Pré-Publicacoes do Departamento de Matematica
Universidade de Coimbra
Preprint Number 21-24

ZERO-INFLATED BINOMIAL INTEGER-VALUED
ARCH MODELS FOR TIME SERIES

ESMERALDA GONCALVES AND NAZARE MENDES LOPES

ABSTRACT: An integer-valued ARCH process with a conditional zero-inflated bi-
nomial distribution is introduced. Stationarity, ergodicity and the autocovariance
structure are studied as well as the estimation of parameters by conditional maxi-
mum likelihood. Numerical studies and an application to the poliomyelitis numbers
recorded in USA illustrate the performance of this model when compared with oth-
ers.
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1. Introduction

The integer-valued models present in literature have underlying distributions
which allow the count time series in study to be zero, which means that zero
is a possible value of the model.

It may happen, however, that the expected number of zeros according to the
underlying distribution is not compatible with those actually occurring. We
have in this case an inflation or deflation situation of the zero value and, in
order to correct this situation, we have to provide for the possibility to mix the
underlying distribution with a point probability. This is for example the case of
integer-valued zero inflated models, studied in particular by Zhu (|9]), Lee, Lee
and Chen ([4]) and Gongalves, Mendes Lopes and Silva (|2]), involving Poisson,
generalized Poisson, negative binomial and compound Poisson distributions, all
of them with support Ny.

Motivated by the wide presence of integer-valued time series with a finite
range in diverse real-life applications, such as the monitoring of computer tools
with n workstations (Weifs, [8]) or the daily number of hours in which the
prices of electricity of Portugal and Spain are different (|3]), Ristic, Weif and
Janji¢ ([5]) introduce a binomial integer-valued ARCH model for time series
with finite range {0, 1, ...,n} where n denotes the (known) upper limit.
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So, in order to accommodate inflation at zero and finite support in the same
work environment, we propose in this paper an integer-valued ARCH process
with a conditional zero-inflated binomial distribution.

In Section 2 we recall the definition of the binomial integer-valued with au-
toregressive conditional heteroskedasticity process ([5]), denoted as BINARCH,
and we introduce the zero-inflated binomial INARCH model definition, denoted
as ZI BINARCH. The probabilistic structure of this family of stochastic pro-
cesses is discussed, including conditional and unconditional moments, strict
and weak stationarity, ergodicity as well as the statement of Yule-Walker equa-
tions for the autocorrelation fonction of the ZI BINARCH process. Section
3 includes the estimation of the parameters of the ZI BINARCH model by
conditional maximum likelihood and a simulation study that illustrates the
properties of the estimation methodology in moderate and large samples. Sec-
tion 4 concludes with a real-data application consisting of monthly counts of
poliomyelitis cases recorded in the United States.

2. Zero-inflated Binomial INARCH processes

2.1. Binomial INARCH process. Let X = (X}, t € Z) be a nonnegative
integer-valued stochastic process and, for ¢ € Z, let X, denote the o— field
generated by (X¢—;,j > 0).

Definition 2.1. (|5]) The process X follow a binomial integer-valued ARCH

model if
XX, 1 ~Bin(n,aq), t € Z, (1)
with n € N and
1
ap = ag + E;aiXt—if tez, (2)

for constants ag > 0, a; > 0,1 =1,....p, p € {1,2,...} such that

p
ag + ZCL@ < 1.
=1

In a briefly way, the model is denoted BINARCH (p).
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So, from (1) we have

n n—x
Pi=al X = ()ar (1= a0 Lot @)

E(Xi| X 1) = noy
V (Xt‘itfl) = NOi (1 — Oét) .

The BIN ARC H model was studied by Ristic et al (|5]), stating in particular
its ergodicity and strict and second order stationarity.

2.2. Zero inflated Binomial INARCH process. Now we introduce the
definition of the zero inflated binomial integer-valued autoregressive conditional
heteroscedastic model, briefly ZI BINARCH (p).

Definition 2.2. The stochastic process
Z = (Zy,t €7
follows a ZI _BINARCH (p) model if, for any t € Z,

(3)

with Z, the o— field generated by (Z;—;, i > 0), n a positive integer, B € [0, 1]
and

12
=by+—)Y b;Z,_. 4
By =bo + n; t—i (4)
for constants by > 0, b; > 0,1 =1,...,p, p € {1,2,...} such that
p
by + sz <1
i=1

so that By € |0, 1] since the support of Z is {0,1,...,n}. If B = 0, the model
reduces to the previous BINARCH one.

In order to illustrate the probabilistic changes related with the zero inflation,
we present in Figure 1 the histograms and basic descriptives of a series X
following a BINARCH (1) model with a; = ag+ 2a;X;_;, and of a Z process
following a ZI BINARCH (1) model with ; = by + %bth_l, where n = 5,
ay = by = 0.5, B = 0.5 and a; = by = 0.4. We note that the parameter [ is
quite large and the zero inflation is naturally notorious.
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FIGURE 1. Histograms and descriptives of a BINARCH (1) process X
with oy = ag + %alXt_l, and of a ZI BINARCH(1) process Z with 5, =
bo + %bth,l where n =5, ag = by = 0.5, 8 =0.5 and a; = b; = 0.4.

2.3. Probabilistic structure of ZI BINARCH (p) processes. The gen-
eral probabilistic study presented in this Section includes the study of the strict
and weak stationarity of ZI BINARCH (p) processes as well as some prop-
erties of their temporal characteristics.

2.3.1 Conditional Moments

We have
E(Zi|Z,—1) = (1 = B)np

and, analogously,
B(Z1Zi1) = (1= ) 2 P(Z = 212, 1) = (1= §) [nfr (1 = ) + 2]
deducing that
V(ZilZ,1) = (L= B)nB[1 = B (1 —np)].
The analysis of the conditional dispersion coefficient

E(Z|Z, 1) 14 Bi (1 —np)

V(Z|Z,.) 1= 5(1—-np)
shows that the model is conditionally equal dispersed if and only if (1 — ng) =0
(as, for example, if n = 2 and § = 0.5), it is overdispersed (resp. underdis-
persed) if and only if (1 —nfg) > 0 (resp., (1 —ng) < 0).

2.3.2 Strict and weak stationarity and ergodicity of Z

Property 2.1. The ZI_BINARCH (p) process Z given by (3) and (4) is
ergodic, strictly stationary and also second order stationary.
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Proof. The proof follows the lines of Ristic et al ([5]). We use the pth-order
Markov process Z = (Z;,t € Z) to build the vector-valued process

Zt - (Zt, ceny Zt—p+1) ,t € Z

which is a finite first order Markov process, that is, a finite Markov chain. Its
one-step-ahead transition probabilities are, with k = (kq, ..., k), 1 = (L, ..., 1))

1, i=j
and&ijz{o Z;é] )

pku =P (Zt = k|Zt,1 = l) = 5k211-~-5kplp,1p (Zt = ]{Z1|Zt,1 = l)

- p
i=1
Let kj=(ki, ..., kitp—1) . The k-step-ahead transition probabilities are
P (Zt - k0|Zt,p - kp)

= 1P Z =kl Zi s = Fkirs s Ze i = Kji)
=0
p—1

- TH{[pra-9(1-5) T 1w +a-m () & (=5)"" 1u.m )}

Jj=0

where 53 = by + 121) k;.;, and they are larger than zero, since 0 < f§ < 1

and by > 0. The ﬁmte Markov chain Z; is primitive, so irreductible and ape-
riodic and therefore ergodic with a unique stationary distribution (|7]). Since
the range of Z; is finite, any moments exist and so the strict stationarity of Z
implies its second-order stationarity. |

We note that any moment of 3; also exist.
2.3.3 Moments of ZI BINARCH (p) processes

We have
E(Z) = E[E(Z|Z,1)] = E[1=8)nB]=(1-8)nE ().

Since
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we also have

Vi(Z) = EV(Z|Z1)] +V [E(Zi|Z;-1)]
= (1=-8)nE[B[1 -5 (1-nB)]]+VI[1-p8)ns]

that is,
V(Z)=(1-B)n[EB)—1-nB)E(B)] +1-p"n*V(5) (5
Let us evaluate now the dispersion coefficient 5%2; in the case p = 1, where

Br=bo+ i1 Z,_,.
In this case E (Z;) = (1 — ) nﬁ Moreover,

b
(1=5)b

and V (B;) = (%)2 V (Z;—1) . We deduce that

B(#) = (4)°V (Zi) + [ty

and, replacing in (5) we obtain V' (Z;_1) = vz (0) given by

E(ﬁt)zl_

12(0) = (1 —B)n{m ~(1=nb) (%)7 )= =) L—(lb——mbH

£ (1 B2 (%)7 0)

ez {1+ a-g -9t - - s

bo

bo
(1= B {1—(1—%)—1_(1_@@]
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that is,
(1 _ﬁ)TLQ[l—(lli—o,B)blf[l — (1 =8)br — (1 —npB) by
nt(L—B)(L—nB) B —n(l— B0
(1 —5)TLQW[1 — (1 =8)b1 — (1 —npB) by
n+(1—758)b2(1—n) '
The inverse of the dispersion coefficient is then equal to
V(Z)  tagm - (1 =n8)b—(1-5)b]
BZ) =gy -np)tt+nlt-(1-p78]
So, the model ZI BINARCH (1) is equidispersed if and only if

mu—(l—nﬁ)bo—( B)bi] = (1—B)(1—nB)bt}+n[l—(1-pB)"b]
& 1-(1-8)b— (1 —npB)b =L ”1{ B)(L—nB)b2+n[l—(1-p8)72]}
& —(1—nB)by= —1+ (1 - B)by + == {(1—/3)(1—n/3>b%+n [1—(1-p5)"83]}
& by= gy — G I By (1) B 40 [1- (1 8)° 8]}
and, depending on the parameter values, it may also accomodate under or over
dispersion.

Theorem 2.1. The autocovariance function, vz (k) = Cov(Zy, Zyx), k >
0, of the ZI_BINARCH (p) process Z given by (3) and (4) satisfies the
equations

vz (0) = pz — El Z)ﬁ)uz +(1-14) Zbﬁz( )

12 (K) = (1= B) Sobovz (Ik —il) , k> 1,

1=1

where py = E (Zy) .
Proof. For k > 0,

vz (k) = Cov(Zi, Zit) = E(Zi — pz) (Zik — pz)]
E(Zik — pz) E(Zi — pzlZ;-1)]

= E(Zi—r — pz) (1 = B) nby — pz|Z, )]
since £ (Z:|Z,_1) = (1 — 8) np;:. So,
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vz (k) = Cov((1— B)npi, Zi-r)
= (1=8)nCov (B, Z—k)

1 p
= (1 — ﬁ) nCov (b() + ﬁzl:biZt_i’ Ztk)

= (1-5) me(lk—il)-

Moreover,

1 p 1 p p ' '
Vi(g) =V (bo + Ezbith) = ﬁzbizbﬂz (I7 =)
i=1 =1 j=1

1 - ,
= —(1 —3) nQ;bﬂz (2)
and so, from equality (5),
V(Z)=(1=B)n[E(B)— (1—np) E(6])] + (1= B)*n’V (8)
= E(Z) = (1= B)n(1—npB) [V (B) + (E(B))°] + (1= 8)*n*V (8)

= B(2) - (1= A)n L= n8) {H0 [0 - (1= B (1= 03]V (3

(E(Z)) +(1=8)n[(1—-p8)n—1+ Bn] mzbﬂz (1)

(1-=8)n
_ _(1_715) 2 _l = ' ;
=12 a2 T (1 n) izlbm( )

=E(Z)-(1 _nﬁ)

3. Parameter estimation of ZI BINARCH (p) processes

3.1. Conditional maximum likelihood. Using the conditional maximum
likelihood (CML) methodology we estimate in this Section the parameter vector
© = (bo, b1, ...,bp,ﬁ)T = (6o, 01, ...,6p+1)T of a stochastic process Z following
a ZI BINARCH (p) model, based on an N-sample (Z1, ..., Zy). So, in the

following we consider n known.
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The probability function of the conditioned law is, from equations (3) and

(4) I

p
where 8, = by + 1>°b:Z,_,.
i=1

The conditional likelihood function associated to the NV observations Z1, ..., Zn
conditionally to the initial values is

L@ = [ 1840 - 81—y 0o a-p (5) s a-ays] wemen.

t=p+1
The log-likelihood function is then given by
L(0)=logL(0)

= > we{Bra-pa-ar e [a-s (7) g a-ay] )

t=p+1

= > 1(©)

t=p+1

with

1 (0) = Loy (Z)log [B+ (1= 5) (1 — B)"] +

+ I,y (Z) |log (1 — B) + log (Z) + Zilog By + (n — Z;) log (1 — Bt)}

.....

The first derivatives of ; in order to 6;, 2 = 0, ..., p are

ol o (1 - 5) n (1 - ﬁt)n_l 9B Zy n—2Zy\ 0p
3_(% - ]I{O} (Zt) 6 + (1 _ 6) (1 _ Bt)n 802 + H{l ..... n} (Zt) <E - 1 — 675) ael

(6)
and

o, 1)
3= A Sy e @) (125) - O

with
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Gﬁt 8@5 . aﬁt
— =1 — =7, ., 1=1,.. = 0.
890 ) 891 t—1 v ) 7p7 a€p+1
1 _ n—1
As the derivative in order to 6; of ( 5) is equal to

B+1-8)1-85)"
(=)= B) PGB (L= B) (1= 8"+ (1= B)n (1= B)" Gt (1= )"
[B+(1=8)(1=5)"T

n2 —nB+ B+ (1—8) (1= p)" 95,

= O - 06

the second derivatives are, for 0 < 1,5 < p,

R O e e i
+ I,ny (Z) {gﬁ: [—%g—gj . %Z_gj}
that is,
o Loy (Z:) (1= B)n(1—B)" > —nB+B+(1-5)1- @)"%%
00:00: B+(1—B)(1—B)'T 96,09,

Zy n—Zy | 0B 0B
T @) |G+ ] o ®
Moreover, for = 1, ..., p,
Pl a1 B =81 =5)"+[1-(1-5)"(1-5) 9B
56,08, Hor(Z) (1 =) B+ (1—5) (=BT o0,
and
521 1—(1—8)"7 1
: 7y — =B gz —L s, o)

— = Ty (Z) -
0 T B a-p -7
It N is large enough, the distribution of the conditional maximum likelihood
estimator, ©, may be approached by the following distribution:

6 2 N (00, [NT (00)] )
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where Z (Oy) is the information matrix evaluated at Oy, the true value of ©.
Let us present now consistent estimates for the information matrix. Taking
expectations in both sides of the equation (8) we obtain

2
E (ao(ialtej| ZH) B

_E|- (1 g2 ZM B+ (=B (1= B)" 05 05
_E[ Loy (Z) (1 = B)n (1= f) [5‘1‘(1—5)(1—@)”]2 09, 08,

Zt - Zt a ta t
- lﬂ“ """ () (B_E i @)2) s 8_§j| Z“]

| z]

— (1 —-B)\n(l— n72_nﬁ""ﬁ‘i‘(l_ﬁ)(l—ﬁt)n%aﬁt
=—(1=8)n(1-p) [ﬁ‘i‘(l—ﬁ)(l—ﬁt)nf 89]-801-13

Zt - Zt 8 ta t
- K {]1{1 ..... ny (Zt) (ﬁ_tg + (fj_—ﬁt)z> 62» 8_§j| Zt1:| :

(Zt =0 Zt—l)

So,as P(Zy=0] Z; 1) =B+ (1 —=8)(1-5)",

2_n5+5+(1_5>(1_ﬁt)n%aﬂt
B+(1-=p8)(1-p5)" 06,00,

Zt _Zt a ta t
- lﬂ“ """ 0% (6_3 i &)2) o a_§j| Z“] |

g2y, = —(1 1 "
(m|_t1) = —(1-8)n(1-5)

But from E(Z;|Z,_,) = (1 — ) nf; we deduce

E (H{1 ..... n} (Zt) Zt| Zt—l) — (1 - 5) n By
E (L. (Z) (n—2))| Z,_y) = nP(Z #0] Z,_y) — (1 — B)np,
= n[l-B—(1—-5)(1—5)"1—(1-B)np
= n(l-8)[1~(1-5)"— B8]

o2l
El————Z =
SO) (aelaej |—t1)
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n—2 B+ B+ (1—pB)(1—5)" 05 0B,
—(1=8)n(1—p) 5+(1_ﬁ)(1—5t)n 3_9]8_(91+
(1= 2= = 0= 60" =) 002
By (1—243)° 20, 06,

T a2 [TnBHB+H (1= 8) (1= B)"] 1 1-(1=5)"=B]\ 9898
—n(-o - [P S L [ T e
1 o [TBEBH (=B =8)"] | 1—8— Bl 1—5:5 0B 9B,
=-n(l-p) {(1 Bt) i B+(1=B)(1=8) ] T B (1— @ } 00; 00;
1 o [TBHB+(A-8)(A-8)"]  1-B(1— 8" | 98, 0B,
=-—n(l 5){(1 Pr) T Ara-p0-58)r |7 s0-8) }aej a0,

Let us note that, with A, = 8+ (1 —8) (1 — 5",
o a2 TnB+ A4 1— B (1—8)""
=) ( 4, > T RU-R)
Be (1 — ﬁt)nil (—nB + Ay) + {1 — B (1 — Bt)nl} Ay
A (1 = )
_ B (L=B)""" B+ AB (L= B)" T+ A - B (- B)" A
A (1 = )
B (1= ﬁt)n_l nB + A
N ABr (1= By).

So,

81, B —B(1—B)" "B+ B+ (1—B)(1— )" 9B 9B
E(%aeL“)“““_ﬁ) BrU-BU-BVIA0-5) o606 Y

We also have from (9)

1,
El—~1-|Z
<89p+1aei |—t—1)

— (- 1 BHA=8)1-8)"+[1-(1-45)"101 ﬁ)aﬁt
- (1 6t) [/3 T (1-6)(1— ﬁt)n]Q ag [H{O} (Zt) | Ly 1]

— n(l_ﬂ)n—l/6"{'(1_5)(1_575)”"{'[1_(1_615)”](1_5)851:
' B+1—-p8)1-p)" 90;
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that is,

82lt . n—1 1 8575
and from (10)

021, - 1—(1- ﬁt)n]Z R o
y <@|Z“) = ira-fa-ay 1-pi (-] (3

Otherwise, from (6) we get

S 1- 1—6)"" 2@ : 00
E(aeia_ej'ztl)ZE{Hmzt)( B)n(1-4) ] 6,08

B+(1—B)(1—B)"| 06;00;

Zr n—27,\"0B,08
+ 1,y (Z) <FZ— 1-5:) 8(9:8_9;’ Zy .y}

[(1=B)n(1—5)""]" 9895
B+ (1—=06)1—p)" 06, 00;

(Z, — npy)’ 0B 96,
P

Taking into account that E (Z7|Z,_,) = (1 — B)nB (1 — B+ nf;) we de-
duce that

= (1=8)nbi (1 =B +npy) —2n°6; (1 = ) +n*B7 1 = B — (1= B) (1= 5)"]
= (1=p8)nB{l =B+ nb —2nb +np[1 — (1 - 5)"]}

= (1=8)np[1 =5 —np(1-05)"].

Consequently

ol o, C(la=8n=8)""T (L -B)nll- B —nfi(1—5)") 9505
E(a_w_@@‘l) - <5+<1—6>(1—6t)” N B (1= By)? >@9i69j

_ . (1_/6)71(1—@)2”72 1= —npB(1—5)" a@t%
= { B>n{5+(1_5)(1_5t)n+ B (1—5,) }691‘39]"
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Let us note that, again with A4, = 8+ (1 —38) (1 — 3",

(1—=8)n(1— 51:)27172 i 1— B —np (1 - @t)n
Ay ﬁt(l —@5)2
_ (1—=8)np (1 - 515)2” .
ABy (1= 5y)?
+B — BB —nBB (1= B)" + (1 =B) (1= 5)" = (1L =B) B (1 = B)" — (1 = B)nf (1 = )™
Adbe (1= By)*

B — BB —npp (1 — 5t)n + (1 — 5) (1 - ﬁt)n — (1 - ﬁ) By (1 — 5t>n
Aby (1= B,

B — BB —nBP (1 — Bt)n +(1-8)1 - Bt)n —(1-5)8:(1 - 5t>n
Ay (1= )

B+A-=8)1=8)" =68+ 1—=p)(1—=5)"]—nBB(1-5)"
Aiby (1= )

A=) —nBB (1= B)" _ Av—nBB (1 - 5)""

ABe (1= Br)? ABi (1= By).
So
Ol Ol BB (1 B8)" —nBB (L - 5)" 95,98,
b (a_aa_ej'Zt-l) - i a-paa—p) oo, Y

Also for i =1, ..., p, from (6) and (7)

9P
00;

oly 0l L (1 _ 5) n (1 _ ﬁt)n_l - - .
E (861- 8(9p+1 |Zt_1> a 6+ (1 — ﬁ) (1 _ @)n [1 (1 Bt) ]
Zy n—Z 1 B,

—E {H{l ..... n} (Zt) (E - 1_—@|Zt—1>} (ﬂ) 96,

I LTy R

= Tsra-pa-gr -5
_ ! E [Ty (Z) (2o — nBil2,1)] 22
Bi(1—B)(—p) Hthm =t=11 9,
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So
(5lt oly IZt_1> (1 =B)n(1-5)" 1= (1= 8)" 0By

E

00; 00,11 B+ (A=A A=) 00;
1 n aﬁt
CAO-maop s Al m A A= e,

9Py
00;

_ 1-pna-p)
B+ -B) - A
(1=B)n

[1—(1-5)"

9P
00;

1A (1-pB)"" ey, (=8)" | 9B

——=ona-p T )

B+(1-p8)1—=p8)" 1-—p5] 06
e [LEB A A (-84 9
- -nt-r{ R Ay 53
simplifying to
ol, 0l n(1— @)”*1 053
EY I = — 1
E(wwmae) = rra-paoara 0

and

ol, ol
_t \z —
(ae,,+1 90,41 |—t—1)

) 1—(1-53)" i
=F (H{o} (Z¢) [5 +(1-p)1- 5t>n]

- [6 +1<1_—( 15>_</181ﬁ>} P(a-oiz) <ﬁ)2 P02

== (T R
_B+(1_5)(1—5t)n+(1—/3) [1 p (1 5)(1 /Bt)]
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which gives
ol 0l ) 1—(1-8)"7 1 i
b 2. 4-1) = at 1—(1—8)". (16
(39p+1 a@p+1 |_t 1 b+ (1 — 5) (1 — ﬁt) 1-7 [ ( Bt) ] ( )
Comparing now the expectation of (14), (15) and (16) with that of (11),

(12) and (13) respectively, we conclude that this model satisfy the information
matrix equality:

2L\ _ ol; ol -
—E (skr) =B (33),0<ij <p+1.

So, the matrices

~ N ~ N

Sp=% > V,VTl, and  D,=-% Y V[VTl]

t=p+1 t=p+1

are consistent estimates for the information matrix, where VI, is the gradient
of [; , and both can be used to estimate the asymptotic covariance matrix of
the conditional maximum likelihood estimator.

3.2. Simulation study. In this Section we illustrate by several forms the finite
sample performance of the CML estimation methodology previously presented
considering a stochastic process Z following a ZI BINARCH (1) model. We
assume that n is known and consider n = 5.

A numerical study was carried out in order to evaluate the finite sample
performance of the CML estimators of by, by and [, generating a sample of
size N of the ZI BINARCH(1) model with parameters by = 0.5, by = 0.4
and § = 0.5. For this sample, we obtained the CML estimates following the
previous theoretical approach. We repeated this procedure 100 times and the
mean values of the estimates, along with the standard deviations in parenthesis,
are presented in Table 1. The used sample sizes are N = 1000 and 10000.

Table 1. CML estimates for the ZI BINARCH(1) model with by = 0.5,b = 0.4,5=0.5

Eest <b0> Eest <b1> Eest (6)
N = 1000 0.496262 | 0.406347 | 0.499498

(0.015351) | (0.021799) | (0.017069)
N =10000 | 0.500122 | 0.400024 | 0.499416

(0.004532) | (0.006691) | (0.004974)

These simulations show that, as expected, the estimates of the parameters
seem to converge to the corresponding true parameter values as the sample size
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increases. Further, the standard deviations of the estimates decrease when the
sample size increases.

Figure 2 displays the Box-plots of the CML estimates for the three parameters
for N = 1000 and 10000. We observe, in all cases, a strong concentration near
the true value of the parameter and we notice that this concentration increases
with V.

BO B1 BETA
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50 52
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.46 L .48

.36

44 34 46
BO B1 BETA
515 42 510
o ]
510 41 505
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40 500 g
500
39 495 1
495 -
490 384 490 -
485 a7 4851 o

FIGURE 2. Box-plots of the CML estimates of by,b; and 3, with N = 1000
(up) and N = 10000 (down).

The Q-Q plots of the CML estimates corresponding to N = 1000 and 10000
are presented in Figure 3. We note that the empirical quantiles approach
the Gaussian distribution ones when N increases, for all the parameters in
study. Moreover, the Jarque-Bera, Cramer-von Mises, Watson and Anderson-
Darling statistics and p-values presented in Table 2 for N = 100 show the clear
compatibility of the empirical distributions of CML estimates of all parameters
with the Gaussian distribution.
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FIGURE 3. Q-Q plots of the CML estimates of by, by and 3, for N = 1000
(up) and 10000 (down).

Table 2. CML estimates of by, by and S and Gaussian distribution.

N = 100 b() b1 5

Method Value Probab. Value Probab. Value Probab.
Jarque-Bera 2.062752  0.3565 | 2.624497  0.2692 | 2.988610  0.2267
Cramer-von Mises (W2) | 0.039846  0.6811 | 0.045249  0.5818 | 0.076325  0.2287
Watson (U2) 0.037944  0.6642 | 0.045247  0.5311 | 0.057642  0.3625
Anderson-Darling (A2) | 0.288669  0.6097 | 0.274759  0.6548 | 0.544131 0.1583

4. Real-data example: Poliomyelitis cases in USA

We apply the estimation methodology to the polio data presented in Zeger
(1988). The data consists of 167 monthly counts of poliomyelitis cases recorded
in the United States from january 1970 to november 1983 by the Centres for
Desease Control. Figure 4 presents this series, its descriptive summaries and
empirical autocorrelation and partial autocorrelation values. The empirical
mean and standard deviation are 1.341317 and 1.874922 respectively. There
is a large number of zero observations, the maximum observed is 14, the first
autocorrelation is 0.295 and those of higher order are not significant.
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Correlogram of POLIO1970_1983

Date: 06/08/21 Time: 17:02
Sample: 1970M01 1983M11
Included observations: 167

Autocorrelation Partial Correlation AC PAC Q-Stat Prob

0.295 0.295 14.794 0.000
0.138 0.056 18.038 0.000
-0.002 -0.062 18.038 0.000
0.052 0.067 18.510 0.001
0.129 0.116 21.388 0.001
0.103 0.027 23.239 0.001
0.019 -0.042 23.304 0.002
0.042 0.051 23.615 0.003
0.002 -0.021 23616 0.005
0.047 0.027 24.016 0.008
11 0.113 0.097 26.316 0.006
12 0.068 0.003 27.158 0.007
13 0.012 -0.035 27.187 0.012
14 0.039 0.052 27.468 0.017
15 -0.030 -0.060 27.638 0.024
16 0.025 0.009 27.754 0.034
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FIGURE 4. Polio series: plot, descriptive summaries and autocorrelation
and partial autocorrelation values.
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The results related to the estimation of BINARCH and ZI BINARCH of order
one with n = 14 are present in Table 3. Despite the non-significance of the
autocorrelations of higher orders, we study also the effect of modeling the same
observations by models BINARCH and ZI BINARCH with order two. For the
comparison of the fitting quality we use, besides the log-likelihood function and
Akaike (|1]) and Schwarz ([6]) criterion values, the mean square error given by

1

MS? =
RMS N2

E(Z)|Z,- 1)) :

||M2

Taking into account the sistematic smaller values of the criterions, we note
that the ZI BINARCH models perform better than the BINARCH ones of
equal order. Comparing now the ZI BINARCH(1) and ZI BINARCH(2)
models, we observe that the first one has better values for all criterions except-
ing the negative log-likelihood. We point out the similarity of the estimates in
these two modellings and also the expected non-significance of the parameter
by (with p-value equal to 0.7661) in the ZI BINARCH(2) fitting. So, we retain
the ZI BINARCH(1) model and then analyse the residuals series produced.

Table 3. Conditional maximum likelihood estimates of the parameters of the models,
with the corresponding standard errors and probabilities, and the negative log-likelihood
functions, Akaike and Schwarz criterions and root mean square errors

Model Estimates - log L | Akaike | Schwarz | RMS

bo by
0.0628  0.3470

BINARCH(1) (0.0059) (0.0290) 296.7372 | 3.5992 | 3.6367 | 1.7895
0.0000  0.0000
bo b g
0.0856  0.4262  0.2473

ZI_BINARCH(1) (0.0100) (0.0342) (0.0489) 283.5904 | 3.4529 | 3.5091 | 1.7883
0.0000  0.0000  0.0000
bo by by
0.0569  0.3273  0.0866

BINARCH(2) (0.0064) (0.0295) (0.0465) 294.0457 | 3.6006 | 3.6570 | 1.7905
0.0000  0.0000  0.0626
b() bl b2 B
0.0839 0.4214  0.0175  0.2407

ZI_BINARCH(2) (0.0106) (0.0363) (0.0587) (0.0492) 282.5818 | 3.4737 | 3.5490 | 1.7899
0.0000  0.0000  0.7661  0.0000
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Figure 5 shows the correlogram and partial correlogram of the Pearson resid-
uals. The compatibility with an white noise is clear. Figure 6 presents the

polio series and the series estimated by the ZI BINARCH(1) model that was
chosen in the previous discussion.

Correlogram of RP

Date: 06/11/21 Time: 17:13
Sample: 1970M01 1983M11
Included cbservations: 166

Autocorrelation Partial Correlation AC PAC Q-Stat Prob

0.027 0.027 01252 0723
0.107 0.106 2.0586 0.357
-0.087 -0.093 3.3406 0.342
0.086 0.082 4.6132 0.329
0.057 0.072 51737 0.395
0.104 0.076 7.0679 0.315
-0.015 -0.020 71101 0.418
0.056 0.046 7.6645 0.467
-0.040 -0.035 79516 0.539
10 0.062 0.035 8.6407 0.567
11 0.097 0.106 10.337 0.500
| 12 0.063 0.029 11.052 0.524
| 13 0.000 -0.012 11.052 0.606
| 14 0.040 0.041 11.343 0.659
[ 15 -0.061 -0.070 12.040 0676
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FIGURE 5. Pearson residuals: autocorrelation and partial autocorrelation values.
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FIGURE 6. Polio series and fitted conditional mean from the estimated
ZI BINARCH(1) model.

5. Conclusion

In order to deal with zero inflation within the finite-range conditionally het-
eroscedastic count series, we define and study the zero inflated binomial IN-
GARCH process. The probabilistic structure of this model is developed by es-
tablishing its stationarity and ergodicity properties, and obtaining closed-form
expressions for its mean and autocovariance functions. Furthermore, a statisti-
cal analysis is performed by estimating the model parameters and establishing
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the corresponding asymptotic behaviour. The simulation study carried out
shows the good performance of such estimators with finite samples. Addition-
ally, we highlight the best fit of these models to time series with a large number
of zeros, as illustrated by the real-data example considered. Future develop-
ments of this study may consider other discrete conditional distributions with
finite support, such as general discrete truncated ones.
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