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NUMERICAL ANALYSIS OF A POROUS-ELASTIC MODEL
FOR CONVECTION ENHANCED DRUG DELIVERY

J.A. FERREIRA, L. PINTO AND R.F. SANTOS

Abstract: Convection enhanced drug delivery (CED) is a technique used to make
therapeutic agents reach, through a catheter, sites of difficult access. The name
of this technique comes from the convective flow originated by a pressure gradient
induced at the tip of the catheter. This flow enhances passive diffusion and allows a
more efficient spread of the agents by the target site. CED is particularly useful in
the treatment of diseases that affect the central nervous system, where the blood-
brain barrier prevents the diffusion of most therapeutic agents from the cerebral
blood vessels to the brain interstitial space.

In this work we deal with the numerical analysis of a coupled system of partial
differential equations that can be used to simulate CED in an elastic medium like
brain tissue. The model variables are the fluid velocity, pressure, tissue deformation,
and agents concentration. We prove the stability of the coupled problem and from
the numerical point of view we propose a fully discrete piecewise linear finite ele-
ment method (FEM). The convergence analysis shows that the method has second
order convergence for the pressure, displacement, and concentration. Numerical
experiments illustrating the theoretical convergence rates and the behavior of the
system are also given.

Keywords: Convection enhanced drug delivery, finite difference method, finite
element method, convergence analysis.

1. Introduction
The brain-blood barrier is an obstacle to most of the therapeutic agents

used in the treatment of diseases of the central nervous system like brain
tumors, epilepsy, and Alzheimer. Therefore, to bypass this barrier, new ap-
proaches that directly inject the agents into the brain tissue with the aid of
catheters are being investigated. Avoiding the systemic circulation these ap-
proaches minimize unwanted side effects and the agents degradation. One of
such approaches is CED, a technique that employs a pressure gradient to dis-
tribute drugs within the target site. CED has shown to be more efficient than
passive diffusion techniques that rely only on local concentration gradients
to distribute drugs [3, 12]. Despite promising results a fully understanding of
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the agents distribution trough the brain tissue is still lacking. This is a cru-
cial step before CED can be successfully applied in medical treatment. The
main factors that influence the agents distribution are: catheter technology
and implantation methods, infused agents characteristics and protocols, and
the dynamics of fluid flow trough the brain tissue [2]. Mathematical mod-
eling is a valuable tool that is commonly used to shed light on these issues
[17, 11, 16].

One of the first mathematical models for CED simulation was proposed in
[13]. This model was based on Darcy equation for pressure and fluid velocity
and on a parabolic advection-diffusion equation for the agents concentra-
tion. A number of strong simplifications like tissue homogeneity allowed the
authors to obtained an analytical solution. Since then CED modeling and
simulation has become the subject of intense research, and several new mod-
els have been proposed in the literature. One of the main improvements were
the so-called elastic models [16, 4, 15]. In this type of models the brain tissue
is viewed as an elastic porous medium. This is a more realistic assumption
than the rigidity assumption assumed in earlier studies like [13]. For instance,
in [16] the tissue is considered to behave as an isotropic linear elastic material
that deforms by action of fluid movement. Thus, the model variables are the
pressure, the tissue displacement, and the agents concentration. Tissue het-
erogeneities and dispersion anisotropy are also taken into account. Moreover,
the influence of displacement in the porosity and permeability is also consid-
ered. In particular, empirical formulas that relate porosity and permeability
with the displacement divergence are employed. Based on realistic numerical
simulations the authors concluded that elastic models are more reliable than
rigid ones to describe CED in the brain. The numerical discretization was
performed using a finite volume scheme. Similar conclusions highlighting the
importance of elastic models were given in [4]. Here, it is pointed out that
such type of models allows the development of safe and efficient protocols in
the sense that the optimal therapeutic range is delivered with the minimal
tissue deformation.

In this paper our focus is the numerical analysis of a piecewise linear FEM
method for a coupled partial differential system. The concerned system is
defined on a one-dimensional domain and can be used, for instance, to model
CED in brain tissue. In that context the model accounts for fluid velocity,
pressure, agents concentration, and tissue deformation. That is, it belongs
to the elastic-type models and allows for medium heterogeneities, namely,
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variable permeability and elasticity. Next, we briefly deduce the system of
equations that define the CED model.

Let us assume that the injected therapeutic agent is fully miscible in the in-
terstitial fluid. Neglecting chemical reactions, and assuming constant poros-
ity, the transport equation for the agent is given by

∂c

∂t
+∇ · (vc) = ∇ · (D∇c) + f in Ω× (0, T ], (1)

where c denotes the concentration of the agent, D represents the diffusion
coefficient, and f accounts for source and sink terms. Still in (1), we denote
by v the transport velocity. This velocity v is the sum of two velocities, v`
and vs, which represent the velocity of the fluid mixture and the velocity of
the deformable medium Ω, respectively. Assuming infinitesimal deformation,
and denoting by u the displacement of each point of Ω, we can write that

vs =
∂u

∂t
.

On the other hand, based on the assumption that brain tissue can be seen as
porous media, we consider that the fluid velocity v` is given by Darcy’s law

v` = −1

µ
K∇p, (2)

where p denotes the pressure, K denotes the permeability of the medium, and
µ denotes the viscosity of the interstitial fluid. Thus, the transport velocity,
v = v` + vs, is written as follows

v = −1

µ
K∇p+

∂u

∂t
. (3)

Let us assume that the porosity is constant and that the fluid phase and
the solid phase are incompressible, i.e,

∇ · v = ∇ · (v` + vs) = s in Ω× (0, T ], (4)

where s defines source and sink terms of the fluid flow. From (3) and (4) we
deduce the following equation for the pressure

−∇ · (K
µ
∇p) +∇ · ∂u

∂t
= s in Ω× (0, T ]. (5)

Now we address the modeling of the displacement field u. The total force
F that acts in the porous medium is given by

F = σ − p,
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where σ denotes the stress in the solid matrix and p the fluid pressure. We
recall that the deformation ε depends on the displacement that in the one-
dimensional case takes the form

ε = ∇ · u.
Moreover, if we assume that the stress and the strain are given by Hooke’s
law

σ = E0ε,

where E0 denotes Young’s modulus, we get the following wave equation for
the displacement

∂2u

∂t2
= ∇ · (E0∇u)−∇p+ r in Ω× (0, T ]. (6)

Here, the term r collects exterior body forces, and it is null when the forces
in the solid and in the fluid phases are in equilibrium.

The coupled problem (1), (5) and (6), is complemented with suitable initial
and boundary conditions. For the concentration we assume that{

c(x, 0) = c0(x), x ∈ Ω,
c(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ],

(7)

for the pressure we consider Dirichlet boundary conditions

p(x, t) = p0(x, t), x ∈ ∂Ω, t ∈ (0, T ], (8)

and finally for the displacement u we assume the following
∂u

∂t
(x, 0) = ψ(x), x ∈ Ω,

u(x, 0) = φ(x), x ∈ Ω,
u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ].

(9)

The system of equations (1), (5), and (6), complemented with (7), (8), and
(9), is a simplified but meaningful model for CED simulation in a porous-
elastic medium.

Although the extensive literature on the numerical simulation of CED mod-
els, a detailed theoretically analysis of the schemes is usually not presented.
As already mentioned our main concerned is the design and analysis of a
piecewise linear FEM method for the initial boundary value problem (IBVP)
(1), (5) (6), (7), (8) and (9). The goal is to obtain a numerical method that
presents second order convergence, with respect to a discrete L2-norm, for
the concentration c. From the numerical point of view the main issue to
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overcome is the fact that the transport velocity v in (1) depends, through
(3), on the gradient of the pressure p and also on the displacement u. Being
governed by equation (6), u also depends on the gradient of the pressure p.
Therefore, we must get at least second order convergence approximations for
p in a discrete H1-norm and for u in a discrete L2-norm.

For this work, we build on the methods proposed in [8, 7, 10, 9, 14, 5, 6].
Namely, in [14, 5, 6] second order convergence, in a discrete H1-norm, for the
solution of an elliptic equation similar to (5) (u independent) are established
for a piecewise linear FEM. In [7], a piecewise linear FEM was applied to a
wave-type equation similar to (6) (p independent), and again second order
convergence, in a discrete H1-norm, was obtained for the solution. Coupled
problems were considered in [8, 10, 9]. In, [10, 9] a parabolic equation of type
(1) was coupled with an elliptic equation. This system models, for instance,
transport of a fully miscible flow where the velocity is governed by Darcy’s
law. Second order convergence for the concentration, in a discrete L2-norm,
was again deduced for a piecewise linear FEM. Finally, in [8], a wave-type
equation was coupled with a parabolic-type equation. This system can be
used, e.g., to describe drug delivery enhanced by ultrasound. A piecewise
linear FEM was proposed and it was proved that the numerical approxima-
tion for the solution of the parabolic problem is second order convergence
in a discrete L2-norm. Let us note that in those works non-standard anal-
ysis techniques allow the authors to reduce the smoothness assumptions on
the solutions of the correspondent continuous problems. Also, the fact that
piecewise linear FEM present second order convergence in a discrete H1-
norm is unexpected. Such phenomenon is usually referred in the literature
as supercloness. Since these FEM can be seen as finite differences methods
this is also known as supraconvergence. Important is also that these results
stand for non-uniform spatial meshes. Despite this background, we point out
that the analysis of the IBVP (1), (5) (6), (7), (8) and (9), presents much
new difficulties.

We organize the paper as follows. In Section 2 we prove some energy esti-
mates that show the stability of the IBVP (1), (5) (6), (7), (8) and (9). The
existence of solution is not object of analysis is this work. However, from the
energy estimates of Section 2, we easily get uniqueness of the solution. In
Section 3, we introduce a discrete version of the previous continuous prob-
lem that can be obtained following two different approaches: a finite element
approach or a finite difference approach. For such discrete problem we give
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discrete energy estimates that are discrete version of the continuous ones.
The convergence analysis of the discrete model is given in Section 4. We
show that the discrete pressure, displacement, and concentration converge to
the correspondent continuous quantities, being the convergence rates equal
to two in suitable discrete norms. Since the discrete model is based on piece-
wise linear finite element approximations, the obtained convergence rates
exhibit the so-called supercloseness property. Some numerical experiments
illustrating the behavior of the mathematical model as well as the obtained
theoretical results are included in Section 5. Finally, in Section 6, we present
some conclusions.

2.Model Stability: energy estimates
In what follows we prove stability, by energy estimates, for the weak so-

lution of our differential problem. To do that, we assume homogeneous
boundary conditions for the pressure. We adopt standard notations for
Sobolev spaces, namely, Hm(Ω), Hm

0 (Ω), m ∈ IN0, as well as for the cor-
responding inner products and norms. Let V be a norm space equipped
with the norm ‖.‖V . By Cm(0, T, V ), m ∈ IN0, we represent the space of
continuous functions, v(j)(t) : [0, T ] → V , j = 0, . . . ,m, and such that,
maxj=0,...,m ‖v(j)(t)‖2

V < +∞. By Hm(0, T, V ), m ∈ IN0, we represent the
space of functions, v(t) : (0, T )→ V , with weak derivatives v(j)(t) : (0, T )→
V , j = 1, . . . ,m, and such that,

∑m
j=0

∫ T
0 ‖v

(j)(t)‖2
V dt < +∞.

The variational formulation of our problem is: find p ∈ L2(0, T,H1
0(Ω)),

u ∈ H2(0, T,H1
0(Ω)), and c ∈ L2(0, T,H1

0(Ω)), such that,

(A∇p(t),∇w)− (u′(t),∇w) = (s(t), w) a.e. in (0, T ), w ∈ H1
0(Ω), (10)

where A =
K

µ
, (u′′(t), q) + (E0∇u(t),∇q) = −(∇p(t), q) + (r(t), q),
u′(0) = ψ
u(0) = φ

(11)

a.e. in (0, T ), q ∈ H1
0(Ω) and{

(c′(t), z)− (vc(t),∇z) + (D∇c(t),∇z) = (f(t), z),
c(0) = c0

(12)

a.e. in (0, T ), z ∈ H1
0(Ω).
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We start by analyzing the pressure equation. Taking in (10) w = p(t), and
assuming that A ≥ Amin > 0, we get

Amin‖∇p(t)‖2
L2 ≤

1

4ε21
‖u′(t)‖2

L2 +ε21‖∇p(t)‖2
L2 +

1

4ε22
‖s(t)‖2

L2 +ε22‖p(t)‖2
L2, (13)

where εi 6= 0, i = 1, 2. Since ‖p(t)‖L2 ≤ C‖∇p(t)‖L2, with C a positive
constant, from (13) we obtain

(Amin − ε21 − ε22C)‖∇p(t)‖2
L2 ≤

1

4ε21
‖u′(t)‖2

L2 +
1

4ε22
‖s(t)‖2

L2. (14)

Fixing εi, i = 1, 2, satisfying

Amin − ε21 − ε22C > 0,

we conclude that there exists a positive constant Cp such that

‖∇p(t)‖2
L2 ≤ Cp(‖u′(t)‖2

L2 + ‖s(t)‖2
L2). (15)

Now we analyze the displacement equation. Taking in (11) q = u′(t), we
deduce

1

2

d

dt
‖u′(t)‖2

L2 +
1

2

d

dt
‖
√
E0∇u(t)‖2

L2 ≤
1

4ε23
‖∇p(t)‖2

L2

+ (ε23 + ε24)‖u′(t)‖2
L2 +

1

4ε24
‖r(t)‖2

L2. (16)

where εi 6= 0, i = 3, 4. Assuming that u ∈ C2(0, T, L2(Ω)) ∩ C1(0, T,H1
0(Ω)),

inequality (16) leads to

‖u′(t)‖2
L2 + ‖

√
E0∇u(t)‖2

L2 ≤
1

2ε23

∫ t

0

‖∇p(ζ)‖2
L2dζ + 2(ε23 + ε24)

∫ t

0

‖u′(ζ)‖2
L2dζ

+
1

2ε24

∫ t

0

‖r(ζ)‖2
L2dζ + ‖ψ‖2

L2 + ‖
√
E0∇φ‖2

L2, (17)

provided that ψ ∈ L2(Ω) and φ ∈ H1(Ω). Using the estimate (15) in (17),
we get

‖u′(t)‖2
L2 + ‖

√
E0∇u(t)‖2

L2 ≤
(

2(ε23 + ε24) +
1

2ε23
Cp

)∫ t

0

‖u′(ζ)‖2
L2dζ

+

∫ t

0

( 1

2ε24
‖r(ζ)‖2

L2 +
1

2ε23
Cp‖s(ζ)‖2

L2

)
dζ + ‖ψ‖2

L2 + ‖
√
E0∇φ‖2

L2. (18)
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Applying Gronwall’s lemma we conclude that there exist positive constants
Cu,1 and Cu,2, such that,

‖u′(t)‖2
L2 + ‖∇u(t)‖2

L2 ≤ Cu,1e
Cu,2t

(∫ t

0

(
‖r(ζ)‖2

L2 + ‖s(ζ)‖2
L2

)
dζ

+ ‖ψ‖2
L2 + ‖∇φ‖2

L2

)
, (19)

provided that Emax ≥ E0 ≥ Emin > 0.
Now, taking into account (19), we rewrite the pressure estimate (15). We

obtain,

‖∇p(t)‖2
L2 ≤ Cp

(
Cu,1e

Cu,2t
(∫ t

0

(
‖r(ζ)‖2

L2 + ‖s(ζ)‖2
L2

)
dζ + ‖ψ‖2

L2

+ ‖∇φ‖2
L2

)
+ ‖s(t)‖2

L2

)
. (20)

At last we consider the concentration equation. Taking in (12) z = c(t),
we find

1

2

d

dt
‖c(t)‖2

L2 +Dmin‖∇c(t)‖2
L2 ≤ ‖c(t)‖∞(Amax‖∇p(t)‖L2

+ ‖u′(t)‖L2)‖∇c(t)‖L2 +
1

4ε25
‖f(t)‖2

L2 + ε25‖c(t)‖2
L2. (21)

for ε5 6= 0 and provided that D ≥ Dmin > 0 and Amax ≥ A ≥ Amin > 0.
Using the fact that ‖c(t)‖∞ ≤ Cc‖∇c(t)‖L2, for some positive constant Cc,
from (21), we get

d

dt
‖c(t)‖2

L2 + 2(Dmin −G(r, s, φ, ψ))‖∇c(t)‖2
L2 ≤

1

2ε25
‖f(t)‖2

L2 + 2ε25‖c(t)‖2
L2.

(22)

where

G(r, s, φ, ψ) = CcAmax

√
Cp‖s(t)‖L2 + Cc

√
Cu,1e

1
2Cu,2t

(
1 + Amax

√
Cp

)
×
(∫ t

0

(
‖r(ζ)‖2

L2 + ‖s(ζ)‖2
L2

)
dζ + ‖ψ‖2

L2 + ‖∇φ‖2
L2

)
1/2.
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Assuming that c ∈ C1(0, T, L2(Ω))∩C(0, T,H1
0(Ω)), we have from (22), that

‖c(t)‖2
L2 + 2

∫ t

0

(
Dmin −G(r, s, φ, ψ)

)
‖∇c(ζ)‖2

L2dζ

≤ ‖c0‖2
L2 +

1

2ε25

∫ t

0

‖f(ζ)‖2
L2dζ + 2ε25

∫ t

0

‖c(ζ)‖2
L2dζ,

and Gronwall’s lemma leads to

‖c(t)‖2
L2 + 2

∫ t

0

(
Dmin −G(r, s, φ, ψ)

)
‖∇c(ζ)‖2

L2dζ

≤ e2ε25t
(
‖c0‖2

L2 +
1

2ε25

∫ t

0

‖f(ζ)‖2
L2dζ

)
. (23)

From estimate (23) we get a stability result provided that the data of our
IBVP satisfies the inequality

Dmin −G(r, s, φ, ψ) ≥ 0. (24)

Moreover, if the coupled system is isolated in the sense that we do not have
source or sink terms, then condition (24) reduces to

Dmin − Cc
√
Cu,1e

1
2Cu,2t(1 + Amax

√
Cp)(‖ψ‖2

L2 + ‖∇φ‖2
L2)1/2 ≥ 0.

Our stability result is presented next and it follows directly from the pre-
vious estimates assuming no source or sink terms.

Proposition 1. Let (p, u, c), (p̃, ũ, c̃) in L∞(0, T,H1
0(Ω))× (C2(0, T, L2(Ω))∩

C1(0, T,H1
0(Ω)))×(C1(0, T, L2(Ω))∩C(0, T,H1

0(Ω))) be solutions of the varia-
tional problem (10), (11), and (12), with the initial conditions φ, ψ, c0 and φ̃,
ψ̃, c̃0, respectively, where φ, c0, ψ̃, c̃0 ∈ L2(Ω) and φ, φ̃ ∈ H1

0(Ω). Then there
exist positive constants Cp, Cu,1, Cu,2 and Cc,1, Cc,2 such that, for t ∈ [0, T ],
we have

‖∇(p(t)− p̃(t))‖2
L2 ≤ CpCu,1e

Cu,2t
(
‖ψ − ψ̃‖2

L2 + ‖∇(φ− φ̃)‖2
L2

)
, (25)

‖u′(t)− ũ′(t)‖2
L2 + ‖∇(u(t)− ũ(t))‖2

L2 ≤ Cu,1e
Cu,2t

(
‖ψ − ψ̃‖2

L2

+ ‖∇(φ− φ̃)‖2
L2

)
, (26)
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and

‖c(t)− c̃(t)‖2
L2 + 2

∫ t

0

(
Dmin−G(0, 0, φ− φ̃, ψ − ψ̃)

)
‖∇(c(ζ)− c̃(ζ)‖2

L2dζ

≤ eCc,2t
(
‖c0 − c̃0‖2

L2

)
, (27)

where

G(0, 0, d, g) = Cc,1
√
Cu,1e

1
2Cu,2t

(
1 + Amax

√
Cp

)(
‖g‖2

L2 + ‖∇d‖2
L2

)1/2

≥ 0

for t ∈ [0, T ], g ∈ L2(Ω) and d ∈ H1
0(Ω).

Corollary 1. Under the assumptions of Proposition 1, if

Dmin −G(0, 0, φ− φ̃, ψ − ψ̃) ≥ 0,

then we conclude the stability of the variational problem (10), (11) and (12).

3. Numerical scheme: stability and convergence analysis
In this section we present a piecewise linear FEM for our problem. An

equivalent finite difference method (FDM) is also given. Stability and con-
vergence results are also provided.

3.1. A piecewise linear FEM. Let h = (h1, . . . , hN) be the vector of

positive entries, in a sequence Λ, such that
∑N

i=1 hi = |Ω|, with |Ω| the
length of Ω, and let hmax = maxi=1,...,N hi and Hmin = mini=1,...,N hi. We
assume that the sequence Λ is such that h ∈ Λ, hmax → 0. Let {xi} be the
non-uniform grid induced by h in Ω with hi = xi − xi−1, i = 1, . . . , N . By
Ωh we represent the grid defined in Ω that depends on h. By Ωh we denote
the interior set of nodes, Ωh = Ω∩Ωh, and by ∂ΩH we denote the boundary
set of nodes, ∂Ωh = ∂Ω ∩ Ωh.

By Wh we represent the space of grid functions defined in Ωh and by Wh,0

we represent the subspace of Wh of grid functions null on ∂Ωh. By Phvh we
denote the continuous piecewise linear interpolant of vh with respect to the
partition Ωh. In Wh,0 we introduce the inner product

(zh, wh)h =
N−1∑
i=1

hi+1/2zh(xi)wh(xi), zh, wh ∈ Wh,0,



POROUS-ELASTIC MODEL FOR CONVECTION ENHANCED DRUG DELIVERY 11

where hi+1/2 = 1
2(hi + hi+1). Let ‖.‖h be the corresponding norm. We set

xi+1/2 = xi + 1
2hi+1, xi−1/2 = xi − 1

2hi, and we define

(zh, wh)h,+ =
N∑
i=1

hizh(xi)wh(xi) and ‖zh‖h,+ =
√

(zh, zh)h,+

for zh, wh ∈ Wh. Let∇h be the first order backward finite difference operator.
We note that holds the following Poincaré-Friedrichs inequality

‖wH‖h ≤ |Ω|‖∇hwH‖h,+, ∀wH ∈ WH,0. (28)

By W 1,2
h,0 we denote the space of grid functions null on the boundary points

and equipped with the norm

‖wh‖1,h =
(
‖wh‖2

h + ‖∇hwh‖2
h,+

)1/2

.

The piecewise linear finite element approximation of the coupled problem
(10), (11), and (12) is given by: find Phph(t), PhuH(t), PhcH(t) ∈ H1

0(Ω),
such that,

(A∇Phph(t),∇Phwh)− (Phu
′
h(t),∇Phwh) = (s(t), Phwh), wh ∈ Wh,0, (29) (Phu

′′
h(t), Phqh) + (E0∇Phuh(t),∇Phqh) = −(∇Phph(t), Phqh) + (r(t), Phqh),

Phu
′
h(0) = PhRhψ,

Phuh(0) = PhRhφ,
(30)

for qh ∈ Wh,0 and{
(Phc

′
h(t), Phzh)− (Phvh(t)Phch(t),∇Phzh) + (D∇Phch(t),∇Phzh) = (f(t), Phzh),

Phch(0) = PhRhc0,
(31)

for zh ∈ Wh,0 and where Phvh(x, t) = −A(x)∇Phph(x, t) +Phu
′
h(x, t), x ∈ Ωh.

In (30) and (31), Rh denotes the restriction operator Rh : C(Ω) → Wh,
Rhg(x) = g(x), x ∈ Ωh.

Let us define the following functions in Wh

sh(xi) = 1
hi+1/2

∫ xi+1/2

xi−1/2
s(x)dx, i = 1, . . . , N − 1,

sh(x0) = 1
h1/2

∫ x1/2
x0

s(x)dx,

sh(xN) = 1
hN/2

∫ xN
xN−1/2

s(x)dx,

(32)
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being rh(t) and fh(t) defined analogously. We also define the finite difference
operator D∗h by

D∗hwh(xi) =
hi+1

hi + hi+1
∇hwh(xi) +

hi
hi + hi+1

∇hwh(xi+1), i = 1, . . . , N − 1.

The coupled problem (29), (30), and (31) is then replaced by the following
fully discrete piecewise linear FEM: find ph(t), uH(t), cH(t) ∈ Wh,0, such
that,

(Ah∇hph(t),∇hwh)h,+ − (Mh(u
′
h(t)),∇hwh)h,+ = (sh(t), wh)h, wh ∈ Wh,0,

(33)
where Ah(xi) = A(xi−1/2), i = 1, . . . , N, and Mh denotes the average operator

Mhwh(xi) =
wh(xi−1) + wh(xi)

2
, i = 1, . . . , N,

 (u′′h(t), qh)h + (E0,h∇huh(t),∇hqh)h,+ = −(D∗hph(t), qh)h + (rh(t), qh)h,
u′h(0) = Rhψ,
uh(0) = Rhφ,

(34)
for qh ∈ Wh,0 and where E0,h(xi) = E0(xi−1/2), i = 1, . . . , N, and{

(c′h(t), zh)h − (Mh(vh(t)ch(t)),∇hzh)h,+ + (Dh∇hch(t),∇hzh)h,+ = (fh(t), zh)h,
ch(0) = Rhc0,

(35)
for zh ∈ Wh,0, where Dh(xi) = D(xi−1/2), i = 1, . . . , N, and vh(t) is defined
by

vh(xi, t) = A(xi)D
∗
hph(xi) + u′h(xi, t), i = 1, . . . , N − 1, (36)

vh(x0, t) = A(x0)∇hph(x1, t), (37)

vh(xN , t) = A(xN)∇hph(xN , t). (38)

Note that the definition of vh at x0 and xN has no role in what follows because
in (35) they arise multiplied by ch(x0, t) and ch(xN , t), respectively, which are
both null.

3.2. An equivalent FDM. In what follows we present a finite difference
method that is equivalent to the fully discrete piecewise linear FEM (33),
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(34), and (35). First, we introduce the first order centered operator

∇h,cwh(xi) =
wh(xi+1)− wh(xi−1)

hi + hi+1
, i = 1, . . . , N − 1, wh ∈ Wh,

and the finite difference operator ∇∗h given by,

∇∗h(RhB∇hwh)(xi) =
B(xi+1/2)∇hwh(xi+1)−B(xi−1/2)∇hwh(xi)

hi+1/2
,

i = 1, . . . , N − 1, for wh ∈ Wh.
Then the FDM equivalent to the fully discrete pieceise linear FEM (33),

(34), (35) is defined by the following systems{
−∇∗h(Ah∇hph(t)) +∇h,cu

′
h(t) = sh(t) in Ωh × (0, T ]

ph(t) = 0 on ∂Ω,
(39)


u′′h(t) = ∇∗h(E0,h∇huh(t))−D∗hph(t) + rh(t) in Ωh × (0, T ]
uh(t) = 0 on ∂Ωh × (0, T ]
u′h(0) = Rhψ in Ωh,
uh(0) = Rhφ in Ωh,

(40)

and c′h(t) +∇h,c(vh(t)ch(t)) = ∇∗h(Dh∇hch(t)) + fh(t) in Ωh × (0, T ]
ch(t) = 0 on ∂Ωh × (0, T ],
ch(0) = Rhc0 in Ωh,

(41)

where vh(t) is defined by (36).
The equivalence between (33), (34), (35) and (39), (40) and (41) is easily

shown nothing that (33), (34), and (35) can be rewritten in the form

(−∇∗h(Ah∇hph(t)), wh)h + (∇h,c(u
′
h(t)), wh)h = (sh(t), wh), wh ∈ Wh,0,

using here summation by parts,

(u′′h(t), qh)h = (∇∗h(E0,h∇huh(t)), qh)h−(D∗hph(t), qh)h+(rh(t), qh)h, qh ∈ Wh,0,

and

(c′h(t), zh)h + (∇h,c(vh(t)ch(t)), zh)h = (∇∗h(Dh∇hch(t)), zh)h

+ (fh(t), zh)h, zh ∈ Wh,0,

respectively.
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3.3. Stability analysis. In the following, we prove the stability of the
piecewise linear FEM (33), (34), and (35). Naturally, this also proves the
stability of the FDM (39), (40), and (41).

Proposition 2. Let us suppose that the initial conditions for the displace-
ment uh are defined by φh and ψh and the initial condition for the concentra-
tion ch is defined by c0,h. Let r, s, f ∈ C(0, T, C0(Ω)).

The sequence Λ that defines the spatial grids in Ωh satisfies

hmax
hmin

≤ Cg, (42)

for some positive constant Cg.
Then uh ∈ C2(0, T,Wh,0), ph ∈ C0(0, T,Wh,0), ch ∈ C1(0, T,Wh,0) and there

exist positive constants Cu,1 and Cu,2 and Cp such that

‖u′h(t)‖2
h + ‖∇huh(t)‖2

h,+ ≤ Cu,1e
Cu,2t

(∫ t

0

(
‖rh(ζ)‖2

h + ‖sh(ζ)‖2
h

)
dζ

+ ‖ψh‖2
h + ‖∇hφh‖2

h,+

)
, (43)

‖∇hph(t)‖2
h,+ ≤ Cp

(
Cu,1e

Cu,2t
(∫ t

0

(
‖rh(ζ)‖2

h + ‖sh(ζ)‖2
h

)
dζ

+ ‖ψh‖2
h + ‖∇hφh‖2

h,+

)
+ ‖sh(t)‖2

h

)
. (44)

and, for ε 6= 0,

‖ch(t)‖2
h +

∫ t

0

‖∇hch(ζ)‖2
h,+dζ ≤ Cce

2ε2t
(
‖c0,h‖2

h +
1

2ε2

∫ t

0

‖fh(ζ)‖2
hdζ
)
, (45)

provide that

Dmin −Gh(rh, sh, φh, ψh) > 0. (46)

where

Gh(rh, sh, φh, ψh) = |Ω|1/2Amax

√
Cp‖sh(t)‖h + |Ω|1/2

√
Cu,1e

1
2Cu,2t

(
1

+ Amax

√
Cp

)(∫ t

0

(
‖rh(ζ)‖2

h + ‖sh(ζ)‖2
h

)
dζ + ‖ψh‖2

L2 + ‖∇hφh‖2
h,+

)1/2

.

Proof: We start with the pressure equation. Choosing wh = ph(t) in (33),
using the discrete Poincaré-Friedrichs inequality (28), and adapting the steps
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followed in the continuous case, it can be shown that there exist a positive
constant Cp, such that,

‖∇hph(t)‖2
h,+ ≤ Cp‖u′h(t)‖2

h + ‖sh(t)‖2
h. (47)

Now we analyze the displacement equation. We start by remarking that
uh can be rewritten as a solution of a second order differential equation
depending on sh and rh. If s and r are smooth, then uh ∈ C2(0, T,Wh,0) and

consequently uh ∈ C1(0, T,W 1,2
h,0 ) and ph ∈ C0(0, T,Wh,0). We note also that

|(D∗hph(t), qh| ≤ ‖D∗hph(t)‖h‖qh‖h
≤
√

2Cg‖∇hph(t)‖h,+‖qh‖h,

Taking qh = uh(t) in (34) and adapting the procedure used to obtain (19), we
get that exist positive constants Cu,1, and Cu,2, such that (43) holds. Using
(43), we can rewrite the pressure related inequality (47) as (44).

Now we focus on the concentration. First from straightforward calcula-
tions, we find

|(Mh(vh(t)ch(t)),∇hch)h,+| ≤ ‖ch(t)‖∞(Amax‖∇hph(t)‖h,+
+ ‖u′h(t)‖h)‖∇hch(t)‖h,+. (48)

Using the fact that ‖ch(t)‖∞ ≤ |Ω|1/2‖∇hch(t)‖h,+, taking zh = ch(t) in (35),
and adapting the procedure used to obtain (23), we get (45).

We conclude the uniform boundedness of ph(t), uh(t) and ch(t) in Λ and
[0, T ]. We observe that (46) provides a compatibility condition between the
diffusion coefficient and the data defined by φh, ψh, r and s.

In the following we derive estimates that will allow us to obtain a stability
result considering perturbations of the solution (ph, uh, ch) of the coupled
system (33), (34), and (35).

Proposition 3. Let us suppose that the sequence Λ that defines the spa-
tial grids in Ωh satisfies (42) and, for h ∈ Λ, (ph, uh, ch) ∈ L∞(0, T,Wh,0)×
C2(0, T,Wh,0)×C1(0, T,Wh,0) with initial conditions defined by φh and ψh for
the displacement and c0,h for the concentration. Let (p̃h, ũh, c̃h) ∈ L∞(0, T,Wh,0)
× C2(0, T,Wh,0)×C1(0, T,Wh,0) be the solution of (33), (34), and (35) with

the initial conditions defined by ψ̃h, φ̃h, c̃0,h, that we suppose to be such

that ‖ψ̃h‖h, ‖∇hφ̃h‖h,+, ‖c̃0‖h, h ∈ Λ, are bounded sequences. Then there
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exist positive constants Cp, Cu,1, Cu,2 and Cc,1, Cc,2 such that, for ωp,h(t) =
ph(t)− p̃h(t), ωu,h(t) = uh(t)− ũh(t) and ωc,h(t) = ch(t)− c̃h(t), we have

‖∇hωp,h(t)‖2
h,+ ≤ CpCu,1e

Cu,2t
(
‖ψh − ψ̃h‖2

h + ‖∇h(φh − φ̃h)‖2
h,+

)
, (49)

‖ωu,h(t)′‖2
h + ‖∇hωu,h(t)‖2

h,+ ≤ Cu,1e
Cu,2t

(
‖ψh − ψ̃h‖2

h

+ ‖∇h(φh − φ̃h)‖2
h,+

)
. (50)

‖ωc,h(t)‖2
h +

∫ t

0

‖∇hωc,h(s)‖2
h,+ds ≤ Cc,2‖c0,h − c̃0,h‖2

h

+
1

ε2
C2
c,1Cu,1e

Cu,2tT
(
‖ψh − ψ̃h‖2

h + ‖∇h(φh − φ̃h)‖2
h,+

)
, (51)

for t ∈ [0, T ]. In (51), ε is such that

Dmin − ε2 −G(ψh, φh) > 0, (52)

and

G(ψh, φh) = Cc,1
√
Cu,1e

1
2Cu,2t

(
1 +Amax

√
Cp

)(
‖ψh‖2

h + ‖∇hφh‖2
h,+

)1/2

. (53)

Proof: Following the steps that led to (44) and (43), we get that there
exist positive constants Cp and Cu,1, Cu,2 such that, for t ∈ [0, T ] it holds
(49), (50). The question now is to estimate the quantity

‖ωc,h(t)‖2
h +

∫ t

0

‖∇hωc,h(s)‖h,+ds.

For that, we need an upper bound for

(Mh(vh(t)ch(t)− ṽhc̃h(t)),∇hωc,h(t))h,+.

Since vh(t) and ṽh(t) are defined by (36) with ph(t), u
′
h(t) and p̃h(t), ũ

′
h(t),

respectively, we can use (42), to conclude that there exists a positive constant
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Cc,1, such that,

|(Mh(vh(t)ch(t)− ṽhc̃h(t)),∇hωc,h(t))h,+|

≤ Cc,1

((
Amax‖∇hph(t)‖h,+ + ‖u′h(t)‖h

)
‖ωc,h(t)‖∞‖∇hωc,h(t)‖h,+

+ ‖c̃h(t)‖∞
(
Amax‖∇hωp,h(t)‖h,+ + ‖ω′u,h(t)‖h

)
‖∇hωc,h(t)‖h,+

)
≤ Cc,1

(
‖∇hph(t)‖h,+ + ‖u′h(t)‖h

)
‖∇hωc,h(t)‖2

h,+

+
1

4ε2
C2
c ‖c̃h(t)‖2

∞

(
‖∇hωp,h(t)‖2

h,+ + ‖ω′u,h(t)‖2
h

)
+ ε2‖∇hωc,h(t)‖2

h,+

≤ Cc,1
√
Cu,1e

1
2Cu,2t

(
1 + Amax

√
Cp

)(
‖ψh‖2

h + ‖∇hφh‖2
h,+

)1/2

‖∇hωc,h(t)‖2
h,+

+
1

4ε2
C2
c,1Cu,1e

Cu,2t
(

1 + AmaxCp

)(
‖ψh − ψ̃h‖2

h+

‖∇h(φh − φ̃h)‖2
h,+

)
‖∇hc̃h(t)‖2

h,+ + ε2‖∇hωc,h(t)‖2
h,+.

Then, we obtain

1

2
‖ωc,h(t)‖2

h + (Dmin − ε2 −G(ψh, φh))‖∇hωc,h(t)‖2
h,+

≤ F (φh, φ̃h, ψh, ψ̃h)‖∇hc̃h(t)‖2
h,+, (54)

where G(ψhψh) is defined by (53) and

F (ψh, ψ̃h, ψh, ψ̃h) =
1

4ε22
C2
c,1Cu,1e

Cu,2t
(

1 + AmaxCp

)
×
(
‖ψh − ψ̃h‖2

h + ‖∇h(φh − φ̃h)‖2
h,+

)
.

Inequality (54) leads to

‖ωc,h(t)‖2
h +

∫ t

0

(Dmin − ε22 −G(ψh, φh))‖∇hωc,h(s)‖2
h,+ds

≤ ‖c0,h − c̃0,h‖2
h +

∫ t

0

F (ψh, ψ̃h, ψh, ψ̃h)‖∇hc̃h(s)‖2
h,+ds, t ∈ [0, T ]. (55)

Then for ε such that (52) holds and attending that

∫ t

0

‖∇hc̃h(s)‖2
h,+ds is

uniformly bounded for h ∈ Λ and t ∈ [0, T ] because ‖c̃0,h‖h, ‖ψ̃h‖h, ‖∇hφ̃h‖h,+
h ∈ Λ, are bounded sequences, from (55) we conclude (51).
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3.4. Convergence analysis. The main question in the construction of
numerical methods for the coupled IBVP (1), (5) (6), (7), (8) and (9) is
the possible loss of accuracy when we consider the numerical approximations
for the pressure and displacement defined by equations (33) and (34), in the
computation of the numerical approximation for the concentration defined
by (35). In this section we show that ph(t) and uh(t) defined by (33) and
(34), respectively, satisfy

‖∇h(Rhp(t)− ph(t))‖2
+ ≤ Ch4

max, (56)

‖∇h(Rhu(t)− uh(t))‖2
+ ≤ Ch4

max,

and
‖∇h(Rhc(t)− ch(t))‖2

+ ≤ Ch4
max.

The results presented in [14] and the approach followed in [1] have an
important role in the construction of the previous error estimates.

Let Ep(t) = Rhp(t)− ph(t), Eu(t) = Rhu(t)− uh(t), and Ec(t) = Rhc(t)−
ch(t).

Proposition 4. Let us suppose that the sequence Λ that defines the spatial
grids in Ωh satisfies (42). If the solution of p(t) and u(t) of (1), (5) with
Dirichlet boundary conditions are such that p(t) ∈ H3(Ω) ∩ H1

0(Ω), u′(t) ∈
H2(Ω)∩H1

0(Ω), then there is a positive constant Cp independent of p, h and
t such that

‖∇hEp(t)‖2
h,+ ≤ Cp

(
h4
max

N∑
i=1

(
‖p(t)‖2

H3(Ii)
+‖u′(t)‖2

H2(Ii)

)
+‖E ′u(t)‖2

h

)
, (57)

where Ii = (xi−1, xi), i = 1, . . . , N.

Proof: It can be shown that

(Ah∇hEp(t),∇hEp(t))h,+ − (Mh(E
′
u(t)),∇hEp(t))h,+

= (λ1(u
′(t)),∇hEp(t))h,+ + (λ2(p(t)),∇hEp(t))h,+, (58)

where

λ1(u
′(t))(xi) = u′(xi−1/2, t)−Mh(u

′(xi, t)), i = 1, . . . , N,

and

λ2(p(t))(xi) = A(xi)(∇hp(xi, t)−∇p(xi−1/2, t), i = 1, . . . , N.
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Following [14], Bramble Hilbert Lemma leads to

|(λ1(u
′(t)),∇hEp(t))h,+| ≤ C1h

2
max

( N∑
i=1

‖p(t)‖2
H3(Ii)

)1/2

‖∇hEp(t)‖h,+

≤ 1

4ε21
C1h

4
max

N∑
i=1

‖p(t)‖2
H3(Ii)

+ ε21‖∇hEp(t)‖2
h,+,

and

|(λ2(u
′(t)),∇hEp(t))h,+| ≤ C2h

2
max

( N∑
i=1

‖u′(t)‖2
H2(Ii)

)1/2

‖∇hEp(t)‖h,+

≤ 1

4ε22
C1h

4
max

N∑
i=1

‖u′(t)‖2
H2(Ii)

+ ε21‖∇hEp(t)‖2
h,+,

where εi 6= 0, i = 1, 2. Consequently we conclude the existence of a positive
constant Cp satisfying (57).

Proposition 5. Let us suppose that p ∈ H1(0, T,H3(Ω) ∩ H1
0(Ω)), u ∈

H3(0, T,H2(Ω)∩H1
0(Ω))∩H2(0, T,H2(Ω)∩H1

0(Ω)), and uh ∈ C2(0, T,Wh,0).
If the sequence Λ that defines the spatial grids in Ωh satisfies assumption
(42), then there exists a positive constant Cu that is independent of u, p, h
and t, such that

‖E ′u(t)‖2
h + ‖∇hEu(t)‖2

h,+ ≤ Cuh
4
max

(
‖u‖2

H3(0,T,H2(Ω))

+ ‖u‖2
H1(0,T,H3(Ω)) + ‖p‖2

H1(0,T,H3(Ω))

)
, (59)

for t ∈ [0, T ].



20 J.A. FERREIRA, L. PINTO AND R.F. SANTOS

Proof: Here we follow the approach used in [7]. For Eu(t) we get succes-
sively

(E ′′u(t), E ′u(t))h = ((u′′(t))h, E
′
u(t))h − (u′′h(t), E

′
u(t))h

+ (Rhu
′′(t)− (u′′(t))h, E

′
u(t))h

= ((∇(E0∇u(t)))h, E
′
u(t))h − ((∇p(t))h, E ′u(t))h

+ (E0,h∇huh(t),∇hE
′
u(t))h,+ + (D∗hph(t), E

′
u(t))h

+ (Rhu
′′(t)− (u′′(t))h, E

′
u(t))h

= −(E0,h∇hEu(t),∇hE
′
u(t))h,+ − (D∗hEp(t), E

′
u(t))h

+ (Rhu
′′(t)− (u′′(t))h, E

′
u(t))h

+ (E0,h(∇hu(t)−∇û(t)),∇hE
′
u(t))h

+ (∇p(t)− (∇p(t))h, E ′u(t))h
+ (D∗hp(t)−∇p(t), E ′u(t))h,

where, (v)h is defined as (32) for v = u′′(t),∇p(t) and û(xi, t) = u(xi−1/2, t).
Then we conclude for Eu(t) the following IVP

(E ′′u(t), E ′u(t))h + (E0,h∇hEu(t),∇hE
′
u(t))h,+ = −(DhEp(t), E

′
u(t))h +

4∑
j=1

Tj,

E ′h(0) = 0,
Eu(0) = 0,

(60)
for t ∈ (0, T ], with

T1 = (Rhu
′′(t)− (u′′(t))h, E

′
u(t))h,

T2 = (E0,h(∇hu(t)−∇û(t)),∇hE
′
u(t))h,

T3 = (∇p(t)− (∇p(t))h, E ′u(t))h
and

T4 = (Dhp(t)−∇p(t), E ′u(t))h.
(1) An estimate for T1.

T1 admits the representation

T1 =
d

dt
(Rhu

′′(t)− (u′′(t))h, Eu(t))h − (Rhu
(3)(t)− (u(3)(t))h,
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where, from for the last term we have

|(Rhu
(3)(t)− (u(3)(t))h| ≤ Ch2

max

( N∑
i=1

‖u(3)(t)‖2
H2(Ii)

)1/2

‖∇hEu(t)‖h,+. (61)

(2) An estimate for T2.
Analogously to T1, for T2 we have

T2 =
d

dt
(E0,h(∇hu(t)−∇û(t)),∇hEu(t))h−(E0,h(∇hu

′(t)−∇û′(t)),∇hEu(t))h,

and

|(E0,h(∇hu
′(t)−∇û′(t)),∇hEu(t))h|

≤ Ch2
max

( N∑
i=1

‖u′(t)‖2
H3(Ii)

)1/2

‖∇hEu(t)‖h,+. (62)

(3) An estimate for T3.
It is easy to show that

T3 =
d

dt
(∇p(t)− (∇p(t))h, Eu(t))h − (∇p′(t)− (∇p′(t))h, Eu(t))h,

where

|(∇p′(t)− (∇p′(t))h, Eu(t))h| ≤ Ch2
max

( N∑
i=1

‖p′(t)‖2
H3(Ii)

)1/2

‖∇hEu(t)‖h,+.

(63)
(4) An estimate for T4.

For T4 we have

T4 =
d

dt
(D∗hp(t)−∇p(t), Eu(t))h − (D∗hp

′(t)−∇p′(t), Eu(t))h,

where

|(D∗hp′(t)−∇p′(t), Eu(t))h| ≤ Ch2
max

( N∑
i=1

‖p′(t)‖2
H3(Ii)

)1/2

‖∇hEu(t)‖h,+.

(64)
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Taking the obtained estimates into (60) we get

d

dt
‖E ′u(t)‖2

h +
d

dt
‖
√
E0,h∇hEu(t)‖2

h,+ ≤ 2Cg‖∇hEp(t)‖2
h,+ + ‖E ′u(t)‖2

h

+ 2
d

dt
(Rhu

′′(t)− (u′′(t))h, Eu(t))h + 2
d

dt
(E0,h(∇hu(t)−∇û(t)),∇hEu(t))h

+ 2
d

dt
(∇p(t)− (∇p(t))h, Eu(t))h + 2

d

dt
(D∗hp(t)−∇p(t), Eu(t))h

+ 2ε21‖∇hEu(t)‖2
h,+ + τ(t), (65)

where ε1 6= 0 and

|τ(t)| ≤ Ch4
max

N∑
i=1

(
‖u(3)(t)‖2

H2(Ii)
+ ‖u′(t)‖2

H3(Ii)
+ ‖p′(t)‖2

H3(Ii)

)
.

Taking into account that E ′h(0) = 0 and Eu(0) = 0, the inequality (65) leads
to

‖E ′u(t)‖2
h + ‖

√
E0,h∇hEu(t)‖2

h,+ ≤
∫ t

0

(
2Cg‖∇hEp(s)‖2

h,+ds+ ‖E ′u(s)‖2
h

)
ds

+ 2ε21

∫ t

0

‖∇hEu(s)‖2
h,+ds+

∫ t

0

τ(s)ds+ 2(Rhu
′′(t)− (u′′(t))h, Eu(t))h

+ 2(E0,h(∇hu(t)−∇û(t)),∇hEu(t))h + 2(∇p(t)− (∇p(t))h, Eu(t))h
+ 2(D∗hp(t)−∇p(t), Eu(t))h. (66)

Again, proceeding as in [14], we establish for the last four terms of the right
hand side of (66) the following estimate

|2(Rhu
′′(t)− (u′′(t))h, Eu(t))h + 2(E0,h(∇hu(t)−∇û(t)),∇hEu(t))h

+ 2(∇p(t)− (∇p(t))h, Eu(t))h + 2(D∗hp(t)−∇p(t), Eu(t))h|

≤ Ch4
max

N∑
i=1

(
‖u′′(t)‖2

H2(Ii)
+ ‖u(t)‖2

H3(Ii)
+ ‖p(t)‖2

H3(Ii)

)
+ ε22‖∇hEu(t)‖2

h,+, (67)
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where ε2 6= 0. Inserting (57) and (67) in (65) we easily establish that there
exists a positive constant C1 such that

‖E ′u(t)‖2
h + ‖∇hEu(t)‖2

h,+ ≤ C1

∫ t

0

(
‖E ′u(s)‖2

h + ‖∇hEu(s)‖2
h,+

)
ds

+

∫ t

0

τ(s)ds+ η(t), t ∈ [0, T ],

(68)

where the error terms τ(t) and η(t) admits the representation

|τ(t)| ≤ Ch4
max

N∑
i=1

(
‖u(3)(t)‖2

H2(Ii)
+‖u′(t)‖2

H3(Ii)
+‖p′(t)‖2

H3(Ii)
+‖p(t)‖2

H3(Ii)

)
and

|η(t)| ≤ Ch4
max

N∑
i=1

(
‖u(2)(t)‖2

H2(Ii)
+ ‖u(t)‖2

H3(Ii)
+ ‖p(t)‖2

H3(Ii)

)
.

Applying the Gronwall Lemma to (68) and considering that∫ t

0

τ(s)ds+ η(t) ≤ Ch4
max

(
‖u(3)‖2

L2(0,T,H2(Ω)) + ‖u′‖2
L2(0,T,H3(Ω))

+ ‖p‖2
H1(0,T,H3(Ω)) + ‖u(2)‖2

C(0,T,H2(Ω)) + ‖u′‖2
C(0,T,H3(Ω)) + ‖p‖2

C(0,T,H3(Ω))

)
≤ Ch4

max

(
‖u‖2

H3(0,T,H2(Ω)) + ‖u‖2
H1(0,T,H3(Ω)),+‖p‖2

H1(0,T,H3(Ω))

)
we conclude (59).

From Propositions 4 and 5 we finally obtain the next result for the error
Ep(t).

Corollary 2. Under the assumptions of Propositions 4 and 5, there exists a
positive constant Cp independent of u, p, h and t, such that

‖∇hEp(t)‖2
h,+ ≤ Cph

4
max

(
‖u‖2

H3(0,T,H2(Ω))

+ ‖u‖2
H1(0,T,H3(Ω)) + ‖p‖2

H1(0,T,H3(Ω))

)
, (69)

for t ∈ [0, T ].

In what follows we establish an estimate for Ec(t) = Rhc(t)− ch(t).
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Proposition 6. Under the assumptions of Propositions 4 and 5, if

c ∈ C1(0, T,H2(Ω) ∩H1
0(Ω)) ∩ L2(0, T,H3(Ω) ∩H1

0(Ω))

and ch ∈ C1(0, T,Wh,0), then there exists a positive constant Cc independent
of c, u, p, h and t, such that

‖Ec(t)‖2
h +

∫ t

0

‖∇hEc(s)‖2
h,+ds

≤ Cch
4
max

(
‖u‖2

H3(0,T,H2(Ω)) + ‖u‖2
H1(0,T,H3(Ω)) + ‖p‖2

H1(0,T,H3(Ω))

+ ‖c‖2
H1(0,T,H2(Ω)) + ‖c‖2

L2(0,T,H3(Ω)) + ‖c∇p‖2
L2(0,T,H2(Ω))

)
, t ∈ [0, T ]. (70)

Proof: Using the notations introduced before, it can be shown that Ec(t)
satisfies the following

(E ′c(t), Ec(t))h = ((c′(t))h, Ec(t))h − (c′h(t), Ec(t))h + (c′(t)− (c′(t))h, Ec(t))h

= −(Dh∇ĉ(t),∇hEc(t))h,+ + (v̂(t)ĉ(t),∇hEc(t))h,+

+ (Dh∇hch(t),∇hEc(t))h,+ − (Mh(vh(t)ch(t)),∇hEc(t))h,+

+ (c′(t)− (c′(t))h, Ec(t))h

= −(Dh∇hEc(t),∇hEc(t))h,+

+ (Mh(v(t)c(t)− vh(t)ch(t)),∇hEc(t))h,+ +
3∑
i=1

Ti(t),

where

T1(t) = (c′(t)− (c′(t))h, Ec(t))h,

T2(t) = (Dh(∇hc(t)−∇ĉ(t),∇hEc(t))h,+

and

T3(t) = (v̂(t)ĉ(t)−Mh(v(t)c(t)),∇hEc(t))h,+.

We observe that we have

|T1(t)| ≤ Ch4
max

N∑
i=1

‖c′(t)‖2
H2(Ii)

+ ε21‖∇hEc(t)‖2
h,+,

|T2(t)| ≤ Ch4
max

N∑
i=1

‖c(t)‖2
H3(Ii)

+ ε22‖∇hEc(t)‖2
h,+
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and

|T3(t)| ≤ Ch4
max

N∑
i=1

‖c(t)∇p(t)‖2
H2(Ii)

+ ε23‖∇hEc(t)‖2
h,+,

where εi 6= 0, i = 1, 2, 3.
To obtain an estimate for the term (Mh(v(t)c(t)−vh(t)ch(t)),∇hEc(t))h,+ we
start by noting that

v(t)c(t)− vh(t)ch(t) = v(t)(c(t)− ch(t)) + (v(t)− vh(t))ch(t),
and consequently we obtain

|(Mh(v(t)c(t)− vh(t)ch(t)),∇hEc(t))h,+| ≤
√

2‖v(t)‖∞‖‖Ec(t)‖h‖∇hEc(t)‖h,+
+
√

2‖ch(t)‖∞‖‖v(t)− vh(t)‖h,+‖∇hEc(t)‖h,+

≤ 1

2ε24
‖v(t)‖2

∞‖‖Ec(t)‖2
h + 2ε24‖∇hEc(t)‖2

h,+

+
1

2ε24
‖ch(t)‖2

∞‖‖v(t)− vh(t)‖2
h,+.

We conclude that there exist two positive constants Ci, i = 1, 2, such that

d

dt
‖Ec(t)‖2

h + ‖∇hEc(t)‖h,+ ≤ C1‖v(t)‖2
∞‖Ec(t)‖2

h

+ C2‖ch(t)‖2
∞‖v(t)− vh(t)‖2

h,+ + τ(t), (71)

where

|τ(t)| ≤ Ch4
max

N∑
i=1

(
‖c′(t)‖2

H2(Ii)
+ ‖c(t)‖2

H3(Ii)
+ ‖c(t)∇p(t)‖2

H2(Ii)

)
.

The inequality (71) leads to

‖Ec(t)‖2
h +

∫ t

0

eC1

∫ t

s
‖v(µ)‖2∞dµ‖∇hEc(s)‖2

h,+ds

≤ C2

(∫ t

0

eC1

∫ t

s
‖v(µ)‖2∞dµ‖ch(s)‖2

∞‖v(s)− vh(s)‖2
h,+ds

+

∫ t

0

eC1

∫ t

s
‖v(µ)‖2∞dµτ(s)ds

)
, t ∈ [0, T ]. (72)

Moreover, from Corollary 2 we have

‖v(t)−vh(t)‖h,+ ≤ Ch4
max

(
‖u‖2

H3(0,T,H2(Ω))+‖u‖2
H1(0,T,H3(Ω))+‖p‖2

H1(0,T,H3(Ω))

)
,
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for t ∈ [0, T ], and then from (72) we deduce

‖Ec(t)‖2
h +

∫ t

0

‖∇hEc(s)‖2
h,+ds

≤ Ch4
max

(
‖u‖2

H3(0,T,H2(Ω)) + ‖u‖2
H1(0,T,H3(Ω)) + ‖p‖2

H1(0,T,H3(Ω))

)
∫ t

0

eC1

∫ t

s
‖v(µ)‖2∞dµ‖ch(s)‖2

∞ds+ C2

∫ t

0

eC1

∫ t

s
‖v(µ)‖2∞dµτ(s)ds, t ∈ [0, T ].

(73)

Finally, by Proposition 2,

∫ t

0

‖ch(s)‖2
∞ds is bounded in h ∈ Λ and t ∈ [0, T ],

from (73) we conclude (70).

4. Numerical examples
The goal of this section is twofold: one, illustrate the convergence results

obtained in the previous section, and second, illustrate the behavior of our
system in the context of CED modeling. For the computational implementa-
tion we exploit the FDM formulation (39), (40), and (41). First we present
the time discretization strategy. We remark that the theoretical analysis for
this strategy could be made using the work in [7, 1] as a starting point.

In the temporal domain [0, T ] we define the time grid tm = m∆t, m =
0, . . . ,Mt, with ∆t the uniform time step and Mt∆t = T . We denote by pmh ,
vmh , umh , and cmh the numerical approximations for ph(tm), vh(tm), uh(tm), and
ch(tm), respectively. The proposed time discretization is given by: find pmh ,
vmh , umh , and cmh , such that,

−∇∗h(Ah∇hp
m+1
h ) +∇h,c

(umh − um−1
h

∆t

)
= sm+1

h , (74)

vm+1
h = AhD

∗
hp

m+1
h +

umh − um−1
h

∆t
,

um+1
h − 2umh + um−1

h

∆t2
= ∇∗h(E0,h∇hu

m+1
h )−D∗hpm+1

h + rm+1
h , (75)

and

cm+1
h − cmh

∆t
+∇c,h(v

m+1
h cm+1

h ) = ∇∗h(Dh∇hc
m+1
h ) + fm+1

h , (76)
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for m = 0, . . . ,Mt − 1. This is complemented with the initial conditions

u0
h − u−1

h

∆t
= Rhψ, u

0
h = RHφ, and c0

h = Rhc0, in Ωh, (77)

and null Dirichlet boundary conditions.

4.1. Example 1: convergence rates. Let us define the errors, emh,p =
pmh − ph(tm), emh,u = umh − uh(tm), and emh,c = cmh − ch(tm). The convergence
rates are measured using the following quantities,

Ep = max
m=1,...,Mt

‖emh,p‖2
1,h,

associated with the discretization of the pressure equation (74),

Eu = max
m=1,...,Mt

‖emh,u‖2
1,h,

associated with the discretization of the displacement equation (75), and

Ec = max
m=1,...,Mt

‖emh,c‖2
1,h.

associated with the discretization of the concentration equation (76). For the
numerical simulation we set Ω = [0, 1], T = 1, and the time step ∆t = h2

min,
which is small enough to neglect the discretization error in time. We also
define the coefficient functions A = 1 + x, E0 = ex, and D = 1 + 2x. The
initial conditions and the functions s(t), r(t), and f(t) are chosen such that
the exact solution of the coupled problem (1), (5) (6), (7), (8) and (9), is
given by

p(x, t) = e2tx(1− x),

u(x, t) = etx sin(πx),

c(x, t) = etx(1− cos(2πx)).

We repeatedly solve this example over non-uniform random meshes of vari-
able size, hmax between 0.0176 and 0.0786. The results are given in Figure 1
where we plot, for each mesh, the logarithm of the errors Ep, Eu, and Ec

versus the logarithm of hmax. The slope of the best fitting least square line
is an estimation of the convergence rate. As can be seen the rates are close
to two, confirming our theoretical analysis.
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Figure 1. From left to right: Log-log plots of Ep, Eu, and Ec

versus hmax. The best fitting least square line and the respective
slope is also given.

Example 2: CED simulation. In this example, for simplicity, we omit
physical units. We consider a CED problem where a therapeutic agent is
injected in a porous-elastic media. The spatial domain is Ω = [0, 4] and we
take a uniform mesh with step size 0.001. A smooth source term with an
injection rate of 0.1 is assigned at the center of the domain. In particular,

we set sh(t) = fh(t) = q, with q = 0.1e−
(x−2)2

0.022 . The diffusion coefficient is
equal to D = 1×10−6, the permeability is equal to K = 1×0.01, and we are
considering that the viscosity is equal to µ = 1. The model is complemented
with null Dirichlet boundary conditions.

0 1 2 3 4
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0.3

0.4

p

0 1 2 3 4
x

-0.1

-0.05

0

0.05

0.1

u

0 1 2 3 4
x

0

0.5

1

c

Figure 2. From left to right: pressure p, displacement u, and
concentration c at time T = 5 (light brown line) and T = 400
(blue line), for the CED homogeneous model.

Case 1: homogeneous tissue. In this case we consider a homogeneous tissue
with Young’s modulus equal to E0 = 1. The numerical results for T = 50
and T = 400 for pressure p, displacement u, and concentration c, are given
in Figure 2. In this homogeneous scenario we expect all the quantities to be
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symmetric around the source center. Our numerical results show this behav-
ior. Also expected is the maximum pressure at the center of the source. The
pressure and the displacement are time dependent, but after approximately
T = 200 they show a very small variation.

0 1 2 3 4
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0

0.1
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0.3

0.4
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0 1 2 3 4
x

0

0.05

0.1

u

0 1 2 3 4
x

0

0.5

1

c
Figure 3. From left to right: pressure p, displacement u, and
concentration c at time T = 5 (light brown line) and T = 600
(blue line), for the CED non-homogeneous model.

Case 2: non-homogeneous tissue. In this case we consider a non-homogeneous
tissue. Namely, we set the Young’s modulus equal to E0 = 100 for x ≤ 1.5
and equal to E0 = 1 for x > 1.5. This scenario models a tissue with very
different elastic properties, almost rigid behavior for x ≤ 1.5 and an elas-
tic behavior for x > 1.5. In this non-homogeneous scenario we expect the
displacement to be close to zero in the almost rigid portion of the domain.
Since we are considering constant permeability we also expect the pressure
to be higher in the elastic portion, at least initially. The velocity should also
be higher in the elastic portion since it depends not only on the pressure
gradient but also on the displacement. Again, the displacement must be
zero in the almost rigid portion. Therefore, and since the porosity is con-
stant, we expect the therapeutic agent to spread slightly faster through the
elastic portion of the domain (x > 1.5). The numerical results for T = 50
and T = 600 are given in Figure 3 and they show this behavior. As be-
fore the pressure and the displacement reach a steady state at approximately
T = 200. In conclusion, the difference in the agent concentration distribution
shows that displacement influences transport and highlights the importance
of using porous-elastic models in CED simulation.
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5. Conclusion
In this paper we study a piecewise linear FEM for a coupled system of

partial differential equations. Systems of this type arise, for instance, in
the mathematical modeling of porous-elastic CED. CED is a state-of-the-
art technology that uses catheters to inject therapeutic agents directly into
target sites like brain tissue. In this case, the evolution of the concentration
of the therapeutic agent is described by the convection-diffusion equation (1)

where the convective velocity v depends on ∇p and
∂u

∂t
, p is solution of the

elliptic equation (5) and u is solution of the wave equation (6).
To solve numerically the differential system (1), (5) and (6) with Dirich-

let boundary condition and suitable initial conditions, we proposed a fully
discrete piecewise linear FEM that is equivalent to a FDM. Stability results
based on energy estimates are proved for the continuous model (Proposi-
tion 1) and for the fully discrete (in space) FEM (Proposition 3).

We observe that the piecewise linear FEM approximation for the velocity v
is only first order convergent. Moreover, if we look to our methods as a finite
difference scheme, we observe that the truncation error is only first order
convergent with respect to the norm ‖.‖∞. Nevertheless, in Proposition 6 we
establish that the numerical approximation for the concentration is second
order convergent with respect to a discrete L2-norm. In the proof of this
result, the convergence estimates for the numerical pressure and displacement
deduced in Propositions 4 and 5, respectively, have a central role.

Numerical experiments illustrate the theoretical finds in what concerns the
convergence rates established for the numerical pressure, displacement and
concentration. They also illustrate the behavior of a particular CED model:

• in an homogeneous tissue we observe that the pressure, displacement
and therapeutic agent concentration are symmetric around the source
center (Figure 2);
• in a non-homogeneous tissue, lower displacement and lower propaga-

tion of the therapeutic agent are observed in regions of higher stiffness
(Figure 3).
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