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Abstract: Ultrasound enhanced drug transport is a multiphysics problem that
involves acoustic waves propagation, bioheat transfer and drug transport. The nu-
merical modeling of this problem requires the solution of a coupled system of partial
differential equations. A wave-type equation for acoustic pressure and two nonlinear
parabolic-type equations: a diffusion-reaction equation for bioheat transfer and a
convection-diffusion-reaction equation for drug transport.

In this paper we focus on the numerical analysis of such coupled system. We pro-
pose and derive convergence estimates for a piecewise linear finite element method
(FEM) with quadrature. We prove that the FEM is second order convergent for
concentration with respect to a discrete L2-norm. Since concentration depends on
the gradient of acoustic pressure, this result shows that the FEM is superconver-
gent. In fact, piecewise linear FEM have optimal order one in the H1-norm then,
the optimal convergence rate for concentration in a L2-norm should be at most one.
Numerical results backing the theoretical findings are included.

Keywords: Multiphysics, ultrasound, temperature, drug transport, coupled
PDEs, piecewise linear FEM, superconvergence.

1. Introduction
In this paper we are concerned with the numerical analysis of the following

system of partial differential equations

a
∂2p

∂t2
+ b

∂p

∂t
= ∇ · (E∇p) + f3, (1)

∂T

∂t
= ∇ · (DT (T )∇T ) + kT + f2(p), (2)

∂c

∂t
+∇ · (v(p,∇p)c)−∇ · (Dc(p, T )∇c) = f1, (3)

defined in Ω × (0, Tf ], where Ω ⊂ IR2 is a bounded domain with bound-
ary ∂Ω and Tf > 0 is a time duration. The differential system (1)-(3) is
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complemented with the initial conditions

p(0) = p0,
∂p

∂t
(0) = pv,0 in Ω, (4)

T (0) = T0 in Ω, (5)

c(0) = c0 in Ω, (6)

and for simplicity with homogeneous Dirichlet boundary conditions

p(t) = 0 on ∂Ω× (0, Tf ], (7)

T (t) = 0 on ∂Ω× (0, Tf ], (8)

c(t) = 0 on ∂Ω× (0, Tf ]. (9)

The coupled initial boundary value problem (IBVP) (1)-(9) arises, for in-
stance, in the modeling of ultrasound enhanced drug transport. In this con-
text, ultrasound is applied to improve the transport of therapeutic drug
agents, and has been used, among other applications, in transdermal drug
delivery (see, e.g., [1], [2], [3], [4], [5]). Basically, from the physical point of
view, ultrasound enhanced drug transport involves the propagation of acous-
tic waves through a biological target tissue. The propagation of these waves
generates heat that dissipates through the tissue. The drug transport is en-
hanced by both these factors, temperature rise and propagation of acoustic
waves. The acoustic waves propagation can be modeled by the wave-type
equation (1), while bioheat transfer and drug transport can be modeled by
the parabolic-type equations (2) and (3), respectively.

The exact mechanisms induced by the propagation of acoustic waves through
the target tissue are not completely elucidated, but it is accepted that in-
volves thermal and mechanical processes or combination of both. In the first
case, acoustic waves lead to a temperature increase due to the absorption of
acoustic energy by the target tissue. This fact has been used to control drug
release from temperature-sensitive nanocarriers loaded with drug, and/or to
enhance drug transport due to the increase of blood flow and permeability
in the target tissue (see, e.g., [6] and its references). On the other hand, the
mechanical processes are related with the so-called cavitation phenomenon,
which involves the expansion and compression of endogenous or exogenous
gas microbubbles that oscillate in the medium. If violent changes in the
acoustic wave amplitude occur, the microbubbles collapse (inertial cavita-
tion) generating shock waves that can lead to pores formation in the cellular
membranes (see [7] and [4] and its references). When the bubbles oscillate
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without collapsing, the cavitation is called stable. The increase of tissue
permeability due to cavitation is not completely understood (see [5] and its
references). Nevertheless, it is established that the micro-scale phenomena
associated with cavitation induce a convective and diffusive transport at a
macro-scale (see, e.g., [8], [9], [10], [11]). For instance, in [11], a convection
enhanced transport is generated applying an external ultrasound pressure
gradient that induces a convective flow through a soft tissue.

Mathematically, the influence of acoustic waves in drug transport can there-
fore be translated into a convective velocity that depends on the acoustic
pressure and on its gradient. This is given by the term v(p, ∇p) in equation
(3). Where p represents acoustic pressure. The increase in permeability can
be translated into a diffusion coefficient that depends on the acoustic pres-
sure. As previously mentioned, an increase in permeability is also expected
due to the temperature rise originated by the absorption of acoustic energy
by the tissue. These two mechanisms are translated into the diffusion term
Dc(p, T ) in equation (3). Here T represents temperature. The connection
between temperature and acoustic pressure is translated into the reaction
heat source term f2(p) in equation (2).

Modeling and simulation of ultrasound enhanced drug transport has been
subject of research in the last years. For instance, in [12], the authors devel-
oped a numerical framework for the numerical simulation of thermal ablation
of brain tumors with ultrasound. Thermal ablation by ultrasound is a non-
invasive procedure that consists in heating the tumor tissue above a cytotoxic
temperature. For the acoustic simulation, the authors used the linear acous-
tic pressure wave equation

1

v2
s

∂2p

∂t2
+
ã

v2
s

∂p

∂t
= ρ∇.(1

ρ
∇p), (10)

and also, for comparison, the nonlinear Westervelt-Lighthill equation

1

v2
s

∂2p

∂t2
− δ

v4
s

∂3p

∂t3
− β

2ρv4
s

∂2p

∂t2
= ρ∇.(1

ρ
∇p), (11)

Where p is the acoustic pressure, ρ is the tissue density, vs is the sound speed

and ã = a
√

a4v4s
4π2f2 + v2

s , being a the material attenuation coefficient and f the

wave frequency. In (11), δ is the acoustic diffusivity in a thermoviscous
fluid and β is a nonlinear coefficient of the medium. For thermal modeling,
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equation (10), or (11), was coupled with the Pennes’s bioheat equation

ρK
∂T

∂t
= ∇.(K̂∇T ) + ρQ+ ρS − ρbcbρω(T − Tb), (12)

where T is the temperature, K is the specific heat capacity, K̂ is the thermal
conductivity, Q is the metabolic heat generation rate, ω is the perfusion rate,
ρb, cb and Tb are the density, specific heat capacity and temperature of the

blood, and S = a
p2

ρc
. This study does not consider drug transport.

A multiphysics approach to describe ultrasound enhanced drug transport
is presented in [13]. It covers drug release from thermosensitive nanocarriers
(liposomes), drug transport and drug absorption by a solid tumor. Pennes’s
bioheat equations, similar to (12), are used to model temperature rise in the
tumor, normal tissue and blood. The model is able to simulate the evolution
of drug concentration in all the domain (tumor, normal tissue, blood and
liposomes). The transport of free drug in the intersticial fluid and the drug
effect on the tumor cells dynamics is also considered. Some limitations, are
the fact that the drug diffusion coefficients are constant, i.e., temperature
and acoustic pressure independent, and that some simplifications are made
in order to obtain an analytical solution for the acoustic pressure.

Another study dealing with ultrasound enhanced drug transport is pre-
sented in [14]. In this study, the authors are concerned with the mathemat-
ical simulation of drug release from thermosensitive liposomes loaded with
doxorubicin (a drug used to treat cancer). Using simulation, the authors
concluded that controlled drug release by heating with ultrasound allows a
significant increase in drug penetration into the tumor. For the simulation,
the Penne’s bioheat equation (12) is coupled with a nonlinear acoustic equa-
tion of the type (11). The drug concentration in the liposomes is governed by
a convection-diffusion-reaction equation with a temperature dependent reac-
tion term and a convective velocity given by Darcy’s law. The released drug
admits three states: free, cancer cell-bound and internalized in the tumor
cells. The free drug concentration is described by a convection-diffusion-
reaction equation with a convective velocity given again by Darcy’s law. We
note that the diffusion coefficients, as well as the convective velocity, are
considered acoustic pressure independent. As it is often the case in simula-
tion studies, a detailed convergence analysis of the numerical methods is not
provided ([12], [13] and [14]).
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The main contribution of this work is to provide convergence estimates for
a piecewise linear FEM with quadrature that approximates the IBVP (1)-
(9). Crucial points in the numerical discretization are the approximations
of the temperature T , the acoustic pressure p and its gradient ∇p. The
concentration equation (3) is linked to these quantities through the convective
and diffusion terms. If such approximations are not properly handled the
accuracy for concentration c can deteriorate. A piecewise linear FEM with
quadrature for equations (1) and (3) was already analyzed by the authors in
[15]. In that paper, we prove that the numerical approximation for c is second
order convergent with respect to a discrete L2-norm. The main motivation
of the present paper is to extend that result for the IBVP (1)-(9).

The convergence analysis followed here is based on the approach intro-
duced in [16] and [17] for one-dimensional and two-dimensional linear elliptic
problems, respectively. That approach relies heavily on the Bramble-Hilbert
Lemma ([18]), which allows the replacement of regularity assumption on the
exact solution from the space of continuous functions C4(Ω) to the less re-
strictive Sobolev space H3(Ω). That approach was used, for instance, in
[19] to study the numerical discretization of a coupled elliptic and integro-
differential system, and in [20] for a coupled system of parabolic equations.

The rest of the paper is organized as follows. In Section 2, we give a weak
solution to the IBVP (1)-(9). In Section 3, we present our piecewise lin-
ear FEM with quadrature. An equivalent formulation as a finite difference
method (FDM) is also given. In Section 4, we study the convergence of our
method and in Section 5 we present some numerical results that illustrate
the theoretical findings. The sharpness of the convergence results, regard-
ing the regularity assumptions on the solution of the IBVP (1)-(9), is also
numerically investigated. At last, in Section 6, some conclusions are drawn.

2. Weak solution
In this section we introduce some notations and definitions and present a

weak solution to the IBVP (1)-(9). In the following, without loss of generality
we set Ω = [0, 1]2. Also, if w : Ω × [0, Tf ] → IR, then for t ∈ (0, Tf ],
w(t) : Ω× [0, Tf ]→ IR is given by w(t)(x, y) = w(x, y, t), (x, y) ∈ Ω.

In equation (1), E is a second order diagonal matrix with positive entries
ei : Ω→ IR, i = 1, 2, with a positive lower bound e0 in Ω. For the constants
a and b it holds that a ≥ a0 > 0 and b ≥ b0 > 0 in Ω. In equation (2), DT is
a second order diagonal matrix with positive entries dT,i : IR → IR, i = 1, 2,
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with a positive lower bound β0 in IR. In equation (3), Dc(p, T ) is a second
order diagonal matrix with entries dc,i : IR2 → IR with a positive lower
bound β1 in IR2. In equation (3), we assume that the convective velocity v :
IR3 → IR2 is such that its components vi : IR2 → IR are given by v(x, y, z) =
(v1(x, y), v2(x, z)), x, y, z ∈ IR.

By Hn(Ω), n ∈ IN0, we denote the classical Sobolev spaces equipped with
the norm

‖w‖Hn(Ω) =

∑
|α|≤n

‖Dαw‖2

1/2

, w ∈ Hn(Ω),

where Dαw =
∂|α|w

∂xα1∂yα2
, with α = (α1, α2). When n = 0 we set H0(Ω) =

L2(Ω) and we denote the usual inner product by (., .). In [L2(Ω)]2, the usual
inner product is denoted by ((., .)). We represent by H1

0(Ω) the subspace
of H1(Ω) with null trace on ∂Ω. We observe that this space can be given
equivalently by the closure of C∞0 (Ω) with respect the norm ‖.‖H1(Ω).

By Cm([0, Tf ], H
n(Ω)), we denote the space of functions v : [0, Tf ]→ Hn(Ω)

such that v(j) : [0, Tf ]→ Hn(Ω), j = 0, . . . ,m, are continuous and

‖v‖Cm(Hn(Ω)) = ‖v‖Cm([0,Tf ],Hn(Ω)) = max
j=0,...,m

∥∥∥v(j)(t)
∥∥∥
Hn(Ω)

< +∞.

We also consider the space Hm(0, Tf , H
n(Ω)) of functions v : (0, Tf) →

Hn(Ω) with weak derivatives v(j) : (0, Tf)→ Hn(Ω), j = 0, . . . ,m, such that

‖v‖Hm(Hn(Ω)) = ‖v‖Hm((0,Tf ),Hn(Ω)) =

(
m∑
j=0

∫ Tf

0

∥∥∥v(j)(t)
∥∥∥2

Hn(Ω)
dt

)1/2

< +∞.

Let us consider the following assumptions:

[A1 ] f2 is a Lf2-Lipschitz function ,
[A2 ] |vi(z1, z2)| ≤ Cv (|z1|+ |z2|) ,∀z1, z2 ∈ IR, i = 1, 2,
[A3 ] vi, i = 1, 2, are Lv-Lipschitz functions,
[A4 ] dT,i, i = 1, 2, are LDT

-Lipschitz functions and dT,i ≥ β0 > 0 in IR,
[A5 ] dc,i, i = 1, 2, are LDc

-Lipschitz functions and dc,i ≥ β1 > 0 in IR2.

The weak solution for the IBVP (1)-(9) is given by the triplet (p(t), T (t), c(t)) ∈
[H1

0(Ω)]3 satisfying the following:
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i) p(t) ∈ H1
0(Ω), p(j)(t) ∈ L2(Ω), j = 1, 2, t ∈ (0, Tf ], and

(ap′′(t), w) + (bp′(t), w) = −((E∇p(t),∇w)) + (f3(t), w),

for w ∈ H1
0(Ω), t ∈ (0, Tf ], and{

(p′(0), w) = (pv,0, w), ∀w ∈ L2(Ω)
(p(0), q) = (p0, q), ∀q ∈ L2(Ω);

ii) T (t) ∈ H1
0(Ω), T ′(t) ∈ L2(Ω), t ∈ (0, Tf ], and

(T ′(t), w)) = −((DT (T (t))∇T (t),∇w)) + k(T (t), w) + (f2(p(t)), w), (13)

for w ∈ H1
0(Ω), t ∈ (0, Tf ], and

(T (0), q) = (T0, q), ∀q ∈ L2(Ω); (14)

iii) c(t) ∈ H1
0(Ω), c′(t) ∈ L2(Ω), t ∈ (0, Tf ], and

(c′(t), w)− ((c(t)v(p(t),∇p(t)),∇w)) = −((Dc(p(t), T (t))∇c(t),∇w)))
+(f1(t), w),

(15)
for w ∈ H1

0(Ω), t ∈ (0, Tf ], and

(c(0), q) = (c0, q), ∀q ∈ L2(Ω). (16)

3. Fully discrete in space piecewise linear FEM
In this section, we present the fully discrete in space piecewise linear FEM

to approximate the solution (p(t), T (t), c(t)) of the IBVP (1)-(9). The FEM
is define over a special family of triangulations. Such triangulations are
associated with non-uniform rectangular partitions of Ω and, consequently,
they are not required to be quasi-uniform. First, we present some notations
and definitions.

3.1. Notations and basic definitions. In Ω we introduce a non-uniform
rectangular grid defined by H = (h, k) with h = (h1, . . . , hN), hi > 0, i =

1, . . . , N ,
N∑
i=1

hi = 1, and k = (k1, . . . , kM), kj > 0, j = 1, . . . ,M,
M∑
j=1

kj = 1.

Let {xi} and {yj} be the non-uniform grids induced by h and k in [0, 1]
with xi − xi−1 = hi and yj − yj−1 = kj. We represent by ΩH the rectangular
grid introduced in Ω that depends on H and let ΩH and ∂ΩH be defined by
ΩH = Ω ∩ ΩH and ∂ΩH = ∂Ω ∩ ΩH , respectively.
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Let Hmax = max{hi, kj; i = 1, · · ·N ; j = 1, · · · ,M}. We denote by Λ a
sequence of vectors H = (h, k) such that Hmax → 0. Let WH be the space
of grid functions defined in ΩH with WH,0 = {wH ∈ WH : wH = 0 on ∂ΩH}.
Let TH be a triangulation of Ω defined using the set ΩH as vertices. We
denote by diam∆ the diameter of the triangle ∆ ∈ TH . We represent by
PHvH the continuous piecewise linear interpolant of vH ∈ Wh with respect
to the partition TH .

Next, we define fully discrete inner products and the corresponding norms.
In WH,0 we define the inner product

(uH , wH)H =
∑

(xi,yj)∈ΩH

|2i,j|uH(xi, yj)wH(xi, yj), uH , wH ∈ WH,0,

where 2i,j = (xi−1/2, xi+1/2) × (yj−1/2, yj+1/2) ∩ Ω, |2i,j| denotes the area of

2i,j, and xi+1/2 = xi +
hi+1

2
, xi−1/2 = xi −

hi
2

, hi+1/2 = xi+1/2 − xi−1/2 being

yj±1/2 and kj+1/2 defined analogously. Let ‖.‖H be the corresponding norm.
For uH = (u1,H , u2,H), wH = (w1,H , w2,H), and u`,H , w`,H ∈ WH , for ` = 1, 2,

we use the notation

((uH , wH))H = (u1,H , w1,H)H,x + (u2,H , w2,H)H,y,

where

(u1,H , w1,H)H,x =
N∑
i=1

M−1∑
j=1

hikj+1/2u1,H(xi, yj)w1,H(xi, yj),

being (u2,H , w2,H)H,y defined analogously.
Let D−x and D−y be the first-order backward finite difference operators

with respect to the variables x and y, respectively, and let ∇H be the discrete
version of the gradient operator ∇ defined by ∇HuH = (D−xuH , D−yuH). We
use the following notation

‖∇HuH‖H =
(

(D−xuH , D−xuH)H,x + (D−yuH , D−yuH)H,y

)1/2

=
(
‖D−xuH‖2

H + ‖D−yuH‖2
H

)1/2

, uH ∈ WH .

Moreover, a straightforward calculation shows that the following Poincaré-
Friedrichs inequality holds: there exists a positive constant C, independent
of H, such that

‖uH‖H ≤ C‖∇HuH‖H , ∀uH ∈ WH,0. (17)
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3.2. Fully discrete in space FEM. We are now in position to present our
numerical scheme. We split the presentation into three steps, one for each
equation of the IBVP (1)-(9).

The piecewise linear FEM for the wave IBVP (1), (4), (7) is defined as
follows: find pH(t) ∈ WH,0 such that PHpH(t) satisfies

(aPHp
′′
H(t), PHwH) + (bPHp

′
H(t), PHwH) = −((E∇PHpH(t),∇PHwH))

+(f3(t), PHwH),
(18)

for wH ∈ WH,0, t ∈ (0, Tf ], and{
(PHp

′
H(0), PHwH) = (PHRHpv,0, PHwH), ∀wH ∈ WH,0,

(PHpH(0), PHqH) = (PHRHp0, PHqH), ∀qH ∈ WH,0.
(19)

We denote by RH : C(Ω) → WH the restriction operator from the space of
continuous functions in Ω to the space of grid functions WH .

Considering adequate quadrature rules to approximate the integrals in
(18), we replace (18), (19) by the following fully discrete in space FEM:
find pH(t) ∈ WH,0 such that

(aHp
′′
H(t), wH)H + (bHp

′
H(t), wH)H = −((EH∇HpH(t),∇HwH))H

+(f3,H(t), wH)H ,
(20)

for wH ∈ WH,0, t ∈ (0, Tf ], and{
(p′H(0), wH)H = (RHpv,0, wH)H , ∀wH ∈ WH,0,
(pH(0), qH)H = (RHp0, qH)H , ∀qH ∈ WH,0.

(21)

In (20), EH represents the diagonal matrix with entries e1,H(xi, yj) = e1(xi−1/2, yj)
and e2,H(xi, yj) = e2(xi, yj−1/2), aH and bH are defined by aH = RHa and
bH = RHb, and

f3,H(t)(xi, yj) =
1

|2i,j|

∫
2i,j

f3(x, y, t)dxdy. (22)

It can be shown that the FEM (20), (21) is equivalent to the FDM

aHp
′′
H(t) + bHp

′
H(t) = ∇∗H · (EH∇HpH(t)) + f3,H(t) in ΩH , t ∈ (0, Tf ], (23)

with the initial conditions {
p′H(0) = RHpv,0,
pH(0) = RHp0,

(24)
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and boundary condition

pH(t) = 0 on ∂ΩH × (0, Tf ]. (25)

In (23), ∇∗H represents the finite difference operator
(
D−x , D

−
y

)
, with

D−x vH(xi, yj) =
vH(xi+1, yj)− vH(xi, yj)

hi+1/2
,

and D−y is defined analogously (see [15]).
The piecewise linear FEM for the parabolic IBVP (13), (14) is defined as

follows: find TH(t) ∈ WH,0 such that

(PHT
′
H(t), PHwH) = −((DT (PHTH(t))∇PHTH(t),∇PHwH))

+k(PHTH(t), PHwH) + (f2(PHpH(t)), PHwH),
(26)

for wH ∈ WH,0, t ∈ (0, Tf ], and

(PHTH(0), PHqH) = (PHRHT0, PHqH), ∀qH ∈ WH,0. (27)

Let us set DTH(t) as DT (MHTH(t)), where MH represents the average op-
erator MH(w1, w2) = (Mhw1,Mkw2), for (w1, w2) ∈ [WH,0]

2, with

Mh(w1(xi, yj)) =
1

2
(w1(xi−1, yj) + w1(xi, yj)) , (28)

being Mk defined analogously. Then, we replace (26), (27) by the following
fully discrete in space FEM: find TH(t) ∈ WH,0 such that

(T ′H(t), wH)H = −((DT,H(t)∇HTH(t),∇HwH))H
+k(TH(t), wH)H + (f2(pH(t)), wH)H ,

(29)

for wH ∈ WH,0, t ∈ (0, Tf ], and

(TH(0), qH)H = (RHT0, qH)H , ∀qH ∈ WH,0. (30)

In (29), the diffusion tensor DT,H(t) is a 2-diagonal matrix with entries
dT,1(MhTH(t)) and dT,2(MkTH(t)).

The FEM (29), (30) can also be seen as the following FDM

T ′H(t) = ∇∗H ·(DT,H(t)∇HTH(t))+kTH(t)+f2(pH(t)) in ΩH , t ∈ (0, Tf ], (31)

with the initial condition

TH(0) = RHT0, (32)

and the boundary condition

TH(t) = 0 on ∂ΩH . (33)
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At last, the piecewise linear FEM for the parabolic IBVP (15), (16) is
defined as follows: find cH(t) ∈ WH,0 such that

(PHc
′
H(t), PHwH) −((PHcH(t)vH(t),∇PHwH))

= −((Dc(PHpH(t), PHTH(t))∇PHcH(t),∇PHwH))
+(f1(t), PHwH),

(34)
for wH ∈ WH,0, t ∈ (0, Tf ], and

(PHcH(0), PHqH) = (PHRHc0, PHqH), ∀qH ∈ WH,0. (35)

Here, we get the following fully discrete in space FEM: find cH(t) ∈ WH,0

such that

(c′H(t), wH)H −((MH(cH(t)vH(t)),∇HwH))H
= −((Dc,H(t)∇HcH(t),∇HwH))H + (f1,H(t), wH)H ,

(36)

for wH ∈ WH,0, t ∈ (0, Tf ], and

(cH(0), qH)H = (RHc0, qH)H , ∀qH ∈ WH,0. (37)

In (36), the convective velocity vH(t) is defined by

vH(t) = (v1(pH(t), D∗hpH(t)), v2(pH(t), D∗kpH(t)))

with

D∗hwH(xi, yj) =
hiD−xwH(xi+1, yj) + hi+1D−xwH(xi, yj)

hi + hi+1
, i = 1, . . . , N − 1,

D∗hwH(xN , yj) = D−xwH(xN , yj),

D∗hwH(x0, yj) = D−xwH(x1, yj),

for j = 1, . . . ,M − 1, and with D∗k defined analogously. The diffusion ten-
sor Dc,H(t) is a 2-diagonal matrix with entries dc,1(MhpH(t),MhTH(t)) and
dc,2(MkpH(t),MkTH(t)).

The FEM (36), (37) is equivalent to the FDM

c′H(t)+∇c,H ·(cH(t)vH(t)) = ∇∗H ·(Dc,H(t)∇HcH(t))+f1,H(t) in ΩH , t ∈ (0, Tf ],
(38)

with

cH(0) = RHc0 in ΩH , (39)

cH(t) = 0 on ∂ΩH . (40)
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In (38), the finite difference operator ∇c,H is defined by ∇c,H · (w1, w2) =
Dc,xw1 +Dc,yw2, with

Dc,xw1(xi, yj) =
w1(xi+1, yj)− w1(xi−1, yj)

hi + hi+1
,

for (w1, w2) ∈ [WH,0]
2. Dc,y is defined analogously.

4. Convergence analysis
This is main section of the paper, and we will discuss the convergence

properties of our numerical method. We start by highlighting the relevance
of the theoretical findings.

Our fully discrete piecewise FEM for the IBVP (1)-(9), is obtained coupling
the IBVPs:

• (20), (21) to approximate the acoustic pressure;
• (29), (30) to approximate the temperature;
• (36), (37) to approximate the concentration.

It is well known that continuous piecewise linear FEM lead to second order
approximations, with respect to the L2-norm, and to first order approxima-
tions with respect to the H1-norm. We recall that in our IBVP (1)-(9) the
convective velocity in the concentration equation depends on ∇p. Then, it
should be expected that a continuous piecewise linear FEM for (1)-(9), would
lead at most to a first order approximation for the concentration with respect
to the L2-norm. Naturally, this result should stand for the proposed fully
discrete piecewise linear FEM.

However, we will show that the concentration approximation cH(t) is sec-
ond order convergent for c(t) with respect to a discrete L2-norm, assuming
that p(t), T (t) and c(t) belong to H3(Ω)∩H1

0(Ω). To prove this result, we will
rely on the fact the acoustic pressure approximation pH(t) is second order
convergent for p(t) with respect to a discrete H1-norm. This means that its
discrete gradient is a second order approximation for ∇p(t) with respect to a
discrete L2-norm. We will use the fact that the temperature approximation
TH(t) is second order convergent for T (t) with respect to a discrete L2-norm.
This higher than optimal convergence rate is known as superconvergence in
the finite element context.

Since our FEM can be seen as a FDM, let us analyze this superconvergence
phenomena from the finite difference perspective. The equivalent FDM for
the IBVP (1)-(9), is obtained coupling the IBVPs (23)-(25), (31)-(33) and
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(38)-(40). The FDM is defined on a non uniform rectangular grid ΩH . As-
suming that p(t), T (t) and c(t) belong to C3(Ω), it can be shown that the
truncation error is first order for all variables with respect to the maximum
norm ‖.‖∞. Then, based on stability and consistency, we can expect the
global error in space for cH(t) to be at most of first order. Nevertheless,
taking into account the equivalence between FEM and FDM, we will be able
to conclude that the finite difference approximation for cH(t) is second order
with respect to a discrete L2-norm, provided that p(t), T (t), c(t) ∈ H3(Ω).
This phenomena, where the global error is higher than the truncation error,
is known as supraconvergence in the context of finite difference.

The convergence estimates are derived next. For ease of presentation, the
analysis is divide into three subsections, namely, error analysis for the acous-
tic pressure, temperature and concentration equations, respectively.

4.1. Acoustic pressure. Let us define eH,p(t) = RHp(t)− pH(t) as the spa-
tial discretization error associated with the FEM (20), (21) for the acoustic
pressure. It holds the following upper bound for eH,p.

Theorem 1 (Theorem 2 of [21]). If the solution p(t) of the IBVP (1), (4),
(7) belongs to H3(0, Tf , H

2(Ω)) ∩ H1(0, Tf , H
3(Ω) ∩H1

0(Ω)), and a, b, ei, i =
1, 2,∈ W 2,∞(Ω), then, there exist positive constants Ci, i = 1, 2, independent
of p(t), H and t such that, for H ∈ Λ, we have

‖e′H,p(t)‖2
H +

∫ t

0

‖e′H,p(s)‖2
Hds+ ‖∇HeH,p(t)‖2

H

≤ C1e
C2t
∑

∆∈TH

(diam∆)4
(
‖p‖2

H1(H3) + ‖p‖2
H3(H2)

)
, t ∈ [0, Tf ].

Using Theorem 1 and (17), we conclude that there exists a constant C such
that

‖eH,p(t)‖H + ‖∇HeH,p(t)‖H ≤ CH2
max. (41)

The boundness of the sequences (‖pH(t)‖∞)H∈Λ and (‖∇HpH(t)‖∞)H∈Λ,
where

‖pH(t)‖∞ = max
(x,y)∈ΩH

|pH(x, y, t)| , (42)

‖∇HpH(t)‖∞ = max
i=1,...,N,j=1,...,M−1

|D−xpH(xi, yj, t)|
+ max

i=1,...,N−1,j=1,...,M
|D−ypH(xi, yj, t)| ,

(43)
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will also play an important role in the error analysis of the concentration
equation. In what follows we prove such boundness under weaker assump-
tions than those considered in [15]. For the spatial grids ΩH , H ∈ Λ, we
impose that, for Hmax small enough, there exists a positive constant Cm such
that

Hmax

Hmin
≤ Cm, H ∈ Λ. (44)

We start by nothing that

‖pH(t)‖2
∞ ≤ 2

1

H2
min

‖eH,p(t)‖2
H + 2‖RHp(t)‖2

∞.

Then, from (41), we get

‖pH(t)‖2
∞ ≤ C

H4
max

H2
min

+ 2‖p(t)‖2
∞, H ∈ Λ,

and we derive the boundness of (42) by the fact that p(t) ∈ C(Ω) when
p(t) ∈ H3(Ω) ∩H1

0(Ω).
To prove the boundness of (43), we observe that we have

‖∇HpH(t)‖2
∞ ≤ 2

1

H2
min

‖∇HeH,p(t)‖2
H + 2‖∇HRHp(t)‖2

∞

≤ C
H4
max

H2
min

+ 2‖∇HRHp(t)‖2
∞

≤ C
H4
max

H2
min

+ 2‖∇p(t)‖2
∞,

where C denotes a positive constant, H, p(t) and t independent. An upper
bound to (43) follows from the fact that p(t) ∈ C1(Ω) when p(t) ∈ H3(Ω).

Corollary 1. Under the assumptions of Theorem 1, if the sequence of step-
sizes Λ satisfies (44) then, there exists a positive constant C such that

‖pH(t)‖∞ ≤ C and ‖∇HpH(t)‖∞ ≤ C,

for H ∈ Λ with Hmax small enough.

4.2. Temperature. Let us define eH,T (t) = RHT (t) − TH(t) as the spatial
error associated with the FEM (29), (32) for the temperature. To derive an
upper bound for eH,T , we do not follow the classical error analysis method
introduced by Wheeler in [22] for parabolic equations. Our approach, based
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on the direct analysis of the error equation for eH,T (t), allows us to reduce
the regularity assumptions on the solution T (t).

First, we note that the following identity holds

(e′H,T (t), wH)H = −((DT,H(t)∇HeH,T (t),∇HwH))H

+ (((DT,H(t)−D∗T,H(t))∇HRHT (t),∇HwH))H

+ (RHf2(p(t))− f2(pH(t)), wH)H

+ (kRHT (t)− kTH(t), wH)H

+ τDT
(wH) + τk(wH) + τf2(wH) + τd(wH), (45)

where wH ∈ WH,0 and D∗T,H(t) is defined as DT,H(t) with TH(t) replaced by
RHT (t), and

τDT
(wH) = ((D∗T,H(t)∇HRHT (t),∇HwH))H

+ ((∇ · (DT (T (t))∇T (t)))H , wH)H , (46)

τk(wH) = ((kT (t))H , wH)H − (kRHT (t), wH)H , (47)

τf2(wH) = ((f2(p(t)))H , wH)H − (f2(RHp(t)), wH)H , (48)

τd(wH) = (RHT
′(t)− (T ′(t))H , wH)H , (49)

with (∇·(DT (T (t))∇T (t))H , (kT (t))H , (f2(p(t)))H and (T ′(t))H given by (22)
with f3 replace by ∇ · (DT (T (t))∇T (t)), kT (t), f2(p(t)), T

′(t), respectively.
We remark that an estimate for (((DT,H(t)−D∗T,H(t))∇HRHT (t),∇HwH))H

is easily obtained assuming that dT,i, i = 1, 2, are LDT
-Lipschitz functions.

In fact, it can be shown that

|(((DT,H(t) −D∗T,H(t))∇HRHT (t),∇HwH))H |
≤
√

2LDT
‖∇HRHT (t)‖∞‖eH,T (t)‖H‖∇HwH‖H ,

for wH ∈ WH,0, H ∈ Λ.
In the next propositions we estimates the quantities τDT

(wH), τk(wH),
τf2(wH) and τd(wH). Propositions 1, 2 and 3 follow directly from Lemma
5.7 of [17].

Proposition 1. If T (t) ∈ H2(Ω), for the functional τk : WH,0 → IR, H ∈ Λ,
defined by (47) holds the following

|τk(wH)| ≤ C

(∑
∆∈τH

(diam∆)4 ‖T (t)‖2
H2(∆)

)1/2

‖∇HwH‖H .
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Proposition 2. If T ′(t) ∈ H2(Ω), for the functional τd : WH,0 → IR, H ∈ Λ,
defined by (49) holds the following

|τd(wH)| ≤ C

(∑
∆∈τH

(diam∆)4 ‖T ′(t)‖2
H2(∆)

)1/2

‖∇HwH‖H .

Proposition 3. If f2 is such that f2(p(t)) ∈ H2(Ω), then for the functional
τf2 : WH,0 → IR, H ∈ Λ, defined by (48), there exists a positive constant C,
H and t independent, such that

|τf2(wH)| ≤ C

(∑
∆∈TH

(diam∆)4‖f2(p(t))‖2
H2(∆)

)1/2

‖∇HwH‖H .

Proposition 4. If DT satisfies the assumption A4, T (t) ∈ H3(Ω), dT,i(T (t)) ∈
L∞(Ω), i = 1, 2, and DT (t)∇T (t) ∈ [H2(Ω)]2, then for the functional τDT

(wH) :
WH,0 → IR, defined by (46) we have

|τDT
(wH)| ≤C

( ∑
∆∈TH

(diam∆)4
(
L2
DT
‖T (t)‖2

C1(∆)‖T (t)‖2
H2(∆)

+ ‖DT (T (t))‖2
∞,L∞(∆)‖T (t)‖2

H3(∆)

+ ‖DT (t)∇T (t)‖2
[H2(∆)]2

))1/2

‖∇HwH‖H ,

where ‖DT (T (t))‖∞,L∞(∆) = maxi=1,2 ‖dT,i(T (t))‖L∞(∆).

Proof : We start by noting that τDT
admits the representation

τDT
(wH) = (dT,1(MhRHT (t))D−xRHT (t), D−xwH)H,x

+ ((
∂

∂x
(dT,1(t)

∂T

∂x
(t)))H , wH)H

+ (dT,2(MkRHT (t))D−yRHT (t), D−ywH)H,y

+ ((
∂

∂y
(dT,2(t)

∂T

∂y
(t)))H , wHt)H

:= τx(t) + τy(t).
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We split τx(t) as τx(t) = τ1(t) + τ2(t) with

τ1(t) = (dT,1(MhRHT (t))D−xRHT (t), D−xwH)H,x

− (dT,1(T (Mh(t)))D−xRHT (t), D−xwH)H,x,

τ2(t) = (dT,1(T (Mh(t)))D−xRHT (t), D−xwH)H,x + ((
∂

∂x
(dT,1(t)

∂T

∂x
(t)))H , wH)H .

First we estimate τ1(t). Let σ(xi, yj, t) be defined by

σ(xi, yj, t) = T (xi−1/2, yj, t)−
1

2
(T (xi−1, yj, t) + T (xi, yj, t)) ,

which satisfies

kj+1/2|σ(xi, yj, t)| ≤
∫ yj+1/2

yj−1/2

|σ(xi, y, t)| dy + kj+1/2

∫ yj+1/2

yj−1/2

|∂σ
∂y

(xi, y, t)| dy.

We rewritten σ as

σ(xi, y, t) = w

(
1

2

)
− 1

2
(w(1) + w(0)) = λ(w),

with w(ξ) := T (xi + ξhi, y, t) for ξ ∈ [0, 1], where λ : W 2,1(0, 1) → IR is the
functional

λ(g) := g

(
1

2

)
− 1

2
(g(1) + g(0)) .

The functional λ is bounded inW 2,1(0, 1) and vanishes for g = 1, ξ. Bramble-
Hilbert Lemma [18] guarantees the existence of a positive constant C such
that

|λ(g)| ≤ C ‖g′′‖L1(0,1) , g ∈ W
2,1(0, 1)

and consequently

|σ(xi, y, t)| = |λ(w)| ≤ Chi

∫ xi

xi−1

∣∣∣∣∂2T

∂x2
(x, y, t)

∣∣∣∣ dx. (50)

Bramble-Hilbert Lemma also leads to∣∣∣∣∂σ∂y (xi, y, t)

∣∣∣∣ ≤ C

∫ xi

xi−1

∣∣∣∣ ∂2T

∂x∂y
(x, y, t)

∣∣∣∣ dx, (51)

for a positive constant C.
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Since

kj+1/2 |dT,1 (Mh(RHT (xi, yj, t)))− dT,1 (T (Mh(xi, yj, t)))|

≤ LdT

(∫ yj+1/2

yj−1/2

|σ(xi, y, t)| dy + kj+1/2

∫ yj+1/2

yj−1/2

∣∣∣∣∂σ∂y (xi, y, t)

∣∣∣∣ dy
)
,

and taking into account the estimates (50) and (51), we have

|τ1(t)| ≤LDT

N∑
i=1

M−1∑
j=1

(
hi

(∫ yj+1/2

yj−1/2

|σ(xi, y, t)| dy + kj+1/2

∫ yj+1/2

yj−1/2

|∂σ
∂y

(xi, y, t)| dy

)

× |D−xT (xi, yj, t)||D−xwH(xi, yj)|

)

≤ CLDT

(∑
∆∈TH

(diam∆)4‖T (t)‖2
C1(∆)‖T (t)‖2

H2(∆)

)1/2

‖D−xwH‖H .

To estimate τ2(t) we apply directly Lemma 5.1 of [17], leading to

|τ2(t)| ≤ C
( ∑

∆∈TH

(diam∆)4
(
‖dT,1(t)‖2

L∞(∆)‖T (t)‖2
H3(∆)

+‖dT,1(t)
∂T

∂x
‖2
H2(∆)

))1/2

‖D−xwH‖H,x,

and therefore to

|τx(t)| ≤ C

( ∑
∆∈TH

(diam∆)4

(
L2
DT
‖T (t)‖2

C1(∆)‖T (t)‖2
H2(∆)

+‖dT,1(t)‖2
L∞(∆)‖T (t)‖2

H3(∆)

+‖dT,1(t)
∂T

∂x
(t)‖2

H2(∆)

))1/2

‖D−xwH‖H .
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Proceeding analogously, we can obtain a similar result for τy(t), and finally
get the inequality

|τDT
(wH)| ≤ C

( ∑
∆∈TH

(diam∆)4
(
L2
DT
‖T (t)‖2

C1(∆)‖T (t)‖2
H2(∆)

+ max
i=1,2
‖dT,i(t)‖2

L∞(∆)‖T (t)‖2
H3(∆)

+‖DT (t)∇T (t)‖2
[H2(∆)]2

))1/2

‖∇HwH‖H .

With Propositions 1-4, we can now state the main result of this subsection,
namely, an upper bound for ‖eH,T (t)‖H . In what follows, by Cm([0, Tf ],WH,0)
we represent the space of functions v : [0, Tf ]→ WH,0 such that v(j) : [0, Tf ]→
WH,0, j = 0, . . . ,m, are continuous and

‖v‖Cm([0,Tf ],WH,0) = max
j=0,...,m

∥∥∥v(j)(t)
∥∥∥
H
< +∞.

Theorem 2. Let us assume that the solution T (t) of the IBVP (2), (5), (8)
satisfies RHT (t) ∈ C1([0, Tf ],WH,0) and T (t) ∈ L2(0, Tf , H

3(Ω) ∩ H1
0(Ω))

∩ H1(0, Tf , H
2(Ω)); the solution TH of the initial value problem (29), (30)

belongs to C1([0, Tf ],WH,0); f2 satisfies A1 with f2(p(t)) ∈ H2(Ω), where p(t)
is solution of the IBVP (1), (4), (7) and the assumptions of Proposition 4
hold. Then, there exists a positive constant C, H and t independent, such
that, for the spatial error eH,T (t) = RHT (t)− TH(t) holds the following

‖eH,T (t)‖2
H +2(β0 − 5ε2)

∫ t
0 e

∫ t

s

gH(T (µ))dµ
‖∇HeH,T (s)‖2

Hds

≤ e

∫ t

0

gH(T (s))ds
‖eH,T (0)‖2

H + L2
f2

∫ t

0

e

∫ t

s

gH(T (µ))dµ
‖eH,p(s)‖2

Hds

+2

∫ t

0

e

∫ t

s

gH(T (µ))dµ
τ1(s)ds,

for t ∈ [0, Tf ], where

gH(T (t)) =
1

ε2
L2
dT
‖∇HRHT (t)‖2

∞ + 1 + 2k,
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τ1(t) =
C

4ε2

∑
∆∈TH

(diam∆)4
((
L2
DT
‖T (t)‖2

C1(∆) + ‖DT (T (t))‖2
∞,L∞(∆) + 1

)
‖T (t)‖2

H3(∆)

+ ‖T ′(t)‖2
H2(∆) + ‖DT (t)∇T (t)‖2

[H2(∆)]2 + ‖f2(p(t))‖2
H2(∆)

)
,

and ε 6= 0 is an arbitrary constant.

Proof : From (45), we get

1

2

d

dt
‖eH,T (t)‖2

H + β0‖∇HeH,T (t)‖2
H

≤
√

2LdT‖∇HRHT (t)‖∞‖eH,T (t)‖H‖∇HeH,T (t)‖H
+

1

2
L2
f2
‖eH,p(t)‖2

H + (
1

2
+ k)‖eH,T (t)‖2

H

+4ε2‖∇HeH,T (t)‖2
H + τ1(t),

(52)

for ε 6= 0. Combining (52) with the inequality
√

2LdT‖∇HRHT (t)‖∞‖eH,T (t)‖H‖∇HeH,T (t)‖H

≤ ε2‖∇HeH,T (t)‖2
H +

1

2ε2
L2
dT
‖∇HRHT (t)‖2

∞‖eH,T (t)‖2
H ,

we obtain
d

dt
‖eH,T (t)‖2

H +2(β0 − 5ε2)‖∇HeH,T (t)‖2
H ≤ L2

f2
‖eH,p(t)‖2

H

+gH(T (t))‖eH,T (t)‖2
H + 2τ1(t),

(53)

Inequality (53) leads to

d

dt

(
e
−
∫ t

0

gH(T (s))ds
‖eH,T (t)‖2

H

+2(β0 − 5ε2)

∫ t

0

e
−
∫ s

0

gH(T (µ))dµ
‖∇HeH,T (s)‖2

Hds

−L2
f2

∫ t

0

e
−
∫ s

0

gH(T (µ))dµ
‖eH,p(s)‖2

Hds

−2

∫ t

0

e
−
∫ s

0

gH(T (µ))dµ
τ1(s)ds

)
≤ 0,

which allows us to conclude the proof.
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Corollary 2. Under the assumptions of Theorems 1 and 2, there exists a
positive constant C, H and t independent, such that

‖eH,T (t)‖2
H +

∫ t

0

‖∇HeH,T (s)‖2
Hds ≤ CH4

max, t ∈ [0, Tf ], H ∈ Λ.

The next corollary follows immediately from Corollary 2 and condition
(44).

Corollary 3. Under the conditions of Theorems 1 and 2, if the sequence
of step-sizes Λ satisfies (44), there exists a positive constant C, H and t
independent, such that

‖TH(t)‖∞ ≤ C,

∫ t

0

‖∇HTH(s)‖∞ds ≤ C, t ∈ [0, Tf ], H ∈ Λ,

with Hmax small enough.

4.3. Concentration. In this subsection we establish the main result of
this paper, Theorem 3. It proves the superconvergence of the FEM for the
concentration c(t). Naturally, the supraconvergence of the equivalent FDM,
also follows from Theorem 3. The proof of this theorem relies heavily on
Theorem 1, Corollary 1 and Corollary 2.

Let us define eH,c(t) = RHc(T ) − cH(t) as the spatial discretization error
associated with the FEM (36), (37) for the concentration. From (36), we
obtain

(e′H,c(t), wH)H = −((Dc,H(t)∇HeH,c(t),∇HwH))H

+ (((Dc,H(t)−D∗c,H(t))∇HRHc(t),∇HwH))H

+ ((MH(vH(t)eH,c(t)),∇HwH))H

− ((MH((vH(t)− v∗H(t))RHc(t)),∇HwH))H

+ τDc
(wH) + τv(wH) + τc(wH), (54)

where D∗c,H(t) is defined as Dc,H(t) with pH and TH replaced by RHp and
RHT , respectively, and v∗H(t) is defined as vH(t) with pH replaced by RHp.
In (54), τDc

(wH), τv(wH) and τc(wH) are defined by

τDc
(wH) = ((D∗c,H(t)∇HRHc(t),∇HwH))H

+((∇ · (Dc(p(t), T (t))∇c(t)))H , wH)H ,
(55)

τv(wH) = −((MH(v∗H(t)RHc(t)),∇HwH))H
−((∇ · (v(p(t),∇p(t))c(t)))H , wH)H ,

(56)
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and

τc(wH) = (RHc
′(t), wH)H − ((c′(t))H , wH)H . (57)

We observe that if dc,i, i = 1, 2, are LDc
-Lipschitz functions, then

|(((Dc,H(t)−D∗c,H(t))∇HRHc(t),∇HwH))H |
≤ 2LDc

(
‖eH,p(t)‖H + ‖eH,T (t)‖H

)
‖∇HRHc(t)‖∞‖∇HwH‖H (58)

Assuming that v satisfies the assumption A2 we easily conclude that

|((MH(vH(t)eH,c(t)),∇HwH))H |
≤
√

2Cv
(
‖pH(t)‖∞ + ‖∇HpH(t)‖∞

)
‖eH,c(t)‖H‖∇HwH‖H .

(59)

An estimate for | − ((MH((vH(t) − v∗H(t))RHc(t)),∇HwH))H | can be ob-
tained using condition (44) for the sequence of grids ΩH , H ∈ Λ. In fact, it
holds that

| − ((MH((vH(t)− v∗H(t))RHc(t)),∇HwH))H |

≤ 2Lv

(
‖eH,p(t)‖H +

√
2Cm‖∇HeH,p(t)‖H

)
‖RHc(t)‖∞‖∇HwH(t)‖H ,

(60)

for wH ∈ WH,0, H ∈ Λ with Hmax small enough.
We derive now estimates for τDc

(wH), τv(wH) and τc(wH), with wH ∈ WH,0.

Proposition 5. If Dc satisfies A5, p(t) ∈ H2(Ω), c(t) ∈ H3(Ω), dc,i(p(t), T (t)) ∈
L∞(Ω), i = 1, 2, and Dc(t)∇c(t) ∈ [H2(∆)]2 then, for the functional τDc

:
WH,0 → IR defined by (55), there exists a positive constant C, H, t, p, T and
c independent, such that

|τDc
(wH)| ≤ C

( ∑
∆∈TH

(diam∆)4
(
L2
Dc

(
‖T (t)‖2

H2(∆) + ‖p(t)‖2
H2(∆)

)
‖c(t)‖2

C1(∆)

+ ‖Dc(p(t), T (t))‖2
∞,L∞(∆)‖c(t)‖2

H3(∆)

+ ‖Dc(p(t), T (t))∇c(t)‖2
[H2(∆)]2

)1/2

‖∇HwH‖H , (61)

for wH ∈ WH,0, H ∈ Λ.

Proof : The functional (55) admits the representation

τDc
(wH) =

2∑
i=1

τi(wH), wH ∈ WH,0, (62)
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with
τ1(wH) = (((D∗c,H(t)− D̃c,H(t))∇HRHc(t),∇HwH))H ,

where the diagonal entries of D̃c,H(t) at (xi, yj) are given by

dc,1(p(xi−1/2, yj, t)), T (xi−1/2, yj, t))) and dc,2(p(xi, yj−1/2, t), T (xi, yj−1/2, t)),

and

τ2(wH) = ((D̃c,H(t)∇HRHc(t),∇HwH))H+((∇.(Dc(p(t), T (t))∇c(t))H , wH)H .

Following the steps of Proposition 4, it is easy to prove that there exists a
positive constant C, H and t independent, such that

|τ1(wH)| ≤ C
( ∑

∆∈TH

(diam∆)4
(
L2
Dc

(
‖T (t)‖2

H2(∆) +‖p(t)‖2
H2(∆)

)
‖c(t)‖2

C1(∆)

)1/2

‖∇HwH‖H .
(63)

Moreover, considering Lemma 5.1 of [17], we easily get that

|τ2(wH)| ≤ C
( ∑

∆∈TH

(diam∆)4
(
‖Dc(p(t), T (t))‖2

∞,L∞(∆)‖c(t)‖2
H3(∆)

+‖Dc(p(t), T (t))∇c(t)‖2
[H2(∆)]2

))1/2

‖∇HwH‖H ,
(64)

where C is a positive constant, H and t independent, and we finish the proof
using (63) and (64) in (62).

An estimate for τv(wH) follows directly from Proposition 1 of [15] taking
into account that

τv(wH) =− ((MH((v∗H(t)− ṽH(t))RHc(t)),∇HwH))H

− ((MH(ṽH(t)RHc(t))− v̂H(t)ĉH(t),∇HwH))H

− ((v̂H(t)ĉH(t),∇HwH))H − ((∇ · (v(p(t),∇p(t))c(t)))H , wH)H ,

where ṽH(t) = (v1(p(t),
∂p
∂x(t)), v2(p(t),

∂p
∂y(t)) and the components of v̂H(t) at

(xi, yj) are given by

(v1(p(xi−1/2, yj, t),
∂p

∂x
(xi−1/2, yj, t)) and v2(p(xi, yj−1/2, t),

∂p

∂y
((xi, yj−1/2, t)),

respectively. ĉH(t) is defined analogously.
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Proposition 6 (Proposition 1 of [15]). Let us suppose that v satisfies the
assumption A3 and p(t) ∈ H3(Ω) ∩ H1

0(Ω) ∩ C2(Ω), c(t) ∈ H2(Ω) ∩ H1
0(Ω)

and v(t)c(t) ∈ [H2(Ω)]2. Then, for the functional τv : WH,0 → IR, defined by
(56), there exists a positive constant C, H, t, p and c independent, such that

|τv(wH)| ≤ C
( ∑

∆∈TH

(diam∆)4
(
‖v(t)c(t)‖2

[H2(∆)]2

+L2
v‖c(t)‖2

C(∆)‖p(t)‖2
H3(∆)

))1/2

‖∇HwH‖H ,
(65)

for wH ∈ WH,0, H ∈ Λ.

The following proposition gives an estimate for τc(wH).

Proposition 7. If c(t) ∈ H2(Ω), for the functional τc : WH,0 → IR defined
by (57) we have

|τc(wH)| ≤ C

(∑
∆∈TH

(diam∆)4‖c′(t)‖2
H2(∆)

)1/2

‖∇HwH‖H , (66)

for wH ∈ WH,0, H ∈ Λ.

Proof : The inequality follows immediately from Lemma 5.7 of [17].

We are now in position to estimate the error eH,c(t). From (54), assuming
that dc,i ≥ β1 in IR2, i = 1, 2, and taking into account (58), (60), (61), (65),
(66), we get

d

dt
‖eH,c(t)‖2

H + 2(β1 − 6ε2)‖∇HeH,c(t)‖2
H ≤

4

ε2
L2
Dc

(
‖eH,p(t)‖2

H

+ ‖eH,T (t)‖2
H

)
‖∇HRHc(t)‖2

∞

+
2

ε2
C2
v

(
‖pH(t)‖2

∞ + ‖∇HpH(t)‖2
∞
)
‖eH,c(t)‖2

H

+
4

ε2
L2
v

(
‖eH,p(t)‖2

H + 2Cm‖∇HeH,p(t)‖2
H

)
‖RHc(t)‖2

∞ + τc(t),

(67)



A SECOND ORDER CONVERGENT METHOD FOR ENHANCED DRUG TRANSPORT 25

where ε 6= 0, and

τc(t) =
C

2ε2

∑
∆∈TH

(diam∆)4
(
‖T (t)‖2

H2(∆)‖c(t)‖2
C1(∆) + ‖Dc(t)‖2

∞,L∞‖c(t)‖2
H3(∆)

+ ‖Dc(t)∇c(t)‖2
[H2(∆)]2 + ‖v(t)c(t)‖2

[H2(∆)]2

+ ‖c(t)‖2
C1(∆)‖p(t)‖2

H3(∆) + ‖c′(t)‖2
H2(∆)

)
. (68)

Inequality (67) leads to the following result.

Theorem 3. Let us assume that the sequence of grids ΩH , H ∈ Λ, satis-
fies (44); p(t) ∈ H3(Ω) ∩ H1

0(Ω); T (t) ∈ H2(Ω) ∩ H1
0(Ω); the solution c(t)

of the IBVP (3), (6), (9) satisfies RHc(t) ∈ C1([0, Tf ],WH,0) and c(t) ∈
L2(0, Tf , H

3(Ω)∩H1
0(Ω))∩H1(0, Tf , H

2(Ω)); the solution cH(t) of the initial
value problem (36), (37) belongs to C1([0, Tf ],WH,0); v satisfies the assump-
tion A2 and Dc satisfies the assumption A5 and the assumptions of Propo-
sitions 5 and 6 hold. Then, there exists a positive constant C, H and t
independent, such that for the spatial error eH,c(t) = RHc(t) − cH(t) holds
the following

‖eH,c(t)‖2
H + 2(β1 − 6ε2)

∫ t

0

e

∫ t

s

gH(pH(µ))dµ
‖∇HeH,c(s)‖2

Hds

≤ e

∫ t

0

gH(pH(µ))dµ
‖eH,c(0)‖2

H

+
4

ε2
L2
Dc

∫ t

0

e

∫ t

s

gH(pH(µ))dµ(
‖eH,p(s)‖2

H + ‖eH,T (s)‖2
H

)
‖∇HRHc(s)‖2

∞ds

+
4

ε2
L2
v

∫ t

0

e

∫ t

s

gH(pH(µ))dµ(
‖eH,p(s)‖2

H + 2Cm‖∇HeH,p(s)‖2
H

)
‖RHc(s)‖2

∞ds

+

∫ t

0

e

∫ t

s

gH(pH(µ))dµ
τc(s)ds,

(69)
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for t ∈ [0, Tf ], H ∈ Λ and Hmax small enough. In (69), ε 6= 0, τc(t) is defined
by (68) and

gH(pH(t)) =
2

ε2
C2
v

(
‖pH(t)‖2

∞ + ‖∇HpH(t)‖2
∞
)
.

In Theorem 3, we fix ε 6= 0 such that β1−6ε2 > 0 and Corollary 1 guarantees
the uniform boundness of gH(pH(t)), H ∈ Λ and Hmax small enough. The
next corollary follows from Theorems 1 and 2.

Corollary 4. Under the assumptions of Theorems 1, 2 and 3, there exists a
positive constant C, H and t independent, such that

‖eH,c(t)‖2
H +

∫ t

0

‖∇HeH,c(s)‖2
Hds ≤ CH4

max, t ∈ [0, Tf ],

for H ∈ Λ and Hmax small enough.

5. Numerical experiments
The aim of this section is to illustrate the theoretical convergence rates.

For that, we make use of the FDM formulation. We start by defining the
numerical strategy used for the time discretization of (1) − (9). Let [0, Tf ]
be the temporal domain and let us define the time mesh tm = m∆t, for
m = 0, . . . ,Mt, with tMt

= Tf and ∆t the uniform time step. By pmH , TmH ,
and cmH we denote the numerical approximations for pH(tm), TH(tm), and
cH(tm), respectively. The proposed numerical strategy is of iterative type and
consists in solving equation (1), followed by equation (2), and equation (3).
In particular, we look for pmH , TmH , and cmH , such that,

aH
pm+1
H − 2pmH + pm−1

H

∆t2
+ bH

pm+1
H − pmH

∆t
= ∇∗H · (EH∇Hp

m+1
H ) + fm+1

3,H in ΩH ,

(70)

for m = 1, . . . ,Mt − 1,

Tm+1
H − TmH

∆t
= ∇∗H ·

(
Dm
TH
∇HT

m+1
H

)
+ kTm+1

H + f2(p
m+1
H ) + gm+1

2,H in ΩH ,

(71)

for m = 0, . . . ,Mt − 1,

cm+1
H − cmH

∆t
+∇c,H · (cm+1

H vm+1
H ) = ∇∗H · (Dm+1

cH
∇Hc

m+1
H ) + fm+1

1,H in ΩH , (72)
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for m = 0, . . . ,Mt − 1, complemented with the initial conditions

p1
H − p0

H

∆t
= RHpv,0, p

0
H = RHp0, T

0
H = RHT0, and c0

H = RHc0, in ΩH ,

(73)
and the boundary conditions

pmH = 0, TmH = 0, and cmH = 0, on ∂ΩH , m = 0, . . . ,Mt. (74)

The numerical errors associated with this fully discrete approximation are
defined by

emH,p = RHp(tm)− pmH , emH,T = RHT (tm)− TmH , and emH,c = RHc(tm)− cmH .

Let us note that the theoretical analysis of the time strategy (70)− (74) can
be obtained by extending the results provided in [19] and [21].

5.1. Numerical convergence test. In the following, we give two numerical
examples that provide numerical validation of the theoretical convergence
rates established in the previous section.

Example 1. Regarding the coefficient functions of system (1)− (9) we set

a(x, y) = 1 + x, b(x, y) = 2xy, , e1(x, y) = x+ y, and e2(x, y) = y

in the acoustic pressure equation (1),

dT,1(T ) = 1 + 2T, dT,2(t)(T ) = 1 + T, k = 1, , and f2(p) = p

in the temperature equation (2), and

v(p,∇p) = (p+
∂p

∂x
, p+

∂p

∂y
), dc,1(p, T ) = 1+p+T, and dc,2(p, T ) = 2+p2+T 2

in the concentration equation (3). In order to obtain a problem with known
analytic solution, the initial conditions (4)− (6) and the functions f1, g2, and
f3 are defined such that the exact solution of the coupled system (1)− (9) is
given by

p(x, y, t) = etxy(1− x)(1− cos(2πy)), T (x, y, t) = etx sin(2πy)(x− 1)(y − 1)

and c(x, y, t) = etxy sin(2πx− π)(1− y).
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To estimate the rate of convergence we use the quantities

Ep = max
m=1,...,Mt

‖D−temH,p‖H + ‖∇He
m
H,p‖H ,

ET = max
m=1,...,Mt

‖emH,T‖H + ‖∇He
m
H,T‖H ,

Ec = max
m=1,...,Mt

‖emH,c‖H + ‖∇He
m
H,c‖H ,

for acoustic pressure, temperature and concentration variables, respectively.
Here, by D−t, we denote the standard first-order backward operator in time.

For the numerical calculations we consider an initial random mesh H1 of
size N ×M . The size of this mesh is successively increased (by two in each
direction) by adding to the new mesh the midpoints of the current mesh. On
each mesh Hj, j ∈ IN, we measure the errors Ep,j, ET,j, and Ec,j, and the
convergence rates are estimated from the expression

rateλ =

ln
(Eλ,j+1

Eλ,j

)
ln
(Hmax,j+1

Hmax,j

) , with λ = p, T, c.

We also set Ω = [0, 1]2 and Tf = 0.1. The time step is given by ∆t = H2
min,j,

which is small enough to ensure that the error of the time discretization is
negligible. The results are given in Table 1, and they illustrate the theoretical
second-order convergence rate for the three variables: acoustic pressure p,
temperature T and concentration c. Plots of the numerical solutions are
shown in Figure 1.

N M Hmax Ep ratep ET rateT Ec ratec
6 7 2.0563e-01 4.0833e-02 - 5.7739e-02 - 6.2992e-02

12 14 1.0281e-01 1.3835e-02 1.5614 1.4315e-02 2.0120 1.6351e-02 1.9458
24 28 5.1407e-02 3.6414e-03 1.9258 3.5720e-03 2.0027 4.1212e-03 1.9882
48 56 2.5703e-02 8.9986e-04 2.0167 8.9256e-04 2.0007 1.0323e-03 1.9972
96 112 1.2852e-02 2.2531e-04 1.9978 2.2311e-04 2.0002 2.5820e-04 1.9993

192 224 6.4258e-03 5.6635e-05 1.9922 5.5777e-05 2.0000 6.4553e-05 1.9999

Table 1. Numerical convergence rates for Example 1.

Example 2. In this second example we test the sharpness of the conditions
of our convergence theorems. Namely, we set our problem (1)− (9) such that
the solution of the concentration equation (3) is given by

c(x, y, t) = 2etx2y(x− 1)(y − 1)|y − 0.5|2.1.
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Figure 1. From left to right: numerical approximations pmH , TmH
and cmH at T = 0.1 with N = 192 and M = 224.

This solution function belongs only to H2(Ω) and does not satisfies the con-
ditions of Theorem 3, which requires solutions with higher regularity, at least
H3(Ω). Thus, a decrease in the convergence rate for the variable c may occur.
All the other parameters are the same as the ones used in Example 1.

The results for Example 2 are given in Table 2, and they shown that the
convergence rate for the concentration variable c is only one. The regular
enough variables (p and T ) keep the second-order convergence rate. These
results suggest that the regularity conditions imposed on the solutions of
(1) − (9) are sharp, in the sense that if these restrictions do not hold, then
a loss in convergence rate may appear. This behavior is in line with the
findings of [17]. In that work the authors studied similar numerical schemes
for elliptic equations, and they proved that the order of convergence is one if
the solution of the problem belongs to H2(Ω).

N M Hmax Ep ratep ET rateT Ec ratec
6 8 2.0463e-01 4.1853e-02 - 5.8298e-02 - 2.9100e-03 -

12 16 1.0232e-01 1.4535e-02 1.5258 1.4342e-02 2.0231 1.5597e-03 0.8998
24 32 5.1158e-02 3.8642e-03 1.9113 3.5696e-03 2.0064 8.1279e-04 0.9403
48 64 2.5579e-02 9.4836e-04 2.0267 8.9163e-04 2.0013 3.8138e-04 1.0916
96 128 1.2789e-02 2.3696e-04 2.0008 2.2285e-04 2.0004 1.8334e-04 1.0567

192 256 6.3947e-03 5.9137e-05 2.0025 5.5709e-05 2.0001 8.6387e-05 1.0856

Table 2. Numerical convergence rates for Example 2.

6. Conclusion
The use of enhancers like ultrasound, light and electrical and magnetic

fields, is becoming popular in drug delivery systems. The role of an enhancer
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can be three-fold, to break biological barriers (e.g., the stratum corneum
in transdermal delivery), to increase drug transport (e.g., of large drug
molecules), and to control drug release (e.g., using thermoresponsive drug
nanocarriers). In the last case, the goal is to avoid drug side effects and
maintain an optimal therapeutic level.

To develop efficient drug delivery systems several parameters need to be
optimized and tuned. Mathematical models play an important role during
this optimization process. Here, we are interested in ultrasound enhanced
drug transport. We consider a mathematical model that takes into account
all variables of interest: drug concentration, acoustic pressure and temper-
ature. The model under analysis is defined by a coupled system of partial
differential equations (IBVP (1)-(9)).

To obtain a reliable numerical simulation, it is crucial to design an accurate
numerical method. In this paper, we propose and present a detailed conver-
gence analysis of a piecewise linear FEM with quadrature. Such detailed
analysis is absent in most simulation studies. One of the main numerical
challenges is that the drug advective velocity depends on the gradient of the
acoustic pressure and on temperature. Key highlights of this work are the
second order approximation for concentration with respect to a L2-discrete
norm, the low regularity assumptions on the exact solution and no require-
ment of mesh uniformity.
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