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ABSTRACT: Inspired by circular complex interval arithmetic, an arithmetic for
closed balls in R™ is pursued. In this sense, the properties of certain operations
on closed balls in R™, some of which related either to the Hadamard product of
vectors or to the 2-fold vector cross product when n € {3,7}, are studied. In par-
ticular, known results for operations on closed balls in C, which can be identified
with R?, are extended to closed balls in R™.
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1. Introduction

Interval mathematics, a part of set theory, is involved in the computing par-
adigm of information processing known as granular computing — concerned
with constructing and processing using information granules, to intelligently
comprehend and interact with the world. As stated in [12], the appearance of
electronic computers enhanced the practicality and the interest in calculating
with sets of numbers, also in identifying associated algebraic structures, for
error control purposes.

The works [7], due to Gargantini and Henrici, and [2], by Alefeld and
Herzberger, are devoted to circular complex interval arithmetic which deals
with the so-called circular complex intervals (closed balls in C). More recent
research related to interval mathematics, in the context of granular com-
puting, can be found in [12] and in the journal with the same name as the
context. In addition, an overview of ball arithmetic as a tool for rigorous
algebraic computation with real numbers was presented in [11].

Inspired by [2] and [7], we extend some known results for certain operations
on closed balls in C, which can be identified with R?, to closed balls in R".
To begin with, in section 2, we recall definitions and state results related to
closed balls, vector cross products and the Hadamard product of vectors. As
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highlighted in [3], the former products can be found in mathematical models
of physical processes, namely in control theory, and in the description of
spacecraft attitude control. The latter product, as mentioned in [5] and
references therein, appears in applications to: lossy compression algorithms
for JPEG images; machine learning, namely for describing the architecture
of neural networks.

In section 3, we study the properties of certain operations on closed balls
in R", some of which related either to the Hadamard product of vectors or
to the 2-fold vector cross product when n € {3,7}. As a consequence, sev-
eral algebraic structures, with one or two binary operations, are presented.
In particular, recalling a sufficient condition over fields of characteristic 0
given in [1], examples of power associative algebras are exhibited. Inclusion
monotonicity, which according to [2] is the foundation for many applications
of interval arithmetic, is satisfied by some of the mentioned operations. For
other aspects connected with vector cross products and the Hadamard prod-
uct, see, for instance, the references [6], [8] and [9], [13].

2. Preliminaries

Let F' be a field of characteristic different from 2. Let V' be a d-dimensional
vector space over I, equipped with a nondegenerate symmetric bilinear form
(-]-)- A bilinear map x : V x V. — V' is a 2-fold vector cross product if, for
any u,v € V,

(1) (u x v|u) = (u x vjv) =0,

_ | (ufu) (ufv)

(2) (u x vju xv) = ‘ (i) (v]o) ‘
It is well known that if x is a 2-fold vector cross product on V', then d €
{1,3,7} and, in particular, d = 1 leads to the trivial case, [4]. In fact, the
restriction on d is a consequence of the generalized Hurwitz Theorem which
asserts that, over a field of characteristic different from 2, if A is a finite
dimensional composition algebra with identity (also called Hurwitz algebra),
then its dimension is equal to 1, 2,4 or 8. Moreover, A is isomorphic either to
the base field, a separable quadratic extension of the base field, a generalized
quaternion algebra or a generalized octonion algebra, [10].

Throughout the article, we work in the Euclidean vector space R" and de-
note the Fuclidean norm of a vector, the co-norm of a vector, the Hadamard
(componentwise) product of vectors and, whenever n € {3,7}, the 2-fold
vector cross product by, respectively, || - ||, || - ||, © and x.
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Let a € R" and let r € Rj. We call A = {x € R": ||z — a|]| < r} the closed
ball in R" with center a and radius r, also written as A = (a;r). The set of
closed balls in R” is denoted by B, and by B+ or B° if, respectively, » € R*
or r = 0.

Let A = (a;m),B = (b;rs) € B. The closed balls A and B are equal
(A = B) if there is set-theoretic equality between them, that is, a = b and
r1 = 19. Ais contained in B (A C B) if set-theoretic inclusion holds, which
is equivalent to the condition established in the subsequent result.

Theorem 2.1. Let A = (a;r1), B = (b;r9) € B. Then A C B if and only if
|la —b| <1y —11.

Proof: (<) Let x € A. Then |z — al| < r. Observe that ||z — b|| =
|z —a+a—=>b|| <||z—al+|a—>l <r +ry—ry =ry. We conclude that
x € B.

(=) Suppose that A C B and, by way of contradiction, that |ja — b|| >
ro — r1. Consider the line passing through a and b. This line intersects the
border of A at a point x such that ||z—b|| = ||a—b||+||z—al| > roe—ri+r; = ro.
Hence, x ¢ B — a contradiction. _

Corollary 2.2. Let A = (a;r1), B = (a;re) € B. Then A C B if and only if
ry < ro.

Proof: A direct consequence of Theorem 2.1 since the closed balls are con-
centric. ]

3. Operations

3.1. Addition and Subtraction. Consider the binary operation +5 : B X
B — B given by

A+p B =(a;r1) +p (b;r2) := (a+ b;r1 +12).

The subsequent results establish several properties related to the addition
+5.

Theorem 3.1. (B, +5) is a commutative monoid.

Proof: Let A = {(a;r1), B = (b;rs),C = (c;r3) € B.
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Owing to the associativity of the addition in R" and to the associativity of
the addition in R, we obtain

(A4 B)+5C = ((a+b) +¢;(r1 +1r2) +13)
=(a+ (b+c);ry + (ro+13))
= A+ (B+50C).

Thus, +5 is associative.
Due to the commutativity of the addition in R"” and to the commutativity
of the addition in R, we get

A+pB=(a+bri+rs) = (b+ar+m)=B+g A

Hence, +5 is commutative.
Taking into account the commutativity of +5, and the neutral elements of
R"™ and R relative to the respective additions, we have

(a;71) +5(0;0) = (a;r).
Thus, the neutral element of (B, +5) is £ = (0;0). u

Corollary 3.2. The set of elements of B which possess reciprocal relative to
+5 is B°.

Proof: Let A = {(a;ry) € B. Suppose that A" = (a’;7]) € B is the reciprocal
of A relative to +5. Then we have

A+p A =E & (atdir+r)=(0;0) &ata =0Ar+r =0

Hence, ' = —a and, taking into account the definition of B, r; = 0. There-
fore, the reciprocal of (a;0) relative to 45 is (—a;0). m

Lemma 3.3. Let A = (a;r1), B = (b;re) € B. Then
A+pB={z+y:2€ ANy € B}.

Proof: (2) Let x € A and y € B. Then, ||z —al < 7, |[y — b|| < r and
|lz+y—(a+b)|| < ||z—al+]|y—0b|| < ri+rs. Consequently, x4y € A+pB.

(C) Let u e A4+ B. Then |[u— (a+b)|| < ri+re. If r1 4+ 172 =0 then
u = a4+ b and the inclusion follows. If r1 + 7y # 0, then consider u written as
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v+ (u—v) with v =au+ (1 —a)(a+b) — b, where & = ——. Then we have

’I"1+T’2
1
v—oal =allu—(a+b)| < T 7o) =71
v —all = allu = (a+ D) < (1 +72) = 12
2
u—v—>b=(1—a)llu—(a+d)| < r+ry)=r
Ju=v=b = (1 =)= (e + B < (i) = 1o
Therefore, v € A and u — v € B. |

The next result shows that inclusion monotonicity is satisfied by +g5.

Theorem 3.4. Let A,,, B, € B,m € {1,2}. If A,, € B,,,, m € {1,2}, then
Ay +5 Ay C By +5 Bs.

Proof: Let A,,, B, € B such that A, C B,,, m € {1,2}. From Lemma 3.3,
we have
Ai4pAs={oz+y:x€ Ay ANy € Ay}
C{r+y:xe B ANyec By}
= B1 +5 Bos.

Taking into account Corollary 3.2, it is not possible to define the subtrac-
tion of elements in B as the addition with the reciprocal relative to +5. In
this sense, we finish the section with an alternative definition. Consider the
binary operation —pg : B x B — B given by

A—p B =/{a;r1) —p(b;ra) := {a—b;r1 +19).

Theorem 3.5. (B, —p) is a groupoid with right neutral element.

Proof: Let A = (a;r;) € B. Then A —p E = (a;r1) —5 (0;0) = (a;m).
Hence, the right neutral element of (5, —3) is the neutral element E = (0;0)
of (B, +3). [ |

3.2. Multiplication xp,. Consider the binary operation xg, : Bx B — B
given by
A xp, B =(a;r) xg, (b;ra) := (a X b+ roa + r1b;rira).

Let {e; : i« = 1,2,3} be the canonical basis of R?. From Theorem 2.1,
(e1;1) C (e1;2) and (e2; 1) C (3eq; 3). However, by the same result, (e1; 1) X,
(e2;1) = (e1 +ex +e3;1) € (e1;2) X5, (3e2;3) = (3e1 + beg + 3ez; 6). Thus,
inclusion monotonicity is not satisfied by xz,.
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Despite not satisfying commutativity, anti-commutativity, and associativ-
ity, there are some properties which hold for the multiplication xp,..

Theorem 3.6. (B, xp,) is a groupoid with neutral element.
Proof: Let A = (a;r;) € B. Then
(a;m1) Xy (0;1) = (a;7m1) = (0;1) xp, (a;r1).

Therefore, the neutral element of (B, xz,) is (0; 1). n
Corollary 3.7. The set of elements of B which possess reciprocal relative to
Xpg, is B,
Proof: Let A = (a;ry) € BT. As

(0:72) X (= ) = (01) = (=0 ) xa faima)
then the reciprocal of A = (a;r;) relative to xp, is A’ = (—%a; %} n

Taking into account the previous result, now consider the binary operation
g+ BT x BT — BT given by
A Btr B.=A XB,r B/,
where B’ denotes the reciprocal of B relative to Xz,
Corollary 3.8. (B",:5+,) is a groupoid with right neutral element.

Proof: As a consequence of Theorem 3.6, by the definition of :3+,, we con-
clude that the right neutral element of (BT, :g+,) is (0;1). m

The following results concern powers. We define the right powers of an
element A € B by A° = (0;1) and A* = A*! x5, A for k € N.

Theorem 3.9. (B, xp,) is a power associative algebra.

Proof: We want to prove that, for all m,s € N and for all A € B, A®* xp,
A™ = Astm_ By [1], it suffices to show that A? xg, A = A xpg, A? and
(A2 XB,r A) XB,r A= A2 XB,r A2
Let A = (a;r1) € B. We obtain
A? x5, A= (2ria;r]) xg, {a;r)

= (3ra;m7)
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and
(A2 xgr A) Xp, A (3r1a 7“1> Xg,r (a;r1)

(47’1a 7’1>

(2ria; 7"1> Xgr (2ria; r%}
A XBTAZ

Theorem 3.10. Let A = (a;r1) € B. For all k € N, AF = (kr¥ta;r}).

Proof: Let A = (a;r) € B. It is straightforward to see that the base case
holds. As for the induction step, we have

AF = AR g A= (k= D)ri2a; i1 xg, (a; 1) = (kri—ta; ).
m

Theorem 3.11. Let A = (a;r) € B*. The square root of A is given by

A1/2 < 1/2a 7“1/2>
Proof: Let A = (a;r) € BT. Let B = (b;s) € B such that B2 = A. Hence,
s> =r and b x b+ 2sb = a, from where the result follows. |

We end the section with a result that relates xz, to +5.
Theorem 3.12. (B, 45, X5,) is a ringoid.
Proof: Let A = (a;r1), B = (b;ry),C = (c;r3) € B. As X is bilinear, we have
Axp, (B4 C) = (a;r1) Xp,r (b+c;ra +13)
={(ax(b+c)+ (ro+r3)a+ri(b+c);ri(re+r3))
=(axb+rea+rb+aXxc+rya+ricriryg+rirs)
=A xXgr B +5 A XBr C

An analogous reasoning provides the proof of the right distributivity. Thus,
X, is distributive relative to +5. [

3.3. Multiplication xg.. Consider the binary operation xg.: Bx B — B
given by

A Xxpe B ={a;r1) xpc (b;r2) = (a X b;rallal + r1[|b]| 4 ri72).



8 P.D. BEITES, A.P. NICOLAS AND J. VITORIA

Although commutativity, anti-commutativity, associativity, existence of
neutral element and power associativity do not hold, other properties are
satisfied by the multiplication xp_.

Theorem 3.13. Let A = (0;r) € B. The square roots of A are given by
AVZ = (b —||b]| + /||P||? + ), with b € R".

Proof: Let A = (0;r) € B. Let B = (b;s) € B such that B xz. B = A. We
obtain s? + 2||b||s — 7 = 0 and, as 7,s € R}, s = —||b]| + /]|0]|2 + 7. m

The next result shows that inclusion monotonicity is satisfied by xz..

Theorem 3.14. Let A,,, B,, € B,m € {1,2}. If A,, C B,,, m € {1,2}, then
Ay xp. Az C By X, Bs.

Proof: Let A,, = {am;Tm), Byn = (bn;sm) € B such that A,, C B,,, m €
{1,2}. Then, by Theorem 2.1, ||ay, — bp|| < sy — 7y m € {1,2}. We also
have

Ay Xpe A = (a1 X ag;allar|| + rif|az|| + r1re),
By XB.c By = <b1 X bg; SQHb1H + 31Hb2H —+ 8182>.

From
HCL1 X a9 — bl X b2H
= H —bz X (CLl —bl) —|—bl X (CL2 —bg) + (CL1 —bl) X (CLQ —bQ)H
< |[b2l[[lar — 01| + [|br[[llaz — ba| + [lar — b1[[laz — bal
< b2l (s1 = 1) + (b1l (52 — r2) + (51 — 71) (82 — 72)
and

ol < =llamll + llam = bull < =lamll + sm = rm,m € {1, 2},

we get [|a; X as — by X bo]| < B — «, where 8 = s5||by|| + s1]|ba|| + s152 and
a = rallar|| + ri|lag|| + rime. Invoking once again Theorem 2.1, the result
follows. =

We finish the section with a result that relates Xz, to +5.

Theorem 3.15. The operation Xp. is subdistributive with respect to +p.
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Proof: Let A = (a;r1), B = (b;ry),C = (c;r3) € B. Invoking Corollary 2.2,
we have
Axg.(B4+pC) = {a;r) xXp.(b+c;ra +13)
= (a X (b4 ¢); (ro +73)||al| + 1|0 + ¢|| + r1(r2 + 73))
C (a X b+ a x c;raflal| + r||b|| + rire + r3||al| + r1lc|| + rir3)
=Axp.B4+pAxp.C

Hence, left subdistributivity is valid. Through a similar reasoning, the right
subdistributivity also holds. |

3.4. Multiplication op,. Consider the binary operation og, : B x B — B
given by
Aog, B = (a;r) op, (b;re) := (ao b+ rea+ rib;riry).

As, by Theorem 2.1, A; = ((0,1);1) C By = ((—2,1);3), A2 = {(1,0);1) C
BQ = <(1, —2);3>, but Al OB,r Ag = <(1, 1), 1> {q Bl OB,r BQ = <(—5, —5);9>,
then op, does not satisfy the inclusion monotonicity. However, the following
properties hold for the multiplication opg,..

Theorem 3.16. (B, 0p,) is a commutative monoid.

Proof: Since the Hadamard product o of vectors is associative and com-
mutative on R", so is the operation op,. It is straightforward to verify
that (a;r) = (a;7m1) o, (0;1) and, thus, (0;1) is the neutral element of
(B, o) m

Theorem 3.17. The set of elements of B which possess reciprocal relative to
og, is {A=(a;r) € BT :a=(a1,...,a,) ER"Na; # —r1,i € {1,...,n}}.

Proof: Let A=(a;r;) € B*. Let b = (by,...,b,) € R" such that (a;r1) op,
(b;1/r1) = (0;1). Then, from aob+ %a + r1b = 0 it follows that

1
a;b; + —a; +rb;, = 0,1 € {1,,71}

1
This leads to a linear system of n equations in n unknowns b;, whose unique
solution is b with b; = —ﬁ(a‘ﬁrl), ie{l,...,n}. |

The subsequent results concern powers. We define the powers of an element
A= {a;r) € Bby A" =(0;1) and A* = A* L og, A for k € N. Analogously,
let us denote (1,...,1) by a®® and a°*~Y o a by a°* for k € N.
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Theorem 3.18. (B, 0p5,) is a power associative algebra.

Proof: Invoking Theorem 3.16, due to the commutativity and to the associa-
tivity of og,, A% op, A = Aog, A* and (A% og, A) o, A = A? og, A% hold
for all A € B. |

Theorem 3.19. Let A = {(a;r) € B. Forallk € N, A* = <ZZ 1 (k)rlf ‘a’ ).

Proof: We proceed by induction on k. Clearly, the equality is valid for & = 1.
Let us suppose that it is true for k. Then,
AT = Ao, A= (370, ()i a®srf) o, (asr)
_ <zi€ 1(k) k—1 oz+1 +Zz 1() k+1—3 OZ+TlCL 7ch—&—1>
= @ S0, [ (5 + ()] e o D
k ) oz
= <Z¢;Lll (kjl)rlfﬂ a k+1>-

Theorem 3.20. Let A = {(a;ry) € B with a = (ay,...,a,) € R". If ri+a; €
Ry fori € {1,...,n}, then the square roots of A are given by AY? = (b ri/2>,
whereb:(bl,...b)ER”wzthb— —/riEri+a; forie{l,... ,n}.
Proof: Let B = (b;s) € B such that A = B2 Then, (a;r) = (b°? + 23b; s2).

So, we have s? = ry and b7 + 2sb; — a; = 0 for i € {1,...,n}. Since, for each
i, the discriminant belongs to R{, then b; = —s & v/s? + a; and the result
follows. |

The last result of the section shows an algebraic structure which relates
+5 to op,;-.

Theorem 3.21. (B, 45, 05,) is a commutative semiring.

Proof: Since, from Theorem 3.1 and Theorem 3.16, (B, +5) and (B, op,) are
commutative monoids, it only remains to prove that og, is distributive with

respect to +5.
Let A = (a;ry), B=

aob+aocH rea+ rsa—+ rib+ ric; 7“17"2—1—7“17“3>

(

(a;

= (ao (b + c) (7’2 +r3)a+11(b+ c);ri(re +13))

= {

= (a0 b+ rea+ rb; 7’17’2> +5 (aoc+rsa+ric;rirs)
(
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3.5. Multiplication op .. Consider the binary operation og.: B x B — B
given by
Aop. B = (a;r)og. (b;ra) := (a0 b;r1]|b|ec + 72]|a]|cc + 7172).

Since ||a 0 b||oo # ||@]|0]|b]| for some a,b € R", the multiplication og, is
not associative. Despite this, there are several properties satisfied by op..

Theorem 3.22. (B,05,.) is a commutative groupoid with neutral element.

Proof: 1t is clear that op . is commutative. Let us denote (1,...,1) € R" by
1. If A= {(a;r) € B, then

Aop.(1;0) = (aol;r) = A.
So, (1;0) is the neutral element of (B, 0p5.). m

Theorem 3.23. The set of elements of B which possess reciprocal relative to
ope is {A=1{a;0) € B :a=(ay,...,a,) ER"Na; #0,i € {1,...,n}}.

Proof: Let A = (a;r) € B. Suppose that B = (b;s) is the reciprocal of A
relative to og.. Then,

Aop.B = (a;r)op.(b;s) = (aob;r|b]|« + s||lal]|s +rs) = (1;0).

So, aob=1and b, = ai_1 for 1 < i < n whenever a; # 0. On the other hand,
|0l + Slla|ls +7s = 0 with 7, s € R}, which implies r = s = 0. The result
follows. |

The following results concern powers. We define the powers of an element
A= {(a;r) € Bby AY = (1;0) and A* = A*log. A for k € N. As in the
previous section, let us denote (1,...,1) by a° and a°*~Y o ¢ by a°* for
k e N.

Theorem 3.24. (B,o0p,) is a power associative algebra.

Proof: Since og . is commutative by Theorem 3.22, A? oA = AO&CAZ holds
for all A € B. Hence, it suffices to show that (A% og,. A) op. A = A% op,. A*
for all A € B. Let A= {(a;r) € B. Then

A2 oA = (a°?; 2r||a|o + %) og. (a;r)
= (a5 7([a%] o + [lalloo (2rllall o + 77) + r(27||alle + 7))
= (a%; 3r[|all% + 3r*|lallo + 1)
(A% op. A)og. A = (a®;3r||al%, + 3r?|lallw +77°) o5 (a;7)
= (a*h 4rllalld, + 6r%|lall%, + 4r®(|aflo + 7).
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On the other hand, we have that
A2 OB.c A2

(a%%; 2r|alloc + 1) 0p.c (0% 2r[|alloc + )
= (a*!;4rlall3, + 6r*[lall%, + 4rllall + 7).

Theorem 3.25. Let A € B. For all k € N, A* = (a°%; (||al|oe + ) — ||a||%.).

Proof: Let us proceed by induction on k. Clearly, the equality is valid for
k = 1. Suppose that it also holds for k. Then

Ak — gk OBCA

(@ 0 ()rilalls) on, (air) -
— (@ T oo+ 2 ()l S (9l
- (@ Drllalll + 528 [ (5) + ()] rillallt =+ r)
= (a
= {a

(k +
k+1 (K
DT ( ?1)k Il\a\l’éo+1 ;>1
o0, (all + r) = JlallSH).

Theorem 3.26. Let A = (a;r) € (B,op.) with a = (ay,...,a,) € R" such
that a; € Ry for i € {1,...,n}. The square roots of A are given by AY/? =

(a®2: /1 + ||l — HaHl/Q), where a°V/? = (:l:al/2, . :I:a,l/Q).
Proof: Let us suppose that B = (b;s) € B is such that A = B2 Then, we
obtain (a;r) = (b; s) op. (b;s) = (b°%: 8% + 25||b]|oo). So, b = a°'/? and s is a

solution of 32—|—23Ha\|1/2 —r=0. Since s € R}, s = /7 + ||a]|l o0 — HCLH%? and
the result follows. |

The next result shows that inclusion monotonicity is satisfied by og..

Theorem 3.27. Let A,,, B,, € B,m € {1,2}. If A,, C B,,, m € {1,2}, then
Ay op. Ay C By og, By.

Proof: Let A,, = {am;7m), Byn = (bn;sm) € B such that A,, C B,,, m €
{1,2}. From Theorem 2.1, ||b,, — ap,|| < sy, — i, m € {1,2}, and it suffices
to prove that

|61 0 be — a1 0 as|| < s1||bal|co + S2[b1]|00 + $152 — 71||G2]| 00 — 721 ||00 — 172
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On the one hand, we obtain

||blob2—bloag—l—bloCLQ—aloagH
|1 © (by — a2)|| + [[(b1 — a1) o as||
[01][0o [|02 — a2 + ||az||oc|lbr — a1l
[01]|oc (52 = 72) + [Jaz]|oc (51 — 71).

Hbl o b2 — a1 o OJQH

IAIAIA

On the other hand, we have
sillazll < s1llbolloc + s1llaz = baf[oc < s1l[b2loc + s1(s2 — 72),
—Taflbiflec < —raflarflec + rollar — billoe < —T2flarflc +7r2(s1 —11).
Taking into account the former and the latter inequalities, we arrive at the
result. |

The final result of the work relates +5 to og.

Theorem 3.28. The operation op is subdistributive with respect to +p.
Proof: Let A = {(a;r1), B = (b;r9) and C = {(c¢;r3). Then, by Corollary 2.2,
Aop.(B+pC) =

= (a;71) o ((b;2) +5 (c;73))

= (ao (b+c)iriflb+ clloc + (r2 + r3)|lal|sc + 71(r2 +73))

= (aob+aoc;rllalle + 72 + 73]|allee + 173 + 71|10 + ]| 0)

C (aob+aoc;ir|blle + raflall + rire + riflclloc + 73llallo + 7173)

= (Aop. B) +5 (Aop.C).
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