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ABSTRACT: We present a detailed analysis of the De Casteljau algorithm to gen-
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polation problems on that manifold.
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1. Introduction

Interpolating nonlinear data arises in many different areas, ranging from ro-
botics and computer vision to industrial and medical applications (see, e.g.,
[4], [12]). In Euclidean spaces, cubic splines, which are C*-smooth curves
obtained by piecing together cubic polynomials, are particularly important
since they minimise the average acceleration. A well-known recursive proce-
dure to generate interpolating polynomial curves in Euclidean spaces is the
classical De Casteljau algorithm which was introduced, independently, by De
Casteljau [6] and Bézier [3]. Generalisations of such curves to non-Euclidean
spaces is useful in many engineering applications, with particular emphasis in
the case where the data can be represented on a Grassmann manifold. This
paper deals with a geometric procedure to generate cubic polynomials and
splines in the Grassmann manifold, known as the De Casteljau algorithm.
We present a detailed implementation of this algorithm for that manifold,
which follows closely the work in [5] concerning the reinterpretation of the
De Casteljau algorithm for connected and compact Lie groups.

The main feature of the algorithm is based on recursive geodesic interpo-
lation in order to find a polynomial curve that solves a 2-boundary value
problem. The boundary conditions might be of Hermite type, i.e., consisting
of initial and final points together with initial and final velocity, or instead
consisting of initial and final points, initial velocity and initial intrinsic ac-
celeration. While the first conditions are more natural in applications, they

Received February 10, 2020.



2 F. PINA AND F. SILVA LEITE

pose some difficulties that do not arise in the second type of boundary con-
ditions. We show how these two types of boundary conditions are related to
each other.

The organisation of the paper is the following. In Section 2, notations and
some preliminary results are introduced. Section 3 includes the geometry
of the Grassmann manifold and reveals the importance of that manifold for
modelling image-sets. The main results appear in Section 4, where the De
Casteljau algorithm to generate geometric cubic polynomials in the Grass-
mann manifold is explained in detail. In Section 5 the results of the previous
section are extended to generate cubic splines. The paper ends with a short
conclusion.

2. Notations and auxiliary results

Here we review the geometry of the real Grassmann manifold, hereafter
denoted by Gy, with (0 < k < n), which consists of all k-dimensional real
subspaces of the Euclidean space R", and present some preliminary results
that will be important in the main section of the paper. We closely follow
the definitions and terminology in [2], but more details concerning these
manifolds can be found, for instance, in [1].

In the sequel, gl(n) denotes the Lie algebra of n x n real matrices, equipped
with the Lie bracket defined by the commutator, i.e., [A, B] := AB — BA,
for A, B € gl(n). The adjoint operator in gl(n) is defined by ada B := [A, B].
The vector space of n X n symmetric matrices is denoted by s(n) and the
Lie subalgebra of gl(n), consisting of the skewsymmetric n X n matrices is
denoted by so(n). The Lie group SO(n), having so(n) as its Lie algebra, will
also play an important role here.

We now recall some properties of the matrix exponential and of the prin-
cipal matrix logarithm, that can be found in [8] and [7].

Given A € gl(n), the matriz ezponential of A, denoted by e, is the n x n
k

A
real matrix given by the sum of the convergent power series Z;:j()) R where
AY is defined to be the identity matrix of order n. So, we write, .

400 k
A=y (1)

k=0

The logarithms of an invertible matrix X are the solutions of the matrix
equation e = X. When X is real and doesn’t have eigenvalues in the closed
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negative real line, i.e., o(X)NR, = &, where o(X) denotes the spectrum
of X, there exists a unique real logarithm of X whose spectrum lies in the
infinite horizontal strip {z € C : —7 < Im(z) < w} of the complex plane.
This logarithm is usually called the principal logarithm of X. This is the
only logarithm that we consider, and hereafter will be denoted by log X.
When X € SO(n), log X € so(n). When || X — I]| < 1, log X is uniquely
defined by the following convergent power series:

log X = Z kHX—I). (2)

This power series define the principal logarithm for matrices which are close
to the identity matrix. However, for o € [—1, 1], log(A®) = alog A, so that,
making o = 1/(2%), with k € Z\{0}, one has

1

log(Azlk) = o log A.

Since lim;HooAzi’c = I, the previous expression allows to compute log A even

for matrices A which are not close to the identity. This procedure, that can
be found for instance in [7], is called inverse scaling and squaring method.

Lemma 2.1. Let A, B,C, and X be real square matrices and assume that C'
is invertible and o(X)NR, = @.Then, the following holds.

—1
1. C7ledC = ¢ 4C,

LA A B+

2. eABe 4 = ¢%a(B) = B+ [A, B] + 5

3. C M log X)C =log (C7'XC);
4. log(X ") = —logX and log(X") = (logX);
5. X = ¢2los X for o € R, and whenever log X is defined;

6. log(e?) = A, whenever log(e?) is defined.

The second of these identities is called the Campbell-Hausdorff Formula.
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In the sequel we assume the following notations:

k

z) = <=L stands for the sum of the series > >0 25— 3
z k=0 (k+1)!

and when |z — 1| < 1,

(2 — 1>k

g(2) = 82 stands for the sum of the series > ;25 (—1)

Note that f(z)g(e®) = 1.

Lemma 2.2 ([11]). Lett — X (t) be a differentiable matriz valued function.
Then,

d
a1z = A% ()Y, (5)
where
L ! d '
M) = [ e o) 0
Or, alternatively,
d .
=50 — f (ady) (X(0)) O, (7)

where f is defined as in (3).

The next three lemmas will play an important role in the main section of
the paper.

Lemma 2.3. Lett — A(t) be a differentiable matriz valued function. Then
AAL (t)(t) e Al — AIA (t)(t% (8)

where Aﬁ(t) (t) denotes the operator defined on (6).
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Proof: It holds that,
eAIAL (e ) = eadA(t)(AEA(t)(t))
1 .
= o / e 8- (— A(t))du
0 |
- eadAu)/ e_“adA<t>(—A(t))du
0

1
= - / e adan (A(t))du
0

1 .
_ / o= 2o (4 (1)) du.
0

Making a change of variable, considering 1 — u = z, we have that du = —dz,
u = 0 implies 2 = 1 and v = 1 implies z = 0. Then,

1 ) 0 )
_/ e(l—u)adA(t)(A(t))du — /ezadA(t)(A(t))dz
0 1 ) |

0
= —Af,t). =

Lemma 2.4. Lett — A(t) be a differentiable matriz valued function. Then,
for k=0,1,

=RA = A(k).  (9)
t=k

d
L _
A(t_k)A(t)(t)‘t:k = A(k), and consequently, 1

Proof: We present here the proof of the statement for £ = 0, since for k£ =1
the proof is similar. Therefore, for k£ = 0, we have that

M|, = (/[ eaduo (a(r) + vt

: _ ( /0 1 eut&dw(A(t))du)
_ ( /0 1A(t)du)

t=0

t:0+< /O urad.g (tA(t))du)

— A(0).

t=0

t=0
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Consequently,
d tA(t) — AL tA(t) _
dt t=0 B AtA(t)(t)e ’t:O =A0). =
Lemma 2.5. Let t — A(t) be a differentiable matriz valued function. Then
d ) d _

Proof: To prove the first identity, we have that

Sl atow = | ([ e+ iwya)
AL (et ([

13 ld
— _— d —_—
/d u+/0dtt0

A0+ [ (Al e O A0

+e A (A(t) + LA(L) Je AW

(eut adag (tA(t))) du

e AOGA®) AL,y (e 4O )| du

t=0

= A(0)+ / 1A(O) du = 2A(0).

The proof of the second identity is now immediate, since it is done with
similar computations. |

3. The Grassmann manifold

3.1. The geometry of the Grassmann manifold. Each k-dimensional
subspace of R" can be associated to a unique operator of orthogonal projec-
tions onto itself, with respect to the Euclidean metric. It is well-known that
these operators (or, equivalently, its matrices, called projection matrices) are
symmetric, idempotent, and have rank k. Therefore, G}, can be defined,
alternatively, as:

Gin = {P €s(n) : P*= P and rank(P) = k}. (11)

It is known that G, is a smooth compact connected manifold of real dimen-
sion k(n—k), and moreover it is isospectral (each element has the eigenvalues
1 and 0, with multiplicity k and n — k, respectively).
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For an arbitrary point P € G}, define the following sets of matrices
glp(n) == {Aeglin) : A= PA+ AP};
sp(n) = s(n)Nglp(n) (12)
sop(n) = so(n)Nglp(n).
These sets also play an important role in the geometric description of the

Grassmann manifold, due to their interesting properties, some of which are
listed below.

Lemma 3.1. Let P € Gy, A, B, € glp(n), and j € N. Then, the following
holds.
1. A% — pA%-1 L A%-1p.
2. PA%-IP —(; PA% — PA%P — A%P;
3. (I —2P)AY~1 = —AY~Y] - 2P) = [AY~1 P];
4. (I —2P)A% = A¥(I — 2P) = —A[A¥~ P];
5. [A,P] = [B,P] < A= B.

Proof: The first two properties have been proved, by induction, in [2]. To
prove 3., notice that

(I —2P)A%~1 = A%-1_9pA%-1 L oA2-1_ 9 (Aijl . A2jflp)

= —AY1(I-2P),
and, on the other hand,
— AT —2P) = —A¥ 14 2A%71p L _pAY-l _ A%TIp 4 2A%-1p
= [A%71 P

This proves 3.. Now,
(I —2P)A% = A% —2PA% 2 A% _9A%p
= AY (I -2P),

and
A% (I —2P) = AA%-L (I —2P)

_A[A2j_17 P];

&
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which proves 4.. Finally, we prove the last equivalence. For that, we take into
consideration that A, B € glp(n) and that the matrix I — 2P is orthogonal
and symmetric, so its inverse is itself.

[A,P]=[B,P] < AP— PA=BP—PB

<—~ A-PA-PA=B-PB-PB
<— A—-2PA=B-2PB

<— ([ -2P)A=(I—-2P)B

— A= (I-2P)'Y(I-2P)B
<— A=B. n

Taking into consideration the previous lemma, we state the next result
involving the matrix exponential and the adjoint operator.

Lemma 3.2. Let P € Gy, A € glp(n), andt € R. Then,
(I —2P)d* = (1 — 2P), (13)

and, consequently,
PA(] — 2P) = ha(] — 2p). (14)

Proof: Taking into account the definition of matrix exponential, the first
identity (13) is an immediate consequence of properties 3. and 4. of Lemma
3.1. The identity (14) is obtained from the first one just by a few computa-
tions and considering the Campbell-Hausdorff Formula in Lemma (2.1). In
fact, from (13) we get that

(I —2P)e' = (I — 2P),
tA

then, multiplying both terms on the left by €4, and on the right by e *4, we
have

(T —2P) = NI —2P)e 4,
which, using the Campbell-Hausdorff Formula, proves the identity (14). =

The tangent space to the Grassmann manifold at a point P € G, can be
defined by

TpGrpn = {[P,Q] : Q€ sop(n)}. (15)

We consider the Grassmann manifold equipped with a Riemannian metric

that is induced by the Euclidean inner product on each tangent space, also

known as the Frobenius inner product, defined on the space of square matrices
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as (A, B) := tr(A"B), where tr denotes the trace of a matrix. For the
Grassmann manifold, this Riemannian metric can be simplified. Indeed, for
P € Gp, 11,99 € sop(n), using some properties of the trace, we may write

([P, [P ]) = tr

= () + tr(PQ) — tr(P2U0:)

= —tr(Qlﬁz).
So, the Riemannian metric in Gy, is given by
([P. ], [P, Q) = —tr(Q:6). (16)
Remark 3.1. Observe that (15) can be rewritten as
TpGry = {adp(Q) : Q € sop(n)}, (17)
or, equivalently, as
TpGry = {adp(S) : S €s(n)}. (18)

Using the last description of the tangent space at P, the normal space at
P, with respect to the Riemannian metric (16), can be defined by

(TpGin)™ = {S —adp(S) : S es(n)}. (19)

We note that the descriptions of the tangent and normal spaces mentioned
above are in accordance with the ones that have already appeared in [9].

Lemma 3.3. Let P € Gy, and Q2 € sop(n). Then,
[, [Q, P]] € (Tka,n)L. (20)

Proof: Let P € Gi,, 2 € sop(n) and [, P], with ©Q; € sop(n), be an
arbitrary element of TpG} . Then, taking into account the identities in 2.
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of Lemma 3.1 and some properties of the matrix trace, we have that

([0, P, [92, [ P])) = tx([0, P, [, P]))
= tr((WP — PQ)T (QQP — PQ) — (AP — PQ)Q))
= tr((—P + QlP)(Q2P — 2QPQ + PQ?))
tr((—PQ1 + Q1 P)(2Q2P — 2QPQ))
= 2tr(—PUQ*P + POLQPQ + O PO?P)
= 2tr(—=PM0OP)
= 2tr(PQ*P) = 2tr(Q*POP) = 0.

Consequently, [, [Q, P]] € (TpGrn)* . u

Now, we present some results about geodesics in the Grassmann manifold
with respect to the Riemannian metric in (16).

Lemma 3.4 ([2]). The unique geodesic t — y(t) in Gy, satisfying the initial
conditions v(0) = P and ¥(0) = [, P], where Q € sop(n), is given by

v(t) = 9P (21)

The next result gives an explicit formula for the minimising geodesic arc
connecting two points in Gy ,. Although the expression has already appeared
in [2], we present bellow an easier alternative proof based on Lemma 3.2.

Proposition 3.5. Let P,Q € Gy, be such that the matriz (I —2Q)(I —2P)
has no negative real eigenvalues. Then, the minimising geodesic arc in Gy, p
that joins P (att =0) to Q (att = 1), is parameterised explicitly by

y(t) = e Pe ™, (22)
with Q = 3log((I — 2Q)(I — 2P)) € sop(n).
Proof: Let P,Q € Gy, and v(t) = e Pe ™ t € [0,1] be such that v(0) =

P. In order to prove the result we need to obtain Q2 € sop(n), such that
(1) = @, i.e., such that e?Pe~® = Q. According with Lemma 3.2, and since
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the inverse of the matrix I — 2P is itself, the following holds.

e'Pe 8 =Q < I —-2P)e =1-2Q
— (I -2P)=1-2Q
— = (I-2Q)(I —2P)
— - %log((l —2Q)(I - 2P).
We have that (I-2Q)(I—2P) € SO(n). Then, Q = %log((]—QQ)(I—QP)) €

s0(n). Therefore, in order to prove that 2 € sop(n), it remains to show that
QP + PQ = (), which is equivalent to prove that

20(1 — 2P) + (I — 2P)20 = 0.

Taking into account properties in Lemma (2.1) and that (I —2P)* = I, we
get,
2Q(1 —2P) + (I — 2P)2Q2
= (log((1 =2Q)(I = 2P))) (I = 2P) + (I = 2P) (log((I — 2Q)(I —2P)))
= (I = 2P) (log((I = 2P)(I = 2Q)(I — 2P)?)) + (I — 2P) (log((I — 2Q)(I — 2P)))
= (I =2P) (=log((I = 2Q)(I —2P))) + (I — 2P) (log(( —2Q)(1 — 2P)))
=0,

which proves the result. |
Remark 3.2. Notice that the orthogonal matrixz (I —2Q)(I —2P) belongs to

SO(n), since the requirement that it has no negative real eigenvalues auto-
matically excludes the orthogonal matrices with determinant equal to —1.

The geodesic distance between two points P and () is equal to the length of
the geodesic arc that joins P (at ¢t = 0) to @ (at t = 1). So, as a consequence
of the previous proposition, we can state the following.

Proposition 3.6. Let P,Q € Gy, be such that the matriz (I —2Q)(I —2P)
has no negative real eigenvalues. Then, the geodesic distance between the
points P and @) is given by

P(P,Q) = —ir{log (T — 2Q)(T —2P) (23)
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3.2. Representing Images by Points in a Grassmann Manifold. In
this subsection we emphasise the importance of the Grassmann manifold in
certain applications dealing with nonlinear data based on images. A pop-
ular choice for modelling image-sets is by representing them through linear
subspaces. This is done by associating to a set of images a point in the
Grassmann manifold G}, ,,, where n is the dimension of the space of features
and k is related to the principal features of the images. This enlightens the
importance of the Grassmann manifold in many engineering applications, in
particular to solve some computer vision problems.

In the context of image processing, a feature vector is a collection of im-
portant information that describes an image, differentiating that image from
others. Some examples of features are: colour, gray levels, pixel intensities,
shapes, edges and gradients.

Given a set of m images of the same object, we associate to that set a point
in a Grassmann manifold G}, as follows:

(1) Each image corresponds to a column matrix in the space of features,
so that the m images can be represented by a rectangular matrix
X € R, We assume that m < n.

(2) The matrix X is then decomposed using the Singular Value Decom-
position (SVD)

X=UxV", (24)

where VT denotes the transpose of the matrix V, the matrices U and
V are orthogonal of order n and m respectively (UUT = I,,, VVT =
I,,) and ¥ is a quasi-diagonal matrix containing the singular values
o1, -+ ,0, of X, in non-increasing order, along the main diagonal. If
rank(X) = r and w; and v; denote the column vectors of U and V
respectively, the SVD decomposition (24) can be written as

X:ZUZ'UZ'UZ-T. (25)
i=1

Since XX = U(XX")U', the columns of U are the eigenvectors
associated to the eigenvalues \; of X X, which are the non-negative
square roots of the singular values and are, by convention, also des-
cendent sorted (A; > Ay > ... > A\ > 0). The columns of the matrix
U are called the eigenvectors of the SVD decomposition and the first
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columns correspond to the main dominant directions in the image
structure.

(3) When a set of images is SVD transformed it is not compressed. Image
compression deals with the problem of reducing the amount of com-
puter memory required to represent a digital image. Since the great
amount of the image information lies in the first singular values, com-
pression of data can be achieved replacing the matrix X by a good
approximation of smaller rank, say of rank k < r. The closest matrix
of rank k is obtained by truncating the sum in (25) after the first k
terms to obtain

k
N§ : T
i=1

As k increases, the image quality increases, but so does the amount
of memory needed to store the image. This means that smaller rank
SVD approximations are preferable, but the choice of k£ also depends
on the dimensionality of the data. The above truncation corresponds
to deleting the last n — k columns of the orthogonal matrix U, to form
the sub-matrix S,,«, whose columns form a k-orthonormal frame in
Rn, i.e., STS = Ik

(4) From the previous matrix S, we compute a square matrix of order n,
P = SST, which is symmetric, idempotent (P? = P) and has rank k.
This matrix P gives a representation of the data in the Grassmann
manifold G .

4. De Casteljau algorithm in the Grassmann manifold

4.1. Revisiting cubic polynomials in Riemannian manifolds. Let M
be a m-dimensional connected Riemannian manifold, which is also geodesi-
cally complete, so that any pair of points may be joined by a geodesic arc.

Problem 4.1. Giwven a set of (+1 distinct points p; € M, with: =0,1,...,¢,
a discrete sequence of £+ 1 fixed times, to < t1 < --- < ty_1 < ty, and vectors
&0, Mo tangent to M at py, and & tangent to M at py, solve the following
problem.:

Find a C*-smooth curve 7 : [to,t] — M,
satisfying the interpolation conditions

V(ti) = pis I<i<l-1, (26)
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and the boundary conditions (of Hermite type):

V(tO) = Do, fy(tf) = D¢, (27)
;Y(t0> =& € Ty, M, ;}/(tf) =& € T, M,
or, alternatively, the boundary conditions:
Y(to) = po,  (te) = pr,
(28)

(1) = & € Ty M, = L(t)) = € Ty, M.

Without loss of generality, in the sequel we consider t; = 0 and ¢, = 1,
since the reparametrisation (¢ — s) defined by s = t(t; — to) + to maps [0, 1]
to [to, tg].

In case there are no interpolation conditions, this problem can be solved
using the generalised De Casteljau algorithm on manifolds. This is a pro-
cedure to generate a smooth curve which is the counterpart, for manifolds,
of a cubic polynomial in Euclidean spaces. The classical version of that
algorithm was developed by Paul De Casteljau in 1959 [6], and consists in
performing successive linear interpolations to generate polynomial curves of
arbitrary degree in the Euclidean space R™. The generalisation of the classi-
cal De Casteljau algorithm to Riemannian manifolds, is based on the simple
idea of replacing line segments by geodesic arcs, as shown in [10], and later
implemented to some concrete manifolds in [5].

In order to implement this algorithm for data on the Grassmann manifold,
we review first the three steps of the De Casteljau algorithm to generate
cubic polynomials using four ordered distinct points in M, where the first
and the forth are the points we want to join and the other two points control
the shape of the curve and are related with the boundary conditions. This
will become clear later on.

Algorithm 4.2. Generalised De Casteljau Algorithm

Given four distinct points xg, x1, ro and x3 in M:
Step 1. Construct three geodesic arcs py(t, x;, i41), t € [0, 1] joining,
fori=0,1,2, the points x; (att=0) and x;41 (att=1).
Step 2. Construct two families of geodesic arcs

Bo(t, xo, w1, 22) = Bi(t, Bi(t, w0, 1), Bi(t, 21, 22)),
Ba(t, x1, 22, 23) = Bi(t, Bi(t, x1, x2), B1(t, T2, x3)),
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joining, fori=0,1 andt € [0,1], the point B1(t,z;, x;11) (at
t = 0) with the point Py(t, 11, Tiv2) (att=1).
Step 3. Construct the family of geodesic arcs

B3(t, o, 1, T2, x3) = Bi(t, Ba2(t, o, 21, 22), Bo(t, x1, T2, T3)),

joining, for each t € [0,1], the points Po(t, xo,z1,x2) (at
t =0) and Po(t, x1,x2,23) (att =1).

The curve t € [0,1] — B3(t) := B5(t, g, x1, T2, x3) obtained in Step 3. of
this algorithm generalises cubic polynomials in Euclidean spaces and here-
after will be called geometric cubic polynomial in M. We bring to the atten-
tion of the reader that this name has been used in the literature for poly-
nomial curves that result from generalising to manifolds other methods to
produce cubic polynomials in Euclidean spaces. It is also important to ob-
serve that this curve joins the points xy (at t = 0) and z3 (at ¢ = 1), but
does not pass through the other two points x; and x5. These points are
usually called control points, since they influence the shape of the curve. As
will become clear later, the control points can be obtained from the boun-
dary conditions. Although the geometry of a Riemannian manifold possesses
enough structure to formulate this construction, it can only be implemented
when one can reduce the calculation of these geodesic arcs to a manageable
form. Using the result in Proposition 3.5, we can now implement the above
algorithm when the manifold M is Gy,,.

4.2. Implementation of the De Casteljau Algorithm in Gy,. Al-
though the Grassmann manifold is geodesically complete, we have seen that
an explicit formula for the geodesic that joints two points may be unknown
in some particular situations. So, in this case the implementation of the De
Casteljau algorithm is restricted to a convex open subset of the manifold
where the expression to compute geodesic arcs is known.

When the given points xy, 21, x2 and x3 belong to G, the curves pro-
duced at each step of the Algorithm 4.2 are easily derived using the result in
Proposition 3.5, and are presented bellow.

Step 1

d
Bi(t, xi, wis1) = e e = e Aol zy, 1=0,1,2 (29)
with

Q! — %log((l 2w (I — 21)) € 504, (n). (30)
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Step 2
Ba(t, z0, 21, 22) = %W B, (t, 20, 21)e 1B = etadng(t)ﬁl(ta To, T1), (31)
Ba(t, x1, o, x3) = em%(t)ﬁl(tﬂh $2)67tﬂ%(t) = etadﬂ%(t)ﬁl(t, T1,T2), (32)
with
1
Q5 (t) = §1Og((f — 201 (t, x1,22)) (I — 2B1(t, 00, 1)) € 508, (1,20,21) (M), (33)
1
Q3 (t) = §1Og((1 — 201 (t, w2, 23)) (I — 261(¢, ¥1,72))) € 508, (1,21,25) (1) (34)
Step 3
53(?5,%, I, $2,$3) = emg(t)ﬁz(t,xo, I, $2)e_th(t) = etadﬂg<t)52(taxo7 I, xz), (35)

with
1
Qg(t) = 5 log((l - 262@? L1, T2, 1'3))(] - 252(757 Zo, X1, xQ))) S 5052(t,x0,x1,x2)(n)- (36)

As a result of applying the De Casteljau algorithm to the given four points,
we obtain our definition of a geometric cubic polynomial in the Grassmann
manifold.

Definition 4.1. The curve t € [0,1] — B3(t) := Ps(t, xo, 1, T2, 23) in Giy
defined by

53@) — () () 6t95x0 o 1% ot (t) 12 (t)
(37)

et adszg(t)

tad.s,. tad.,
e QA o %20

with Qf, Q3 and Q} given by (30), (33), and (36), is called a geometric
cubic polynomial in the Grassmann manifold, associated to the points x;,
1=20,1,2,3.

Remark 4.1. Notice that, as expected, the curve just defined joins the point
xg (att =0) to x3 (at t = 1). It is obvious that B3(0) = zo. To see that
B3(1) = x3, we use the following easily derived boundary conditions for the
QL

j

RO = RO =0 %0 =9, 5
(1) = (1) =y, Q5(1) = Qi
together with the definition of the geodesic arcs (29), to obtain
53(1) = eadﬂg(l)eadgg(l)eadﬂéxo = eadﬂé eadﬂ% ead%gjo = 23. (39)

We now present a few more results for the Q; that will be used later on.
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Lemma 4.3. Let Q;, 1=1,2,3, 7 =0,1,2 be defined as at the beginning of
Subsection 4.2. Then, the following identities hold:

(i) WO = 202069
(i1) 2N 2005 2(1-6)0] (40)
(iii) WO = 2O 21-DAW),

Proof: The proof of all these identities uses the definition of Qz and Lemma
3.2. We prove the last one in detail, the others can be proved using similar
arguments, but have an even easier proof.

Proof of (4it): From the definition of €2}, we know that

(1) = 3 loa((I — 2Bat, 1,73, 25)) (I — 2Balt, w0, 71, ).
Then, using the relations (31) and (32), we have
U0 = (I —2By(t, w1, 9, 23)) (I — 2B5(t, o, 21, T2))
= (= 29508 (1 1 o)) (T — 26799508, (1, 20, 1))
= (I —2e"0 By (¢, 21, x9)e MHO) (T — 26861 B (L, 20, 21 )e 1D,

Therefore, since QF(t) € 8§03, (12,0, (n) and Q§(t) € 804 (1502, (n), using
Lemma 3.2 and the definition of 3, we obtain

= etQ%(t)(I — Zﬁl(t, x1, xz))e_tQ%(t)etﬂg(t)(] — 251(15, xo, $1))e_tQ%(t)

= eZtQ%(t)(] — 251(25, X1, 33‘2))([ — 261 (t, o, xl))e_m%(t)
_ e2tQ§(t)eng(t)e—2th(t)

025 (?)

20200931 m

Lemma 4.4. Let Qz., 1=1,2,3, j =0,1,2, be defined as in the steps at the
beginning of Subsection 4.2. Then, the following identities hold:

(i) NG 1 ades,, tadﬂl ta,dzz o ot 1 adg,
(i) e 1) ada,, tad% 6tadﬂg(t) (t=1) Al (41)

(’[,’L’L) e(t 1)ad23(t) ta/dQ%(t) _ ta/dzg(t) (t— 1)a/dﬂg(t)
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Proof: We will prove the identities (i) and (¢i7). The proof of the identity
(¢7) is similar to the proof of the identity (7).

Proof of (i): Since Q§(t) € 504, (t.m0.2,)(n) and Bi(t, 2o, 1) € Gpp, by Lemma
3.2, we have that

ad

P01 =281 (t, w9, w1)) = €8 (I = 2B1(t, 2, 1)) -

But, from (29), we know that §;(t, zg, x1) = e adg(l)xo, and thus we get

6298( ) tad91 ([ 2:1:0) adQQ(t) tadgl (I 2330) (42)

Then, taking into account the identity (¢) of Lemma 4.3 and Lemma 3.2, the
left-hand side of (42) can be rewritten as

emg(t)etadﬂé (I - 2a9) = e203(t) ot O (I — 20) ot
— 2912t Q% (I — 2z0)
_ e2tQ%eQ(1ft)Q})e2tQ(1) (] _ 2x0)
= 2% ([ — 21) (43)
= 0o (I — 2x0)
— 2 (I —2x1)

= etad"%ead% (I — 2xg) .

Therefore, comparing the last right-hand side of (43) with the right-hand
side of (42), we obtain that

etadg%ead“% (I —2x0) = eadga(”et adyy (I —2x) .
Since (I —2x0)”" = (I — 2axy), then e_ad93<t>etad9%ead95 = etad%, which is

equivalent to

adQQ(t tadQ% _ e(t—l) ad%

(44)

Consequently, multiplying both sides of the last equality by etad"%(“, we get

e(t l)adﬂz tadﬂ% _ ta,dnz(t (t 1) a,dﬂ1

7

which proves the result.
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Proof of (iii): We first show that

d»
ea QO(t)Bl(t, .To,xl) - ﬁl(t,l’l,lﬁ)- (45)

From the relation (44), it yields that

eadgg(t) _ etadﬂ%e(l—t) adgé . (46)

Then, according with the relations (29) and (46), we have that

ead etadg% e(l—t) ad

Q%(t)ﬁl(tax()?xl) - 9661(t7x07x1)

tad 1 (1—t ad 1 tad 1
o el e( ) 2%e %y,

tad 1 ad 1
= e Qle QO:[,'O

tadgl
= ¢ 11

- Bl(ta xq, 332)7

which proves identity (45). Since Q3(t) € §05,(1.40.01.00) (7)) and Ba(t, o, 21, 2)
is a curve in Gy, by Lemma 3.2 and by (31), we have

2% (?) (I —2B5(t, xg, 1, 22)) = ead

ad
= e

a3 (1) (I — 205(t, xg, 1, x2))

(47)
tadngm (I —2p1(t, w0, 1)) -

O

Then, using Lemma 3.2, together with the identity (iii) of Lemma 4.3 and
the equality (45), we obtain that the left-hand side of (47) can be rewritten
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as
o295 (t) (I —2B5(t, z0, 01, 72)) = (0 %Qg(t)( — 26:(t, 20, 21))
= AW 20-0980 2% ([ — 28, (¢, 29, 21))
= UM% ([ — 28, (t, my, 1))

— 2%(t)g adﬂ"’ﬂ( I —2p(t, 0, 71))

—  2t0(t) (1_ ad 0 By (t, :Co,561)>

= 2R (] — 28, (t, 71, 12))

- tadQ%(t) ( - 251(t7 X, x?))

_ etadQQ(t) adQQ(t) (]— 251(‘15 x()?xl))
(48)
Therefore, from (47) and (48), we get that

etadﬂ%(t)eadﬂg(t) (I — 28,(t, 20, 71)) = adgg(t tad

Also, since f1(t, xo, x1) € Gk, We know that
(I = 26:1(t, w0, 1)) (1 = 2B:1(¢, w0, 21)) = 1,

QQ(t ( — 251(t,$0,$1)) .

and thus

—ad tad ad tad
e T 9%Me e i

92(75 03t —

Consequently,

adsz3(t tadsz%(t) _ e(t_l)adszg(t)

and multiplying both sides of this identity by e’ dQ , the result follows. =

We are now in conditions to state the following result which contains an
alternative way of defining the geometric cubic polynomial 33 in Gy ,. The
importance of this result lies in the fact that this alternative expression will
be particularly useful in the computation of the derivatives of the cubic poly-
nomial at the endpoint (t = 1).

Theorem 4.5. Let t € [0,1] — [3(t) be the geometric cubic polynomial in
G defined in Definition 4.1. Define another curvet € [0,1] — ~(t) in Gin,

by
(t— 1)ad93 (t-1) adz,,, (t—1) ad

v(t) = e ¢ e 213, (49)
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where 25, Q3 and Q0 are as defined at the beginning of Subsection 4.2. Then,

53(t) = ’V(t)7 te [07 1]'

Proof: Taking into consideration the relation (39) and applying the identities
(), (47) and (éi7) of Lemma 4.4, we may write

e(t 1)ad93 R (t— 1)ad92 R (t—1)ad

(39) e(t—l)adﬂg(t) (t—1)ad9%(t) (t— 1)ad91 adm adglead%xo

t—-ad.s,, (¢-Dad.., tad, ad, ad.
_ e( ) Qt)( ) SO 2} o Q%e QOxo

(i1) e(tfl)adgg(t) tadﬂz(t) (-1 adg; ad %ead%xo

(i) tadﬂg(t)e(t—l) adga, o adglead%xo

) tadQ;g(t) tadgz(t)et l)ad%ead%xo

tadf tad tadg
— e o3 O 0:130

= Bg(t). |

We now state some results about derivatives of the Q; that will be necessary
to fully understand other important developments.

Lemma 4.6. For j = 2,3, let i =3 — j. Then, the following holds.

d 2@6@))
dt(e

d 29%0)
dt<€

Proof: From Lemma 2.2, we have that, for j = 2, 3,

= () = [ et 200w 40,
0

. 1 1
= 2, <Q€)(O)) e*h where X, ::/ e du. (50)

t=0 0

. 1
= 2y, (Q‘Z(l)) % where ::/ uad”ldu. (51)

t=1 0
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Then, evaluating at ¢ = 0, and since Qé(O) = Q} for j = 2,3, we obtain

d J 1 uad 1,7 1
q(eolo)| = / o8l () (0))du 2%
di )

t=0 1
= 2 / ¢ ko g, (€2(0)) &%
0

— 2y, (ng)) 2%

The second identity can be proved with similar computations, just taking
into account Lemma 2.2, the fact that /(1) = Q) for j =2,3 and i = 3 — j,
together with

. B .
Ay 0] =2x (). (52

Remark 4.2. Note that x, and x, are, alternatively, defined by
Xo = f(ad2Q6)7 X, = f(a’dZQ%)7 (53)

where f and g are as in (3) and (4), respectively.

Lemma 4.7. For j = 2,3, let 1 = 3 — j. Then, from Lemma 2.2 replacing
X(t) by 2(1 — )Q)(t) and 2t (t), respectively, we have

L _ 1 J
A2(1—t)9{)(t)(t) o 280 + 2x, (Qo(o)) :
(54)
L . 1 . .
AL o®] =208+ 2y, ().
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Proof: The first identity follows easily from the following computations, when
j=2,3.

L
A2(1—1;)(25(1;) (1)

_ ( /0 F A o0riy a1 - t)Qg(t))du)

1 —tu d j A
B (/ e2(1 tua Q(J)(t)(—2Q(J)(t))du)
0 t=0

1 —tuad .
w ([ o - 9o
0

1 u d j - 1 U d . ..
- / o " o) (207 (0))du + / o " o) (2007 (0))du
0 0

=0 t=0

t=0

! vad al 1 ! wvad al N j
= — [ e *0(2Q)du+2 [ e " *du(2)(0))
0 0
= 20+ 2y, (ng)) .

The proof of the second identity can be achieved with analogous com-
putations, and taking in consideration that, for 7 = 2,3 and ¢« = 3 — 7,

/(1) = Q4. m

Remark 4.3. In what follows, we must guarantee that the operators x, and
X, have inverse. From the definition of f and g in (3) and (4) respectively,
we know that f(A)g(e?) = I, for ||e* — I|| < 1. So, if this restriction holds
Jor A = adyqy and for A = adyqi, taking into account the definition of x, and
X, in Remark (4.2), we immediately obtain

_ a/d ql _ adml
X, Li=g(e™™) and X, L= g(e ). (55)
Lemma 4.8. For j =2,3, let 1 =3 — 3. Then
O(0) = (- D (2 - 0) (56)
(1) = (- x;" (- eole™). (57)

Proof: We first show that the identity (56) holds for j = 2. Differentiating
with respect to t, both sides of the identity (i) of Lemma 4.3, we have that

d

— (ezﬂg(t)) _ QQ%QQQg(t) I thQ%(_QQé)GQ(l—t)%,
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and, since Q3(0) = Q}, we have
% (emg(t)> — 20l 202(0) 291 201 — 2(0} — Q(l))e2%. (58)
£=0

But, from Lemma 4.6, considering j = 2, we also have that

% (ezﬂg(t)) = 2y, (Q%(O)) 62%7 (59)

' uad
with x, = / e Ty,
0

Then, comparing the expressions (58) and (59), we get
2, (03(0)) % = 2(0} — Q)2 & O}(0) =, (A -04),  (60)

t=0

which proves the result, for j = 2.

Now, we show that the identity (56) also holds for ;7 = 3. Similarly, differen-
tiating with respect to ¢, both sides of the identity (i7i) of Lemma 4.3, and
evaluating at ¢ = 0, it yields that

d 2( 02
- (ezgg(t)) _ <A§m2 (£)e200(0) | (25t ALl t)Qg(t)(t)GQ(l t)QO(t))

t=0 =0
_ Q3(0 02
_ Agmm( )L 0 Q28(0) 4 AL(l t)Qg(@(t)L:O 0203(0)
(61)
Since Q3(0) = Qf, by Lemma 2.4, we have that Amg( )( )) .= 202(0) =
t=
20Q1. Also, by Lemma 4.7 and, taking into account the relation (60), we have
Ag(l—t)Qg(t)(t)‘tzo = =204+ 2y, <Q%(0))
= =204+ 2x,x," (24 - Q)
= —40} + 201
Consequently, since Q3(0) = Q3(0) = Qf, the relation (61) can be rewritten
as
d 293(t)) 1,20} 1 1\ .20}
— 0 = 207e”% + (—4Q; + 29 0
11 (e . e +( + 1)e (62)
= 4(Q —Qf) e*b.

Therefore, from (62) and Lemma 4.6, with j = 3, we get
2x, (Q3(0)) 2% = 4 (0 - ) 2% & OF(0) =2y, (- Q). (63)



CUBIC SPLINES IN THE GRASSMANN MANIFOLD 25

which also proves the result, for j = 3.

The proof of the second identity uses identical arguments to those applied
to show the first, so we only present a sketch of the proof, starting with
j = 2. For that, differentiate, with respect to ¢, both sides of the identity (i7)

of Lemma 4.3 and evaluate them at ¢t = 1. The result is then achieved, with
a few calculations, considering Lemma 4.6, the identity AZL(l_t)Ql(t) =
1

t=1
—201, the fact that Q3(1) = ] and the relation (52), with j =2 and i = 1.

For j = 3, differentiate with respect to ¢, both sides of the identity (iii) of
Lemma 4.3 and evaluate them at ¢ = 1. Then, with some computations,

taking into account Lemma 4.6 and Lemma 4.7, the relation (52), with j = 3
and i = 0, the fact that (1) = Q3(1) = Qf and that, by Lemma 2.4, we

have Ag(l_mg(t)(t))tzl — 202(1) = —20Q1, it holds that
Q1) = Qb +Q2(1) — Xfl (eZQ%Q%eQQ%) .

Therefore, making a few calculations, the result is obtained replacing Q2(1)
by the identity (57), previously proved for 7 = 2, and attending to the fact
that x, (Q%) = Q3. n

We are now in conditions to prove the following result and its corollaries.

Theorem 4.9. The polynomial curve t € [0,1] — F3(t) in Gy, defined in
(37) satisfies the boundary conditions B3(0) = xo, B3(1) = x5 and

Ba(t) = [2(1), B3(1)); (64)
with Q) = AL, /(1) + tadm(AL ())+J“dﬂ% Y001 € 5050 ().

Proof: We have already pointed out in Remark 4.1 that f3(0) = z( and
Bs(1) = z3. Differentiating (37) with respect to ¢, and since e"%Q}e=%

4 20O = Qf, we obtain
Ba(t) = A (D)Ba(t) + B0 Ath( )( Je~ (0 By(1)
+ [etsz%( )t Q1% (¢ 0, By(t )}
1 B3(1) !B BN AL Loz )(t)e—m%(t>e—t98(t>
+B3(1)e MOAL 0 ) (B)e R0,
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Using Lemma 2.3, with A(t) replaced by th(t), for 7 = 2,3, the fourth and
fifth terms in (65) can be rewritten, respectively, as

—B3()e" O Ny (e and  — B3() Ay (0).
Then, we get
B(t) = Ak (1), Bs(0)] + [ BOAL, | (£)e= 0, y(1)]
+ [emo( )t R0 QL e~ 18(1) o= 1% (1) 53(15)}

= [Q(), B5(1)] .
with
Q(t) _ AtLQs ( ) + etQ3 (t) AtLQz ( ) —tQ3(t) + eth(t)etﬂg(t)Q(l)e—tﬂg(t)e—m%(t)
= Al (6 + etadﬂwAfggm (1)) + 0 N00) € 505,y (n),
which proves the result. ]

Corollary 4.10. Let t € [0,1] — (3(t) be the geometric cubic polynomial in
G defined in (37) and Q(t) € s0g,4)(n) as defined in Theorem 4.9. Then,

D% )~ ety (o).

Proof: Differentiating the relation (64) of Theorem 4.9 with respect to t, we
get

Bs(t) = [Qt), Bs(t)] + 1), Bs(1)]
= [Q(t), B:(1)] + [201), [2t), Ba(1)]].
By Lemma 3.3, we have that [(t), [Q2(¢), Bs(¢)]] € (T3,(t)Grn) - Therefore,
since [Q(t), B3(t)] € Ts,t)Grn» We obtain that

Dl [are) pute)]. .

] +
] +

Corollary 4.11. Let t € [0,1] — B5(t) be the geometric cubic polynomial in
Grn defined in (37) and Q(t) € 505, (n) as defined in Theorem 4.9. Then,

B5(0) = [3Q%, 2] and Dd—f?’(()) 6 [x; ' (4 — ), o] -
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Proof: From Theorem 4.9, we have that 55(0) = xy and that
B3(0) = [2(0), B5(0)],
with ©(0) = (Afm (t )) ‘t:o (AfﬂQ( )( )) ’t:O + Q) € s05,0)(n). But, since
25(0) = Q4(0) = €, from Lemma 2.4, we obtain that Q(0) = 3Qg. Therefore,
B3(0) = [3Q%, z0]. From Corollary 4.10, and since 33(0) = g, we know that
D

2(0) = [©(0), 0] - (66)

In order to compute Q(0), let us consider wy(t) := etadgg(”(Afgg(t)(t)) and

wi(t) = etang(t)etang(t)Q(l). Then, Q(t) = AtLQS (1) +wi(t)+ws(t) € 5033(15)(71)

and, differentiating with respect to t, we have that
Qt) = Afay (1) + dn () + at),
with
. tad 34 tad 3,
wi(t) = AtLQg(t)(t)Wl(t) +e % ()(AtLQ?( )(t)) +e Y <AL ()( )AEtQ3( )( ))

tadzgt
e O (Al (1)

: tad s, tad ..,
wy(t) = Afgg(t)(t)wg(t) +e %W (Afgg(t)( Je Q) )

+etad98(t)etadﬂg(t) (QlALmz )( ))
te tadQ:;(f <etad92(t)(Ql>A tQ?)()(t))

- [t 0640 sty ) ]

Therefore, evaluating at ¢ = 0, and according with Lemma 2.4 and Lemma
2.5, we get
€(0) = 2923(0) + @ (0) + o (0),
with .
w1(0) = Q§(0)25(0) +2Q5(0) — Q25(0)25(0)

= [23(0), %3(0)] + 203(0)
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and
wa(0) = Q5(0)Q + Q5(0)Q25 — Q€5(0) — 2€2(0)

= [25(0) + 23(0), ] -

Due to the fact that Q2(0) = Q3(0) = QJ, it holds that &, (0) = 202(0) and
wz(0) = 0. Then, by Lemma 4.8, we can conclude that

Q(0) = 203(0) + 202(0)

= 6y, (2} - 0)). o7
Consequently, assuming (67), the relation (66) can be rewritten as
Iy
%(0) 6 [x, ' (21— Q) , 0] - m

On the next result we derive an expression for the derivative of the geome-
tric cubic polynomial 3, and for the covariant derivative of the velocity vector
field along the curve (3, at the endpoint ¢ = 1. For that, it was fundamental
the use of the alternative expression of 3 established in the Theorem 4.5.

Theorem 4.12. Let t € [0,1] — P5(t) be the geometric cubic polynomial in
Grn given by the alternative formula present in Theorem 4.5. Then,

By(1) = [30L, 24 and lzlf?’() 6[ (Ql 2%9162%),:53}. (68)

Proof: The alternative formula for 3 present in Theorem 4.5 is

63(t) = 2.%‘3 (69)

Making a few calculations similar to those that where done in the proof of
the Theorem 4.9, it is possible to show that, differentiating with respect to ¢
the expression (69), we obtain

e(t—l) adgg(t)e(t—l) adg%(t e(t 1) ad,,;

Ba(t) = [1), B(1)], (70)

with
— (t-1adgy,
Qt) = AG_ 1oz (t) +e B (AG 1z (1) +e

which belongs to s0p,(;)(n).

The ingredients to prove the previous identity (70) are, essentially, the
formula for the derivative of the exponential map given by Lemma 2.2 and
the relation in Lemma 2.3.

(t_l)adﬂg(t) (t— 1)a’dQ2(t QQ
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Therefore, to obtain the first identity in (68), observe that, for j = 2,3 and

(t—1)adﬂg(t)

1 = 3 — 7, we have that e = [. Furthermore, consider Lemma

2.4 with k = 1, and Remark 4.1, nalfnély, the fact that Q3(1) = Q3(1) = Q.
All the rest are simple computations.

In order to prove the second identity in (68), notice that differentiating
(70) with respect to ¢, using similar arguments to those in the proof of the
Corollary 4.10, and taking into consideration the Lemma 2.2 and Lemma 2.3,
with a few calculations, we get that

DB:; a
=0 = [0, A (1))
with
- . _ (t—1)ad93 ’ A
Qt) = Ay ) + [Aé—l)ﬁg(t)(t)’wl(t)} te o (Aé—m%(t)(t))
(t-1)ad,s,, —
! [Aé—maw (1) + 0 (A1) ’w2(t)] ’
(71)
where
. t—1 ang +
@ (t) = e~V )(A(léq)sz%(t) (1))

and Wy (t) = e(t_l)adﬂg(t)e(t_l)ad”%(”Q%.

Consequently, evaluating at ¢ = 1 and, essentially, due to Lemma 2.5,
Lemma 4.8, Lemma 2.4, with £ = 1, and Remark 4.1, we obtain

Dby

21) =6 X (25— MH0fe) 1y

as required. |

4.2.1. Obtaining the Control Points from the Boundary Conditions. In this
subsection we will show how to get the control points from the boundary
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conditions in order to implement the De Casteljau algorithm to solve interpo-
lation data problems that arise from different areas involving the Grassmann
manifold.

e Case 1 - The Boundary Conditions are of Type (27)
When M = G, the boundary conditions (27) in Problem 4.1 are:
B3(0) = xo,  Ps(1) =3, P3(0) = [Vo, o],  Ba(1) = [V, 23], (72)

where xg, 23 € G, Vo € 50,,(n), and V3 € 50,,(n).

According to the implementation of the algorithm, in order to generate the
cubic polynomial that satisfies (72), we must be able to choose the control
points x; and x5 from those boundary conditions. The following theorem
answers this question.

Theorem 4.13. The control points x1 and xo, used in the De Casteljau algo-
rithm to generate the geometric cubic polynomial that satisfies the boundary
conditions (72), are given by:

1 1

=3 (I — e%VO(I — 23:0)) , 2= (I — (I — 2:63)63‘/3) : (73)

Proof: From Corollary 4.11 we know that (5(0) = [3Q}, x|, with Q) =
%log(([ — 2x1)(I — 2x0)) € s0,,(n). Then, considering the expression of
B5(0) in (72) and the property 5. in Lemma 3.1, it follows that

Qp = %VO. (74)
According with the definition of Q, we have €% = (I —2x)(I — 2x,), which

is equivalent to I — 2z = em(l)(l — 2xp). Therefore, solving the last equation

1 2
for 1, and using (74), we obtain z7 = 5 (I —esVo (] — 2:100)) . Similarly, to

obtain the control point x5 notice that, as proved in Theorem 4.12, 53(1) =
303, 23]. On the other hand, from (72), B3(1) = [V3,23]. So, it follows from
the property 5. in Lemma 3.1 that V3 = 3}, that is,

1
Oy = Vs (75)
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From the definition of Q}, we have e2®% = (I —2x3)(I—2x,). Then, solving the
last equality for x5, and using (75), we obtain x5 = (I — (I — 2x3)e3'3)/2. m

e Case 2 - The Boundary Conditions are of Type (28)

When M = G, the boundary conditions (28) in Problem 4.1 are:
Dfs

B3(0) = z0, B3(1) =3, B3(0) = [Vo, wo), 0

where x, 3 € Gjp, and Vj, Wy € s0,,(n).

(O) - [W07x0]7 (76)

Theorem 4.14. The control points x1 and x2, used in the De Casteljau algo-
rithm to generate the geometric cubic polynomial that satisfies the boundary
conditions (76), are given by:
1 1
=5 (I - €§V0(I - 21’0)) ) T2 =5 (I — exxo(Wo)+3Vo e%VO([ — 21’0)) . (77)
Proof: Tt is enough to obtain the control point 3. Taking into account the

expressions for Wg’(O) in (76) and in the Corollary 4.11, it follows from

property 5. in Lemma 3.1 that 6x; ' (Qf — Qf) = Wy. Thus, also using (74),

we obtain 1 1
Q) = éXo(WO) + §V0- (78)

On the other hand, from the definition of QF, €2 = (I — 2z5)(I — 2z). So,
1 1
solving for x9, one has x9 = 5 <I —eXh(I — 2561)> . Now, using the expression

of Q1 given by (78) and the expression of z; in terms of zy and V), we obtain
Ty = (I — e3X W05V o301 — 22)) /2. n

The Case 1, corresponding to the Hermite boundary conditions, can be con-
sidered simpler than the Case 2, since it doesn’t involves the computation
of covariant derivatives. However, the Case 2, where the data is not sym-
metrically specified, has computational advantages over the Case 1, namely
whenever the goal is to generated cubic splines, i.e., piecing together several
geometric cubic polynomials so that the overall curve is C2-smooth.

As a consequence of the last two theorems, we can summarise the relation-
ship between the boundary conditions of types (27) and (28) in the following
result.
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Corollary 4.15.

2 2 2
Wo = 3x ! (log ((1 — 2my)e8Vs SVO(] — 2x0)) - §vo) | (79)
and
3 1 2 2
Vs = 5 log <([ — 2a3)e3Xo(Wo)+3V0 (1 2519())6_3‘/0> : (80)

where x, = f(ad%VO), X, = g(ead%%), with f and g as defined in (3) and
(4)-

5. Generating Cubic Splines in Gy,

We now explain how to solve the interpolation Problem 4.1 for the boun-
dary conditions of type (28). The objective is to generate a geometric cu-
bic spline, i.e., a C?-smooth curve that satisfies the interpolation and the
boundary conditions and such that when restricted to each subinterval is a
geometric cubic polynomial. The crucial procedure is the generation of the
first cubic polynomial, denoted by =4, joining py to p; and having prescribed
initial velocity [Vi,po] and initial covariant acceleration [Wy, po]. Although
this has already been described in the previous section, we summarise the
results here for the sake of completeness. We also adapt the notations so that
the curve is given in terms of the data. The interpolation curve v of Problem
4.1 may be generated by piecing together cubic polynomials defined on each
subinterval [t;,t;11], 1 = 0,1,...,¢—1. Without loss of generality, we assume
that all spline segments are parameterised in the [0, 1] time interval.

5.1. Generating the First Spline Segment. Apply the De Casteljau
algorithm to obtain the first spline segment

o adng 0! adg% 0g! ad

szépo (81)

Y

n(t) =
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where
Qb = %log(([ —221)(L — 2py));
Q= %log((l —2m0)(I — 221));
o = %log((] —2p1) (I — 2x3));
%t = %log(([ — 2!t )1 — 262y,
) = %log((l - QGtad%fw)U - 2etad9%:c1));
Q(t) = %bg((l ol adﬂf(t)et adg%xl)(l 9t adﬂg(t)et ad%po)),

and the control points are given by

1 2
r1 = 5([—65%(1—2]90));

Ty = %([ _ esxo(Wo)+3Vo e%‘/o(] —2pp)).

5.2. Generating Consecutive Spline Segments. After having generated
the first spline segment, one continues in a similar way for the second spline
segment. Since the cubic spline is required to be C?-smooth, the initial ve-
locity and initial covariant acceleration for this second spline segment must
equal the end velocity and the end covariant acceleration of the previous
spline segment, which are given by the formulas in Theorem 4.12. The other
¢ — 2 consecutive segments are generated similarly. The solution of Prob-
lem 4.1 is the cubic spline curve resulting from the concatenation of the ¢
consecutive segments.

6. Conclusion

We have presented all the necessary details to implement the De Casteljau
algorithm on the Grassmann manifold. This algorithm is a geometric con-
struction, based on successive geodesic interpolation, that generates cubic
polynomials and cubic splines. For practical applications, one still needs
to rely on computing stable matrix exponentials and matrix logarithms of
structured matrices, but this is out of the scope of our work. The problem
of computing matrix functions is of growing importance, and efficient nu-
merical methods to solve them have been developed along the years (see, for
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instance, [7]), and are expanding at a fast rate.
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