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Abstract: Motivated by the categorical-algebraic analysis of split epimorphisms
of monoids, we study the concept of a special object induced by the intrinsic Schreier
split epimorphisms in the context of a regular unital category with binary co-
products, comonadic covers and a natural imaginary splitting in the sense of our
article [20]. In this context, each object comes naturally equipped with an imagin-
ary magma structure. We analyse the intrinsic Schreier split epimorphisms in this
setting, showing that their properties improve when the imaginary magma struc-
tures happen to be associative. We compare the intrinsic Schreier special objects
with the protomodular objects, and characterise them in terms of the imaginary
magma structure. We furthermore relate them to the Engel property in the case of
groups and Lie algebras.
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1. Introduction

Recently, two di�erent categorical approaches have been developed which aim
to describe the homological properties of monoids, mainly in comparison with
the properties groups have. The �rst one started with the observation that
an important class of split epimorphisms of monoids, called Schreier split epi-

morphisms, satis�es the convenient properties of split epimorphisms of groups
[8, 9]. The idea of considering Schreier split epimorphisms originated from the
fact that these split epimorphisms correspond to monoid actions in the usual
sense [21, 18]. Although the category of monoids is not protomodular, Schreier
split epimorphisms satisfy the properties that are typical for split epimorph-
isms in a protomodular category. This led to the notion of an S -protomodular

category, with respect to a chosen class S of points�i.e., split epimorphisms
with �xed section [10]. In an S -protomodular category, it is always possible
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to identify a full subcategory which is protomodular [2], called in [9] the proto-
modular core with respect to the class S . The objects of this subcategory are
the S -special objects, namely those objects X for which the split epimorph-
ism X ˆ X Ô X, given by the second product projection and the diagonal
morphism, belongs to S . The category of monoids is not protomodular but
it is S -protomodular with respect to the class of Schreier split epimorphisms,
and its protomodular core is the category of groups.
The second approach consists in considering, in a pointed category with �nite

limits, a suitable class of objects, called protomodular objects [19]. These are
the objects Y such that every split epimorphism with codomain Y is stably

strong. A split epimorphism is strongly split if its kernel and section are jointly
extremal-epimorphic. It is stably strong if every pullback of it along any morph-
ism is a strongly split epimorphism. As proved in [19], in the category of
monoids the protomodular objects are precisely the groups.
The notion of protomodular object makes sense in every (pointed) category

with �nite limits, while Schreier special objects can apparently be considered
only in the context of a Jónsson�Tarski variety [15], because the notion of
Schreier split epimorphism depends on the existence of a function, which is not
a morphism in general, called the Schreier retraction. In order to study this
from a categorical perspective, we introduced in [20] the concept of intrinsic
Schreier split epimorphism, in the context of a regular unital category [3]
equipped with a comonadic cover (in the sense we recall in Subsection 2.3).
This approach is inspired by the notion of imaginary morphism [5]: indeed,
the Schreier retraction we need is such an imaginary morphism. We showed
in [20] that these categories are S -protomodular with respect to the class of
intrinsic Schreier split epimorphisms, and we obtained an intrinsic version of
the so-called Schreier special objects. It is shown in [20] that the concepts
of intrinsic Schreier special object and protomodular object are independent.
Since, however, the two coincide in the category of monoids, the question of
understanding when the two notions are related arises naturally.
One of the goals of the present paper is to give an answer to this question. An

important ingredient here is the observation that, when considering the Kleisli
category associated with the comonad involved in the de�nition of an intrinsic
Schreier split epimorphism, the de�nition itself simpli�es greatly (Section 5).
Also, each object admits a canonical imaginary magma structure whose oper-
ation (called imaginary addition in the text) depends on a choice of a natural
imaginary splitting, which is part of our initial setting (Section 4). It turns out
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that an object is intrinsic Schreier special precisely when its imaginary magma
structure is a one-sided loop structure (Theorem 8.2). Under the assumption
that the imaginary addition is associative (Section 6) we are able to extend
several stability properties and homological lemmas which hold for Schreier
extensions of monoids [8] to our intrinsic context (Section 7). Moreover, we
prove that every intrinsic Schreier special object is a protomodular object (Co-
rollary 10.4).
It was shown in [20] that there are only two possible choices for the natural

imaginary splitting in the category of monoids, which leads to only two possible
imaginary additions. This is no longer true for the category of groups or Lie
algebras, where many options are available. Therefore, we focus on studying
intrinsic Schreier special objects with respect to all natural imaginary addi-
tions in these categories. We prove that 2-Engel groups are intrinsic Schreier
special with respect to all possible imaginary additions (Proposition 11.10).
The similar result also holds for Lie algebras (Proposition 12.1).

2. Imaginary morphisms

In this section we recall the notions of imaginary morphism needed through-
out the text. We �x the particular setting for which we consider imaginary
morphisms in this work.

2.1. Imaginary morphisms [7]. We take X to be the functor category
SetC

opˆC, where C is an arbitrary (small) category. Consider functors homC
and A : Cop ˆ C Ñ Set and a natural transformation α : homC ñ A. If all
the components αX,Y : homCpX, Y q Ñ ApX, Y q are injective, then all sets
ApX, Y q contain (an isomorphic copy of) homCpX, Y q. So, we may think of
ApX, Y q as an extension of homCpX, Y q, and indeed in [7] the triple pC, A, αq
was called an extended category. The elements of ApX, Y qz homCpX, Y q will
be called imaginary morphisms. Sometimes it will be convenient to call a
morphism in homCpX, Y q a real morphism to emphasise that it is an actual
morphism in C.
We use arrows of the type

X ,2 Y

to represent an element of ApX, Y q, which could be an imaginary morphism
or not. To distinguish those which are not, i.e., the elements of ApX, Y q cor-
responding to a real morphism, say f : X Ñ Y , we tag the dashed arrow with
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the name of that real morphism overlined (instead of αX,Y pfq):

X
f
,2 Y.

It is possible to de�ne an extended composition, denoted by ˝, between real
and imaginary morphisms as follows:

X
a ,2

v˝a

2:Y
v ,2 V, where v ˝ a “ Ap1X , vqpaq

and
U

u ,2

a˝u

2:X
a ,2 Y, where a ˝ u “ Apu, 1Y qpaq.

If a corresponds to a real morphism, i.e., a “ f “ αX,Y pf : X Ñ Y q, then
the same is true for v ˝ a and a ˝ u. Indeed, by the naturality of α we have

Ap1X , vqpαX,Y pfqq “ αX,V pvfq,

so that v˝f “ vfp“ αX,V pvfqq corresponds to the real morphism vf . Similarly,
f ˝u “ fup“ αU,Y pfuqq corresponds to the real morphism fu. In particular, we
obtain identity axioms v˝1Y “ v and 1X ˝u “ u. There is also an associativity
axiom, which follows from the fact that A is a functor

pv ˝ aq ˝ u “ Apu, 1V qpAp1X , vqpaqq “ Apu, vqpaq “ Ap1U , vqpApu, 1Y qpaqq
“ v ˝ pa ˝ uq.

De�nition 2.2. We say that a real morphism f : X Ñ Y admits an ima-
ginary splitting when there exists an imaginary morphism s such that the
following diagram commutes

Y
s ,2

f˝s“1Y

2:X
f
,2 Y.

2.3. Comonadic covers. We assume that C is a regular category equipped
with a comonad pP, δ, εq whose counit ε is a regular epimorphism. We write
εX : P pXq� X for the chosen cover of some object X in C: εX is a regular
epimorphism. Note that for any morphism f : X Ñ Y in C

fεX “ εYP pfq (1)

and
P 2
pfqδX “ δYP pfq, (2)
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where P 2 “ PP . Also

εP pXqδX “ 1P pXq “ P pεXqδX (3)

and
P pδXqδX “ δP pXqδX , (4)

for all objects X in C.

Example 2.4. If V is a variety of universal algebras, then we may consider the
free algebra comonad pP, δ, εq. For any algebra X, we have

εX : P pXq � X and δX : P pXq ãÑ P 2pXq,
rxs ÞÑ x rxs ÞÑ rrxss

where rxs denotes the one letter word x; such words are the generators of
P pXq. In this case, any function f : X Ñ Y between algebrasX and Y extends
uniquely to a morphism

P pXq Ñ Y
rxs ÞÑ fpxq

in V.

2.5. Imaginary morphisms induced from comonadic covers. The idea
behind functions extending to real morphisms in Example 2.4 can be captured
through the notion of imaginary morphism: it is like a function (not a morph-
ism) X 99K Y of algebras X and Y that extends to an actual morphism of
algebras P pXq Ñ Y . More precisely, given a regular category C with comon-
adic covers we de�ne the functor

A : Cop ˆ C ÝÑ Set,
pX, Y q ÞÝÑ homCpP pXq, Y q

u Ò Ó v Ó Apu, vq

pU, V q ÞÝÑ homCpP pUq, V q

where Apu, vq “ homCpP puq, vq. So, A is just the functor homCpP
op ˆ 1Cq.

The components of α : homC ñ A are de�ned, for all objects X, Y by

αX,Y : homCpX, Y q ÝÑ homCpP pXq, Y q.

X
f
Ñ Y ÞÝÑ P pXq

εX
� X

f
Ñ Y

Note that α is indeed a natural transformation because ε is (see (1)). Also,
the components αX,Y are injective, for all objects X, Y , since εX is a regular
epimorphism. Since the elements of ApX, Y q “ homCpP pXq, Y q are actual
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morphisms in C, an arrow of the type X 99K Y corresponds to a morphism
P pXq Ñ Y . According to Subsection 2.1:

� ifX
f
Ñ Y is a real morphism, thenX

f
99K Y corresponds to the morphism

P pXq
fεX
ÝÑ Y , so f “ fεX ;

� an imaginary morphism X
a
99K Y is a (real) morphism P pXq

a
Ñ Y which

is not of the type a “ fεX , for some real morphism X
f
Ñ Y ;

� the composition of a real morphism with an imaginary one is de�ned by
$

’

’

’

&

’

’

’

%

X
a ,2

v˝a

3:Y
v ,2 V , where v ˝ a “ va : P pXq ÝÑ V ,

U
u ,2

a˝u

2:X
a ,2 Y , where a ˝ u “ aP puq : P pUq ÝÑ Y .

Convention 2.6. From now on, we only consider imaginary morphisms that
are induced from comonadic covers.

Remark 2.7. It is clear that in this setting the existence of an imaginary splitting
(De�nition 2.2) for a morphism f implies that f is a regular epimorphism
(f ˝ s “ 1Y implies that fs “ εY , which is a regular epimorphism). The
converse holds when the values of P are projective objects in C. If f : X � Y
is a regular epimorphism, then f admits an imaginary splitting because P pY q
is projective

P pY q
D s

x�
εY
����

X
f
,2,2 Y ;

thus fs “ εY . So the existence of imaginary splittings characterises regular
epimorphisms in this setting. Moreover, P pfq is a split epimorphism since

P pfqP psqδY “ P pεY qδY
(3)
“ 1P pY q.

3. The Kleisli category

Let C be a regular category with comonadic covers. We denote by K the
Kleisli category associated to the comonad pP, δ, εq. Its objects are those of C
and homKpX, Y q “ homCpP pXq, Y q. The morphisms of K are the imaginary
morphisms together with those of the type f : X 99K Y , for some real morphism
f : X Ñ Y (Subsection 2.5).
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composition ˝ composition in C
X

a ,2

v˝a

3:Y
v ,2 V P pXq

a ,2 Y
v ,2 V

X
a ,2

v˝a

3:Y
v ,2 V P pXq

δX ,2

(3)

P 2pXq
P paq

,2

εP pXq

�(

P pY q
εY ,2

(1)

v ,2 V

P pXq

a
9D

U
u ,2

a˝u

2:X
a ,2 Y P pUq

P puq
,2 P pXq

a ,2 Y

U
u ,2

a˝u

2:X
a ,2 Y P pUq

δU ,2

(3)

P 2pUq
P pεU q,2 P pUq

P puq
,2 P pXq

a ,2 Y

Table 1. Composition in the Kleisli category

The composition inK will also be denoted by ˝ (as in Subsections 2.5 and 2.1)

A
a ,2

b˝a

2:B
b ,2 C,

where b ˝ a corresponds to the morphism in C

P pAq
δA ,2 P 2pAq

P paq
,2 P pBq

b ,2 C.

Remark 3.1. If any of the morphisms in a composite in K corresponds to a real
morphism, then this composite coincides with the one de�ned in Subsections 2.5
and 2.1�See Table 1.

The comonad pP, δ, εq gives rise to an adjunction K Õ C, where the right
adjoint is the embedding

I : CÑ K : X
f
,2 Y ÞÑ X

f
,2 Y

Consequently, K has a limit for every �nite diagram in C, which is just the
limit of that diagram in C, embedded into K.

4. Imaginary addition in unital categories

In this section we de�ne an imaginary addition on each object X of a unital
category with comonadic covers, i.e., an imaginary morphism µX : XˆX 99K X
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such that µX ˝x1X , 0y “ 1X and µX ˝x0, 1Xy “ 1X . Such an imaginary addition
provides one of the tools needed to de�ne intrinsic Schreier split epimorphisms
in Section 5.

4.1. Unital categories [3]. A pointed and �nitely complete category is called
unital when, for all objects A,B,

A
x1A,0y ,2 AˆB B

x0,1Bylr

is a jointly extremal-epimorphic pair.

Example 4.2. As shown in [1], a variety of universal algebras V is unital if and
only if it is a Jónsson-Tarski variety [15]. Recall that a Jónsson�Tarski vari-
ety is such that its theory contains a unique constant 0 and a binary operation
` satisfying the identities x`0 “ x “ 0`x. So an algebra is a unitary magma,
possibly equipped with additional operations.

A pointed �nitely complete category C is unital if and only if for any punc-
tual span in C

A
s ,2 C

g
,2,2

f
lr lr B,

tlr fs “ 1A, gt “ 1B, ft “ 0, gs “ 0

the factorisation xf, gy : C � AˆB is a strong epimorphism (Theorem 1.2.12
in [1]). Consequently, a pointed regular category with binary coproducts is
unital if and only if for all objects A,B, the comparison morphism

rA,B “
v

1A 0
0 1B

w

: A`B � AˆB

is a regular epimorphism.

4.3. Natural imaginary splittings [20]. If C is a regular unital category
with binary coproducts and comonadic covers, then for all objects A,B, the
comparison morphism rA,B “

v

1A 0
0 1B

w

: A`B � AˆB is a regular epimorph-
ism. When P pAˆBq is a projective object, as in the varietal case, there exists
a (not necessarily unique) morphism tA,B : P pAˆBq Ñ A`B such that

rA,BtA,B “ εAˆB (5)

(see Remark 2.7).
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Example 4.4. Let V be a Jónsson�Tarski variety. For any pair of algebras
pA,Bq in V, we can make the following choices of an imaginary splitting for
rA,B: the direct imaginary splitting td

rpa, bqs ÞÑ a` b

which sends a generator rpa, bqs P P pA ˆ Bq to the sum of a “ ιApaq with
b “ ιBpbq in A`B (where ιA and ιB are the coproduct inclusions); and the
twisted imaginary splitting tw

rpa, bqs ÞÑ b` a

which does the same, but in the opposite order. Note that each of those choices
determines a natural transformation

t : P pp¨q ˆ p¨qq ñ p¨q ` p¨q

such that rt “ εp¨qˆp¨q, where r : p¨q ` p¨q ñ p¨q ˆ p¨q and

εp¨qˆp¨q : P pp¨q ˆ p¨qq ñ p¨q ˆ p¨q.

It was shown in [20] that when V is the category Mon of monoids, then the
above choices of natural imaginary splittings (direct and twisted) are the only
options. As we shall see below, this is far from being true in general.

We make the existence of a natural t into an axiom. Let C be a pointed regu-
lar (unital) category C with binary coproducts and comonadic covers. Suppose
also that there exist tA,B such that (5) holds and that they are the components
of a natural transformation

t : P pp¨q ˆ p¨qq ñ p¨q ` p¨q

where rt “ εp¨qˆp¨q. Then all rA,B are necessarily regular epimorphisms (because
the εAˆB are) and, consequently, C is a unital category. In [20] such a natural
transformation t was called a natural imaginary splitting.

Remark 4.5. Any natural imaginary splitting t : P pp¨qˆ p¨qq ñ p¨q`p¨q has the
following properties:
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1. tA,0 is isomorphic to εA

P pAq
εA ,2,2

–

��

A
1A

–

��

A

–

��

P pAˆ 0q
tA,0

,2

εAˆ0

/6/6A` 0
rA,0

,2,2 Aˆ 0,

for all objects A in C;
2. the naturality of t gives the commutative diagram

P pAˆBq
tA,B

,2

P puˆvq

��

A`B

u`v

��

P pC ˆDq
tC,D

,2 C `D

(6)

for all u : AÑ C, v : B Ñ D in C;
3. from (5), we deduce

p1A 0qtA,B “ πAεAˆB
(1)
“ εAP pπAq (7)

and

p0 1BqtA,B “ πBεAˆB
(1)
“ εBP pπBq (8)

for all objects A and B in C;
4. using properties 1. and 2. above, we obtain the (regular epimorphism,

monomorphism) factorisations

P pAq
P px1A,0yq ,2

εA '.'.

P pAˆBq
tA,B

,2 A`B

A
07 ιA

07 (9)

and

P pBq
P px0,1Byq ,2

εB '.'.

P pAˆBq
tA,B

,2 A`B,

B
07 ιB

07 (10)

for all objects A and B in C.
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4.6. Imaginary addition. Let C be a regular unital category with binary
coproducts, comonadic covers and a natural imaginary splitting t. For every
object X, we consider the imaginary morphism µX : X ˆX 99K X given by

P pX ˆXq
tX,X

,2

µX

/6X `X
p1X 1X q

,2 X. (11)

We call µX an imaginary addition on X since:

X
x1X ,0y ,2

µX˝x1X ,0y“1X

07X ˆX
µX

,2 X (12)

and

X
x0,1Xy ,2

µX˝x0,1Xy“1X

07X ˆX
µX

,2 X. (13)

Indeed,

µX ˝ x1X , 0y “ p1X 1XqtX,XP px1X , 0yq
(9)
“ p1X 1Xqι1εX “ εX “ 1X

and

µX ˝ x0, 1Xy “ p1X 1XqtX,XP px0, 1Xyq
(10)
“ p1X 1Xqι2εX “ εX “ 1X .

We adapt De�nition 3.15 in [7] to the unital context and call the family
pµX : X ˆ X 99K XqXPC a natural addition. Here natural means that for
any morphism f : X Ñ Y the diagram

X ˆX
µX

,2

fˆf

��

X

f

��

Y ˆ Y
µY

,2 Y

(14)

commutes. In fact,

f ˝ µX “ f p1X 1XqtX,X “ p1Y 1Y qpf ` fqtX,X
(6)
“ p1Y 1Y qtY,YP pf ˆ fq “ µY ˝ pf ˆ fq.
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5. Intrinsic Schreier split extensions

In this section we recall the notion of a Schreier split epimorphism of mon-
oids and its extended categorical version, the notion of an intrinsic Schreier
split epimorphism. We actually give a simpli�ed version of the intrinsic de�ni-
tion by using the direct composition of imaginary morphisms, which is simply
the composition in the Kleisli category associated with the comonad of the
comonadic covers.

5.1. Schreier split extensions of monoids [8, 9]. We recall the de�nition
and the main properties concerning Schreier split epimorphisms.
A split epimorphism of monoids f with chosen section s and kernel K

K � ,2
k
,2 pX, ¨, 1q

f
,2,2 Y

slr (15)

is called a Schreier split epimorphism if, for every x P X, there exists a
unique element a P K such that x “ kpaq ¨ sfpxq. Equivalently, if there exists
a unique function q : X 99K K such that x “ kqpxq ¨ sfpxq for all x P X.
We emphasise the fact that q is just a function (not necessarily a morphism of
monoids) by using an arrow of type 99K.
The uniqueness property may be replaced [9, Proposition 2.4] by an extra

condition on q: the couple pf, sq is a Schreier split epimorphism if and only if

(S1) x “ kqpxq ¨ sfpxq, for all x P X;
(S2) qpkpaq ¨ spyqq “ a, for all a P K, y P Y .

Remark 5.2. Recall from [8] that Schreier split epimorphisms are also called
right homogenous split epimorphisms. A split epimorphism as in (15) is
called left homogenous if, for every x P X, there exists a unique element
a P K such that x “ sfpxq ¨ kpaq.

Proposition 5.3. [8, Proposition 2.1.5] Given a Schreier split epimorphism

as in (15), the following hold:

(S3) qk “ 1K;
(S4) qs “ 0;
(S5) qp1q “ 1;
(S6) kqpspyq ¨ kpaqq ¨ spyq “ spyq ¨ kpaq, for all a P K, y P Y ;

(S7) qpx ¨ x1q “ qpxq ¨ qpsfpxq ¨ kqpx1qq, for all x, x1 P X.

A split epimorphism as in (15) is said to be strong when pk, sq is a jointly
extremal-epimorphic pair. It is stably strong if every pullback of it along any
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morphism is strong. Any Schreier split epimorphism is (stably) strong (see [8],
Lemma 2.1.6 and Proposition 2.3.4), thus f is the cokernel of its kernel k. So,
such a split epimorphism is in fact a Schreier split extension.
As shown in [17], the de�nition of a Schreier split epimorphism makes sense

also in the wider context of Jónsson-Tarski varieties.

5.4. Intrinsic Schreier split extensions [20]. We recall our approach to-
wards Schreier extensions. Here C will denote a regular unital category with
binary coproducts, comonadic covers and a natural imaginary splitting t.

De�nition 5.5. A split epimorphism f with chosen section s and kernel k

K � ,2
k
,2 X

f
,2,2 Y,

slr (16)

is called an intrinsic Schreier split epimorphism (with respect to t) if there
exists an imaginary morphism q : X 99K K (i.e., a morphism q : P pXq Ñ K),
called the imaginary (Schreier) retraction, such that

(iS1) µX ˝ xk ˝ q, sfy “ 1X , i.e., the diagram

X
xk˝q,sfy

,2

1X �'

X ˆX

µX

��

X

commutes;
(iS2) q ˝ µX ˝ pk ˆ sq “ πK , i.e., the diagram

K ˆ Y
kˆs ,2

πK
&-

X ˆX
µX

,2 X

q

��

K

commutes.

The original de�nition in [20] expressed the above axioms through their cor-
responding morphisms and equalities in C. However, using the composition in
the Kleisli category K, as above, gives a better understanding of the link with
(S1) and (S2).



14 ANDREA MONTOLI, DIANA RODELO AND TIM VAN DER LINDEN

The imaginary retraction of an intrinsic Schreier split epimorphism is neces-
sarily unique (see [20, Proposition 5.3]) and we also have (by [20, Proposition
5.4]):

(iS3) K
k ,2

q˝k“1K

18X
q
,2 K, i.e., qP pkq “ εK ;

(iS4) Y
s ,2

q˝s“0

18X
q
,2 K, i.e., qP psq “ 0;

(iS5) 0
0X ,2

q˝0X“0K

18X
q
,2 K, i.e., qP p0Xqp“ q0P pXqq “ 0K ;

(iS6) Y ˆK

sˆk
��

xk˝q˝µX˝psˆkq,sπY y ,2 X ˆX

µX

��

X ˆX
µX

,2 X,

i.e., µX ˝ xk ˝ q ˝ µX ˝ psˆ kq, sπY y “ µX ˝ psˆ kq.

In order to get the intrinsic version of (S7), we will need a further assumption,
that will be discussed in the next section.
If we apply this intrinsic de�nition to the category Mon of monoids, we re-

gain the original de�nition of a Schreier split epimorphism (= right homo-
geneous split epimorphism). Also, left homogeneous split epimorphisms (see
Remark 5.2) �t the picture. Indeed:

Theorem 5.6. [20, Theorem 5.10] In the case of monoids, the intrinsic

Schreier split epimorphisms with respect to the direct imaginary splitting td

are precisely the Schreier split epimorphisms. Similarly, the intrinsic Schreier

split epimorphisms with respect to the twisted imaginary splitting tw are the

left homogeneous split epimorphisms.

This result extends to Jónsson�Tarski varieties [20].

5.7. S -protomodular categories [8]. We recall now the de�nition of an
S -protomodular category, with respect to a class S of points (i.e., of split
epimorphisms with a �xed section) in a pointed category C with �nite limits.
We denote by PtpCq the category of points in C, whose morphisms are pairs of

morphisms which form commutative squares with both the split epimorphisms
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and their sections. The functor cod: PtpCq Ñ C associates with every split
epimorphism its codomain. It is a �bration, usually called the �bration of
points. For each object Y of C, we denote by PtY pCq the �bre of this �bration,
whose objects are the points with codomain Y .
Let S be a class of points in C which is stable under pullbacks along any

morphism. If we look at it as a full subcategory S -PtpCq of PtpCq, then it
gives rise to a sub�bration S -cod of the �bration of points.

De�nition 5.8. [8, De�nition 8.1.1] Let C be a pointed �nitely complete cat-
egory, and S a pullback-stable class of points. We say that C is S -proto-
modular when:

1. every point in S -PtpCq is a strong point;
2. S -PtpCq is closed under �nite limits in PtpCq.
As shown in [10], S -protomodular categories satisfy, relatively to the class

S , many of the properties of protomodular categories [2]. In particular, a
relative version of the Split Short Five Lemma holds: given a morphism of
S -split extensions, i.e., a diagram

K 1 � ,2 k1 ,2

γ

��

X 1

f 1
,2,2

g

��

Y 1
s1lr

h

��

K � ,2 k ,2 X
f

,2,2 Y,
slr

such that the two rows are S -split extensions (points in S with their ker-
nel) and the three squares involving, respectively, the split epimorphisms, the
kernels, and the sections commute, g is an isomorphism if and only if both γ
and h are isomorphisms. In Section 7 we will show that, when S is the class
of intrinsic Schreier split extensions, a stronger version of this lemma holds.
Moreover, we will discuss the validity of other homological lemmas.

Example 5.9. [8] The categoryMon of monoids is S -protomodular with respect
to the class S of Schreier split epimorphisms.

Example 5.10. [17] Every Jónsson�Tarski variety is an S -protomodular cat-
egory with respect to the class of Schreier split epimorphisms.

Example 5.11. [20] Every regular unital category with binary coproducts, equip-
ped with comonadic covers and a natural imaginary splitting, is S -protomo-
dular with respect to the class S of intrinsic Schreier split epimorphisms.
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Consequently, any such split epimorphism is an intrinsic Schreier split exten-

sion.

The reader may �nd several other examples in [11].

6. The associativity axiom

In order to improve the behaviour of the intrinsic Schreier split extensions,
it is useful to consider an additional assumption, concerning the associativity
of the imaginary addition µX .
Let C be a regular unital category with binary coproducts, comonadic covers

and a natural imaginary splitting t. Suppose that, for every object X, the
imaginary addition µX satis�es the associativity axiom µX ˝ pµX ˆ 1Xq “
µX ˝ p1X ˆ µ

Xq, i.e., the diagram

X ˆX ˆX
µXˆ1X ,2

1Xˆµ
X

��

X ˆX

µX

��

X ˆX
µX

,2 X

commutes. In particular, for arbitrary imaginary morphisms a, b, c : A 99K X,
we get

µX ˝ xµX ˝ xa, by, cy “ µX ˝ xa, µX ˝ xb, cyy. (17)

Example 6.1. In Gp and in Mon, the direct and twisted imaginary splittings
induce associative imaginary additions.

Among the properties, listed in the previous section, of Schreier split epi-
morphisms of monoids, there is one, namely the property given by (S7), which
uses the associativity of the monoid operation (for X). Hence it is not so sur-
prising that we may prove its intrinsic version when we assume the associativity
axiom.

Proposition 6.2. Suppose that the natural addition pµX : X ˆX 99K XqXPC
is associative. Given an intrinsic Schreier split extension (16) with imaginary

retraction q, the following diagram commutes



INTRINSIC SCHREIER SPECIAL OBJECTS 17

(iS7) X ˆX

µX

��

xq˝π1,sfπ1,k˝q˝π2y ,2 K ˆX ˆX
1Kˆpq˝µ

Xq
,2 K ˆK

µK

��

X q
,2 K

i.e., µK ˝ p1K ˆ pq ˝ µ
Xqq ˝ xq ˝ π1, sfπ1, k ˝ q ˝ π2y “ q ˝ µX .

Proof : Using Lemma 6.3 below, it su�ces to prove that

µX ˝ xk ˝ µK ˝ p1K ˆ pq ˝ µ
Xqq ˝ xq ˝ π1, sfπ1, k ˝ q ˝ π2y, sf ˝ µ

Xy “

“ µX ˝ xk ˝ q ˝ µX , sf ˝ µXy

which, by piS1q, is the same as

µX ˝ xk ˝ µK ˝ p1K ˆ pq ˝ µ
X
qq ˝ xq ˝ π1, sfπ1, k ˝ q ˝ π2y, sf ˝ µ

X
y “ µX .

We have

µX ˝ xk ˝ µK ˝ p1K ˆ pq ˝ µ
X
qq ˝ xq ˝ π1, sfπ1, k ˝ q ˝ π2y, sf ˝ µ

X
y

(14)
“ µX ˝ xµX ˝ pk ˆ kq ˝ xq ˝ π1, q ˝ µ

X
˝ xsfπ1, k ˝ q ˝ π2yy, µ

X
˝ psf ˆ sfqy

“ µX ˝ xµX ˝ xk ˝ q ˝ π1, k ˝ q ˝ µ
X
˝ xsfπ1, k ˝ q ˝ π2yy, µ

X
˝ psf ˆ sfqy

(17)
“ µX ˝ xk ˝ q ˝ π1, µ

X
˝ xk ˝ q ˝ µX ˝ xsfπ1, k ˝ q ˝ π2y, µ

X
˝ psf ˆ sfqyy

“ µX ˝ xk ˝ q ˝ π1, µ
X
˝ xk ˝ q ˝ µX ˝ xsfπ1, k ˝ q ˝ π2y, µ

X
˝ xsfπ1, sfπ2yyy

(17)
“ µX ˝ xk ˝ q ˝ π1, µ

X
˝ xµX ˝ xk ˝ q ˝ µX ˝ xsfπ1, k ˝ q ˝ π2y, sfπ1y, sfπ2yy

“ µX ˝ xk ˝ q ˝ π1, µ
X
˝ xµX ˝ xk ˝ q ˝ µX ˝ psˆ kq ˝ xfπ1, q ˝ π2y,

sπY ˝ xfπ1, q ˝ π2y, sfπ2yy

“ µX ˝ xk ˝ q ˝ π1, µ
X
˝ xµX ˝ xk ˝ q ˝ µX ˝ psˆ kq, sπY y˝

xfπ1, q ˝ π2y, sfπ2yy

piS6q
“ µX ˝ xk ˝ q ˝ π1, µ

X
˝ xµX ˝ psˆ kq ˝ xfπ1, q ˝ π2y, sfπ2yy

“ µX ˝ xk ˝ q ˝ π1, µ
X
˝ xµX ˝ xsfπ1, k ˝ q ˝ π2y, sfπ2yy

(17)
“ µX ˝ xk ˝ q ˝ π1, µ

X
˝ xsfπ1, µ

X
˝ xk ˝ q ˝ π2, sfπ2yyy
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piS1q
“ µX ˝ xk ˝ q ˝ π1, µ

X
˝ xsfπ1, π2yy

(17)
“ µX ˝ xµX ˝ xk ˝ q ˝ π1, sfπ1y, π2y

piS1q
“ µX ˝ xπ1, π2y

“ µX .

Lemma 6.3. Let (16) be a split epimorphism with an imaginary morphism q
such that (iS2) holds. If

µX ˝ xk ˝ a, s ˝ by “ µX ˝ xk ˝ c, s ˝ dy,

where a, c : A 99K K and b, d : A 99K Y are imaginary morphisms, then a “ c.

Proof :

µX ˝ xk ˝ a, s ˝ by “ µX ˝ xk ˝ c, s ˝ dy
ñ q ˝ µX ˝ xk ˝ a, s ˝ by “ q ˝ µX ˝ xk ˝ c, s ˝ dy
ñ q ˝ µX ˝ pk ˆ sq ˝ xa, by “ q ˝ µX ˝ pk ˆ sq ˝ xc, dy
piS2q
ñ πK ˝ xa, by “ πK ˝ xc, dy
ñ a “ c.

Remark 6.4. As an immediate consequence of Lemma 6.3, we obtain the unique-
ness of the imaginary retraction for any intrinsic Schreier split extension (16)
(which was already known from [20, Proposition 5.3]). Given two possible
imaginary retractions q, q1 : X 99K K, (iS1) gives

µX ˝ xk ˝ q, sfy “ 1X “ µX ˝ xk ˝ q1, sfy;

consequently, q “ q1.

7. Stability properties and homological lemmas

In this section we prove that certain stability properties for Schreier exten-
sions of monoids shown in [8] still hold for intrinsic Schreier extensions in our
context: C will denote a regular unital category with binary coproducts, co-
monadic covers and a natural imaginary splitting t. Moreover, we will observe
that some of these stability properties allow to extend the validity of some
classical homological lemmas to our intrinsic context.
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In order to extend those proofs in [8] which use the associativity of the mon-
oid operations, we assume the associativity axiom holds. This is the case, in
particular, of the �rst stability property we consider:

Proposition 7.1. (See [8, Proposition 2.3.2]) Suppose that the natural addi-

tion pµX : X ˆX 99K XqXPC is associative. Then the intrinsic Schreier split

extensions are stable under composition.

Proof : Suppose that

K � ,2
k

,2 X
f

,2,2
qf

lr Y
slr

and

L � ,2
l

,2 Y
g

,2,2
qg

lr Z
tlr

are intrinsic Schreier extensions. We want to prove that

M � ,2
m

,2 X
gf

,2,2 Z
stlr

is an intrinsic Schreier extension, where m is the kernel of gf

M � ,2 m ,2

f 1

��

X

f

��

L

s1

LR

� ,2 l ,2

��

Y

s

LR

g

��

0 ,2 Z.

t

LR

We must de�ne the imaginary retraction q : X 99KM . The imaginary morph-
ism µX ˝ xk ˝ qf , sl ˝ qg ˝ fy : X 99K X is such that the composition with gf
gives the following equalities in C:

gf p1X 1XqtX,XP pxkqf , slqgP pfqyqδX
“ gf p1X 1XqtX,XP ppkqfq ˆ pslqgP pfqqqP px1P pXq, 1P pXqyqδX
(6)
“ gf p1X 1Xqppkqfq ` pslqgP pfqqtP pXq,P pXqP px1P pXq, 1P pXqyqδX
“ pgfkqf gfslqgP pfqqtP pXq,P pXqP px1P pXq, 1P pXqyqδX
“ 0.
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This gives a unique morphism q : P pXq ÑM in C, i.e., an imaginary morphism
q : X 99KM , such that m ˝ q “ µX ˝ xk ˝ qf , sl ˝ qg ˝ fy. Next we prove that q
is the imaginary retraction for the split epimorphism gf :
(iS1)

µX ˝ xm ˝ q, stgfy
“ µX ˝ xµX ˝ xk ˝ qf , sl ˝ qg ˝ fy, stgfy
(17)
“ µX ˝ xk ˝ qf , µ

X ˝ xsl ˝ qg ˝ f, stgfyy
“ µX ˝ xk ˝ qf , µ

X ˝ psˆ sq ˝ xl ˝ qg, tgy ˝ fy
(14)
“ µX ˝ xk ˝ qf , s ˝ µ

Y ˝ xl ˝ qg, tgy ˝ fy
“ 1X ,

where in the last step we use (iS1) for g and then (iS1) for f .
Next we prove that m ˝ q ˝ µX ˝ pmˆ pstqq “ m ˝ πM and use the fact that

m is a monomorphism, to conclude (iS2):

m ˝ q ˝ µX ˝ pmˆ pstqq
“ µX ˝ xk ˝ qf , sl ˝ qg ˝ fy ˝ µ

X ˝ pmˆ pstqq
“ µX ˝ xk ˝ qf ˝ µ

X ˝ pmˆ pstqq, sl ˝ qg ˝ f ˝ µ
X ˝ pmˆ pstqqy

(14)
“ µX ˝ xk ˝ qf ˝ µ

X ˝ pmˆ pstqq, sl ˝ qg ˝ µ
Y ˝ pf ˆ fq ˝ pmˆ pstqqy

“ µX ˝ xk ˝ qf ˝ µ
X ˝ pmˆ pstqq, sl ˝ qg ˝ µ

Y ˝ ppfmq ˆ pfstqqy
“ µX ˝ xk ˝ qf ˝ µ

X ˝ pmˆ pstqq, sl ˝ qg ˝ µ
Y ˝ pplf 1q ˆ tqy

“ µX ˝ xk ˝ qf ˝ µ
X ˝ pmˆ pstqq, sl ˝ qg ˝ µ

Y ˝ pl ˆ tq ˝ pf 1 ˆ 1Zqy
“ µX ˝ xk ˝ qf ˝ µ

X ˝ pmˆ pstqq, sl ˝ πL ˝ pf
1 ˆ 1Zqy,

where in the last equality we use (iS2) for g. Now we use sl ˝ πL ˝ pf
1ˆ 1Zq “

sfmπM and (iS7) applied to f . This gives

m ˝ q ˝ µX ˝ pmˆ pstqq “ ¨ ¨ ¨
“ µX ˝ xk ˝ µK ˝ p1K ˆ pqf ˝ µ

Xqq ˝ xqf ˝ π1, sfπ1, k ˝ qf ˝ π2y

˝pmˆ pstqq, sfmπMy
“ µX ˝ xk ˝ µK ˝ xqf ˝ π1 ˝ pmˆ pstqq, qf ˝ µ

X ˝ xsfπ1, k ˝ qf ˝ π2y

˝pmˆ pstqqy, sfmπMy.
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Note that, part of the composite above is

qf ˝ µ
X ˝ xsfπ1, k ˝ qf ˝ π2y ˝ pmˆ pstqq

(14)
“ µK ˝ pqf ˆ qfq ˝ xsfπ1, k ˝ qf ˝ π2y ˝ pmˆ pstqq
“ µK ˝ xqf ˝ sfπ1 ˝ pmˆ pstqq, qf ˝ k ˝ qf ˝ π2pmˆ pstqqy
piS3q
“ µK ˝ xqf ˝ sfπ1 ˝ pmˆ pstqq, qf ˝ stπ2y
piS4q
“ 0.

Thus,

m ˝ q ˝ µX ˝ pmˆ pstqq “ ¨ ¨ ¨
“ µX ˝ xk ˝ µK ˝ x1K , 0y ˝ qf ˝mπM , sfmπMy
(12)
“ µX ˝ xk ˝ qf , sfy ˝mπM
piS1q
“ 1X ˝mπM “ m ˝ πM .

Proposition 7.2. (See [8, Proposition 2.3.2]) Consider split epimorphisms

X
f

,2 Y
g

,2
slr Z

tlr

in C. If pgf, stq is an intrinsic Schreier split extension, then so is pg, tq.

Proof : We use the same notation as in Proposition 7.1. We de�ne the imaginary
retraction for g as qg “ f 1 ˝ q ˝ s : Y 99K L. From (iS1) for gf , we have

µX ˝ xm ˝ q, stgfy “ 1X ñ f ˝ µX ˝ xm ˝ q, stgfy “ f
(14)
ñ µY ˝ xfm ˝ q, tgfy “ f.

Then

µY ˝ xl ˝ qg, tgy “ µY ˝ xlf 1 ˝ q ˝ s, tgy
“ µY ˝ xfm ˝ q ˝ s, tgfsy
“ µY ˝ xfm ˝ q, tgfy ˝ s
“ f ˝ s
“ 1Y ,
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which proves (iS1) for g. As for (iS2) for g, we have

qg ˝ µ
Y ˝ pl ˆ tq “ f 1 ˝ q ˝ s ˝ µY ˝ pl ˆ tq

(14)
“ f 1 ˝ q ˝ µX ˝ ppslq ˆ pstqq
“ f 1 ˝ q ˝ µX ˝ ppms1q ˆ pstqq
“ f 1 ˝ q ˝ µX ˝ pmˆ pstqq ˝ ps1 ˆ 1Zq
“ f 1 ˝ πM ˝ ps

1 ˆ 1Zq
“ f 1s1 ˝ πL
“ πL,

where we use (iS2) for gf in the �fth equality.

Lemma 7.3. Suppose that the values of P are projective objects in C. Let

a, b : A 99K X be imaginary morphisms and z : Z � A be a regular epimorph-

ism. If a ˝ z “ b ˝ z, then a “ b.

Proof : a ˝ z “ b ˝ z corresponds to the equality aP pzq “ bP pzq in C. Then
a “ b, since P pzq is a split epimorphism (see Remark 2.7).

In the following Eqpfq denotes the kernel pair of a morphism f .

Proposition 7.4. (See [8, Proposition 2.3.5] and [11, Proposition 4.8]) Sup-

pose that the values of P are projective objects in C. Consider the following

commutative diagram

Eqpγq � ,2
κ

,2

γ1

��

γ2

��

Eqpgq
ρ

lr

ϕ
,2,2

g1

��

g2

��

Eqphq
σlr

h1

��

h2

��

K 1 � ,2
k1

,2

γ

��

LR

X 1
q1

lr

f 1
,2,2

g

����

LR

Y 1
s1lr

h

����

LR

K � ,2
k

,2 X
f

,2,2 Y.
slr

Note that, by the commutativity of limits, κ is the kernel of ϕ. If the top two

rows are intrinsic Schreier split extensions and g and h are regular epimorph-

isms, then the bottom row is also an intrinsic Schreier split extension.

Proof : C is an S -protomodular category (Example 5.11), thus it is an S -
Mal'tsev category [11, Theorem 5.4]. By Proposition 3.2 in [11], γ is a regular
epimorphism.
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Since P pXq is a projective object and g is a regular epimorphism, then it
admits an imaginary splitting t : X 99K X 1, with g ˝ t “ 1X (see Remark 2.7).
We de�ne the imaginary retraction for the bottom row as q “ γ˝q1˝t : X 99K K.
We must prove (iS1)

µX ˝ xk ˝ q, sfy “ µX ˝ xkγ ˝ q1 ˝ t, sfy
“ µX ˝ xgk1 ˝ q1 ˝ t, sf ˝ g ˝ ty
“ µX ˝ xgk1 ˝ q1 ˝ t, g ˝ s1f 1 ˝ ty
“ µX ˝ pg ˆ gq ˝ xk1 ˝ q1, s1f 1y ˝ t
(14)
“ g ˝ µX

1

˝ xk1 ˝ q1, s1f 1y ˝ t
“ g ˝ 1X 1 ˝ t
“ 1X ,

where we use (iS1) applied to the second row in the next to last equality.
For (iS2), we precompose the equality we wish to prove with the regular

epimorphism γ ˆ h

q ˝ µX ˝ pk ˆ sqpγ ˆ hq “ γ ˝ q1 ˝ t ˝ µX ˝ ppkγq ˆ pshqq
“ γ ˝ q1 ˝ t ˝ µX ˝ ppgk1q ˆ pgs1qq
“ γ ˝ q1 ˝ t ˝ µX ˝ pg ˆ gqpk1 ˆ s1q
(14)
“ γ ˝ q1 ˝ t ˝ g ˝ µX

1

˝ pk1 ˆ s1q
p˚q
“ γ ˝ q1 ˝ µX

1

˝ pk1 ˆ s1q
“ γ ˝ πK 1
“ πK ˝ pγ ˆ hq,

where we use (iS2) for the second row in the next to last equality. Then (iS2)
follows from Lemma 7.3.

To �nish, we just need to prove the equality γ ˝ q1 ˝ t ˝ g
p˚q
“ γ ˝ q1. Actually,

we prove this equality in C (not in K) and to do so, we use the compatibility
of the �rst two rows with respect to the imaginary retractions [20, Proposition
5.7]: γiρ “ q1P pgiq, for i P t1, 2u. We have

γq1P ptqδXP pgq
(2)
“ γq1P ptqP 2pgqδX 1
“ γq1P ptP pgqqδX 1
“ γq1P pg1xtP pgq, εX 1yqδX 1,
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where xtP pgq, εX 1y is the unique morphism making the following diagram com-
mutative

P pX 1q

xtP pgq,εX1y

�(

εX1

��

tP pgq

%,

Eqpgq

g1
��

g2 ,2 X 1

g

����

X 1
g

,2,2 X.

Using the compatibility mentioned earlier,

γq1P ptqδXP pgq “ γq1P pg1qP pxtP pgq, εX 1yqδX 1
“ γγ1ρP pxtP pgq, εX 1yqδX 1
“ γγ2ρP pxtP pgq, εX 1yqδX 1
“ γq1P pg2qP pxtP pgq, εX 1yqδX 1
“ γq1P pεX 1qδX 1
(3)
“ γq1.

Corollary 7.5. (See [8, Corollary 2.3.6]) Suppose that the values of P are

projective objects in C. Consider the diagram

K � ,2 k1 ,2 X 1

f 1
,2,2

g

����

Y 1
s1lr

h

����

K � ,2 k ,2 X
f

,2,2 Y,
slr

where the three squares involving, respectively, the split epimorphism, the ker-

nels, and the sections commute. If the top row is an intrinsic Schreier split

extension, then so is the bottom row.

Proof : Take the kernel pairs of the regular epimorphisms 1K , g and h. This
gives a 3ˆ3 diagram whose top row is an intrinsic Schreier split extension, since
these extensions are closed under arbitrary pullbacks (see [20, Proposition 6.1]).
Applying Proposition 7.4 to this 3 ˆ 3 diagram, we conclude that pf, sq is an
intrinsic Schreier split extension.
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In order to get the validity, in our context, of one of the classical homological
lemmas, namely the 3 ˆ 3-Lemma, we need another stability property of the
class of intrinsic Schreier split epimorphisms. This property was called equi-
consistency in [11]:

De�nition 7.6. [11, De�nition 6.3] Let S be a pullback-stable class of points.
Consider any commutative diagram

K2 � ,2
k2

,2

w

��

X2

f2
,2,2

_��

u

��

Y 2
s2lr

_��

v

��

K 1 � ,2
k1

,2

t1

��

t2

��

R
f 1

,2,2

r1

��

r2

��

S
s1lr

s1

��

s2

��

K � ,2
k

,2

LR

X
f

,2,2

eR

LR

Y,
slr

eS

LR (18)

where xr1, r2y : R � X ˆ X and xs1, s2y : S � Y ˆ Y are equivalence re-
lations, pf, sq and pf 1, s1q are split epimorphisms, pf2, s2q is the induced split
epimorphism between the kernels of r1 and s1, and the diagram is completed
by taking kernels and the induced dotted morphisms. S is equi-consistent
if, whenever the points pf, sq, pr1, eRq and pf

2, s2q belong to S , pf 1, s1q is in
S , too.

Proposition 7.7. (See [11, Proposition 6.4]) Suppose that the natural addition
pµX : X ˆ X 99K XqXPC is associative. Then the class of intrinsic Schreier

split extensions is equi-consistent.

Proof : Consider the commutative diagram (18). Suppose that pf, sq, pr1, eRq
and pf2, s2q are intrinsic Schreier split epimorphisms, and denote by q, q2 and
χ the imaginary retractions for pf, sq, pf2, s2q and pr1, eRq, respectively. In
particular, we have

tiw ˝ q
2
“ q ˝ riu, i P t1, 2u. (19)
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First, we consider the imaginary morphism α “ µR ˝ xs1f 1u ˝ χ, eRk ˝ q ˝
r1y : R 99K R. We have

r1 ˝ µ
R ˝ xs1f 1u ˝ χ, eRk ˝ q ˝ r1y

(14)
“ µX ˝ pr1 ˆ r1q ˝ xs

1f 1u ˝ χ, eRk ˝ q ˝ r1y
(18)
“ µX ˝ x0, k ˝ q ˝ r1y

“ µX ˝ x0, 1Xy ˝ k ˝ q ˝ r1
(13)
“ k ˝ q ˝ r1

and

r2 ˝ µ
R ˝ xs1f 1u ˝ χ, eRk ˝ q ˝ r1y

(14)
“ µX ˝ pr2 ˆ r2q ˝ xs

1f 1u ˝ χ, eRk ˝ q ˝ r1y
(18)
“ µX ˝ xsfr2u ˝ χ, k ˝ q ˝ r1y;

thus

X

R
α ,2

k˝q˝r1
4<

µX˝xsfr2u˝χ,k˝q˝r1y "*

R

r1

LR

r2
��

X.

(20)

Second, we consider the imaginary morphism β “ µR˝xeRk˝q˝r2˝α, s
1f 1u˝

χy : R 99K R. We have

r1 ˝ µ
R ˝ xeRk ˝ q ˝ r2 ˝ α, s

1f 1u ˝ χy
(14)
“ µX ˝ pr1 ˆ r1q ˝ xeRk ˝ q ˝ r2 ˝ α, s

1f 1u ˝ χy
(18)
“ µX ˝ xk ˝ q ˝ r2 ˝ α, 0y
“ µX ˝ x1X , 0y ˝ k ˝ q ˝ r2 ˝ α
(12)
“ k ˝ q ˝ r2 ˝ α
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and

r2 ˝ µ
R ˝ xeRk ˝ q ˝ r2 ˝ α, s

1f 1u ˝ χy
(14)
“ µX ˝ pr2 ˆ r2q ˝ xeRk ˝ q ˝ r2 ˝ α, s

1f 1u ˝ χy
(18),(20)
“ µX ˝ xk ˝ q ˝ µX ˝ xsfr2u ˝ χ, k ˝ q ˝ r1y, sfr2u ˝ χy
“ µX ˝ xk ˝ q ˝ µX ˝ psˆ kq ˝ xfr2u ˝ χ, q ˝ r1y, sfr2u ˝ χy
“ µX ˝ xk ˝ q ˝ µX ˝ psˆ kq ˝ xfr2u ˝ χ, q ˝ r1y, sπY ˝ xfr2u ˝ χ, q ˝ r1yy

“ µX ˝ xk ˝ q ˝ µX ˝ psˆ kq, sπY y ˝ xfr2u ˝ χ, q ˝ r1y
piS6q
“ µX ˝ psˆ kq ˝ xfr2u ˝ χ, q ˝ r1y

“ µX ˝ xsfr2u ˝ χ, k ˝ q ˝ r1y;

thus

X

R β ,2

µX˝xsfr2u˝χ,k˝q˝r1y
/6

k˝q˝r2˝α
(/

R
r2

5=

r1

!)

iR ,2 R

r1

LR

r2
��

X.

(21)

Third, we consider the imaginary morphism γ “ µR ˝ xuk2 ˝ q2 ˝ χ, eRk ˝ q ˝
r2 ˝ αy : R 99K R. We have

r1 ˝ µ
R ˝ xuk2 ˝ q2 ˝ χ, eRk ˝ q ˝ r2 ˝ αy

(14)
“ µX ˝ pr1 ˆ r1q ˝ xuk

2 ˝ q2 ˝ χ, eRk ˝ q ˝ r2 ˝ αy
(18)
“ µX ˝ x0, k ˝ q ˝ r2 ˝ αy
“ µX ˝ x0, 1Xy ˝ k ˝ q ˝ r2 ˝ α
(13)
“ k ˝ q ˝ r2 ˝ α
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and

r2 ˝ µ
R ˝ xuk2 ˝ q2 ˝ χ, eRk ˝ q ˝ r2 ˝ αy

(14)
“ µX ˝ pr2 ˆ r2q ˝ xuk

2 ˝ q2 ˝ χ, eRk ˝ q ˝ r2 ˝ αy
(18),(20)
“ µX ˝ xkt2w ˝ q

2 ˝ χ, k ˝ q ˝ µX ˝ xsfr2u ˝ χ, k ˝ q ˝ r1yy

“ µX ˝ pk ˆ kq ˝ xt2w ˝ q
2 ˝ χ, q ˝ µX ˝ xsfr2u ˝ χ, k ˝ q ˝ r1yy

(19)
“ µX ˝ pk ˆ kq ˝ xq ˝ r2u ˝ χ, q ˝ µ

X ˝ xsfr2u ˝ χ, k ˝ q ˝ r1yy
(14)
“ k ˝ µK ˝ p1K ˆ pq ˝ µ

Xqq ˝ xq ˝ r2u ˝ χ, xsfr2u ˝ χ, k ˝ q ˝ r1yy

“ k ˝ µK ˝ p1K ˆ pq ˝ µ
Xqq˝

xq ˝ π1 ˝ xr2u ˝ χ, r1y, xsfπ1 ˝ xr2u ˝ χ, r1y, k ˝ q ˝ π2 ˝ xr2u ˝ χ, r1yyy

“ k ˝ µK ˝ p1K ˆ pq ˝ µ
Xqq ˝ xq ˝ π1, xsfπ1, k ˝ q ˝ π2yy ˝ xr2u ˝ χ, r1y

piS7q
“ k ˝ q ˝ µX ˝ xr2u ˝ χ, r1y

“ k ˝ q ˝ µX ˝ xr2u ˝ χ, r2 ˝ eRr1y

“ k ˝ q ˝ µX ˝ pr2 ˆ r2q ˝ xu ˝ χ, eRr1y
(14)
“ k ˝ q ˝ r2 ˝ µ

R ˝ xu ˝ χ, eRr1y
piS1q
“ k ˝ q ˝ r2,

where the last (iS1) is with respect to the intrinsic Schreier extension pr1, eRq;
thus

X

R
γ

,2

k˝q˝r2˝α
4<

k˝q˝r2 "*

R

r1

LR

r2
��

X.

(22)

Next we use the fact that R is transitive together with (20), (21) and (22)
to deduce the existence of an imaginary morphism δ : R 99K R such that the
following diagram commutes

X

R
δ ,2

k˝q˝r1
4<

k˝q˝r2 "*

R

r1

LR

r2
��

X.
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We are now able to de�ne the imaginary retraction q1 for pf 1, s1q:

R

q1

�%

δ

��

!R

'.

K 1

!K1

��

k1 ,2 R

f 1

����

0 ,2,2 S.

Note that sif
1 ˝ δ “ fri ˝ δ “ fk ˝ q ˝ ri “ 0, i P t1, 2u, from which we get

f 1 ˝ δ “ 0.
To �nish we must prove (iS1) and (iS2) for pf 1, s1q. To obtain the equality

for (iS1)

R
xk1˝q1,s1f 1y

,2

1R �(

R ˆR

µR

��

R,

we prove that ri ˝ µ
R ˝ xk1 ˝ q1, s1f 1y “ ri ˝ 1R “ ri, i P t1, 2u, by using (iS1)

for pf, sq.
To obtain the equality for (iS2)

K 1 ˆ S
k1ˆs1 ,2

πK1
&-

R ˆR
µR

,2 R

q1

��

K 1,

we prove that ri ˝ k
1 ˝ q1 ˝ µR ˝ pk1 ˆ s1q “ ri ˝ k

1 ˝ πK 1, i P t1, 2u, which uses
(iS2) for pf, sq.

We say that a morphism f : X Ñ Y is an intrinsic Schreier special
morphism if the split epimorphism pf1, efq (or, equivalently, the split epi-

morphism pf2, efq) is intrinsic Schreier, where Eqpfq
f1

,2

f2 ,2
Xeflr is the kernel pair

of f . If this intrinsic Schreier special morphism is a regular epimorphism, then
it is automatically the cokernel of its kernel, thus it gives rise to an extension
(Proposition 5.6 in [11]). Thanks to the stability properties we proved in this
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section, we can apply Proposition 6.2 and Theorem 6.7 in [11] and get the
following version of the 3ˆ 3-Lemma:

Theorem 7.8. Consider the commutative diagram

K2 k2 ,2
_��

w1

��

X2
f2

,2
_��

u1

��

Y 2_��

v1

��

K 1 � ,2
k1

,2

w

����

X 1

f 1
,2,2

u

����

Y 1

v

����

K
k

,2

LR

X
f

,2 Y,

where the three columns and the middle row are intrinsic Schreier special ex-

tensions. The upper row is an intrinsic Schreier special extension if and only

if the lower one is.

We conclude this section by proving the stronger version of the Split Short
Five Lemma we mentioned in Section 5.

Proposition 7.9. (See [8, Proposition 2.3.10]) Suppose that the values of P
are projective objects in C. Consider the diagram

K 1 � ,2
k1

,2

γ

��

X 1

f 1
,2,2

g

��

q1
lr Y 1

s1lr

h

��

K � ,2
k

,2 X
f

,2,2
q

lr Y,
slr

where both rows are intrinsic Schreier split extensions and the three squares

involving, respectively, the split epimorphism, the kernels, and the sections

commute. Then

(a) g is a regular epimorphism if and only if γ and h are regular epimorph-

isms;

(b) g is a monomorphism if and only if γ and h are monomorphisms.

Proof : (a) If g is a regular epimorphism, then so is h, from the commutativity
of the diagram. Moreover, the compatibility for the imaginary retractions gives
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γq1 “ qP pgq. Then γ is a regular epimorphism since so are q and P pgq (by
(iS2) and Remark 2.7).
Conversely, suppose that γ and h are regular epimorphisms. We take the (reg-

ular epimorphisms, monomorphism) factorisation g “ me, and prove that m is
an isomorphism. Since the bottom row is an intrinsic Schreier split extension,
we know that pk, sq is an jointly extremal-epimorphic pair (see Subsection 5.4).
Since q and hεY 1 are regular epimorphisms, then pkq, shεY 1q is also a jointly
extremal-epimorphic pair. In C, it is easy to check the commutativity of

M
��

m

��

P pXq
kq

,2

εMP pek
1qσP pqqδX

7B

X P pY 1q,
shεY 1
lr

εMP pes
1q

]g

where σ is a splitting of the split epimorphism P pγq (Remark 2.7). Thus, m is
an isomorphism and g is a regular epimorphism.

(b) If g is a monomorphism, then so are γ and h, from the commutativity of
the diagram. For the converse, suppose that a, b : U Ñ X 1 are morphisms such
that ga “ gb. Then, fga “ fgb, from which we get f 1a “ f 1b (since fg “ hf 1

and h is a monomorphism). On the other hand, we deduce kqP pgqP paq “
kqP pgqP pbq and kγq1P paq “ kγq1P pbq, from the compatibility for imaginary
retractions ([20, Proposition 5.7]). This gives q1P paq “ q1P pbq, since kγ is a
monomorphism. Thus q1 ˝ a “ q1 ˝ b, as imaginary morphisms. Then

a “ 1X 1 ˝ a
piS1q
“ µX

1

˝ xk1 ˝ q1, s1f 1y ˝ a
“ µX

1

˝ xk1 ˝ q1 ˝ a, s1f 1ay
“ µX

1

˝ xk1 ˝ q1 ˝ b, s1f 1by
“ µX

1

˝ xk1 ˝ q1, s1f 1y ˝ b
piS1q
“ 1X 1 ˝ b
“ b.

8. Intrinsic Schreier special objects

Let C be a pointed and �nitely complete category and S a class of points in C
which is stable under pullbacks along arbitrary morphisms. Recall from [10]
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that an object Y is called an S -special object when the split epimorphism

Y � ,2
x1Y ,0y

,2 Y ˆ Y
π2

,2,2 Y
x1Y ,1Y ylr (23)

(or, equivalently, the split epimorphism pπ1, x1Y , 1Y yq) belongs to the class S .
If C is an S -protomodular category, then the full subcategory formed by the
S -special objects is protomodular ([10], Proposition 6.2), and it is called the
protomodular core of C with respect to the class S . When C is the category
of monoids, and S is either the class of Schreier split epimorphisms or the one of
left homogeneous split epimorphisms, the protomodular core is the category of
groups. More generally, when V is a Jónsson�Tarski variety, an algebra in V is a
Schreier special object if and only if it has a right loop structure [20, Proposition
7.5] (see Subsection 8.1 for the right loop axioms). Similarly, an algebra in V
is special with respect to the class of left homogeneous split epimorphisms (see
Remark 5.2) if and only if it has a left loop structure (see Subsection 8.1 for
the left loop axioms).
Now we want to study what happens in the intrinsic Schreier setting. So,

let C be a regular unital category with binary coproducts, comonadic covers and
a natural imaginary splitting t. An object is an intrinsic Schreier special
object when the split epimorphism (23) is an intrinsic Schreier split epimorph-
ism. This means that there exists an imaginary morphism q : Y ˆ Y 99K Y
such that:

(iSs1) the diagram

Y ˆ Y
xx1Y ,0y˝q,x1Y ,1Y yπ2y ,2

1YˆY '.

Y ˆ Y ˆ Y ˆ Y

µYˆY

��

Y ˆ Y

commutes;
(iSs2) the diagram

Y ˆ Y
x1Y ,0yˆx1Y ,1Y y ,2

π1
)0

Y ˆ Y ˆ Y ˆ Y
µYˆY

,2 Y ˆ Y

q

��

Y

commutes.
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In this context, we also have:

(iSs3) Y
x1Y ,0y ,2

q˝x1Y ,0y“1Y

18Y ˆ Y
q
,2 Y, i.e., qP px1Y , 0yq “ εY ;

(iSs4) Y
x1Y ,1Y y,2

q˝x1Y ,1Y y“0

18Y ˆ Y
q
,2 Y, i.e., qP px1Y , 1Y yq “ 0.

So, if Y is an intrinsic Schreier special object, then the identities (iSs3) and
(iSs4) make q : Y ˆ Y 99K Y an imaginary subtraction. Indeed, the iden-
tities (iSs3) and (iSs4) correspond to the varietal axioms for a subtraction,
i.e.,

qpx, 0q “ x, qpx, xq “ 0.

8.1. Imaginary (one-sided) loops. Consider an intrinsic Schreier special
object Y . We now show that the imaginary addition given in (11) and the
imaginary subtraction q : Y ˆY 99K Y satisfy the axioms of a (one-sided) loop
(like those of a right loop or a left loop). We say then that Y has the structure
of an imaginary one-sided loop.
We must prove the following right loop or left loop axioms

"

px´ yq ` y “ x
px` yq ´ y “ x

or

"

x` p´x` yq “ y
´x` px` yq “ y

in the imaginary context; we consider the left-hand side axioms. Table 2 gives
the right loop axioms and their corresponding �imaginary� commutative dia-
grams. The only di�erence in the diagrams is that µY and q are swapped, just
as �`� and �´� are swapped in the right loop axioms.
The commutativity of (iL1) follows from composing (iSs1) with π1. From

(14) we know that π1 ˝ µ
YˆY “ µY ˝ pπ1 ˆ π1q. Then, we just have to prove

that pπ1ˆπ1q ˝ xx1Y , 0y ˝ q, x1Y , 1Y yπ2y “ xq, π2y. In fact, pπ1ˆπ1q ˝ xx1Y , 0y ˝

q, x1Y , 1Y yπ2y corresponds to the real morphism

pπ1 ˆ π1qxx1Y , 0yq, x1Y , 1Y yπ2εYˆY y “ xq, π2εYˆY y “ xq, π2y.

The commutativity of (iL2) follows from (iSs2). In this case we must show
that µYˆY ˝ px1Y , 0y ˆ x1Y , 1Y yq “ xµ

Y , π2y. The imaginary morphism µYˆY ˝
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right loop axiom �imaginary� commutative diagram

px´ yq ` y “ x (iL1) Y ˆ Y
xq,π2y ,2

π1
#+

Y ˆ Y

µY

��

Y

px` yq ´ y “ x (iL2) Y ˆ Y
xµY ,π2y ,2

π1
#+

Y ˆ Y

q

��

Y

Table 2. The right loop axioms and their corresponding diagrams

px1Y , 0y ˆ x1Y , 1Y yq corresponds to the real morphism

p1YˆY 1YˆY qtYˆY,YˆYP px1Y , 0y ˆ x1Y , 1Y yq
(6)
“ px1Y , 0y x1Y , 1Y yqtY,Y
“ xp1Y 1Y q, p0 1Y qytY,Y

(11),(8)
“ xµY , π2εYˆY y
“ xµY , π2y.

The converse is also true. Indeed, suppose the object Y has the structure of
an imaginary one-sided loop, in the sense that it is equipped with an imaginary
morphism q : Y ˆY 99K Y which satis�es, together with the imaginary addition
µY , (iL1) and (iL2). Then q is the imaginary Schreier retraction for the split
epimorphism (23). To show this, we need to show that (iSs1) and (iSs2)
hold. (iSs2) follows immediately from (iL2), because, as we already observed,
µYˆY ˝ px1Y , 0y ˆ x1Y , 1Y yq “ xµ

Y , π2y. In order to prove (iSs1), we use the

previous equality pπ1 ˆ π1q ˝ xx1Y , 0y ˝ q, x1Y , 1Y yπ2y “ xq, π2y to get

π1 ˝ µ
YˆY ˝ xx1Y , 0y ˝ q, x1Y , 1Y yπ2y “ µY ˝ xq, π2y

piL1q
“ π1

“ π1 ˝ 1YˆY ;
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also
π2 ˝ µ

YˆY ˝ xx1Y , 0y ˝ q, x1Y , 1Y yπ2y
(14)
“ µY ˝ pπ2 ˆ π2q ˝ xx1Y , 0y ˝ q, x1Y , 1Y yπ2y

“ µY ˝ xπ2x1Y , 0y ˝ q, π2x1Y , 1Y yπ2y

“ µY ˝ x0, π2y

“ µY ˝ x0, 1Y y ˝ π2
(13)
“ π2

“ π2 ˝ 1YˆY .

Combining these two equalities we get (iSs1). Hence

Theorem 8.2. In a regular unital category with binary coproducts, comonadic

covers and a natural imaginary splitting, an object is an intrinsic Schreier

special object if and only if its canonical imaginary magma structure is a one-

sided loop structure.

9. A non-varietal example

In this section we give an example of a non-varietal category for which there
exists a natural imaginary splitting, and we analyse what are the intrinsic
Schreier split epimorphisms and the intrinsic Schreier special objects in that
context.
Take C “ Setop

˚ , which is a semi-abelian category [14, 4, 1], so it is a regu-
lar unital category with binary coproducts. We consider the powerset monad
pP, δ, εq in Set˚, where:

P pX, x0q “ pP pXq “ tA Ď X | x0 P Au, tx0uq,

εpX,x0qpxq “ tx, x0u,

δpX,x0qptAiuiPIq “
ď

iPI

Ai,where each Ai P P pXq.

The monad pP, δ, εq may be seen as a comonad in Setop
˚ . Moreover, it is easy

to check that each P pX, x0q is projective in Setop
˚ , so that Setop

˚ is equipped
with comonadic projective covers; we are in the conditions of Subsection 4.3.
A natural imaginary splitting in Setop

˚ corresponds to a natural transformation
t : p¨qˆ p¨q ñ P pp¨q` p¨qq in Set˚. We de�ne, for any pair of pointed sets pA, ˚q
and pB, ˚q,

tA,B : pAˆB, p˚, ˚qq Ñ pP pA`Bq, t˚uq : pa, bq ÞÑ ta, b, ˚u (24)
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It is easy to check that t is a natural transformation and that it satis�es the
opposite of equality (5), for all pointed sets pA, ˚q and pB, ˚q

pP pA`Bq, t˚uq

pAˆB, p˚, ˚qq

tA,B

2:

pA`B, ˚q.
v

1A 0
0 1B

w

lr

εA`B

LR

An intrinsic Schreier split epimorphism in Setop
˚ corresponds to a split mono-

morphism in Set˚. The following diagram represents a split monomorphism,
given by an injection f , and its cokernel in Set˚

pK, ˚q pX, ˚q
k

lr
s ,2,2

pY, ˚q,? _

f
lr

where K “ XzY Y t˚u, kpyq “ ˚, for all y P Y and kpxq “ x, for all x P XzY .
It is an intrinsic Schreier split monomorphism if there exists a morphism of
pointed sets q : pK, ˚q Ñ pP pXq, t˚uq such that the opposite of equalities (iS1)
and (iS2) hold. Note that qpxq P P pXq, i.e., ˚ P qpxq Ď X, for all x P XzY .
The opposite of (iS1) is given by the commutativity of the following diagram

(we omit the �xed points to make it easier to read)

P 2pXq

δX
��

P pP pXq ` P pXqq
P pp1 1qq
lr P pXq ˆ P pXq

tP pXq,P pXq
lr

P pXq X.εX
lr

xqk,εXfsy

LR

The commutativity of the diagram above always holds for any element y P Y .
For any element x P XzY , we get

tqpxq, tfspxq, ˚u, t˚uu

δX
��

tqpxq, tfspxq, ˚u, t˚uu
P pp1 1qq
lr pqpxq, tfspxq, ˚uq

tP pXq,P pXq
lr

qpxq Y tfspxq, ˚u “ tx, ˚u x.εX
lr

xqk,εXfsy

LR

From the equality qpxq Y tfspxq, ˚u “ tx, ˚u, and the fact that spxq P Y and
x P XzY , we deduce that spxq “ ˚ and qpxq “ tx, ˚u. As a consequence the
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split monomorphism is isomorphic to the binary coproduct

pXzY Y t˚u, ˚q pX, ˚q
s ,2

k
lr

–

��

pY, ˚q_?
f

lr

pXzY Y t˚u, ˚q ppXzY Y t˚uq ` Y, ˚q
p0 1Y q

,2

p1K 0q

lr pY, ˚q_?
ι2

lr

It is easy to see that the opposite of equality (iS2) always holds.
We have just proved that in Setop

˚ , with respect to the natural imaginary
splitting (24), the only intrinsic Schreier split epimorphisms correspond to bin-
ary product projections. Moreover, a pointed set pY, ˚q is an intrinsic Schreier
special object if and only if (23) is a product projection, i.e., if and only if it is
the zero object.
Note that we could also apply the same approach to the �nite powerset monad

in Set˚.

10. Intrinsic Schreier special objects vs. protomodular ob-

jects

Recall from [19] that an object Y in a �nitely complete category is called a
protomodular object when all points over it pf : X Ñ Y, s : Y Ñ Xq are
stably strong. More precisely, for any pullback

Z ˆY X ,2

πZ

��

X

f

��

Z g
,2

x1Z ,sgy

LR

Y,

s

LR

the pair px0, ky, x1Z , sgyq, where k is the kernel of f , is a jointly extremal-
epimorphic pair. If the point pf, sq is stably strong, then it is strong, i.e., pk, sq
is a jointly extremal-epimorphic pair.
In the category Mon of monoids the notion of a Schreier special object and

the notion of a protomodular object both coincide with that of a group: a
monoid is a Schreier special object if and only if it is a group [10] if and only
if it is a protomodular object [19].
The question of understanding under which conditions these two notions

coincide arises naturally. In general, neither of these notions implies the other,
as we showed in [20]. Indeed, the variety HSLat of Heyting semilattices provides
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an example of a category where all objects are protomodular, but not every
object is Schreier special ([20], Example 7.7).
On the other hand, the cyclic group C2 “ pt0, 1u,`q gives an example of a

Schreier special object in the Jónsson-Tarski variety of unitary magmas Mag,
because it is a right loop. However, we gave an example of a point X Ô C2

which is not strong. Consequently, C2 is not a protomodular object ([20],
Example 7.4). Of key importance here is that the unitary magma pX,`q is
non-associative. As we shall prove next in Corollary 10.4, the presence of the
associativity axiom (Section 6) gives a link between intrinsic Schreier special
objects and protomodular objects: then

Every intrinsic Schreier special object is a protomodular object.

The proof of this statement follows the same proof for monoids, i.e., that
a Schreier special monoid Y is necessarily a group; the inverse of an element
y P Y is given by qp0, yq, where q is the imaginary retraction for (23) (see
Proposition 3.1.6 of [8]). Also, that all points over a group are necessarily
Schreier split epimorphisms (see Corollary 3.1.7 of [8]).

Lemma 10.1. If (23) satis�es (iSs1), then µY ˝ xq ˝ x0, 1Y y, 1Y y “ 0:

Y
xq˝x0,1Y y,1Y y,2

0
#+

Y ˆ Y.

µY

��

Y

(25)

Proof : In Subsection 8.1 we saw that (iL1) follows from (iSs1). If we precom-
pose (iL1) with x0, 1Y y : Y Ñ Y ˆ Y , we get

µY ˝ xq, π2y ˝ x0, 1Y y “ π1 ˝ x0, 1Y y

ô µY ˝ xq ˝ x0, 1Y y, 1Y y “ 0

Lemma 10.2. Suppose that the natural addition pµX : X ˆ X 99K XqXPC is

associative. If Y is an intrinsic Schreier special object, then

Y
x1Y ,q˝x0,1Y yy,2

0
"*

Y ˆ Y

µY

��

Y

(26)

µY ˝ x1Y , q ˝ x0, 1Y yy “ 0.
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Proof : In Subsection 8.1 we saw that (iL2) follows from (iSs2). If we precom-
pose (iL2) with xµY ˝ x1Y , q ˝ x0, 1Y yy, 1Y y : Y 99K Y ˆ Y , we obtain

q ˝ xµY , π2y ˝ xµ
Y
˝ x1Y , q ˝ x0, 1Y yy, 1Y y “ π1 ˝ xµ

Y
˝ x1Y , q ˝ x0, 1Y yy, 1Y y,

which is equivalent to

q ˝ xµY ˝ xµY ˝ x1Y , q ˝ x0, 1Y yy, 1Y y, 1Y y “ µY ˝ x1Y , q ˝ x0, 1Y yy

(17)
ô q ˝ xµY ˝ x1Y , µ

Y
˝ xq ˝ x0, 1Y y, 1Y yy, 1Y y “ µY ˝ x1Y , q ˝ x0, 1Y yy

(25)
ô q ˝ xµY ˝ x1Y , 0y, 1Y y “ µY ˝ x1Y , q ˝ x0, 1Y yy

ô q ˝ xµY ˝ x1Y , 0y, 1Y y “ µY ˝ x1Y , q ˝ x0, 1Y yy

(12)
ô q ˝ x1Y , 1Y y “ µY ˝ x1Y , q ˝ x0, 1Y yy

ô q ˝ x1Y , 1Y y “ µY ˝ x1Y , q ˝ x0, 1Y yy

piSs4q
ô 0 “ µY ˝ x1Y , q ˝ x0, 1Y yy.

Proposition 10.3. Suppose that the natural addition pµX : XˆX 99K XqXPC
is associative. If Y is an intrinsic Schreier special object, then any split epi-

morphism (16) satis�es (iS1).

Proof : We de�ne an imaginary morphism ρ : X 99K K through the universal
property of the kernel

K � ,2 k ,2 X
f

,2,2 Y.
slr

X

µX˝p1Xˆsq˝p1Xˆpq˝x0,1Y yqq˝x1X ,fy

LR

ρ

]g

Indeed,

f ˝ µX ˝ p1X ˆ sq ˝ p1X ˆ pq ˝ x0, 1Y yqq ˝ x1X , fy
(14)
“ µY ˝ pf ˆ fq ˝ x1X , s ˝ q ˝ x0, 1Y yfy

“ µY ˝ xf, q ˝ x0, 1Y yfy

“ µY ˝ x1Y , q ˝ x0, 1Y yy ˝ f
(26)
“ 0.
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Now we must check (iS1) for (16):

µX ˝ xk ˝ ρ, sfy “ µX ˝ xµX ˝ x1X , s ˝ q ˝ x0, 1Y yfy, sfy
(17)
“ µX ˝ x1X , µ

X ˝ xs ˝ q ˝ x0, 1Y yf, sfyy

“ µX ˝ x1X , µ
X ˝ psˆ sq ˝ xq ˝ x0, 1Y y, 1Y y ˝ fy

(14)
“ µX ˝ x1X , s ˝ µ

Y ˝ xq ˝ x0, 1Y y, 1Y y ˝ fy
(25)
“ µX ˝ x1X , 0y

“ µX ˝ x1X , 0y
(12)
“ 1X .

Corollary 10.4. Suppose that the natural addition pµX : X ˆ X 99K XqXPC
is associative. Then every intrinsic Schreier special object is a protomodular

object.

Proof : This follows from Proposition 10.3 and Proposition 5.8 in [20], which
states that any split epimorphism satisfying (iS1) is stably strong.

Remark 10.5. Even if the natural addition pµX : X ˆX 99K XqXPC is associ-
ative, the converse of Corollary 10.4 may be false. As mentioned above, the
variety HSLat of Heyting semilattices provides an example of a category where
all objects are protomodular, but not all are Schreier special objects. The
natural addition for HSLat, given by the meet, is associative.

Remark 10.6. The variety Loop of (left and right) loops gives an example where
the natural addition is non-associative. All loops are intrinsic Schreier special
objects (see Section 8) and they are also all protomodular objects (because
Loop is a semi-abelian category, thus a protomodular category). So, the fact
that all intrinsic Schreier special objects are protomodular objects does not
imply that the natural addition is associative.

From the remark above, in Gp all objects are intrinsic Schreier special with
respect to its usual group operation. Also, all objects are protomodular since
Gp is a protomodular category. So the two notions coincide in Gp, just as in the
case of Mon. However, in Mon there are only two possible choices of imaginary
splittings (see Subsection 4.3). In Gp there are countably many possibilities.
Given groups X and Y , a natural imaginary splitting t : P pX ˆ Y q Ñ X ` Y
may be de�ned by making tprpx, yqsq equal to any combination of alternating
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products of x or x´1, and of y or y´1, for which the products of the x1s gives
x and the products of the y1s gives y. For example x´1yx2 or xyx´1y´1xy.
Although these notions are independent in general, as we have already ob-

served, there are special properties of the category of groups that make the
notions coincide. From Corollary 10.4, we know that the associativity of the
group operation implies that all intrinsic Schreier special objects are proto-
modular objects. This associativity is not enough to guarantee that every
protomodular object is intrinsic Schreier special (Remark 10.6). This leads us
to the following question:

What property of Gp guarantees that all protomodular objects are

intrinsic Schreier special ones?

We cannot answer this question now, but we can see that groups lack a certain
homogeneity, in the sense that the concept of an intrinsic Schreier special object
strongly depends on the chosen natural imaginary splitting. We can eliminate
this discrepancy by considering groups which satisfy the property with respect
to all natural imaginary splittings. Then we �nd:

11. The variety of 2-Engel groups
Recall that a 2-Engel group is a group E that satis�es the commutator iden-

tity rrx, ys, ys “ 1 for all x, y P E. The aim of this section is to show that
2-Engel groups are intrinsic Schreier special objects with respect to all natural
imaginary splittings: Proposition 11.10.
We begin by recalling the de�nition and main properties of 2-Engel groups

needed in the sequel, which can be found in [12, 13, 16].
Here we denote the conjugation of an element x by an element y as yx “

yxy´1 and we write rx, ys for xyx´1y´1, so that rxy, zs “ xry, zsrx, zs and
rx, yzs “ rx, ysyrx, zs. Note also that rx, ys´1 “ ry, xs.

De�nition 11.1. A group E is called a 2-Engel group if it satis�es any of
the following equivalent conditions, for all elements x, y P E,

1. rrx, ys, xs “ 1;
2. rrx, ys, ys “ 1;
3. rx, y´1s “ rx, ys´1;
4. rx´1, ys “ rx, ys´1;
5. rx, yks “ rx, ysk, for all k P Z;
6. rxk, ys “ rx, ysk, for all k P Z.

Example 11.2. 1. Any abelian group is obviously a 2-Engel group.
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2. The group of quaternions Q8 is a 2-Engel group which is not abelian.
3. The smallest non 2-Engel (thus non-abelian) group is the symmetric

group S3 (which is isomorphic to the dihedral group D6).
4. The dihedral group D8 is 2-Engel, but the Dihedral group D10 is not (see

Example 11.6).

Lemma 11.3. Let E be a 2-Engel group. Then:

1. rxy, zs “ xpry, zsrx, zsq, for all x, y, z P E;

2. rx, yzs “ yprx, ysrx, zsq, for all x, y, z P E.

Proof : 1. rxy, zs “ xry, zsrx, zs “ xry, zsx´1rx, zs
11.1.1
“ xry, zsrx, zsx´1.

2. rx, yzs “ rx, ysyrx, zs “ rx, ysyrx, zsy´1 11.1.2
“ yrx, ysrx, zsy´1.

It is known (and in fact not hard to see) that the free object on two generators
in the variety Eng2pGpq of 2-Engel groups is 2-nilpotent. This allows us to prove
the following result.

Lemma 11.4. In a 2-Engel group E, let a, b and c be products of given ele-

ments x, y of E, or their inverses. Then:

1. rra, bs, cs “ 1;
2. rab, cs “ rb, csra, cs and ra, bcs “ ra, bsra, cs;
3. ra´1, bs “ ra, bs´1 “ ra, b´1s;

4. rak, bs “ ra, bsk “ ra, bks, for all k P Z.

Proof : 1. Follows from the fact that the free 2-Engel group on two generators
x and y is necessarily 2-nilpotent.

2. rab, cs “ arb, csra, cs “ arb, csa´1ra, cs
1.
“ rb, csra, cs. The proof of the second

claim is similar.
3. ra´1, bsra, bs

2.
“ raa´1, bs “ r1, bs “ 1. The proof of the second claim is

similar.
4. Is just a particular case of 11.1.5 and 11.1.6.

We now look at a speci�c natural imaginary splitting in Gp: the one de�ned
by the function

tX,Y : X ˆ Y 99K X ` Y : px, yq ÞÑ x´1yx2, (27)

for any pair of groups X and Y . It is easy to see that this t is indeed a natural
imaginary splitting. When X “ Y , we write

x ˚ y “ µY px, yq “ ∇Y ptY,Y px, yqq “ x´1yx2.
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It is easy to check that x ˚ 1 “ x “ 1 ˚ x and that x ˚ x´1 “ 1 “ x´1 ˚ x;
however ˚ is not associative.
A group Y is an intrinsic Schreier special object with respect to (27) if there

exists an imaginary retraction q : Y ˆ Y 99K Y such that (iSs1) and (iSs2)
hold. In this case

(iSs1) means that qpx, yq ˚ y “ x, for all x, y P Y , and
(iSs2) means that qpx ˚ y, yq “ x, for all x, y P Y

�see Section 8.

Proposition 11.5. If Y is a 2-Engel group, then Y is an intrinsic Schreier

special object with respect to the natural imaginary splitting (27).

Proof : We de�ne the imaginary retraction by qpx, yq “ x ˚ y´1. Then, for all
x, y P Y , (iSs1) holds:

qpx, yq ˚ y “ px ˚ y´1q ˚ y
“ px´1y´1x2q ˚ y
“ x´2yxyx´1y´1x2x´1y´1x2

“ x´2yrx, ysxy´1x2

11.1.4
“ x´2yry´1, xsxy´1x2

“ x´2yy´1xyx´1xy´1x2

“ x.

As for (iSs2), the equality qpx ˚ y, yq “ px ˚ yq ˚ y´1 “ x holds by swapping y
and y´1 in (iSs1).

Example 11.6. The Dihedral group D10 is generated by elements a and b such
that a5 “ 1, b2 “ 1 and abab “ 1. We have

D10 “ t1, a, a
2, a3, a4, b, ab, a2b, a3b, a4bu,

where the elements b, . . . , a4b are all inverses to themselves. We have

� D10 is not a 2-Engel group: ra, absab “ a2, while abra, abs “ a4b.
� D10 is an intrinsic Schreier special object with respect to the natural

imaginary splitting (27). It su�ces to build the Cayley table for the
product ˚ and observe that it gives a Latin square. The fact that it is a
Latin square guarantees the existence of a unique element, which is equal
to qpx, yq, satisfying the equality (iSs1) qpx, yq ˚ y “ x. The equality
(iSs2) follows from the uniqueness of each qpx, yq.
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� D10 is not an intrinsic Schreier special object with respect to the natural
imaginary splitting which gives rise to x ˚1 y “ rx, ys2xy. For example,
qp1, bq should be the unique element of D10 such that qp1, bq ˚1 b “ 1.
However, all of the elements b, . . . , a4b satisfy this equality.

This example shows that the converse of Proposition 11.5 is false. However,
we may claim the following:

Proposition 11.7. If a group Y is an intrinsic Schreier special object with

respect to the natural imaginary splitting (27) and such that qpx, yq “ x ˚ y´1,

then Y is a 2-Engel group.

Proof : It su�ces we use (iSs1)

px ˚ y´1
q ˚ y “ x

to see that Y is in Eng2pGpq. Indeed, this is equivalent to

x “ px´1y´1x2
q ˚ y “ x´2yxyx´1y´1x2x´1y´1x2

“ x´2yxyx´1y´1xy´1x2,

which may be rewritten as

1 “ x´2yxyx´1y´1xy´1x,

so
1 “ x´1yxyx´1y´1xy´1.

This gives
y´1xyx´1

“ xyx´1y´1,

or, equivalently, ry´1, xs “ rx, ys “ ry, xs´1.

Next we aim to prove the that a 2-Engel group Y is an intrinsic Schreier
special object with respect to all natural imaginary splittings t. So, we need
to extend Proposition 11.5 to all t.

Lemma 11.8. If t is a natural imaginary splitting in Gp, then for each pair

of groups X, Y and all x P X, y P Y we have that tX,Y px, yq P X ` Y may be

written as a product

xk1yl1 ¨ ¨ ¨ xkmylm,

for some m P N and k1, . . . , km, l1, . . . , lm P Z such that
ÿ

1ďiďm

ki “ 1 “
ÿ

1ďiďm

li.
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Proof : If X “ Y “ Z, then tZ,Zpk, lq P Z`Z must be of the form k1l1 ¨ ¨ ¨ kmlm,
for some m P N and k1, . . . , km, l1, . . . , lm P Z such that

ř

1ďiďm ki “ k and
ř

1ďiďm li “ l, for all pk, lq P Z ˆ Z (see Subsection 4.3). Consider the group
homomorphisms f : Z Ñ X : 1 ÞÑ x and g : Z Ñ Y : 1 ÞÑ y. The naturality of
t gives the commutative diagram (see (6))

Zˆ Z
tZ,Z

,2

fˆg
��

Z` Z
f`g
��

X ˆ Y
tX,Y

,2 X ` Y,

from which we conclude that tX,Y px, yq “ tX,Y pf ˆ gqp1, 1q “ pf ` gqtZ,Zp1, 1q.
Suppose that tZ,Zp1, 1q “ k1l1 ¨ ¨ ¨ kmlm, where

ř

1ďiďm ki “ 1 “
ř

1ďiďm li. We

get tX,Y px, yq “ xk1yl1 ¨ ¨ ¨ xkmylm, as desired.

Proposition 11.9. If Y is a 2-Engel group and t is a natural imaginary split-

ting in Gp, then the induced operation x ˚ y “ µY px, yq “ ∇Y ptY,Y px, yqq may

be written as

x ˚ y “ rx, yskxy

for some k P Z.

Proof : Lemma 11.8 tells us that

x ˚ y “ xk1yl1 ¨ ¨ ¨ xkmylm,

for some m P N and k1, . . . , km, l1, . . . , lm P Z such that
ř

1ďiďm ki “ 1 “
ř

1ďiďm li. We rewrite the expression above as

x ˚ y “ pxk1yl1 ¨ ¨ ¨ xkmyplm´1qx´1y0
qxy,

where the product in brackets is such that the sums of the exponents of the
x's and y's are zero. Hence this expression is a commutator word in x and y:
it is a product of (nested) commutators. By Lemma 11.4, all higher-order
commutators in this product vanish; furthermore, the expression is equal to a
product of commutators of the form rx, ys or ry, xs “ rx, ys´1. Hence it is of
the form rx, ysk for some integer k.

Proposition 11.10. If Y is a 2-Engel group, then Y is intrinsic Schreier

special with respect to all natural imaginary splittings in Gp.
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Proof : The proof is similar to that of Proposition 11.5. We de�ne the imaginary
retraction by qpx, yq “ x ˚ y´1 “ rx, y´1skxy´1 (Proposition 11.9). We use the
properties in De�nition 11.1 and Lemma 11.4 to prove that (iSs1) holds:

px ˚ y´1
q ˚ y “ prx, y´1

s
k xy´1

q ˚ y

“
“

rx, y´1
s
kxy´1, y

‰k
rx, y´1

s
k xy´1y

“
“

rx, ys´kxy´1, y
‰k
rx, ys´kx

“

´

rx,ys´k

rx, ysrrx, ys´k, ys
¯k

rx, ys´kx

“

´´

rx,ys´k

rx, ys
¯´

rx,ys´k

rrx, ys´k, ys
¯¯k

rx, ys´kx

“ rx, yskrx, ys´kx

“ x.

As for (iSs2), the equality qpx ˚ y, yq “ px ˚ yq ˚ y´1 “ x follows from (iSs1)
by replacing y with y´1.

It remains an open question whether or not the converse of Proposition 11.10
holds; we are currently working on this question. Essentially the same result
holds for Lie algebras, as we shall explain now.

12. Lie algebras

Let K be a �eld, and consider the variety LieK of K-Lie algebras. Recall that
a 2-Engel Lie algebra is a Lie algebra e that satis�es the commutator identity
rrx, ys, ys “ 1 for all x, y P e. The aim of this section is to relate the variety
Eng2pLieKq of 2-Engel Lie algebras over K to the Schreier special objects with
respect to all natural imaginary splittings: Theorem 12.1. We can actually
just follow the pattern of the previous section; since furthermore things are
somewhat simpler here, we will only sketch the basic idea.
We may proceed as in Proposition 11.5, now taking the natural imaginary

splitting in LieK de�ned by

tx,y : xˆ y 99K x` y : px, yq ÞÑ x` y ` rx, ys.

Recall that the free Lie algebra overK on a single generator isK itself, equipped
with the trivial bracket. Mimicking the proof of Lemma 11.8, we see that for
any pair of K-Lie algebras x and y and any x P x, y P y, necessarily

tx,ypx, yq “ x` y ` φpx, yq,
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where φpx, yq is an expression in terms of Lie brackets of x's and y's. Now
using essentially the same proof as in groups, we see that if y is 2-Engel, all
higher-order brackets vanish, and we deduce that

tx,ypx, yq “ x` y ` krx, ys

for some k P K. As in Proposition 11.9, it follows that x ˚ y “ x` y ` krx, ys.
It is then again easy to check that (iSs1) and (iSs2) hold.

Proposition 12.1. Any 2-Engel K-Lie algebra is intrinsic Schreier special,

with respect to all natural imaginary splittings in LieK.
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