(log n)+&; log dy) _ (dl log n)_§1
Li*(logn)

and

O‘max

For the normalization we get
[up(z)] > x — 1+ di(logn + & loglogn + log Li*(logn) + &1 log dy) ~ dy logn

So, with b, := dy(logn + & loglogn + log Li*(logn) + & log dy ), we have

—[un ()]
n x fun(2))8 (1 y N ) L3 (fun(@))

O'max
A1

&HlaX

—z+1-b,
< n x (dilogn)% (1 + ) Li*(logn)

= (1 + A\ /)Y

The derivation of the liminf is similar taking into account that [u,(x)] <

Now for the joint distribution we use the bounds H*(z,y) of the two propo-
sitions. First we consider the case of Proposition 3.1. We have to derive the
limits of three terms multiplied with n. The last term tends to 0 since from
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(13) we get

—up(x)
P(S1 > un(z)) = n x (up(2))™ <1 + ar ) L3 (un(z))

O‘max

~ (1+ M /omax) " Li(logn)/LY"(logn)

~ (14 A1/ amax) " /E (1+ al )S

amax

which is bounded.
The first of the three boundary terms is smaller than

o) (14 2 )_u”(x) (1+ M) T @) Ly 2))

Omax 610
—d; logn+o(logn) —pda log nto(logn)
)\1 )\29
=no,(1) [ 1+ X
O'max

x (dy logn)** Li(logn)
— 0,(1)(log n)* L} (log n) exp ( pds log nlog (1 5 ) o(log n))

= 0,(1)(log n)* Li(log n) exp (—(p/B)(1 + 0,4(1)) log n}
= 0,(1),

because p/B > 0 with B given by (12).
The second term is smaller than

nC(dy logn)* ™ (dylogn)*2 Lt (logn)Lj(log n)
A —(1—)dy log n+o(logn) A —ds log n+(log(ds logn))?
X (1 + = ) (1 + >
amax Bmax
< Cy(logn)s ™= L¥(logn) Li(logn) x
x exp (logn — (1 —¢)logn — logn + o(logn))
= on(1)

since 1 — v > 0 and where () represents a generic positive constant.
Thus the limiting distribution is proved in case of Proposition 3.1.

Now let us consider the changes of the proof for the case of Proposition
3.2. Again we have three boundary terms in the bound where the last two
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are as in Proposition 3.1. In the first term we have similarly

—up () —vn(y)
non(l)(un(iv))ggL;,(Un(x)) (1 + a)\l ) (1 + ;29 )

= 0,(1)(logn)* Li(log n) exp <—d2 log n log (1 + /;\29 ) + o(log n))
= 0,(1).

since ds log <1 + é\i) > 0.

Thus the statements are shown. ]

4. Conditions D(u,,v,) and D'(u,,v,)

We deal now with the mixing condition and the local dependence condition
used in the bivariate extreme value theory of the limiting distribution.

We consider the conditions D(uy,,v,) and D’(u,,v,) of Hiisler (1990) (see
also Hsing (1989) and Falk et al. (1990)) since {(X,,Y,)} is a stationary
sequence.

Definition 4.1. The sequence of rv’s {(X,,Y,)} satisfies condition D(uy,,v,)
if for any integers 1 < iy < ... < iy < j1 < ... < Jg < n, for which j1 —1, > {,
we have

ﬂ{X < Uy, Yi, < vnk, ﬂ{ , S U, Yy, < vn})

ﬂ{X < Up, Y, < Un} ﬂ{ < Up, Y; G S Un})| < Qny,
s=1

for some o, g, with nl_l}Iiloo anye, = 0, for some integer sequence £, = o(n).

Under this long range condition, extreme values occurring in largely sepa-
rated intervals of positive integers are asymptotically independent. The local
dependence condition D'(u,,v,) excludes the occurrence of local clusters of
extreme values in individual margins of {(X,,,Y,)} as well as together in the
two components.
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Definition 4.2. Let {s,} and {{,} be sequences of positive integers satisfying

Spln

lim s, = lim =lim s,au, 0, = 0. (24)
n—00 n—oo N n—00

The sequence of v’s {(Xn, Yn)} satisfies condition D'(up,vy,) if

[n/5n]

nZ{ (Xo > tp, Xj > up) + P (Xo > tn, Yj > vy)

+P (Yo > v, Y; > v,) + P (Yo > vy, X >un)} —0,n — +oo.

Write MY = max{Xy, -, X,} and M\* = max{Y;, - ,Y,}. For the sta-
tionary sequence {(X,,Y,)} satisfying D(u,,v,) and D'(u,,v,), the limiting
behaviour of the bivariate maxima (Mfll), Mﬁf)), under linear normalization,

is given in Theorem 3.1.

So it remains to show that the conditions D(uy,v,) and D'(u,,v,) hold
with u, and v, given by (22) and (23), respectively. We begin with the first
condition D(uy,v,). Let 1 < 43 < --- <4y, < 51 < --- < j, < n with
J1—tp > 20, 4, = n?, ¢ <1, and s, = n¢, ( < 1. We select ¢ and ( later.
Due to the fact that

(0. ¢] (0.¢]
E ap o Vi, E BroWi_,i <1,
k=—(,+1 k=—t,+1

and

£,-1 ti-1
{ o Vi, Y BroWjg,j> j1}

k=—00 k=—00

are independent and writing

4,
MY = max E apoVi_ — max g oW
n 0<j<n k j—k 0<j<n ﬁk J—k
=—00
+00
M%) = max E apo Vi = max g o Wi_p
n 0<j<n J 0<J<n & e
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we have
p q
P(NVX < 0¥ < 0 (YO < w0 < 00} (25)
s=1 t=1
P lr
§P<ﬂ{ng—ZOékOV k< up, Y, Zﬁkomgk<vn}>
s=1 k=—00 k=—00
q o0 00
XP(H{Xit = o Vi Sup, Vi, = Y BroWj < Un}>
t=1 k—t,, k=1,

P
< P(ﬂ{Xis <y + MDY <, + M7§172)}> "
s=1

q
i (m{X]t S Un F M7§L271)7 }/}t < v, + Mr(LZ’Q)}> .
t=1

We split furthermore this upper bound.

p q
P<m{Xis < Up, Y, < Un}vﬂ{th < Up, Yj, < Un})

s=1 t=1

p
< [P(ﬂ{xis <y + MDY, < v+ MOD Y, M) = 0, (2 = 0)
s=1

+ P(M}f’” >1v M) > 1)]
q
X[P(H{XﬁguﬁM( DY, < v, + MPPY MEY =0, MY = 0>

+ P(M;ﬁvl) >1v MZ>Y > 1>]

p
< [P( (X0, < ue, i, < 0p}) + P(MMD > 1v M) > 1)]
s=1

q
x [P(ﬂ{th < up,Yj, <v}) + P(MEY > 1v MED > 1)}
t=1
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p q
SP Xz SumYz Svn x P X; SumY Svn
s s Jt Jt

s=1 t=1

+2P (MM > 1) + 2P (M > 1) +2P(MPY > 1) +2P(MP? > 1)

These last four terms tend to zero as it is proved in Hall (2003) depending
on ¢,,. We show it for one term.

k=—oc0
4, —n
< (n+1) Z E(agoVip) =(n+1) Y aBE(Vy)

IA

CnY < cntl

k=0,

for some generic constant C' and 0 satisfying (3). Selecting ¢ > 1/(6 — 1),
this bound tends to 0.

In the same way we establish the lower bound of (25). In fact

p q

P(({Xi, < un, Vi, 0 }) P(( X, < un, Y, < 0n})
s=1 t=1

p
<P([{ Z ag o Vi < uy, Z By o Wi, < vn})

s=1 k=—tly+1 k=l +1
¢ -l l—1
P((HDY. axoVik<un, > BroWj g <vn})
t=1 k=—o0 k=—o00
p 00 0
<P((W DY) aroViwk<un, > BroWip<w},
s=1 k=—ty+1 k=l +1

q gn*]- gn,]_

N aroViw <uay, Y BroWjr < va})

t=1 k=—00 k=—00
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< P((V_{Xe < up+ MU Y;, < v, + M),
N AXG <+ MY, < v+ M

Since we need also that s,a,; — 0, we select s, (i.e. ¢) such that snné,ll_‘s =
n1T<=90=1) — 0, which holds for 1+ ¢ < ¢(6 — 1). Hence condition D(u,,v,)
holds.

To prove the condition D’(u,,v,) note first that

[/ sn]
nz P(Xo > up, X; >v,) =0, n— +oo,

j=1

and

(/5]
nz P(Yy>u,,Y; >v,) =0, n— +oo,
j=1

because {X,} and {Y,} satisfy conditions D'(u,) and D'(v,) which was
shown in Hall (2003). Hence, it remains to consider the sums on the terms
P (Xo > up,Y; > v,) and on the terms P (Y > u,, X; > vy,).

We show it for the sum of the first terms, since for the second one the proof
follows in the same way. Let 7, = n” with v <1 — (. Then ~, = o(n/s,) =

o(n'=¢). For j < v,

XO; j (ZQZOVZ;ZBZ%-JOM/Y)

1=—00 1=—00

Note that o, = omax for some ¢y and B, = Buax for some jo. For one j
we have ig + j = jo, i.e. 7 = jo — 9. Hence the maximum terms occur at
the same index for V_;, and W_;,. If jo = ¢ this case j = 0 does not occur
in the sum. For all other j’s the maxima is occurring at different indexes.
We consider the bound established in Proposition 3.1 and 3.2 for H*. For

J = Jo — 1o, we showed in the proof of Theorem 3.1 that nH*(u,, v,) — 0.

For the remaining terms P(Xy > uy,Y; > v,) with j # jo — ¢y, we have
Big+j < Bmax and deduce from Proposition 3.1 the following upper bound for
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H*(uy,v,) given by

A\ Xog \ 7"
on(1) (1+ 1) <1+ 29) WS L (uy) + Cul T 08 L (un ) L () X

Omax 6io+j
)\1 —(1—Y)uy, )\2 —vp+(log vy, )?
X (1+& > (HB ) +O(P(S > du))

(26)
with p,¢ € (0,1) defined in (11) and (12). Note that p = p(j) should be

()
such that (1 + My)] < <1 + L) for all j # jo that (11) is satisfied. It

BiOJrj ﬂmax

implies that for any € > 0 we can select p(j) for every j # jy such that

A A A
log(1+ 2>>p(j)log(1-|— 29)>(1—e)10g(1—|— 2).
Bmax ﬁio—i-j Bmax
Then the sum on {j < 2v,,j # jo}, with the first term in the bound of H*

in (26) multiplied by n, is bounded by

Al >—dllogn+o(logn) (1_'_ >\20 >—P(j)d210gn+0(logn)
Biy+

X

o, (1)n'* (1 +
x (dy logn)* Li(log n)

A
= o,(1) exp {logn- <1+V—d110g (1—|— : )—

amax

—dy(1 — €)log (1 + ﬁfx)) + o(log n)}

=o,(1)exp{—logn-(1 —e—v+o0,(1))} = 0,n — oo,

afmax

if also v such that v <1 —.
Let us consider the sum on {j < 2v,,j # jo} with the second terms in (26)
multiplied with n. We have

\ —(1—=9Y)uy, \ —vp+(logvy,)?
te(egt) (k)
Omax 6max

Al —(1—1)d; logn+o(logn) Ao —ds logn+o(logn)
:nH”(l—l— ) <1+5 )

=exp{logn-[1+v—(1—1)—1]+ o(logn)}
=exp{logn-[v+¢v —1+0,(1)]} = 0,n = 0,

amax
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if also v < 1 — . Hence we choose v < min(1 —e€,1 —(,1 — ).

It remains to deal with the sum of the third terms in (26). We showed
that P(S > v,) = O((1 4 A)"%) in (19) with (1+ )" > 14 2 in (11).

ax

Let ¢ > 1 such that (1 + A)w/ij = (1+ QL) Then with € > 0 such that

1 — e > 1, this sum on {j < 2v,,j # jo} multiplied with n is bounded by

A1

Q’max

Cn*t (1 + )‘W—a)“n = Cexp {logn : {1 +v— () —e)+ on(l)} } — 0

ifalso v <1 —1—e.
Thus combining these three bounds we have that

n Z P(Xo>up,Y; >v,) =0
J<27m

if v <min(l—e,1—¢1—t,h—1—¢).
We consider now the sum on j with 2v, < j < n/s, and write

00 —Yn—1
X(/) = E (07¢) V—i s X(l)/ = E a; O V_Z‘
1=—"n 1=—00
and
Tn o0
/ "
Y, = E BioW;—i, Y, = E BioW;_;

Note that X and Yj’ are independent. We have, for j > 2v, and some
k > 1 (chosen later),

P (Xo > uy, Y; > vy,) :P(X6+X(')’ >un,Yj'+Yj”>vn)

< P(Xg>up—X0,Y] >0, =Y/ X{ < kY] <k)
+P(Xy > k)+ P (Y > k)

< P(Xy>u,— kY >uv,—k)+P(X)>k)+P(Y>k)

< P(Xo>up—k)P(Y;>v,—k)+P(X{ >k)+P (Y > k)

O<l>0(l> +P(Xg>k)+P (Y >k)

n n
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Similar to Hall (2003), the last two probabilities are sufficiently fast tending
to 0. We have

_’Yn_l
P(X]>k) = P(Z ozioVizk)

1=—00

P (14 )2 5V > (14 b))
(( h) S aiov_i>

(1 + hy)¥

IA

We select h, such that h,y.™® = C > 0, for some constant C, then we have
for i < —v, —1and 6 > 2

0 < ajh, < C’|i\_5hn < Cy, + 1)_‘5hn =o(1/7,) = 0,n — oo,

by the assumption (3) on the sequence {a;}. It implies

—n—1 —Tn—1
E ((1 +hn)zijf°°1“i°vi) = E( IT @+ )t ) IT E(Q+ ah)')

1=—00 1=—00

and, due to Lemma 3.1,

B (14 b= v

_’Yn_l

< J] (14 aihnE(Vy)(1 + 04(1)))

1=—00

1=—00
_A/n_]-

=exp | E(W) Z Oéihn(1+0n(1))>

1=—00

— exp (E(%)hnou) v W)

1=—00

= exp (O(l)hnfyﬂf‘s) = O(1), n = o0,
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by the choice of h,. Note that h, = Cy2~1 = Cn*0=Y — co. Now, select k
depending on J, v and ( such that

n? /(1 + hy)Es,) ~ n?/(C*n* O~ Dnt) = o(1), n — 400,
which holds for £ > (2 — ()/(v(6 — 1)). This choice implies that
(n*/s,)P (X > k) — 0,n — +o0.
In the same way we can show that also

nz Y”>/<: ) = 0,n — 400,
i<n/sy
for such a k, since also 3; < C'|i|=° for |i| > 7, and some constant C' > 0.

Hence condition D’(u,,,v,) holds.

Therefore, upper and lower bounds of the limiting distribution of the maxi-
mum term of non-negative integer-valued moving average sequences are found
leading to a ”quasi max-stable” limiting behavior of the bivariate maximum
in the sense of Anderson type.

Theorem 4.1. Consider the stationary sequences {(X,,Y,)} defined by

(X0, Yy) (Z ;o Voo, Z Bio W, >

1=—00 1=—00

Suppose that the innovation sequence {V,, W, } is an iid sequence of non-
negative integer-valued random vectors with df of the form (4), the sequences
of {a;} and {5} satisfies (3) and cumax and Buax are unique. Then,

lim sup (lim inf) P (Mél) < up(z), MP < vn(x)> <

~(e-0(1) -\ —-om)
< exp (1 + am) _ (1 + ﬁmix)

for all real x and y and where u,(z) and v,(x) are defined by (22) and (23).
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