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ABSTRACT: We show how to apply forward and reverse mode Combinatory Ho-
momorphic Automatic Differentiation (CHAD) to total functional programming
languages with expressive type systems featuring the combination of

tuple types;

sum types;

inductive types;

coinductive types;

function types.

We achieve this by analysing the categorical semantics of such types in X-types
(Grothendieck constructions) of suitable categories. Using a novel categorical logical
relations technique for such expressive type systems, we give a correctness proof of
CHAD in this setting by showing that it computes the usual mathematical derivative
of the function that the original program implements. The result is a principled,
purely functional and provably correct method for performing forward and reverse
mode automatic differentiation (AD) on total functional programming languages
with expressive type systems.

KEYWORDS: automatic differentiation, program correctness, denotational seman-
tics, variant types, inductive types, coinductive types, extensive indexed categories,
Artin glueing, logical relations.
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Introduction

Automatic differentiation (AD) is a popular technique for computing deriva-
tives of functions implemented by computer programs, essentially by applying
the chain-rule across program code. It is typically the method of choice for
computing derivatives in machine learning and scientific computing because
of its efficiency and numerical stability. AD has two main variants: forward
mode AD, which calculates the derivative of a function, and reverse mode AD,
which calculates the (matrix) transpose of the derivative. Roughly speaking,
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for a function f : R — R, reverse mode is the more efficient technique if
n > m and forward mode is if n < m. Seeing that we are usually interested
in computing derivatives (gradients) of functions f : R* — R with very large
n, reverse AD tends to be the more important algorithm in practice.

While the study of AD has a long history in the numerical methods commu-
nity, which we will not survey (see, for example, [16]), there has recently been
a proliferation of work by the programming languages community examin-
ing the technique from a new angle. New goals pursued by this community
include

e giving a concise, clear and easy-to-implement definition of various AD
algorithms;

e cxpanding the languages and programming techniques that AD can be
applied to;

e relating AD to its mathematical foundations in differential geometry
and proving that AD implementations correctly calculate derivatives;

e performing AD at compile time through source-code transformation,
to maximally expose optimization opportunities to the compiler and
to avoid interpreter overhead that other AD approaches can incur;

e providing formal complexity guarantees for AD implementations.

We provide a brief summary of some of this more recent work in section [10]
The present paper adds to this new body of work by advancing the state of
the art of the first four goals. We leave the fifth goal when applied to our
technique mostly to future work (with the exception of Cor. [9.1)). Specif-
ically, we extend the scope of the Combinatory Homomorphic Automatic
Differentiation (CHAD) method of forward and reverse AD [40], B39] (from
the previous state of the art: a simply typed A-calculus) to apply to total
functional programming languages with expressive type systems, i.e. the
combination of:

e luple types, to enable programs that return or take as an argument
more than one value;

e sum types, to enable programs that define and branch on variant data
types;

e inductive types, to include programs that operate on labeled-tree-like
data structures;

e coinductive types, to deal with programs that operate on lazy infinite
data structures such as streams;
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e function types, to encompass programs that use popular higher order
programming idioms such as maps and folds.

This conceptually simple extension requires a considerable extension of ex-
isting techniques in denotational semantics. The pay-off of this challenging
development are a surprisingly simple AD algorithm as well as reusable ab-
stract semantic techniques.

The main contributions of this paper are:

e developing an abstract categorical semantics ( of such expressive
type systems in suitable X-types of categories (§3);

e presenting, as the initial instantiation of this abstract semantics, an
idealised target language for CHAD when applied to such type systems
(§4):

e deriving the forward and reverse CHAD algorithms when applied to
expressive type systems as the uniquely defined homomorphic functors
(§5) from the source (§2)) to the target language (§4));

e introducing (categorical) logical relations techniques (aka sconing) for
reasoning about expressive functional languages that include both in-
ductive and coinductive types (§7))

e using such a logical relations construction over the concrete denota-
tional semantics of the source and target languages ( that demon-
strates that CHAD correctly calculates the usual mathematical deriv-
ative (§5);

e discussing applied considerations around implementing this extended
CHAD method in practice (§9).

We start by giving a high-level overview of the key insights and theorems
in this paper in §.

Key ideas

Origins in semantic derivatives and chain rules. CHAD starts from
the observation that for a smooth function

f:R"—R™

it is useful to pair the primal function value f(z) with f’s derivative D f(x)
at x (where we underline the spaces R" of tangent vectors to emphasize their
algebraic structure and we write a linear function type for the derivative to
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indicate its linearity in its tangent vector argument):

Tf R" = R™ x (R" — R")
z = (f(z), Df(z))

if we want to calculate derivatives in a compositional way. Indeed, the chain
rule for derivatives teaches us that we compute the derivative of a composition

g o f of functions as follows, where we write 7 f dof mioTf, fori=1,2:

T(g o /)(x) = (Tig(Tof(x)), Tag(Tif (x)) © To f ().

We make two observations:

(1) the derivative of g o f does not only depend on the derivatives of g
and f but also on the primal value of f;

(2) the primal value of f is used twice: once in the primal value of g o f
and once in its derivative; we want to share these repeated subcom-
putations.

Insight 1. This shows that it is wise to pair up computations of primal
function values and derivatives and to share computation between both if we
want to calculate derivatives of functions compositionally and efficiently.

Similar observations can be made for f’s transposed (adjoint) derivative
D', which propagates not tangent vectors but cotangent vectors and which
we can pair up as

T*f ‘R" — R™ x (Bm 5 Bn)
v (f(2), Df(w))

to get the following chain rule

T (go f)@) = (TTg(T7 [(2), Ty f(x) o Ty'g(Ty" f (2)))-

CHAD directly implements the operations 7 and 7" as source code trans-
formations B and D on a functional language to implement forward and
reverse mode AD, respectively. These code transformations are defined com-
positionally through structural induction on the syntax, by making use of
the chain rules above.
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CHAD on a first-order functional language. We first discuss what the
technique looks like on a standard typed first-order functional language. De-
spite our different presentation in terms of a A-calculus rather than Elliott’s
categorical combinators, this is essentially the algorithm of [13]. Types 7, 0, p
are either statically sized arrays of m real numbers real” or tuples 7o of
such primitive types 7,0. We consider programs ¢ of type ¢ in typing con-
text I'=21:7,...,2, : 7, where x; are identifiers. We write such a typing
judgement for programs in context as I' =1 : 0. As long as our language has
certain primitive operations (which we represent schematically)

't :real™ --- T'Ft,:real™
't op(ty,...,t) : real™

such as constants (as nullary operations), (elementwise) addition and mul-
tiplication of arrays, inner products and certain non-linear functions like
sigmoid functions, we can write complex programs by sequencing together
such operations. For example, writing real for real!, we can write a program
x1 : real,xy : real, x3 : real, x4 : real - s : real by

lety = 1 %24+ 2% 29in
let z = y* x3in

let w = 2z + z4in sin(w),

where we indicate shared subcomputations with let-bindings.
CHAD observes that we can define for each language type 7 associated
types of

e forward mode primal values B (7);;
we define B (real”) = real” and B (r0); = B(7)1%D (0)y; that is, for
now B (1), = 7;

e reverse mode primal values D (7)o;
we define D (real”) = real” and D (7%0); = D(7)%D(0);; that is, for
now D (1), = ;

e forward mode tangent values B (7)o;
we define B (real”); = real” and B (7%0) = B ()% D (0)a;

e reverse mode cotangent values D (7)a;
we define D (real”); = real” and D (7%0) = D (7)y%D (0)s.

We write the (co)tangent types associated with real” as real” to emphasize
that it is a linear type and to distinguish it from the Cartesian type real”.
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In particular, we will see that tangent and cotangent values are linear types
that are equipped with a commutative monoid structure (0,+). Indeed,
(transposed) derivatives are linear functions: homomorphisms of this monoid
structure. We extend these operations B and D to act on typing contexts I

B(l‘l I T/ Tn)l =T : 2_5(71)1, ceey Tt 8(Tn)l
%(:Ul STl ey Tt Tp)1 = X1 %(7‘1)1, e Ty %(Tn)l
B(xl STl ey T Tn)Q = B(7'1)2* T *B(Tn)Q

%(.Il TT1yee 3Ty - Tn)g = %(Tl)g* cee *%(Tn)g.

To each program I' - ¢ : o, CHAD associates programs calculating the
forward mode and reverse mode derivatives B(T)t and D(T)t, which are
indexed by the list I' of identifiers that occur in I':

B()1 + Dr(t) : D(0)*(B(F)2 — B(0))

D)1 F Dr(t) : D(0)*(D () — D(0)).
Observing that each program ¢ computes a smooth (infinitely differentiable)
function [¢t] between Euclidean spaces, as long as all primitive operations op

are smooth, the key property that we prove for these code transformations
is that they actually calculate derivatives:

Theorem A (Correctness of CHAD, Thm. [8.1)). For any well-typed program
x1:real™, ... x; :real™ -t : real™
we have that [B(¢)] = T[t] and [D ()] = T*[].

Once we fix a semantics for the source and target languages, we can show
that this theorem holds if we define B and D on programs using the chain
rule. The proof works by plain induction on the syntax. For example, we
can correctly define reverse mode CHAD on a first-order language as follows:

Dr(op(ty,....ti) L let (z1, 7)) = Dr(ty)in - -
let (1, x) = Dr(ty)in
(op(z1,...,2),Av.let v = Dop'(x1,...,73;v)in

T @ proj; v+ -+ ;. ® proj,v)

ef .
%f(l‘) d: <£U, AV.COpI'OJidX(x;f) (V)>
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P(letz = tins) & let (z,2') = D-(t)in
F( ) ) T
let (y.y/) = Br.,(s)in
(y, \v.letv= ¢/ evinfstv + 2’ e (sndv))
Dr((t,s) < let (z,2') = Dp(t)in
let (y, /) = Br(s)in
({(z,y), \v.2" o (fstv)) + 1/ e (snd v)
Pr(fstt) & let (z,2') = Dr(t)in (fst 2, Av.2’ o (v, 0))
Pr(sndt) € let (x,2) = Dr(t)in (snd z, Av.z’ e (0, v))

Here, we write Av.t for a linear function abstraction (merely a notational
convention — it can simply be though of as a plain function abstraction) and
t @ s for a linear function application (which again can be thought of as a
plain function application). Further, given [';v : 7 = ¢ @ (g% *g,), we
write I';v : 7 F proj, (t) : g, for the i-th projection of ¢. Similarly, given
;v 7kt g, we write the i-th coprojection I';v : 7 F coproj, (t) =
0,...,0,t,0,...,0) : (gy*---*g,) and we write idx(z;; x1,...,x,) = 1 for
the index of an identifier in a list of identifiers. Finally, Dop’ here is a
linear operation that implements the transposed derivative of the primitive
operation op.

Note, in particular, that CHAD pairs up primal and (co)tangent values
and shares common subcomputations. We see that what CHAD achieves
is a compositional efficient reverse mode AD algorithm that computes the
(transposed) derivatives of a composite program in terms of the (transposed)
derivatives Dop’ of the basic building blocks op.

CHAD on a higher-order language: a categorical perspective saves
the day. So far, this account of CHAD has been smooth sailing: we can
simply follow the usual mathematics of (transposed) derivatives of functions
R" — R™ and and implement it in code. A challenge arises when trying
to extend the algorithm to more expressive languages with features that do
not have an obvious counterpart in multivariate calculus, like higher-order
functions.
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In [40, B9], we solve this problem by observing that we can understand
CHAD through the categorical structure of Grothendieck constructions (aka
Y-types of categories). In particular, they observe that the syntactic cate-
gory of the target language for CHAD, a language with both Cartesian and
linear types, forms a locally indexed category LSyn : CSyn®” — Cat, i.e.
functor to the category of categories and functors for which ob LSyn(7) =
ob LSyn(c) for all 7,0 € ob CSyn and

LSyn(7 AN o) : LSyn(o) — LSyn(7)

is identity on objects. Here, CSyn is the syntactic category whose objects
are Cartesian types 7,0, p and morphisms 7 — ¢ are programs = : 7 -t : o,
up to a standard program equivalence. Similarly, LSyn(7) is the syntactic
category whose objects are linear types 7,0, p and morphisms ¢ — p are
programs x : T;v : o -t : p of type p that have a free variable = of Cartesian
type 7 and a free variable v of linear type g. The key observation then is the
following.

Theorem B (CHAD from a universal property, Cor. [5.1]). Forward and
reverse mode CHAD are the unique structure preserving functors

B(—) : Syn — XcsynLSyn
%(—) : Syn — XcsynLSyn”

from the syntactic category Syn of the source language to (opposite)
Grothendieck construction of the target language LSyn : CSyn” — Cat
that send primitive operations op to their derivative Dop and transposed
derivative Dop’, respectively.

In particular, they prove that this is true for the unambiguous definitions
of CHAD for a source language that is the first-order functional language
we have considered above, which we can see as the freely generated category
Syn with finite products, generated by the objects real” and morphisms op.
That is, for this limited language, “structure preserving functor” should be
interpreted as “finite product preserving functor”.

This leads [40], 39] to the idea to try to use Thm. [B| as a definition of
CHAD on more expressive programming languages. In particular, they con-
sider a higher-order functional source language Syn, i.e. the freely generated
Cartesian closed category on the objects real” and morphisms op and try
to define B(—) and D(—) as the (unique) structure preserving (meaning:
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Cartesian closed) functors to YcgynLSyn and XcsynLSyn® for a suitable
linear target language LSyn : CSyn” — Cat. The main contribution then
is to identify conditions on a locally indexed category L : C? — Cat that
guarantee that X¢L and XL are Cartesian closed and to take the target
language LSyn : CSyn” — Cat as a freely generated such category.

Insight 2. To understand how to perform CHAD on a source language with
language feature X (e.g., higher-order functions), we need to understand the
categorical semantics of language feature X (e.g., categorical exponentials)
in categories of the form Y¢L and X L. Giving sufficient conditions on L
for such a semantics to exist yields a suitable target language for CHAD,
with the definition of the algorithm falling from the universal property of the
source language.

Further, we observe in these papers that Thm. [A] again holds for this ex-
tended definition of CHAD on higher-order languages. However, to prove
this, plain induction no longer suffices and we instead need to use a logical
relations construction over the semantics (in the form of categorical sconing)
that relates smooth curves to their associated primal and (co)tangent curves.

Insight 3. To obtain a correctness proof of CHAD on source languages with
language feature X, it suffices to give a concrete denotational semantics for
the source and target languages as well as a categorical semantics of lan-
guage feature X in a category of logical relations (a scone) over these con-
crete semantics. The main technical challenge is to analyse logical relations
techniques for language feature X.

Finally, these papers observe that the resulting target language can be
implemented as a shallowly embedded DSL in standard functional languages,
using a module system to implement the required linear types as abstract
types, with a reference Haskell implementation available at

https://github.com/VMatthijs/CHAD.

In fact, [41] had proposed the same CHAD algorithm for higher-order lan-
guages, arriving at it from practical considerations rather than abstract cat-
egorical observations.

Insight 4. The code generated by CHAD naturally comes equipped with
very precise (e.g., linear) types. These types emphasize the connections to
its mathematical foundations and provide scaffolding for its correctness proof.
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However, they are unnecessary for a practical implementation of the algo-
rithm: CHAD can be made to generate standard functional (e.g., Haskell)
code; the type safety can even be rescued by implementing the linear types
as abstract types.

CHAD for sum types: a challenge — (co)tangent spaces of varying
dimension. A natural approach, therefore, when extending CHAD to yet
more expressive source languages is to try to use Thm. as a definition.
In the case of sum types (aka variant types), therefore, we should consider
their categorical equivalent, distributive coproducts, and seek conditions on
L : C? — Cat under which X¢L and L have distributive coproducts. A
difficulty is that these categories tend not to have coproducts if L is locally
indexed. Instead, the desire to have coproducts in X¢L and ¢ L naturally
leads us to consider more general strictly indexed categories L : C? — Cat.

In fact, this is compatible with what we know from differential geometry:
coproducts allow us to construct spaces with multiple connected components,
each of which may have a distinct dimension. To make things concrete: the
tangent space 7;(R2 + R3) is either R? or R? depending on whether the base
point x is chosen in the left or right component of the coproduct. If the types
B(7), and D(7), are to represent spaces of tangent and cotangent vectors
to the spaces that B (7); and D(7); represent, we would expect them to be
types that vary with the particular base point (primal) we choose. This leads
to a refined view of CHAD: while - B(7); : type and - D(7); : type can
remain (closed /non-dependent) Cartesian types, p : B(7); b B(7)s : ltype
and p : <5(7)1 - %(7)2 : ltype are, in general, linear dependent types.

Insight 5. To accommodate sum types in CHAD, it is natural to consider
a target language with dependent types: this allows the dimension of the
spaces of (co)tangent vectors to vary with the chosen primal. In categorical
terms: we need to consider general strictly indexed categories £ : C? — Cat
instead of merely locally indexed ones.

The CHAD transformations of program now becomes typed in the following
more precise way:

B(D) F Br(t) : Sp: B(r)1.B () — B(7)s
D) F Dp(t) : Zp: D(7)1.D ()2 — D(T),,
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where the action of 1_5(—)2 and <5(—)2 on typing contexts I' = x1 : 7q,..., 2, :
7, has been refined to

BM)e € (B(n)al"l - *B(1)2[")])
D)o € (D(r)al ) *D(m)2[")).

All given definitions remain valid, where we simply reinterpret some tuples
at having a Y-type rather than the more limited original tuple type.
We prove the following novel results.

Theorem C (Bi-Cartesian closed structure of Y-categories, Prop. and
3.2, Thm. [B.1] 3.2 and [3.4] and Cor. and [3.7). For a category C and a
strictly indexed category L : C? — Cat, XL and XL have

e (fibred) finite products, if C has finite coproducts and £ has strictly
indexed products and coproducts;

e (fibred) finite coproducts, if C has finite coproducts and L is extensive;

e exponentials, if £ is a biadditive model of the dependently typed en-
riched effect calculus (we intentially keep this vague here to aid legi-
bility — the point is that these are relatively standard conditions).

Further the coproducts in YX¢L and XL are distribute over the products,
as long as those in C do, even in absence of exponentials. Notably, the
exponentials are not generally fibred over C.

The crucial notion here is our (novel) notion of extensivity of an indexed cat-

egory, which generalizes well-known notions of extensive categories. In par-

ticular, we call £ : C®? — Cat extensive if the canonical functor £(U}_,C;) —

[T=; £(C;) is an equivalence. Further, we note that we need to re-establish

the product and exponential structures of X¢L and XL due to the gener-

alization from locally indexed to arbitrary strictly indexed categories L.
Using these results, we construct a suitable target language

LSyn : CSyn” — Cat

for CHAD on a source language with sum types (and tuple and function
types), derive the forward and reverse CHAD algorithms for such a language
and reestablish Thms. and [A] in this more general context. This tar-
get language is a standard dependently typed enriched effect calculus with
Cartesian sum types and extensive families of linear types (i.e., dependent
linear types that can be defined through case distinction). Again, the cor-
rectness proof of Thm. [A]uses the universal property of Thm. [B]and a logical
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relations (categorical sconing) construction over the denotational semantics
of the source and target languages. This logical relations construction is
relatively straightforward and relies on well-known sconing methods for bi-
cartesian closed categories. In particular, we obtain the following formulas

for a sum type {¢y7y | --- | £,7,} with constructors ¢q,..., ¢, that take argu-
ments of type 7, ..., T,:
Bbr |- | b € {6B(m)i |- | LB (r)i )
Bl |- | b)) & casepof {tip — B(r1)a | -+ | bap — B(7)2}
BHbm |- [ mb E {6D ) |- [ 6D (7))
DU || bara ) & casepof {lip — D(m1)a |-+ | lup = D (7)),

mirroring our intuition that the (co)tangent bundle to a coproduct of spaces
decomposes (extensively) into the (co)tangent bundles to the component
spaces.

CHAD for (co)inductive types: where do we begin? If we are to really
push forward the dream of differentiable programming, we need to learn how
to perform AD on programs that operate on data types. To this effect,
we analyse CHAD for inductive and coinductive types. If we are to follow
our previous methodology to find suitable definitions and correctness proofs,
we first need a good categorical axiomatization of such types. It is well-
known that inductive types correspond to initial algebras of functors, while
coinductive types are precisely terminal coalgebras. The question, however,
is what class of functors to consider. That choice makes the vague notion of
(co)inductive types precise.

Following [36], we work with the class of uv-polynomials, a relatively stan-
dard choice: i.e. functors that can be defined inductively through the com-
bination of

e constants for primitive types real”;

e type variables q;

e unit and tuple types 1 and 7*o of ur-polynomials;
e sum types {{171 | - -+ | £,7,} of pv-polynomials;

e initial algebras pa.7 of pr-polynomials;

e terminal coalgebras va.7 of uv-polynomials.
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Notably, we exclude function types, as the non-fibred nature of exponentials
in X¢L and X0 L% would significantly complicate the technical development.
While this excludes certain examples like the free state monad (which, for
type o state would be the intial algebra pa.{Get(c — ) | Put(o*a)}), it
still includes the vast majority of examples of eager and lazy types that one
uses in practice: e.g., lists pa. {Empty 1 | Cons(o*a)}, (finitely branching)
labelled trees like pa. {Leaf 1 | Node(oxa*a)}, streams va.okxa, and many
more.

We characterize conditions on a strictly indexed category L : C? — Cat
that guarantee that YL and L% have this precise notion of inductive
and coinductive types. The first step is to give a characterization of ini-
tial algebras and terminal coalgebras of split fibration endofunctors on ¢.L
and X¢L%. For legibility, we state the results here for simple endofunc-
tors and (co)algebras, but they generalize to parameterized endofunctors
and (co)algebras.

Theorem D (Characterization of initial algebras and terminal coalgebras in
Y-categories, Cor. and Thm. [G.2)). Let E be a split fibration endofunctor
on YeL (resp. YeL) and let (E,e) be the corresponding strictly indexed
endofunctor on £. Then, E has a (fibred) initial algebra if
e £/ : C — C has an initial algebra ingz : E(uFE) — pk;
o L(ing) e, : L(uE) — L(uE) has an initial algebra (resp. terminal
coalgebra);
e L(f) preserves initial algebras (resp. terminal coalgebras) for all mor-
phisms f € C;
and E has a (fibred) terminal coalgebra if

e £ :C — C has a terminal coalgebra outy : vE — E(VE);

o L(outg)e, 5 L(vE) — L(vE) has a terminal coalgebra (resp. initial
algebra)

e L(f) preserves terminal coalgebras (resp. initial algebras) for all mor-
phisms f € C.

We use this result to give sufficient conditions for (fibred) pr-polynomials
(including their fibred initial algebras and terminal coalgebras) to exist in
YeL and X L. In particular, we show that it suffices to extend the target
language LSyn : CSyn®” — Cat with both Cartesian and linear inductive
and coinductive types to perform CHAD on a source language Syn with
inductive and coinductive types. Again, an equivalent of Thm. |B| holds.
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We write roll z for the constructor of inductive types (applied to an iden-
tifier ), unroll x for the destructor of coinductive types, and rroll ™tz
fold x withy — 7[/"°1Y/ ] where we write 7[Y ™Y/ ] for the functorial ac-
tion of the parameterized type 7 with type parameter o on the term roll y
in context y. This yields the following formula for spaces of primals and

(co)tangent vectors to (co)inductive types, where:

B(a); “a B(a) =a
Bluar) Y paB(r), B(par)e ™ pa B ()P0
B(va.r), o va. B (1), B(va.t); = va. B (7)a [ "]
D(a); “a D(a)y =a
%(M&-Th def M&-%(Th %(M@-Tb def &.%(7)2[%(7)11‘011—129/1)]
D (va.m) o va.D (1) D (va.t)s = ﬁ@-%(ﬂz[unmup/p]

Insight 6. Types of primals to (co)inductive types are (co)inductive types
of primals, types of tangents to (co)inductive types are linear (co)inductive
types of tangents, and types of cotangents to inductive types are linear coin-
ductive types of cotangents and vice versa.

For example, for a type 7 = pa. { Empty 1 | Cons(o*a)} of lists of elements
of type o, we have a cotangent space

D (1), = va.caseroll “‘pof {Empty - — 1| Consp — D (0)o[7/,]%a} where
roll™'p = fold pwithy — caseyof { Emptyy — Emptyy | Consy — Cons(fsty,roll(snd y))}

and, for a type 7 = va.oxa of streams, we have a cotangent space
%(7_)2 _ HQ-%(O—)Q[fSt (unrollp)/p]*g.

We demonstrate that the strictly indexed category FVect : Set” — Cat
of families of vector spaces also satisfies our conditions, so it gives a concrete
denotational semantics of the target language LSyn : CSyn” — Cat, by
Thm. [B] To reestablish the correctness theorem [A] existing logical relations
techniques do not suffice, as far as we are aware. Instead, we achieve it
by developing a novel theory of categorical logical relations (sconing) for
languages with expressive type systems like our AD source language.
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Insight 7. We can obtain powerful logical relations techniques for reasoning
about expressive type systems by analysing when the forgetful functor from
a category of logical relations to the underlying category is comonadic and
monadic.

In almost all instances, the forgetful functor from a category of logical
relations to the underlying category is comonadic and in many instances,
including ours, it is even monadic. This gives us the following logical relations
techniques for expressive type systems:

Theorem E (Logical relations for expressive types, §7]). Let G : C — D be
a functor. We observe

e If D has binary products, then the forgetful functor from the scone
(the comma category) D | G — D x C is comonadic.

e If G has a left adjoint and C has binary coproducts, then D | G —
D x C is monadic.

This is relevant because:

e comonadic functors create initial algebras;

e monadic functors create terminal coalgebras;

e monadic-comonadic functors create pr-polynomials;

e if £ is monadic-comonadic over £', then & is finitely complete cartesian

closed if &' is.

These logical relations techniques are suffient to yield the correctness theo-
rem [Al Indeed, as long as derivatives of primitive operations are correctl
implemented in the sense that [Dop] = Dop and [Dop'] = D[op]’, Thm.
tells us that the unique structure preserving functors

(I-1,[B(=)]) : Syn — Set x SgoFVect
([-1, [[%(—)]]) : Syn — Set x YgFVect”

lift to the scones of Hom((R, (R,R)),—) : Set x YgotFVect — Set and
Hom((R, (R,R)), —) : Set x YXgetFVect” — Set where we lift the image of
real”, respectively, to the logical relations

{(f;(9;n)) | f =gand h=Df } — (Set x TsetFVect ) ((R,(R,R)), (R",(R",R")))
), (R™, (R",R"))).

{(f, (g,h))| f=gand h = th} — (Set x XsetFVect™) ((R, (R,R)

We see that [B(t)] and [D(¢)] propagate derivatives and transposed deriva-
tives of smooth curves, correctly, for all programs ¢. This is sufficient as
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every tangent/cotangent vector to R" can be represented as the deriva-
tive/transposed derivative of a smooth curve.

Our novel logical relations machinery is in no way restricted to the context
of CHAD, however. In fact, it is widely applicable for reasoning about total
functional languages with expressive type systems.

How does CHAD for expressive types work in practice? The CHAD
code transformations we describe in this papers are well-behaved in practical
implementations in the sense of the following compile-time complexity result.

Theorem F (No code blow-up, Cor. 9.1]). The size of the code of the CHAD
transformed programs Br(t) and Dp(t) grows linearly with the size of the
original source program t.

We have ensured to pair up the primal and (co)tangent computations in
our CHAD transformation and to exploit any possible sharing of common
subcomputations, using let-bindings. However, we leave a formal study of
the run-time complexity of our technique to future work.

As formulated in this paper, CHAD generates code with linear dependent
types. This seems very hard to implement in practice. However, this is an
illusion: we can use the code generated by CHAD and interpret it as less
precise types. We sketch how all type dependency can be erased and how all
linear types other than the linear (co)inductive types can be implemented
as abstract types in a standard functional language like Haskell. In fact, we
describe three practical implementation strategies for our treatment of sum
types, none of which require linear or dependent types. All three strategies
have been shown to work in the CHAD reference implementation. We suggest
how linear (co)inductive types might be implemented in practice, based on
their concrete denotational semantics, but leave the actual implementation
to future work.

1. Background: categorical semantics of expressive total
languages

In this section, we fix some notation and recall the well-known abstract cat-

egorical semantics of total functional languages with expressive type systems

[34., [36], which builds on the usual semantics of the simply typed A-calculus
in Cartesian closed categories [24]. In this paper, we will be interested in
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a few particular instantiations (or models) of such an abstract categorical
semantics C:

e the initial model Syn (§2)), which represents the programming lan-
guage under consideration, up to (n-equivalence; this will be the
source language of our AD code transformation;

e the concrete denotational model Set (§6]) in terms of sets and func-
tions, which represents our default denotational semantics of the source
language;

e models Y¢L and XL ( in the the »-types of suitable indexed
categories L : C? — Cat;

e in particular, the models XcgynLSyn and YcgynLSyn® (§4)) built out
of the target language, which yield forward and reverse mode CHAD
code transformations, respectively;

e sconing (categorical logical relations) constructions Scone and gcone
(§7) over the models Set x YgotF'Vect and Set x YgotFVect” that
yield the correctness arguments for forward and reverse mode CHAD,
respectively, where FVect : Set” — Cat is the strictly indexed cat-
egory of families of real vector spaces.

We deem it relevant to discuss the abstract categorical semantic framework
for our language as we need these various instantiations of the framework.

1.1. Basics. A category C can be seen as a semantics for a typed functional
programming language, whose types correspond to objects of C and whose
programs that take an input of type A and produce an output of type B
are represented by the homset C(A, B). Identity morphisms id4 represent
programs that simply return their input (of type A) unchanged as output
and composition g o f (also written f;¢g) of morphisms f and g represents
running the program ¢ after the program f. Notably, the equations that
hold between morphisms represent program equivalences that hold for the
particular notion of semantics that C represents. Some of these program
equivalences are so fundamental that we demand them as structural equalities
that need to hold in any categorical model (such as the associativity law
fo(goh)=(fog)oh). In programming languages terms, these are known
as the §- and n-equivalences of programs.

1.2. Tuple types. Tuple types represent a mechanism for letting programs
take more than one input or produce more than one output. Categorically, a
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tuple type corresponds to a product [[,.; A; of a collection of types {4;},.;,
which we also write 1 or A; X Ay in the case of nullary and binary products.
We write (fi);c; : C — 1l;c; Ai for the product pairing of {f;: C: A;},;
and 7; : [[,c; Ai — Aj for the j-th product projection. As such, we say
that a categorical semantics C models (finite) tuples if C has (chosen) finite
products.

1.3. Primitive types and operations. Often, we are interested in pro-
gramming languages that have support for a certain set Ty of basic types
such as integers and (floating point) real numbers as well as certain sets
Op(11,...,T,;S), for Ty, ..., T,,S € Ty, of operations on these basic types
such as addition, multiplication, sine functions, etc.. We model such primi-
tive types and operations categorically by demanding that our category has
a distinguished object Cr for each T € Ty to represent the primitive types
and a distinguished morphism f,, € C(Cp, x ... x Cr,,Cg) for all primitive
operations op € Op(71,...,T};S).

1.4. Function types. Function types let us type popular higher order pro-
gramming idiom such as maps and folds, which capture common control flow
abstractions. Categorically, a type of functions from A to B is modelled as
an exponential A = B. We write ev : (A = B) x A — B (evaluation) for
the co-unit of the adjunction (—) x A 4 A = (=) and A for the Currying
natural isomorphism C(Ax B,C) — C(A, B = C). We say that a categorical
semantics C with tuple types models function types if C has a chosen right
adjoint (—) x A4 A= (—).

1.5. Sum types (aka variant types). Sum types (aka variant types) let
us model data that exists in multiple different variants and branch in our
code on these different possibilities. Categorically, a sum type is modelled
as a coproduct [],.; A; of a collection of types {4;},.;, which we also write
0 or A; U A in the case of nullary and binary coproducts. We write [fi],; :
[l,c;Ci — A for the copairing of {f;: C; = A},.; and ¢; : A; — [,/ A
for the j-th coprojection. In fact, in presence of tuple types, a more useful
programming interface is obtained if one restricts to distributive coproducts,
i.e. coproducts [[;,.; A; such that the map [(m1; ¢, m2);c; : [1;e/(Ai X B) —
(I,e; Ai) x B is an isomorphism. Note that in presence of function types,
coproducts are automatically distributive. As such, we say that a categorical
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semantics C models (finite) sum types if C has (chosen) finite distributive
coproducts.

1.6. Inductive and coinductive types. We employ the usual semantic
interpretation of inductive and coinductive types as, respectively, initial alge-
bras and final coalgebras of a certain class of functors. Most of this section is
dedicated to describing precisely of which class of functors we consider initial
algebras and final coalgebras, a class we call uv-polynomials. We briefly es-
tablish the terminology below, and refer to Appendix [D] for a more detailed
review.

Let F : D — D be an endofunctor. We denote, respectively, by (uFE,ing)
and (vFE,outg) the initial E-algebra and the final F-coalgebra, assuming
their existence. Given any F-algebra (Y, ) and any FE-coalgebra (X, g), we
respectively denote by

foldg(Y,&) : uE — Y, unfoldg(X,0): X - vE (1.1)

the underlying morphisms in D of the unique E-algebra morphism (uF,ing) —
(Y, &) and the unique E-coalgebra morphism (X, 9) — (VE, outg). By abuse
of language, whenever it is clear from the context, we denote foldg (Y, &) by

foldg€, and unfoldg(X, o) by unfoldgo.
In this setting, given a functor

H:D xD— D, (1.2)
for each object X of D', we denote by H¥ the endofunctor
H(X,-):D—D. (1.3)

In this setting, if uHX exists for any object X € D', the initial algebras’
universal properties induce a functor, denoted by uH : D' — D, given by

uH:D' — D
X = uHX
(f: X =Y) — foldyx (ingv o H(f, uH")).
Dually, we have an induced functor vH : D' — D, given by
vH:D' — D
X — vHY
(f: X =Y) — unfoldygy (H(f,vH") o outyx),
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provided that the suitable final coalgebras exist. See Proposition for
more details.

Definition 1.1 (uv-polynomials). Assuming that D has finite coproducts
and finite products, the category purPolyp is the smallest subcategory of Cat
satisfying the following.

— The objects are defined inductively by:

O1.
02.
O3.

the terminal category 1 is an object of puvPolyp;

the category D is an object of uvPolyp;

for any pair of objects (D', D") € puvPolyp x uvPolyp, the product
D' x D" is an object of prPolyp.

— The morphisms satisfy the following properties:

MI.
M2.
MS3.

M4.
M5.

ME6.

MT7.

MS.

for any object D' of uvPolyy, the unique functor D' — 1 is a
morphism of uvPolyp;

for any object D’ of uvPolyp, all the functors 1 — D’ are mor-
phisms of pvPolyp;

the binary product x : D x D — D is a morphism of urPolyp;
the binary coproduct U : D x D — D is a morphism of pvPolyp;
for any pair of objects (D', D”) € uvPoly, x uvPolyp, the projec-
tions

m D' xD" =D, D' x D' = D"

are morphisms of prPolyp;

given objects D', D", D" of uvPolyp, it E : D' — D" and J : D' —
D" are morphisms of prPolyp, then so is the induced functor
(E,J): D — D" xD",

if D’ is an object of uvPolyy,, H : D' x D — D is a morphism
of puvPolyy and pH : D' — D exists, then pH is a morphism of
pvPolyp;

if D’ is an object of uvPolyy, H : D' x D — D is a morphism
of pvPolyy, and vH : D' — D exists, then vH is a morphism of

pvPolyp.

We say that D has pv-polynomaials it D has finite coproducts and products
and, for any endomorphism (F : D — D) of uvPolyy, uF and vE exist. We
say that D has chosen pv-polynomials if we have additionally made a choice
of initial algebras and terminal coalgebras for all pv-polynomials.
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Another suitably equivalent way of defining urPoly, is the following. The
category pvPolyp is the smallest subcategory of Cat such that:

- the inclusion prPoly, — Cat creates finite products;

- D is an object of the subcategory uvPolyp;

- for any object D’ of puvPolyp, all the functors 1 — D’ are morphisms
of puvPolyp;

- and the binary product X : D x D — D is a morphism of uvPolyp;

- the binary coproduct L : D X D — D is a morphism of uvPolyp;

- if D’ is an object of puvPolyy,, H : D' x D — D is a morphism of
uvPolyy and pH : D' — D exists, then puH is a morphism of prPolyp;

- if D’ is an object of puvPolyy,, H : D' x D — D is a morphism of
uvPolyy, and vH : D' — D exists, then vH is a morphism of uvPolyp.

Lemma 1.2. Assume that C has pv-polynomials. In this case, if D is an
object of pvPoly, and H : D x C — C 1is a morphism of uvPoly., then
uH : D — C and vH : D — C exist (and, hence, they are morphisms of

puvPolye ).

Proof: By Proposition , it is enough to show that, for each X € D, uHX
and vHX exist.

In fact, denoting by X : 1 — D the functor constantly equal to X € D,
the functor H¥ is the composition below.

(1,id¢) (Xomy,ideoms)

C 1xC s D xC H > C

HX

Since all the horizontal arrows above are morphisms of puvPoly,, we con-
clude that H* is an endomorphism of uvPoly,. Therefore, since C has pv-
polynomials, uH*X and vHX exist. |

Definition 1.3. Let D be a category ur-polynomials. We say that a functor
G : D — C (strictly) preserves uv-polynomials if it (strictly) preserves finite
coproducts, finite products, initial algebras of pr-polynomials and terminal
coalgebras of pv-polynomials (see Definitions [E.3| and [E.7)).

We say that a categorical semantics C with (finite) sum and tuple types
supports inductive and coinductive types if C has chosen pv-polynomials.
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Note that we do not consider the more general notion of (co)inductive types
defined by endofunctors that may contain function types in their construc-
tion.

2. An expressive functional language as a source lan-
guage for AD

We describe a source language for our AD code transformations. We con-
sider a standard total functional programming language with an expressive
type system, over ground types real” for arrays of real numbers of static
length n, for all n € N, and sets Op; .~ of primitive operations op, for all
k,m,ny,...,n. € N. These operations op will be interpreted as C'*°-smooth
functions (R™ x .-+ x R™) — R™ and the reader can keep the following
examples in mind:

e constants ¢ € Op" for each ¢ € R", for which we slightly abuse notation
and write ¢(()) as ¢;

e clementwise addition and product (+), (*) € Op,,,, and matrix-vector
product (%) € Op,.,, m;

e operations for summing all the elements in an array: sum € Op}L;

e some non-linear functions like the sigmoid function ¢ € Opi.

Its kinds, types and terms are generated by the grammar in Fig. [1. We
write A = 7 : type to specify that the type 7 is well-kinded in kinding context
A, where A is a list of the form oy : type, ..., a, : type. The idea is that the
type variables identifiers a4, ..., o, can be used in the formation of 7. These
kinding judgements are defined according to the rules displayed in Fig. 2 We
write A | I' - ¢ : 7 to specify that the term ¢ is well-typed in the typing context
I', where I' is a list of the form x1 : 7, ..., x, : 7, for variable identifiers x; and
types 7; that are well-kinded in kinding context A. These typing judgements
are defined according to the rules displayed in Fig. [3| As Fig. [5] displays, we
consider the terms of our language up to the standard Sn-theory. To present
this equational theory, we define in Fig. [, by induction, some syntactic sugar
for the functorial action A, A’ | T,z : 7[7/] = 7[*"/,] : 7[?/,] in argument o
of parameterized types A, «v : type - 7 : type on terms A’ |,z : ot : p.

We employ the usual conventions of free and bound variables and write
7]%/s] for the capture-avoiding substitution of the type o for the identifier «
in 7 (and similarly, t[*/,] for the capture-avoiding substitution of the term s
for the identifier x in t).
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K,k K = kinds
type kind of types
T,0,p  u= (Cartesian) types
« type variable
| real” real arrays
| 1 nullary product
| Tx0 binary product
| 7T—0 function
| {517'1 \ e énTn} variant
| po.t inductive type
| va.r coinductive type
t,s, T = terms
x variable
| letxz = tins let-bindings
| op(ti,...,tk) k-ary operations
| (O | (ts) product tuples
| fstt |sndt product projections
| Azt function abstraction
| ts function application
(4 variant constructor
| casetof {{iz1 —s1]| | lnzn — sn} variant match
| rollt inductive constructor
| foldtwithz — s inductive destructor
| genfromtwithz — s coinductive constructor
| wunrollt coinductive destructor

FIGURE 1. Grammar for the kinds, types and terms of the
source language for our AD transformations.

((a : type) € A) Al T:type Al o:type
A a:type AFreal” :type Ak 1:type A 10 : type

7 :type -Fo:type {AFTi:type ¥ labelhgign

-7 — o type A {limi |- | bnma} : type

A,a:kbET:type A,a:kbET:type

A F po.t : type A Fva.T : type

FicUure 2. Kinding rules for the AD source language. Note
that we only consider the formation of function types of non-
parameterized types (shaded in grey).

This standard language is equivalent to the freely generated bi-Cartesian
closed category Syn with pr-polynomials on the directed polygraph (com-
putad) given by the ground types real” as objects and primitive opera-
tions op as arrows. Equivalently, we can see it as the initial category that
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((x:7)el) A|Tlkt:r A|DNz:7ks:o {A|Tkt real™} | (op € Opy ))

.....

A|Tkz:7 A|Tkletz = tins:o A|TFop(ti,...,tx) : real™
A|THt:7 A|Tks:0 A|Tkt:m40 A|TFt:7%0
A|ITH():1 A|TF(ts): %0 A|lkHfstt:7 A|T'Fsndt:o
Allz:T7Ht:0 A|Tkt:oc—7 A|lks:o
A|TFXet:T—o0o A|Tlkts:T
A|TkHt:n A|TEHt:{lim | | bamn} {A|F7$iiﬁ|_8i1p}1§i§n
A|THELt:{bam | | o} A|T'Fcasetof {{iz1 = s1| | o = Sn}:p
A|TEt: 7] A|TkHt:par Alz:7%k]Fs:o
A|TFrollt: pa.r A|TFfoldtwithz — s: 0o
A|Tkt:oc Alz:ots:7[a] A|TkFt:var

A|T'Fgenfromtwithe — s:var A|TFunrollt: 7["*7/,]

F1GURE 3. Typing rules for the AD source language.

o) =t
Bl el =2 ifa#p
real”["""/,] =«
U] =2
(r%0)["fa] = ([l (F* L], o [ ] (P 7 a])
(|- [ lama} [Ta] = casexof {Liz — Lim [ L] |- | bz — Loma [ a]}
(nar)[" o] = @
(uB.7)[*/a] = foldz withz — roll 7[*""/,]  if a# 8
(wa.r)[" ] =z
(WB.7)["/a] = genfromz withz — 7[*7'L]["™"",]  ifa#p

FIGURE 4. Functorial action A, A" | T,z : 7[7/,] b 7[*7UL] « 77/
in argument « of parameterized types A, « : type F 7 : type on
terms A’ | T,z : o ¢ : p of the source language.

supports tuple types, function types, sum types, inductive and coinductive
types and primitive types Ty = {real” | n € N} and primitive operations
Op(real™, ... real™;real™) = Op;' (in the sense of . Syn effectively
represents programs as (categorical) combinators, also known as “point-free
style” in the functional programming community. Concretely, Syn has types
as objects, homsets Syn(7, o) consist of («)fn-equivalence classes of terms
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letz = tins = s[’/] t=) fst (t,s) =t snd{t,s) =s t=(fstt,sndt)

(Azt)s=1t%] t £ \ztx  caselitof {thzy = s1 | | bnn — 50} = 5i[ta,]
s 772 casetof {imr — s["Y]| o | o — [T}
foldroll t withx — s 2 s[7"" 4™l |

rlrettes ) = s[7" el ] = r[t,] = fold t withz — s

unroll (gen from ¢t withz — s) =4 T[yreenfromywitha s 11s) t )]

unrollr = 7[*7"/,] %] = 7["/z] = gen fromt withz — s

F1GURE 5. We consider the standard fn-laws above for our lan-

guage. We write #on 4o indicate that the variables Tl,...,%p

need to be fresh in the left hand side. Equations hold on pairs of
terms of the same type. As usual, we only distinguish terms up
to a-renaming of bound variables.

| x: 7 Ft: o, identities are - | x : 7 F z : 7, and the composition of
|Jx:TkFt:ocand - |y:obFs:pisgivenby - |x:7Flety = tins: p.

Corollary 2.1 (Universal property of Syn). Given any bi-Cartesian closed
category with pv-polynomials C, any consistent assignment of

F(real") € obC

and F(op) € C(F(real™) x --- x F(real™), F'(real™)) for op € Op;' .
extends to a unique uv-polynomial preserving bi-Cartesian closed functor

F :Syn — C.

3. Modelling expressive functional languages in
Grothendieck constructions

In this section, we present a novel construction of categorical models (in
the sense of YeL and XeLP of expressive functional languages (like our
AD source language of in Y-types of suitable indexed categories

L:C? — Cat.

In particular, the problem we solve in this section is to identify suitable
sufficient conditions to put on an indexed category L : C%” — Cat, whose
base category we think of as the semantics of a Cartesian type theory and
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whose fibre categories we think of as the semantics of a dependent linear
type theory, such that X¢L and YL are categorical models of expressive
functional languages in this sense. We call such an indexed category a -
bimodel of language feature X if it satifies our sufficient conditions for ¢ L
and YL to be categorical models of language feature X.

This abstract material in many ways forms the theoretical crux of this
paper. We consider two particular instances of this idea later:

e the case where L is the syntactic category LSyn : CSyn®” — Cat of a
suitable target language for AD translations (§4)); the universal prop-
erty of the source language Syn then yields unique structure preserv-
ing functors D : Syn — XcsynLSyn and D : Syn — YcsynLSyn”
implementing forward and reverse mode AD;

e the case where L is the indexed category of families of real vector
spaces FVect : Set” — Cat (§6)); this gives a concrete denotational
semantics to the target language, which we use in the correctness proof
of AD.

3.1. Basics: the categories >¢L and Y¢L°P. Recall that for any strictly
indexed category, i.e. a (strict) functor £ : C°? — Cat, we can consider its
total category (or Grothendieck construction) ¢ L, which is a fibred category
over C (see [20), sections A1.1.7, B1.3.1]). We can view it as a X-type of
categories, which generalizes the Cartesian product. Further, given a strictly
indexed category L : C°® — Cat, we can consider its fibrewise dual category

L : C°P — Cat, which is defined as the composition C°P £ Cat & Cat.

Thus, we can apply the same construction to L£° to obtain a category ¢LP.
Concretely, ¢ L is the following category:

e objects are pairs (Aj, A2) of an object A; of C and an object Ay of
L(As);

e morphisms (A, Ay) — (B, By) are pairs (f1, fo) with f; : 41 — By
in C and f2 : A2 — ,C(fl)(BQ) n ,C(Al),

e identities id (4, 4,) are (ida,,idy,);

e composition of (Aj, As) k), (B1, B2) and (B, By) {or.92), (Ch,Cy) is
given by
(f13 915 f2; £(f1)(g2))-

Concretely, ¢ L is the following category:
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e objects are pairs (Aj, As) of an object A; of C and an object Ay of
L(Ar);

e morphisms (A1, As) — (B, By) are pairs (f1, fo) with f; : Ay — By
in C and fg : [,(f1>(B2) — AQ in E(Al),

e identities id 4, 4,) are (idy,,idg,);

e composition of (A1, Ay) —— fl’fz) (B1, By) and (By, By) —— (gl 92) (C1, %) is

given by
(f1591, £(f1)(g2); f2)-

3.2. Product structure. We say that a strictly indexed category L has
strictly indexed finite (co)products if

e cach fibre £(C') has chosen finite (co)products (1, x);
e change of base strictly preserves these (co)products in the sense that
L(f)(1)=21and L(f)(AxB) = L(f)(A)x L(f)(B) for all morphisms
fin C.
We recall below that >¢L has finite products if C has finite products and £
has finite indexed products.

Proposition 3.1. Assuming that C has finite products (1, x) and L has
indexed finite products (1, x), XL has (fibred) terminal object 1 = (1,1)
and (fibred) binary product (W, w) x (Y,y) = (W XY, L(m1)(w) x L(m2)(y)).

Proof: We have (natural) bijections
ZCE((X> l’), (17 1))
= Epecx LX) (@, L(71)(2))

= Eflgc(X’1)£<X)(.’If, 1) { indexed 1 )
&= 1 X l { 1 terminal in C and £(X) }
=1

YL (X, x), (W x Z,L(m)(w) x L(m2)(2)))

= X (pgnecxw ) LX) (, L((fr, 1)) (L) (w) x L(m2)(2)))

= Y haecxwx ) LX) (@, L((f1, g1)) (L(m)(w)) < L((f1, 91))(L(m2)(2))) indexed x
= X (f gecxwx2) LX) (@, L(fi)(w) x L(g1)(2)) functoriality £
= E(flagl)EC(X WXZ)ﬁ(X)(‘T? L( )

x product in C

Y ecxw)Xgecx,z)L(X
(Eﬂ GC(X,vV)E(X)(x> L
= Y L((X, z), (W, w)) x B L((X, x),(Z,2)).

1

eck-Chevalley for ¥ in Set

{ ¥
{ }
{ x product in £(4;)  }
{ }
{B !
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In particular, finite products in X¢L are fibred in the sense that the pro-
jection functor ¢ L — C preserves them, on the nose.
Codually, we have:

Proposition 3.2. Assuming that C has finite products (1,x) and L has
finite indexed coproducts (0,1), we have that 3L has (fibred) terminal
object 1 = (1,0) and (fibred) binary product (A, Ay) x (B, B2) = (A X
By, L(m1)(Az) U L(72)(Bz2)).

That is, in our terminology, £ : C? — Cat is a Y-bimodel of tuple types if
C has chosen finite products and £ has finite strictly indexed products and
coproducts.

We will, in particular, apply these the results in this section in the situation
where £ has indexed finite biproducts (products that are simultaneously
coproducts), in which case the finite product structures of XL and XL
coincide.

3.3. Generators. In this section, we establish the obvious sufficient (and
necessary) conditions for ¥¢£ and 3¢ L% to model primitive types and oper-
ations in the sense of §I] These conditions are an immediate consequence of
the structure of X¢L and YL as Cartesian categories.

That is, we say that £ : C? — Cat is a X-bimodel of primitive types Ty
and operations Op if

e we have, for all T' € Ty, a choice of objects Cr € obC and Ly, L), €
ob L(Cr);
e we have, for all op € Op(T1,...,T,;5), a choice of morphisms
fop €C(Cp, X ... x Cr,,Cy)
gop € L(Cry x ... x Cp, )(L(m1)(Lyy) x -+ x L(mn) (L1, ), L(fop)(Ls))
Gop € LICny X ... x Cp, )(L(fop)(Lig), L(m1) (L) U - -+ U L(mn)(L7,))-

We say that such a model has self-dual primitive types in case Ly = L’ for
all T e Ty.

3.4. Closed structure. In this section, we use standard definitions from
the semantics of dependent type theory and the dependently typed enriched
effect calculus. An interested reader can find background on this material in
[38, Chapter 5] and [3].
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We briefly recall some of the usual vocabulary here. Given an indexed
category D : C? — Cat, we say

e it satisfies the comprehension axiom if C has a chosen terminal object -,

D has strictly indexed terminal objects 1 (i.e. chosen terminal objects

1 € D(C), such that C(f)(1) = 1 for all f: C" — C in C) and the

functors

(C/A)? — Set
(C % A) = D(C)(L,D(f)(B))
are representable by a chosen object pap: A.B — A of C/A:
D(C)(1,C'(f)(B)) = C/A(f,pas)
b— (f,0);

we write v4 p for the unique element of D(A.B)(1,D(pan)(B)) such
that (pa,p,vap) = idp,, (the universal element of the representa-
tion); further, given f : A" — A, we write qsp for the unique mor-
phism (P p(f)(B); [ Vap(f) () making the square below a pullback;
we henceforth call such squares p-squares;

A'D(f)(B) L A.B
pA’,D(f)(B)J/ PA,B

A’ — A

e it supports (weak) X-types if we have left adjoint functors Xp 4 D(pa.p) :
D(A.B) = D(A) satisfying the left Beck-Chevalley condition for p-
squares in the sense that the canonical maps D(qyp); Xp(f) () —
Y.5;D(f) are isomorphisms;

o it supports ll-types if DP supports (weak) -types; explicitly, that is
the case iff we have right adjoint functors D(pap) 4 llp : D(A) S
D(A.B) satisfying the right Beck-Chevalley condition for p-squares in
the sense that the canonical maps Ilp; D(f) — D(qy,B); lp(s)p) are
isomorphisms.

In case D satisfies the comprehension axiom, we further say that

e it satisfies democratic comprehension if the comprehension functor
PA—

D(A)(B’, B) —— C/A(pa.p.PaB)
d— (Pap,vap;D(pap)(d))
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defines an equivalence of categories D(-) = C/- = C;

e it satisfies full /faithful comprehension if the comprehension functor is
full /faithful;

e it supports (strong) 3-types (i.e. 3-types with a dependent elimination
rule, which in particular makes D support weak >-types) if dependent
projections compose: for all B,C, D, we have for some objects XD

of D(B) such that pp.c.p;PB.C = PBXD -

Definition 3.3 (3-bimodel of function types). We call a strictly indexed
category L : C? — Cat a X-bimodel of function types if it is a biadditive
model of the dependently typed enriched effect calculus in the sense that it
comes equipped with

e a model of Cartesian dependent type theory in the sense of a strictly
indexed category C' : C? — Cat that satisfies full, faithful, demo-
cratic comprehension with II-types and strong >-types;

e strictly indexed finite biproducts (1, x) and - and Il-types in £;

e a strictly indexed functor —o: £ x £ — C’ and a natural isomorphism

L(A)(B,C) = C(A)1,B — C).

We can immediately note that a our notion of »-bimodel of function types is
also a Y-bimodel of tuple types. Indeed, strong >-types and comprehension
give us, in particular, chosen finite products in C.

We next show why this name is justified in the sense that it also gives
us Cartesian closure of the corresponding Grothendieck constructions. We
generalize the proofs from [39] here, to make sure that they also apply to
the case where L is a general strictly indexed category rather than a locally
indexed one.

In the following, we will slightly abuse notation to aid legibility:

e we will sometimes conflate B € ob(C'(+) and -.B € obC as well as f €
C'(C)(1,C(1¢)(B)) and (!¢, f) € C(C,-.B)); this is justified because
of the democracy of the comprehension;

e we will sometimes simply write C' for D(p4 p)(C') where the weakening
map D(p4.p) is clear from context.

Given Aq, By € C we will write evl for the obvious morphism
evl : HAlEng.Al — Bj.

With these notational conventions in place, we can describe the Cartesian
closed structure of Grothendieck constructions.
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Theorem 3.1. For a X-bimodel L of function types, XcL has exponential
(A1, A2) = (Br, By) = (ILa, S, £(m1)(As) — £(m2)(B2), s, £(ev1)(B2)).

Proof: We have (natural) bijections

SeL((Ar, A2) x (By, Bs), (C1,Cy)) =

= XeL((A1 x By, L(m1)(As) x L(m2)(B2)), (C1, C2))

= Y ec(axB.cn)L(Ar x Br)(L(m)(Az) x L(m2)(B2), L(f1)(C2))

= Y fec(axs.onL(Ar x Br)(L(m)(Az), L(f1)(C2)) x L{Ar x Bi)(L(m2)(Bz), L(f1)(C2))
= Yfec(a B0 L(A1) (A2, IIp, L(f1)(C2)) x L(Ar x Br)(L(m2)(B2), L(f1)(C2))
(A1)(A2, TTp, L(f1)(C2)) x C'(Ar x Bi)(1, L(m2)(Ba) —o L(f1)(C2))

& Y 1.0)€8 1 ceay o0 C (A1 By)(LL(m) (Ba)—L(f1)(C2) £ (A1) (A2, g, L( f1)(C2))

x coproduct in L£(A; x By)
[I-types in L

= Y ec(axBL,onl

& D 11.90)E% , cora ey C (A< B (LL(m) (Ba)—£(f)(C2) £ (A1) (A2, T, L(f1)(C2))
& 34y 00) €€/ (A1 x By ) (1.0, £(mima) (B) —L(ma) (C)) £ (A1) (A2, g, L(f1)(C)) strong S-types in ¢’
& B4y 01)€C/ (A1 x By ) (1.5, £(mima) (B) —L(ma) (C) £ (A1) (A2, L((f1, 91)) (g, L(ev1)(Co)))

& Y, € (A % B) (L, L) (Ba)—oL () (Co)) £ (A1) (Agy L(71) (T, L(ev1)(Cy)))

& Y€ (A% By (£(m)(1).Be, £(mm) (Ba)—L(m) (C2) L (A1) (A2, L{h1) (Il g, L(ev1)(C)))
& e (A1) (LT, S, £(m1m) (Ba)—L(m) (Co)) £ (A1) (A2, L(h1) (15, L(ev1)(C2)))

& X eC(An T, So, L) (Bo)—oL(ma) (€))L (A1) (A2, L(7) (I, L(ev1)(C2)))

= YeL((A1, An2), (I1p,X¢, L(m1)(B2) —o L(m2)(Ca), I, L(ev1)(Cy))
= YcL((A1, As), (B1, Bs) = (C1,Cy)).

Beck-Chevalley for II-types

strong Y-types in C’

e e e e A o e

{
{
{
{
{
{
{
{
{ indexed 1 in C’
{

{

7 B
o Q
—

——

)

Codually, we have:

Theorem 3.2. For a X-bimodel L of function types, 3¢ LP has exponential
(A1, A2) = (B, By) = (114, Ep, L(m2)(B2) —o L(m1)(A2), X4, L(ev1)(By)).

Note that these exponentials are not fibred over C in the sense that the
projection functors »¢L — C and X¢L? — C are generally not Cartesian
closed functors. This is in contrast with the interpretation of all other type
formers we consider in this paper.

3.5. Coproduct structure. We introduce another special property that
fits our context well. We call this property extensivity because it generalizes
the concept of extensive categories.

e We assume that the category C has finite coproducts. Given W, X € C,
we denote by

W —"" s WuX 2 X (3.1)

the coproduct (and coprojections) in C, and by O the initial object of
C.
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Definition 3.4 (Extensive indexed categories). We call an indexed category
L : C? — Cat extensive if, for any (W, X) € C x C, the unique functor

(£w),L(ex))

LW UX) > LIW) x L(X) (3.2)
induced by the functors
ﬂ(bw) L‘(Lx)
L(W) LW UX) L(X) (3.3)

is an equivalence.In this case, for each (W, X) € C x C, we denote by
SWX) (W) x L(X) = L(W LU X) (3.4)
an inverse equivalence of (L(tw), L(tx)).

Since the products of C°? are the coproducts of C, the extensive condition
described above is equivalent to say that the (pseudo)functor £ : C°? — Cat
preserves binary (bicategorical) products (up to equivalence).

Since our cases of interest are strict, this leads us to consider strict ex-
tenswvity, that is to say, whenever we talk about extensive strictly indexed
categories, we are assuming that 1s invertible. In this case, it is even
clearer that extensivity coincides with the well-known notion of preservation
of binary products.

Recall that preservation of binary products does imply preservation of preter-
minal objects. Indeed, an object X is a preterminal object if and only if the
projection mx : X x X — X is invertible. Hence, since a binary product pre-
serving functor should preserve the projections, we get the result. Lemma
3.5 is the appropriate analogue of this observation suitably applied to the
context of extensive indexed categories[]

Lemma 3.5 (Preservation of terminal objects). Let £ : C°? — Cat be an
extensive indexed category which is not (naturally isomorphic to the functor)
constantly equal to 0. The unique functor

L£(0) =1 (3.5)

is an equivalence. If, furthermore, (3.2) is an isomorphism, then (3.5) is
invertible.

*On the one hand, as mentioned above, Lemma is actually part of a general fact: if a
functor preserves binary (bicategorical) products, then it preserves preterminal objects as well
(see, for instance, [28, Remark 4.5]). On the other hand, seeing our extensivity property as a
generalization of that of extensive categories, the reader might want to compare Lemma [3.5| with
[10, Proposition 2.8].
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Proof: Firstly, given any X € C such that £(X) is not (isomorphic to) the
initial object of Cat, we have that L(ix : 0 — X) is a functor from £(X) to
L£(0). Hence £(0) is not isomorphic to the initial category as well.

Secondly, since g : 0 — 0 U 0 is an isomorphism, (L£(t0),L(t0)) is an
equivalence and

(L(10),L(t0)) T£(0)

£(0U0) \w(m—xc(o)/; £(0), (3.6)

L(o)

we conclude that 7z is an equivalence. This proves that £(0) — 1 is an
equivalence by Appendix [A] Lemma [A.T]. _

Now, we proceed to study the cocartesian structure of X¢£L. In order to do

so, we show in Theorem that, in the case of extensive indexed categories,
the hypothesis of Proposition always holds.

Theorem 3.3. Let L : C°? — Cat be an extensive (strictly) indexed category.
Assume that X is an object of C such that L(X) has initial object 0. In this
case, for any W € C, we have an adjunction

S(W*X)o(idﬁ(w),O)
LW UX) i LW) (3.7)
L(tw)

in which, by abuse of language, 0 : L(W) — L(X) is the functor constantly
equal to 0. Dually, we have an adjunction

L(tw)

/\

LOV) L LOV U X) (3.8)
\/

S(W’X)O (ldﬁ(W) ,1)

provided that L(X) has terminal object 1 and, by abuse of language, we
denote by 1 : L(W) — L(X) the functor constantly equal to 1.
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Proof: Assuming that £(X) has initial object 0, we have the adjunction

(idﬁ(w),O)

L(W) x L(X) 1 L(W) (3.9)

\_/r

TL(w)

whose unit is the identity and counit is pointwise given by e, ;) = (id,, 0 —
x). Therefore we have the composition of adjunctions

S(W’X)O(idﬁ(w) ,0)

(Lew),L(ex))

L(ew)

Corollary 3.6 (Cocartesian structure of 3¢L). Let L : C°? — Cat be an ex-
tensive strictly indexed category, with initial objects 0 € L(W) for each W €
C. In this case, the category YcL has initial object 0 = (0,0) € 3¢ L, and
(fibred) binary coproduct given by (W,w) U (X,z) = (W U X,SWX)(w,z)).

Proof: In fact, by Proposition [C.1} we have that (0, 0) is the initial object of
YcL. Moreover, given (W, w), (X,z)) € LcL x XL, we have that

S(W’X) o (idﬁ(W), 0) = ,C(Lw)! . ,C(Lw)
S(W’X) o (O, idE(X)) = ,C(Lx)! . ,C(Lx)
by Theorem 3.3, Therefore we get that

(W U X, 8MW (w, m))

= (WI_IX S (w,0) u ST (O,a:)) { SMWX) preserves coproducts }
= (WU XS 0 (id ey, 0) (w) US™ 0 (0,id i) (@)
= (WUX, Llw)!(w) U L>x)!(z)) { Theorem Y
= (Ww) U (X, ). { Proposition }
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In particular, finite coproducts in X¢L are fibred in the sense that the
projection functor X¢L — C preserves them, on the nose.
Codually, we have:

Corollary 3.7 (Cocartesian structure of X¢LP). Let L : C°? — Cat be
an extensive strictly indexed category, with terminal objects 1 € L(W) for
each W € C. In this case, the category YeLP has (fibred) initial object
0=1(0,1) € XL, and (fibred) binary coproduct given by

(W, w) U (X, z) = (W U X, ST (), :(:)) . (3.10)

Definition 3.8 (3-bimodel for sum types). A strictly indexed category L :
C°? — Cat is a X-bimodel for sum types if £ is an extensive strictly indexed
category such that £(W) has initial and terminal objects.

3.6. Distributive property. It is clear that X¢L is bi-Cartesian closed
provided that £ : C°? — Cat is X-bimodel for function types and sum types.
Therefore, in this case, we get that ¢ L is distributive.

However, even without the assumptions concerning closed structures, when-
ever we have a X-bimodel for sum types, we can inherit distributivity from
C. Namely, we have Theorem [3.4]

Recall that a category C with finite products and coproducts is a distributive
category if, for each triple (W)Y, Z) of objects in C, the canonical morphism

(W x Y2 W x 22y e (W x Y)U(W x Z) =W x (YUZ), (3.11)

induced by W x L(ty) and W x L(vyz), is invertible. It should be noted that,
in a such a distributive category C, for any such a triple (W, Y, Z) of objects
in C, the diagrams

W x(YUZ)

7_(_W><(Y|_|Z)
(sz,y,WXLZﬁ% \\
(W xY)U(W x Z) W

<7T3//XY, 7TVI/[[;><Z>
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Wx(YUZ) W (¥LZ)

s
(W x 1y, W X Lzﬁg Yz

(WxY)u(W x Z)

<Lyo7r¥VXY7Lzo7TZ Z

(YU Z)
7T5VYXY L] W?/XZ

commute. Therefore we have:

Lemma 3.9. Let £ : C°® — Cat be an extensive strictly indexed category,
in which C is a distributive category. For each triple (W,Y,Z) of objects in
C, the diagrams

E(W‘I//VVX(YuZ))

L((WxY)

L
SWxY,WxZ) < > (£(ewxy)-L(wxz))

LW XxY)x LW xZ) (£(=7Y ) (% 7))

(3.12)

Ll )

L((my "7y ))

commute.
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Theorem 3.4. Let L : C°? — Cat be X-bimodel for sum and tuple types,
in which C s a distributive category. The category XeL s a distributive
category.

Proof: By Proposition [3.1) and Corollary [3.6] we have that ¥¢£ indeed has
finite coproducts and ﬁmte products.

Let D be a category with finite coproducts and products. A category
is distributive if the canonical morphisms are invertible. However,
by [23, Theorem 4], the existence of any natural isomorphism (W x Y') U
(Wx Z)=W x (YUZ) implies that D distributive. Hence, we proceed
to prove below that such a natural isomorphism exists in the case of X¢L,
leaving the question of canonicity omitted.

We indeed have the natural isomorphisms in (W, w), (Y,y), (Z,2)) € 3cLXx
EC,C X EC,C

(W,w) x (Y, 5) U (Z,2))
= (W w) X (Y L Z, S(Y’Z) (y, Z)> { Corollary [3.0] }
= (W X (Y L Z) ,,C(’]TW)(’U)) X £(7TY|_|Z)S(Y’Z) (y, Z)) , { Proposition B-] }
which, by the distributive property of C, is (naturally) isomorphic to
((W Y)YU (W X Z), LW X 1y, W X 1)) (,C(WW)(w) x L(my17)SY) (y, z)))

14
Moreover, we have the natural isomorphisms 40
£(<W><Ly,W><LZ>)(L(T"W)(w)XE(WYuZ)S(Y’Z)(yaZ))
LWy W xz)) (L (mw ) (w)) < LW x ey W xiz)) (L(myuz) ST D) (y,2)) { LW x 1y, W x 1)) invertible }
—SWXYWXD) (£ () (w), Ly ) () X LW X0y W x 12 oL (myu2)oS YD (y,2) | Diagram (B-12) }
=SWXYWD) (L(mw ) (w),L(mw ) (w)) x SV Y WXD (L(my ) (y),L(77)(2)), { Diagram }

which is naturally isomorphic to
SWHYWAD) (Lmy ) (w) x L(7y)(y), Llmw)(w) x L(mz)(2)).  (3.15)
since SW*YWx2) ig invertible. Therefore we have the natural isomorphisms
(W, w) x ((Y,y) U (Z,2))
= (WY)W Z),LUW x1y W x2)) (L(w ) (w) x L(my12)S YD) (y,2) ) ) { Ea }
=((WxY)U(W x2) STV (L () (w) < L(my ) (y).L(mw) (w) x L(72)(2)) {  Ba @) |
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(W XY, L(mw ) (w) % L(my ) () )W x Z,L(mw ) (w) % L(72)(2)) { Corollary B9 }
((VV, ’UJ) X (K y)) L ((VV, w) X (Z, Z)) , { l)l'()])()!\'“,i()ll}
which completes our proof. ]

Codually, we have:

Theorem 3.5. Let L : C°° — Cat be a X-bimodel for sum and tuple types,
in which C 1s a distributive category. Then we conclude that XL is a
distributive category.

3.7. Distributive and extensive properties. Recall that C is extensive
if the basic indexed category

C/—:C® — Cat

is extensive (see [10, Definition 2.1]). Since free cocompletions under (finite
coproducts and free distributive categories'| are extensive, categorical models
for variant types are usually extensive.

Recall that extensive categories with finite products are dz’stributz’veﬂ, S0,
assuming that C is extensive (which we claim to not be a wild assumption
for our context), the following result is a generalization of Thm. [3.4]

Theorem 3.6. Let L : C°? — Cat be an extensive strictly indexed category,
in which C is a extensive category. Assume that we have initial objects O €
L (W). In this case, the category YL is extensive.

Proof: We denote by SéW’X) : LOW)x L(X) = LW UX) the isomorphism
of the extensive strictly indexed category L.

The first step is to see that, indeed, ¥¢L has coproducts by Corollary 3.6
We, then, note that, for each pair (W, w) and (X, z) of objects in XL, we
note that, in fact, we have indded have that

SUI S L) (Wow) x Sel/(X,x) = SeL (W,w) U (X, ) (3.16)

defined by the coproduct of the morphisms is an equivalence. Explicitly, given
objects A = (Wy,wy), (f : Wo = W, f"rwy — L(f)w)) of XcL/(W,w) and

*The proof given for [10, Proposition 2.4] also applies to the finite case.
TSee [10, Proposition 3.6].

ISee [10, Proposition 4.5].

$The result also holds for the non-strict scenario.
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B = ((Xo,70), (9: Xo = X, g 1 20 = L (9) 7)), Sy (4, B) is given
by

<<W0 L XO,SEW’X)(wO,a:gD , (f Ug: Wold Xy — WUX, SEW’X) (f',g')))

which is clearly an equivalence given that the functor

((W07f)7 (X07g)) = (WO L XOuf |_|g)
is an equivalence C/W x C/X — C/W U X. _

Theorem 3.7. Let L : C°? — Cat be an extensive strictly indexed category,
in which C is a extensive category. Assume that we have terminal objects
1 e L(W). In this case, the category XL is extensive.

3.8. uv-polynomials. We examine the existence of uv-polynomials in ¢ L
and ¢ L. In order to do so, we employ the results and terminology estab-
lished in Appendices [F] and [G] We also need the following definitions.

Definition 3.10 (uvPoly,). Let C be a category with uv-polynomials, and
L : C°? — Cat an extensive strictly indexed category with finite biproducts.
We define the category uvPoly, as the smallest subcategory of Cat satisfying
the following.

— The objects are defined inductively by:
O1. the terminal category 1 is an object of puvPoly,;
O2. if D and D’ are objects of uvPoly,, then so is D x D';
O3. for each object W € C, the category L(W) is an object of uvPoly .
— The morphisms satisfy the following properties:
M1. for any object D of uvPoly,, the unique functor D — 1 is a
morphism of puvPoly,;
M2. for any object D of puvPoly,, all the functors 1 — D are mor-
phisms of pvPoly ;
M3. for each (W, X) € C x C, the projections 7y : D x D' — D and
79 : D x D' — D’ are morphisms of uvPoly,;
M4. for each W € C, the biproduct + : L(W) x L(IW) — L(W) is a
morphism of uvPoly;
M5. for each (W, X) € C x C, the functor

SWX) . £(W) x L(X) = LW U X)

of the extensive structure (see (3.4))) is a morphism of prPoly ;
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M6. given an object D of uvPoly,, a morphism H : D x C — C of
pvPoly, and any object X € D',

L‘(inﬁx)_l . L (HX <,uﬁX)> — L (,uﬁX> :
Lloutx): L (ﬁX (VHX)) Ny, (VHX)

are morphisms of uvPoly,;
M?7. for each (W, X) € C x C, the functors induced by the projections

L(m): LW)—= LW x X), L(me) : L(X) = LW x X)

are morphisms of uvPoly,;

MS8.if E: D — D and J : D — D" are morphisms of uvPoly,, then
sois (E,J): D — D xD"

M9. if D', D are objects of uvPoly,, h : D' x D — D is a morphism
of pvPoly, and ph : D' — D exists, then ph is a morphism of
pvPoly

M10. if D', D are objects of uvPoly,, h : D' x D — D is a morphism
of pvPoly, and vh : D' — D exists, then vh is a morphism of

puvPoly ..

Recall that a strictly indexed category L : C°? — Cat respects terminal
coalgebras and initial algebras if, for any morphism f of C, L(f) preserves
terminal coalgebras and initial algebras[]

Definition 3.11 (3-bimodel for inductive and coinductive types). We say
that £ : C°? — Cat is a X-bimodel for inductive and coinductive types if:
x1) C has pv-polynomials;
x2) L is a strictly indexed category;
x3) L : C°? — Cat has indexed biproducts, denoted by + with zero object
denoted by 1 = 0;
x4) L is extensive;
*5) whenever D is an object of uvPoly, and e : D — D is a morphism of
pvPoly ., pe and ve exist;
x6) L respects terminal coalgebras and initial algebras.

For short, in this section, such an indexed category is called a x-indered
category.

*See Definitions and
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Lemma 3.12. Let £ : C? — Cat be a *-indexed category. If D,D' are
objects of uvPoly then, whenever h : D' x D — D is a morphism of uvPoly,,

puh : D' — D and vh:D — D
exrist.

Proof: By Proposition [D.1] it is enough to show that, for each x € D', uh®
and vh” exist.

In fact, denoting by x : 1 — D’ the functor constantly equal to z € D', the
functor A” is the composition below.

(Lidp) (romy,idpoms)

D 1x7D s D' x D f

~

h.’I:

Since all the horizontal arrows above are morphisms of pvPoly,, we conclude
that A” is an endomorphism of pvPoly,. Therefore, since £ is a *-indexed
category, uh* and vh* exist. |

Definition 3.13 (uvL-indexed category and indexed functor). Let £ : CP —
Cat, L' : D — Cat be strictly indexed categories. We say that £’ is a uv.L-
indexed category if:

puvL1) D is an object of uvPoly;

uvL2) L'(W) is an object of uvPoly, for any W in D.

A strictly indexed functor (H,h) between £’ : D°® — Cat and L" : £P —
Cat is a pvL-indexed functor if:

uvL3) L', L" are pvL-indexed categories;

pvL4) H : D — £ is a morphism of uvPoly,;

puvL5) for each X € D, hy : L' (X) — L" o H(X) is a morphism of uvPoly,.

Theorem 3.8. Let £ : D°® — Cat be a strictly indexed category and
L : C® — Cat a x-indezed category. Assume that (H,h) is a pvL-indezed
functor, and H : Ygxp (L' X L) = (XeL') x (XpL) — XpL is the correspond-
ing split fibration functor. We have that:
—uH XL — YpL exists and is the split fibration functor induced by
the pvL-indexed functor

(nH : € =D, p (ﬁ(_))) (3.17)
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in which
i (hix)) = phy = p (E(ion)_lh(X’MHxQ L L(X) — E(MHX). (3.18)

~vH : XL — YpL exists and is the split fibration functor induced by
the pvL-indexed functor

(Vﬁ &= D, v (E(_))) (3.19)
in which
v (E(X)) = VEX =V (E(outHx)h(X VHX)) : ﬁ”(X) — ﬁl(VﬁX). (3.20)
Furthermore, both uH and vH are uvL-indexed functors.

Proof: Since C has pv-polynomials, D is an object of uvrPoly, and His a
morphism of puvPoly., we have that puH and vH exist by Lemma |1.2| (and,
hence, are morphisms in pvPolyc). Moreover, we have that L(out_x) and

C(inﬁx)_l are morphisms of prPoly, by [M6.| of Definition (3.10]

For any X € D, since (H, h) is a puvL-indexed functor, we have that,
L' (X) is an object of uvPoly, and
X,,uFX

h( )2 E’(X)XL‘(MFX) —>LOF<X,,LLFX)

h(XVHX) L (X) X L (VFX> — L Oﬁ (X, VFX>
are morphisms of uvPoly,.
We conclude, then, that the compositions

o = Lling) iy ey - LX) % L (uﬁx> Ny (Mﬁx)

EX = ;C(OutHx)h(X’VHX) L (X) X L (Z/EX) — L (VFX)
are also morphisms of uvPoly.. Thus, we have that phy and vhy exist (and
are morphisms of uvPoly,) by Lemma [3.12
Finally, since L respects initial algebras and terminal coalgebras, we have
that (H, h) satisfies the hypotheses of Corollary |F.1|and Theorem |G.2| There-
fore uH and vH exist and are induced by (3.17)) and respectively.
The fact that and are also purL-indexed functors follows from

the fact that £’ is a uvL-indexed category by hypothesis, ©H is a morphism
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of uvPoly, (as observed above) and phy, vhx are morphisms of uvPoly . (also
observed above). u

In particular, we see that initial algebras and terminal coalgebras of uv-
polynomials in ¥¢L (and, codually, ¥¢L) are fibred over C.

Before proving Theorem [3.9] our main theorem about pvr-polynomials in
YL, we prove Lemma which establishes a bijection between objects of
pvPolys, - and indexed categories.

Definition 3.14. Let £ : C°* — Cat be a strictly indexed category. We
inductively define the set X L of indexed categories as follows:

X L1. the terminal indexed category 1:1 — Cat belongs to X L;
X L2. L belongs to X L;
X L£3.if £ and L” belong to x £, then (L' x L") € X L.

Lemma 3.15. Let L : C°? — Cat be a strictly indexed category. Then all
the elements of X L are uvL-indexed categories.

Proof: The terminal indexed category 1 : 1 — Cat is a uvL-indexed cate-
gory since 1 € uvPoly, and 1 € puvPoly,. Furthermore, £ : C°* — Cat is a
pvL-indexed category by the definition of pvPoly,.

Finally, if £ : D — Cat and L” : £°? — Cat are uvL-indexed categories,
then:

— we have that (D, &) € uvPoly, x uvPoly,. Thus
(D x &) € uvPolyg; (3.21)

— for any (W, W') € Dx &, the categories L' (W) and L”(W') are objects
of puvPoly,. Thus

L' x LW W =L/ (W) x L"(W') € uvPoly,. (3.22)
By (3.21) and (3.22)), we conclude that £'x L" : (D x &) — Cat is a
uvL-indexed category. |

Lemma 3.16. Let L : C” — Cat be a strictly indexed category. We define
a bijection O between the set of objects of pvPolys . and X L.

Proof: We define the bijection O : obj (;U/Polyz . £) — X L inductively as
follows:

01. terminal respecting: 0 (1) := (1:1 — Cat);

02. basic element: 0 (X¢L) = (£ : C°® — Cat);
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03. product respecting: given (D, D’) € pvPolys, » x pvPolys,
(D xD):=0(D) xd (D).

The inverse of 9 is clearly given by the Grothendieck construction. More
precisely, the inverse is denoted herein by ¥ and can be inductively defined
as follows:

Y1. terminal respecting: ¥ (1:1 — Cat) == 1;

Y12. basic element: X (£ : C® — Cat) = XcL;

¥23. product respecting: given (£': D? — Cat, L" : £ — Cat) € X L x

XL,
S(LxL) =S (L)x2(L").

By the inductive definitions of the sets obj (,uVPolyZ . 5) and X L, we conclude
that

Yod= idobi(“uPoIYZCz) and doX = idgﬁ'

Lemma 3.17. Let £ : C° — Cat be a strictly indezxed category. The ob-
jects of pvPolyy, ., with the functors that are induced by pvL-indexed functors
between objects of X L form a subcategory of Cat.

Proof: Let A be an object of uvPolyy, .. By Lemma [3.16, we have the
associated strictly indexed category

0(A) =L :D® — Cat.
The identity id 4 on A clearly comes from the identity
(idp: D — D,id) : L' — L’
which is a prL-indexed category, since £’ is a pvL-indexed category by
Lemma 3.15]

Finally, if £: A — A" and H : A" — A" are functors induced, respectively,
by the pvL-indexed functors

(Boe): L L' and  (Hh):L"— L,
then H o F is induced by the composition
(ﬁ oF, hger © e)

which is a pvL-indexed functor as well, since H, E are morphisms of uPoly,
and, for any W € D, hgowy and ey are morphisms of puvPoly,. |
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Definition 3.18. We denote by pvPolyy, , the category defined in Lemma
B.I7

Theorem 3.9. Let L : C? — Cat be a *-indexed category. The category
YcL has pv-polynomials.

Proof: By Theorem 3.8 since L is a *-indexed category, any endomorphism
E :YeL — YL of the subcategory pvPolyy,, , has an initial algebra and a
terminal coalgebra. Therefore, in order to complete the proof, it is enough
to show that the morphisms of pvPolyy, , satisfy the inductive properties of

Definition [L1l
Let A, A" and A" be objects of pvPolys, .. By Lemma [3.16, we have the
associated strictly indexed categories
0(A)=L: D? — Cat,
OA)=L": &P — Cat,
(A" =L": F — Cat.
Recall that £, £” and £" are pvL-indexed categories by Lemma [3.15]
1. The unique functor A — 1 is induced by the unique indexed functor

(D=1, (L (W) = Dyep)

between £ and the terminal indexed category 1 : 1 — Cat. Since
D — 1 is a morphism of uvPoly, and (for any W € D) L' (W) — 1 s
a morphism of purPoly,, we have that the unique indexed functor is a
prL-indexed functor.

2. Given a functor F : 1 — A = L', it corresponds to an object
(W eD,ze L/(W)) € XcL'. In other words, F' is induced by the
strictly indexed functor

(W:1—=Dw:1— L(W))
in which W and w denote the obvious functors. Since any functor
1—-7D
is a morphism of uvPoly, and (for any W € D) any functor
1— L'(W)
is a morphism of uvPoly,., we have that

(W:1—=D,w:1— L(W))
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is a pvL-indexed functor.

. By Proposition 3.1, the binary product x : YL X SeL — YL is

induced by the strictly indexed functor
(Xx:CxC—=C,p): LXL—L

in which py is given by the composition

Loy £ T E T e e o <
l+
Pww)

LW x W)

We prove below that (x :C xC — C, p) is a purL-indexed functor.

Since X : C x C — C is a morphism of pvPoly., it is enough to prove

that payw is a morphism of pvPoly, for any (W, W’) € C x C.
Since, for any (W, W') € C x C, we have that

Tew) - [,(W) X ,C(W/) — £(W),
T £(W) x L(W') = L (W)

L(m): LW)—= LW xW"), L(m): LW —= LW xW)
are morphisms of prPoly,, we conclude that
(£ (m1) o mpawy, £ (m2) 0 wpmny) = L (m1) x L ()
is a morphism of urPoly,. Thus, since
X:LWXW)x LW xW)—LWxW)

is a morphism of puvrPoly, as well, we conclude that the composition
pw,w) is a morphism of uvPoly,.

. By Corollary 3.6, the coproduct U : S¢L x XeL — 3L is induced by

the strictly indexed functor
(U:CxC—=C,s): LXL—L
in which sy ) is given by the functor
SV (W) x L(X) = LW U X)

of the extensive structure (see (3.4))) is a morphism of pvPoly,.
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We have that (W:CxC —C,s) : LXL — L is a purL-indexed
functor, since LI : C x C — C is a morphism of urPoly, and S! (W) ig
a morphlsm of pvPoly, (for any (W, W') € C x C).

5. The projections
T Ax A — A, i Ax A =D
are, respectively, induced by the strictly indexed functors
(m DxE D, (m: LIW) x LIW') = ﬁ(W))(WW,)prg) L L L L
(@ DX EE, (ma: LIW) x LW — £(W’))(W7W,)emg> L L L L
which are uvL-indexed functors, since
m D xE—D, m:DXxE = E
are morphisms of uvPoly, and, for any (W, W') € D x &,
m  L(W) x L(W') — L(W), oy LW) x L(W') — L(W)

are morphisms of pvPoly,.
6. Assuming that £ : A — A and J : A — A” are functors induced by
the pvL-indexed functors
(E, e: L — L OEOP) L — L and
(7,]’ L= L ojOP) L — L
the functor (F,J) : A — A" x A” is induced by the strictly indexed
functor

(B.7).(e.5) : £ — £"x L.
which is a uvL-indexed functor as well since:

— E, J are morphisms of prPoly, and, hence, so is (E J )
— ey, jw are morphisms of uvPoly, for any W € D and, hence, so

is (ew, jw)-
Finally, assuming that H : A x XL — ¢ L is a functor induced by a uv.L-
functor

(T.h): £ x L — L,
we have, by Theorem [3.8] that
8. uH is induced by the purL-indexed functor

(/LH & — D, ,u( )) L — L.
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9. vH is induced by the pvL-indexed functor
(Vﬁ & =D, v (E(_))) L — L.

Codually, we have:

Theorem 3.10. Let L : C°? — Cat be a x-indexed category. The category
e L has pv-polynomials.

3.9. X-bimodel for function types, inductive and coinductive types.
By Theorem [3.4, the Grothendieck construction of any 3-bimodel for in-
ductive and coinductive types is distributive. Moreover, we get the closed
structure if £ satisfies the conditions of 3.4, More precisely:

Corollary 3.19. Let L : C°® — Cat be a X-bimodel for inductive and coin-
ductive types. The categories e L and e L are distributive categories with
uv-polynomials.

Corollary 3.20. Let L : C°® — Cat be a X-bimodel for function types,
inductive and coinductive types. The categories XL and e LP are closed
categories with uv-polynomaials.

4. Linear A\-calculus as an idealised AD target language

We describe a target language for our AD code transformations, a variant of
the dependently typed enriched effect calculus [38, Chapter 5]. Its Cartesian
types, linear types, and terms are generated by the grammar of Fig. |1} and
6, making the target language a proper extension of the source language.
We note that we use a special symbol v for the unique linear identifier. We
introduce kinding judgements A | I' - 7 : type and A | T' - 7 : ltype for
Cartesian and linear types, where A = ay : type,...,q, : type is a list of
(Cartesian) type identifiers and I' =z : 7y, ..., 2, : 7, is a list of identifiers
x; with Cartesian type 7;. These kinding judgements are defined according
to the rules displayed in Fig. [2] and [7]

We use typing judgements A |[I'F¢:7and A |[;v: 17 F s: g for terms of
well-kinded Cartesian types A | I' - 7 : type and linear type A | T' F ¢ : ltype,
where A = «a; : type,...,q, : type is a list of Cartesian type identifiers,
I'=x1:7,...,2,: 7, is a list of identifiers x; of well-kinded Cartesian type
A|xy 7,21 Ti—1 F 7 : type and v is the unique linear identifier
of well-kinded linear type A | I' - 7 : ltype. Note that terms of linear type
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K,k K = kinds
type kind of Cartesian types
| ltype kind of linear types
T,0,p = linear types
a linear type variable
| real” real array
| 1 unit type
| 1o binary product
| Hz:71.0 power
| Sz:7.0 copower
| casetof {tyz1 —71,| | lpzn —1T,} case distinction
| po.t inductive type
| va.r coinductive type
T,0,p = Cartesian types
as in Fig.
| 7—o0 linear function
| Hz:71.0 dependent function
| Xz:1.0 dependent pair
t,s,r = terms
as in Fig.
| v linear identifier
| letv=tins linear let-binding
| lop(t1,...,tk;s) linear operation
| t®s |casetofly®@v—s copower intro/elim
| Avi |tes abstraction/application
| O0]t+s monoid structure
| bunch (¢,s)of {(¢iz1,v) > r1 |-+ | lnn,v) = rn} extensive families

FIGURE 6. A grammar for the kinds, types and terms of the
target language, extending that of Fig. .

always contain the unique linear identifier v in the typing context. These
typing judgements are defined according to the rules displayed in Fig. [3,

and [
We work with linear operations lop € LOp

my,..
/
n,.. nkvnlv nl’

to represent functions that are linear (in the sense of respecting 0 and +) in
the last [ arguments but not in the first k. To serve as a practical target lan-
guage for the automatic derivatives of all programs from the source language,

we work with the following linear operations: for all op € Opy 77",

which are intended

Dop E Lopf’n;;a"'ank;nla""ank DOp 6 Lopziz nk7
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A b7 type ((a = type) € A)
A|TF7:type A|T'Fa:ltype

A|TF71:ltype A|T'Fgo:ltype
A|TFreal”:ltype A |TF1:ltype A | T+ %0 : ltype

|[Tk7:type - |T,z:7kFo:ltype - |TCk7:type -|T,xz:7kF g:ltype
| T F1Ilz : 7.0 : ltype | Tk Xz: 7.0 : ltype

ATkt {am |- | ot} {A|D, 27k o, ltype}, ..,
A|TFcasetof {{izy —a, |- | bnxn — 0, }: ltype

A a:type | TH7:ltype A,a:type| T F 1:ltype
A|TF pa.t: ltype A |TF va.r: ltype

-|Tkz:ltype -|TFo:ltype
“|TEz—g:type

-|Tk7:type - |T,z:7ko:type -|Tk7:type -|T,z:7Fo:type

-| T F1Ix : 7.0 : type | Tk Xz: 1.0 :type

FiGUrRe 7. Kinding rules for the AD target language that we
consider on top of those of Fig. 2| where our first rule specifies
how kinding judgements of the source language imply kinding
of types in the target language. Observe that, according to the
second rule, type variables o from the kinding context I" can be
used as a linear type a. Note that we only consider the formation
of ¥- and Il-types and linear function types of non-parameterized
types (shaded in grey).

We will use these linear operations Dop and Dop’ as the forward and reverse
derivatives of the corresponding primitive operations opf We write

LDom(lop) & real”ix ... sreal” and CDom(lop) & real™x ... xreal™

for lop € LOp™" ™ ..

T ,.- nk7n17 an

Fig. [ and [11] display the equational theory we consider for the terms and
types, which we call (a)Sn+-equivalence. To present this equational theory,

*Nothing would stop us from defining the derivative of a primitive operations as a more general
term, rather than a linear operation. In fact, that is what we considered in [40, 39]. However, we
believe that treating derivatives of operations as linear operations slightly simplifies the develop-
ment and is no limitation, seeing that we are free to implement linear operations as we please in a
practical AD system.
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A|T+Ht:z A|T,v:itks:a
Alsv:ithkv:T

o1

A|Tkletv=tins:o

A|lTFt:7 Al z:1;viabs:p
A|Tyv:gkletz = tins:p

{A| T+ realyl'i}iil A|T;v:7F s: LDom(lop) (lop € LOpz1

A|T;v:zt lop(ts,

..... nk;n/l,”.,n’)
..., tk; s) : CDom(lop)
AlTsvizhkt:o Allvizks:p
AlTyvizkE(:1 A|TsviTE(t,s):axp

A|TsviTht:ox*
A|TsvizhEt:g%p

P
a

A|T;v:rHfstt:

AlT,y:ovizht:p
AlTsvizkEsndt:p A|TyvizkEAyt:Ily:op

AlTsvizkt:Ily:0p A|lks:o
A|Tyv:zkts: p[?)

A|TkFt:o A|F;v:z|—s:8[t/y]

AlTyv:zHt®s:Zy:0.p
AlTsvizhEt: Xy op A|F,y:a;v:3l—s:8' AT | -Fp :ltype

A|T;v:7t casetofly®@v —s:p
A|TFt:p—og A|v:zks:p
A|Tsv:Tthtes: o

A|lTsv:thHt: g
AITFMtiT 0

A|lTsvitkt:c A|TjviTthks:co
A|Tsv:TtHO: o

A|Tsvithkt+s:o
A‘Fl—t:{élT1|""gnTn}
A|Tyv:gk s:casetof {{ix1 oy |- | bpzn = 0,}
{A|F7xi:7i;v:giFri:p,
—i)1<i<n
A |T;v:cok bunch(t s)of {(liz1,v) = ri | | (bnxn,Vv) = Tn}

: casetof {{1z; = p, | ~~|£nmn—>ﬁn}
ATvipkt: o] AlTivipkt:par A|T;v:z[%]bs:a
A|T;v:pkrollt: po.r

A|T;v:phk foldtwithv — s: g
A|Tivipktia A|T;viak s:z[%a]

A|Tv:pkt:var
A|T;v:pkgenfromtwithv — s:var A|T;v:pk unrollt: 7[**7/]

FiGURE 8. Typing rules for the AD target language that we
consider on top of the rules of Fig. [3] and [9]

A|lTz:7kHt:0o

A|THt:NIz:7.0 A|Tks:7
A|TFXzt:Tx: 10

A|TFts: o]
A|TFt:7 A|TFs:ol'f)

A|THt:Xz: 7.0 A|ITHt:Xz: 70
A|TFE(ts):Xz: 1.0 A|THfstt:r

A|TFsndt: o[/,
FiGURE 9. Typing rules for the AD target language that we
consider on top of the rules of Fig. [3 and [§|
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we define in Fig. [I0] by induction, some syntactic sugar for the functorial
action A, A’ | Tyv : 7[2,] F 7[".] : 7[L] in argument o of parameterized
types A, : type - 7 : Itype on terms A" [ T;v:a -t :p.

(T*)[" o] = ([l *AL ol A

E1ZC1 — Ty (lel,v) — T, [VFt/Q
casesof ¢ |--- [""*/.] = bunch (s,v)of { |---
‘ LnTn — T
Q. T
uB
va

| azn,v) = 2,["fal

(nat)[" o] = v

(uB.1)" /o] = foldvwithv — roll 7["""f]  ifa#p

(wan)[" ol = v

(¥B.10)[""/a] = genfromvwithv — [ [N ]  if o # B

FIGURE 10. Functorial action A, A’ | Tyv @ 7[%] F 7[".] -
7[%,] in argument « of parameterized types A, « : type F T : type
on terms A" | I';v : g =t : p of the target language.

This target language can be viewed as defining a strictly indexed category
LSyn : CSyn” — Cat:

e CSyn extends its full subcategory Syn with the newly added Carte-
sian types; its objects are Cartesian types and CSyn(r, o) consists of
() Bn-equivalence classes of target language programs - |z : 7+t : 0.

e Objects of LSyn(7) are linear types - | p: 7 ¢ : ltype up to («)fn+-
equivalence.

e Morphisms in LSyn(7)(g, p) are terms - | z : 7;v : ¢ - t : p modulo
(o) fn+-equivalence. B B

e Identities in LSyn(7) are represented by the terms - |z : T;v:g b v:
0.

e Composition of - |z :7;v:ig Ft:gyand - |z :T;v:igy bk s:gqin
LSyn(7) is defined as - | x : ;v : 0, Fletv = tins: g,.

e Change of base LSyn(¢) : LSyn(7) — LSyn(7’) along (- | 2’ : 7/ - ¢ :
7) € CSyn(7', 1) is defined LSyn(t)(- |z : T;v:a b s: p) S | 2
Thv:okletr = tins : p. -
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letv = tins = s['A]

caselt ® soflz @ v — r = r["/s,* A] 4] 2 casesof ly @ v — t[VEY]
(Av.t) e s = t[°A] t=MAv.tev

t+0=t 0+t=t (t+s)+r=t+(s+7) t+s=s+t
(Myvizht:o) =t =0 (Tsv:zkt:a) = A = tA] + t[A]
caselitof {l1x1 — 7, |-+ | bnzyn = 7, } = 7,["s;]

o) T case tof {tyay - 70F] |- | b - 1[0}

bunch (¢;t, s) of {({1z1,v) = 71 | - - | (bn®n,V) = 0} = 7i[n;,5 4]

") P bume (1) of {(6r4,v) = 7871 |-+ | (Buy) > 7l ])
foldroll t withv — s = s[ﬂwmdvWithv_m/&][%]/v]

PV = s el ] = r[fA] = fold t withv — s

unroll (gen from ¢t withv — 5) = g genfromvwithv=s) 1rs) ¢ )]

unrollr = 7["""L][°A] = r[’A] = genfrom t withv — s

FiGURE 11. Equational rules for the idealised, linear AD lan-
guage, which we use on top of the rules of Fig. [5 In addition
to standard Sn-rules for !(—) ® (—)- and —o-types, we add rules
making (0,+) into a commutative monoid on the terms of each
linear type as well as rules which say that terms of linear types
are homomorphisms in their linear variable. Equations hold on
pairs of terms of the same type/types of the same kind. As usual,
we only distinguish terms up to a-renaming of bound variables.

e All type formers are interpreted as one expects based on their notation,
using introduction and elimination rules for the required structural
isomorphisms.

Corollary 4.1. XcsynLSyn and YcsynLSyn” are both bi-Cartesian closed
categories with pv-polynomaials.

In fact, LSyn : CSyn” — Cat is the initial >-bimodel of tuples, self-
dual primitive types and primitive operations, function types, sum types
and inductive and coinductive types, in the sense that for any other such a
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Y-bimodel £ : C®? — Cat, we have a unique homomorphism ([—], [-]) :
(CSyn,LSyn) — (C, L).

Corollary 4.2 (Universal property of (CSyn,LSyn)). For any Y-bimodel
L :C? — Cat of tuples, self-dual primitive types and primitive operations,
function types, sum types and inductive and coinductive types, we obtain
canonical bi-Cartesian closed functors that preserve uv-polynomials

E[[_]] [[—]] : EcsynLSyn — Zcﬁ, ZH—H[[_]]OP : EcsynLSyn"p N ZC/:’OP.

5. Novel AD algorithms as source-code transformations

As YcsynLSyn and YcsynLSyn” are both bi-Cartesian closed categories
with pv-polynomials, by Corollary [4.1], the universal property of Syn (Corol-
lary [2.1)) yields unique structure-preserving functors B(—) : Syn — XcsynLSyn
and D(—) : Syn — YcsynLSyn® implementing source-code transformations
for forward and reverse AD, respectively, once we fix a compatible definition
for the code transformations on primitive types real” and operations op.

Corollary 5.1 (CHAD). Once we fix the derivatives of the ground types and
primitive operations of Syn by defining

e for each n-dimensional array real” € Syn, D (real”) o (real”, real")
and D (real”) oo (real” real") in which we think of real” as the as-
soctated tangent and cotangent space;

7_D>(0p) o (op, Dop) and <Ys(op) o

(op, Dopt), in which Dop and Dop’ are the linear operations that im-

plement the derivative and the transposed derivative of op, respectively,

e for each primitive op € Op; |

we obtain unique functors

B(—):Syn — YcsynLSyn, D(—):Syn — YcsynLSyn”  (5.1)

that extend these definitions such that B(—) and D(—) preserve the bi-
Cartesian closed structure and the pv-polynomials.

By definition of equality in Syn, YcsynLSyn and YcgynLSyn”, these code
transformations automatically respect equational reasoning principles, in the
sense that ¢t 2 implies that B (t) ﬁi+3(s) and D (t) 62+%(8). In this section,
we detail the implied definitions of D and D as well as their properties.
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5.1. Kinding and typing of the code transformations. We define for
each type 7 of the source language:

e a Cartesian type B(T)l of forward mode primals;

e a linear type B(7)y (with free term variable p) of forward mode tan-
gents;

e a Cartesian type %(7)1 of reverse mode primals;

e a linear type D (1), (with free term variable p) of reverse mode cotan-
gents.

We extend B(—) and D(—) to act on typing contexts I = x1 : 7, ..., & : Tn
as

BT L B(r)1, .-, Tn : B(To)n (a Cartesian typing context)
B(r), < (B(T DEALE *B(Tn) /o)) (a linear type)
<5(I’)1 o D(T)1, - 0 D(To)n (a Cartesian typing context)

B(D)y = (B(m)al7] - -*%(Tn)z[ /o)) (a linear type).

Our code transformations are well-kinded in the sense that they translate a
type A F 7 : type of the source language into pairs of types of the target
language

A |-+ B(1); : type

A \p B(T)l - D(7)2 : ltype

Al-F (T)l type

Alp:D(r)1F D(7)s: ltype.
Similarly, the functors B(—) : Syn — XcsynLSyn and %(—) : Syn —
YcsynLSyn® define for each term ¢ of the source language and a list T of
identifiers that contains at least the free identifiers of ¢:

e a term 7—D>f(t)1 that represents the forward mode primal computation
associated with ¢;

e a term Bf(t)Q that represents the forward mode tangent computation
associated with ¢;

e a term %f(t)l that represents the reverse mode primal computation
associated with ¢;

e aterm Dy(t)y that represents the reverse mode cotangent computation
associated with t.

These code transformations are well-typed in the sense that a source language
term ¢ that is typed according to A | I' = ¢ : 7 is translated into pairs of
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terms of the target language that are typed as follows:

A | B(D) F Dr(t) 'B( i

A B0y Bt Bl  B(r) [P
A D) Drit) - (r) B
A D(D)y;v: D(r)o[Pr®] = Dr(t)s : D(D)s,
where T is the list of identifiers that occurs in T (that is, T1 = 71, - - -, Tn : T dof

X1y n s Tp).

However, as we noted already in Insight 1 of §, we often want to share
computation between the primal and (co)tangent values, for reasons of effi-
ciency. Therefore, we focus instead on transforming a source language term
A |kt : 7 into target language terms:

A!B( ) b Bp(t) : Sp: B(r)1.D(T)2 — B(7)s
A D) I—‘B (1) : zp D(7)1.D(1)s — D(I)s,

where Br(t) "= (Ba(t)1, \W.B(t)s) and De(t) "L (Da(t)1, Av.Ds(t),). While
both representations of AD on programs are equivalent in terms of the Sn+-
equational theory of the target language and therefore for any semantic and
correctness purposes, they are meaningfully different in terms of efficiency.
Indeed, we ensure that common subcomputations between the primals and
(co)tangents are shared via let-bindings in B(t) and Dy(t).

5.2. Some notation. In the rest of this section, we use the following syn-
tactic sugar:

e a notation for (linear) n-ary tuple types:

(% %7,) S (((T%70) -+ *T,_1)*T,);

e a notation for n-ary tuples: (t1,--- ,t,) = dof ({{t1,t2) -+ ,tn-1),tn);

e given [;v:T Ft: (g% - %0,), we write I';v : 7 F proj, (t) : g, for
the obvious i-th projection of ¢, which is constructed by repeatedly
applying fst and snd to ¢;

e given I';v : 7 - t : og,, we write the i-th coprojection I';v : 7 F
coproj, (t) dof 0,...,0,t,0,...,0) : (gy%---*0,);

e for alist z,. .., z, of distinct identifiers, we write idx(x;; z1, ..., z,) =
¢ for the index of the identifier x; in this list;
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e a let-binding for tuples: let (z,y) = tins “ letz = tinletz =
fst zinlet y = snd zin s, where 2 is a fresh variable.
Further, all variables used in the source code transforms below are assumed
to be freshly chosen.

5.3. Code transformations of primitive types and operations. We
have suitable terms (linear operations)

x1 :real™, ... x,:real™ ; v:real"'x--.xreal"* + Dop(z1,..., TiV) : real™

t .
z1 :real™, ... xp:real™ ; v:real™ F Dop'(z1,.. ., Tk; V) :real™' x ... xreal””

to represent the forward- and reverse-mode derivatives of the primitive op-
erations op € Opy. . Using these, we define

B (real") I real” B (real™), I real”
Dr(op(ty, ... . t:) L let (21,2)) = Dr(tr)in - -let (x4, 2}) = Dr(ty,) in
(op(x1, ..., x1), Av.Dop(x1, ..., Ty (X @ v, ... 2} eV)))
D (real”), X real” B (real™), I real”
Drlop(ty, ..., ti) L let (z1,2)) = Dr(ty)in - -
let (x;, x}) = Dp(ty)in
(op(z1,...,7%),Av.letv = Dop'(xy,...,x};v)in

T @ proj; v+ - -+ x,  proj.v)

For the AD transformations to be correct, it is important that these deriva-
tives of language primitives are implemented correctly in the sense that

[z1, ...,z y = Dop(xy, ...,z v)] = Dfop]
[z1,. ..,z v Dop'(z1,...,z1;:v)] = DJop]".
For example, for elementwise multiplication (x) € Op;, ,,, we need that
[D(%)(x1, zo;v)]((a1, az), (b1, b2)) = aj * by + as x by
[D(x)"(x1, z9:v)] (a1, as), b) = (ag * b, ay % b).
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By Corollary , the extension of the AD transformations B and D to
the full source language are now canonically determined, as the unique uv-
polynimials preserving bi-Cartesian closed functors that extend the previous
definitions.

5.4. Forward-mode CHAD definitions. We define the types of (forward-
mode) primals B (7); and tangents B (1), associated with a type 7 as follows:

1), €1

B(1

B(rx0)1 L B(r)1xB (o)

B(r — o)) = p: B(r); zp’:%)lﬁ( )2 —o B(0)2[")})
(o | | md S {6B (|- | 6B ()1}
(
(
(

ol

def

ol

a =

)
) S pal B (7))

ol

ol

voLT) . B (1)

D), %1
B(r#0)y S B(r)a[*2))#D (0)o["1 7]
B(r — o)y © 1y : B(r)1.B () 7))
B{lm |- | Lama})s < casepof {Lip = B(n)a | -+ | lup — B (1)}
Bla) ¥ o
B(u0r)s & i B ()b BRI
Bva.r)s & va.B(r),["ol7))

lior programs t, we define we define their efficient CHAD transformatlon
Dr(t) as follows (and we list the less efficient transformations Bp(t), and
r(t)2 that do not share computation between the primal and tangents in

Appendix [H)):

def .
Bf(‘r) = <m7év'pr0t]idx(z;?) (V)>



def

Bf(letx = tins) =

Dr(et) &

Dr(casetof {{1z1 — 51 | -
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let (z,2') = Dp(t) in
let (y,y') = Bf,z (s)in

(y, Av.y o (v, 2" e v))
(0, Av.())

let (z,2') = Dp(t) in
let (y,5/) = Br(s) in

({z,y), Av.(z’ e v,y eV))
let (z,2') = D(t) in (fst z, Av.fst (2’ o v))
let (z,2') = Bp(t) in (snd z, Av.snd (2’ e v))

lety = )\x.Bix (t)in
(zlet (z,2') = yzin(z,Av.z’  (0,v)), Av.\z.(snd (y z)) e (v,0))

let (z,2) = Bf(t) in
let (3,4/) = Br(s) in
(fst (zy),Av.2’ evy + (snd (zy)) ey e V)

let (z,2') = D(t) in (fz, 2')

| bny — Sn}) déf

let (y,y') = Dr(t)in
caseyof {{1x1 —
let (z1,21) = Bf,xl (s1)in
(21, Av.bunch (y, {v,y ev))of {
(brz1,v) — z] eV
| (b22,v) — 0
[ (Caitn ) = 0))
bnTm —
let (zn,2,) = Br,, (s1)in
(zn, Av.bunch (y, {v,y e v)) of {
(brz1,v) = 0
| (bn—12n—1,v) =0

| (bnxn,v) — 2z, @ v})}
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Dr(roll t) & let (z,2') = Br(t)in (roll z, Av.roll (z’ e v))

Bf(foldtwithx —8) def let (y,y') = Bf(t) in

let z = Az.B.(s)in
(fold y withx — fst (z ),
Av.foldy' e vwithv —

let z = foldy withz — B (7)1 [ ™t **)/,]in (snd (2 7)) e v)

DBr(unroll t) of

—

let (z,2') = Dg(t) in (unrollz, A\v.unroll (z" e v))

Dr(gen fromt withz — s) o let (y.y') = Dr(t)in

let z = A\z.D,(s)in
(gen from y withz — fst (z z),

Av.gen fromy’ e vwithv — (snd (zy)) e v)

5.5. Reverse-mode CHAD definitions. We define the types of (reverse-
mode) primals D (7); and cotangents D (1), associated with a type 7 as fol-
lows:

1), &1

rx0)1 L D (r)1xD (o)
r o) Y D(r).Ip %S(a)l.%(a) 7] — (1),
{6 |- [ & {6D( | LD ()}

T

o7

T
~~ I~ I~

(

(T%0)2 = D (7)2[B )% D (0)o [ 7]

D(r— o), © Zp': D(1)1.D(0)a[Ft P7))]

DUGT | | o })e & casepof {tip — D(m1)a | -+ | bup — D(70)2)
(
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o)
Dvar)y © paD(r) [ty

o wi T 1ykrollya
(7_)2[f Id p thy—>%( ) /]/p]

Eor programs t, we define we define their efficient CHAD transformation
Dy(t) as follows (and we list the less efficient transformations %f(t)l and
r(t)2 that do not share computation between the primal and tangents in

Appendix [H):

Dr(letz = tins) Lef

%f(casetof {liz1 = s1| | bnxn — Sn})

def

(a:,Av.coprojidx(ff) (v))

let (x,2') = D(t)in
let (y,y/) = Br.(s)in

(y,Av.letv = ¢’ evinfstv +z’ e (sndv))

(0, Av.0)

let (z,2') = D(t) in
let (4, /) = Dr(s)in
{{z,y), v.z" o (fst v)) + 3 e (sndv)

let (z,2') = Dp(t) in (fst z, \v.z” e (v,0))
let (z,2') = D(t) in (snd z, Av.z" e (0,v))

lety = )\m.%ix (t)in
(Az.let (z,2') = yxin(z, Av.snd (2’ e V)),
Av.casevoflzr ® v — fst ((snd (yz)) e v))

let (z,2') = D(t) in

let (y,5/) = Br(s) in
(fst (zy), Av.z’ely @ v + 7 o (snd (zy)) e v)

let (z,2') = D(t) in (fz, 2')

let (y,y') = Dr(t) in
caseyof {{1z, —
let (z1,21) = 5i11 (s1)in
(21, Av.let v = bunch (y, v) of {
(Elml,v) — Zi oV

| (b22,v) = 0
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| (€azn,v) = 0} in

fstv +y esndv)

lnTrn —
let (2, z,) = %im
(zn, Av.let v = bunch (y, v) of {

(81) in

(rz1,v) =0
| (anlxnflvv) — Q
| (bnzn,v) = 2, @v}in

fstv+y esndv)}

Dr(roll t) = let (z,z') = Dr(t) in (roll z, Av.z’ e (unrollv))

Hr(fold t withz — s) & let (y,y') = Dr(t) in

let z = Az.D(z)sin
(fold y withx — fst (z x)

,Av.y e gen fromv withv —

let z = fold y withz — B (), [ ™ **)/,]in (snd (z z)) e V)

)=

Dr(unroll ¢ let (z,2') = Dp(t) in (unrollz, Av.z’ e (rollv))

Dr(gen fromt withz — s) of let (y,v') = Dr(t)in

let z = Az.D.(s)in
(genfromy withz — fst (z )

,Av.y’ e foldvwithv — (snd (zy)) e v)

6. Concrete denotational semantics

In order to proceed with our correctness proof of Automatic Differentiation,
we need to establish the semantics of the program transformation in our
setting. In this section, we construct denotational semantics for the target
language.

6.1. Locally presentable categories and denotational model for the
source language. We start by giving examples of concrete models for our
source language. In order to do so, we show that any Cartesian closed locally
presentable category yields a concrete model for the source language. Indeed,
the only step needed to establish this fact is to recall that locally presentable
categories have pv-polynomials [36, Theorem 3.7]. We recall below how to
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prove this result, taking the opportunity to recall some basic aspects on
locally presentable categories.

The first fact to recall is that locally presentable categories are complete
(besides being cocomplete by definition). Moreover:

Lemma 6.1. Let A, B be locally presentable categories.

A functor G : A — B has a right adjoint if and only if G is accessible and
preserves limits.

A functor F : B — A has a left adjoint if and only if F' preserves colimits.

Lemma 6.2. Fvery accessible endofunctor on a locally presentable category
has an initial algebra and a terminal coalgebra.

Proof: Every accessible endofunctor on a locally presentable category has an
initial algebra since we construct the initial algebra via the directed colimit,
see [2].

If A is a locally presentable category, given an endofunctor £ : A — A,
we have that F-CoAlg is locally presentable. Since the forgetful functor
E-CoAlg — A is a functor between locally presentable categories that creates
colimits, we have that it has a right adjoint R. Therefore R(1) is the terminal
object of E-CoAlg (terminal coalgebra of F), see [5]. |

Proposition 6.3. If D is locally presentable then D has uv-polynomaials.

Proof: The terminal category 1 is a locally presentable category and, if D’
and D" are locally presentable categories, then D’ x D" is locally presentable
as well. Therefore all the objects of uvPoly, are locally presentable.

Given locally presentable categories D', D”, the projections w1 : D' x D" —
D' and my : D' x D" — D" have right (and left) adjoints and, therefore, are
accessible.

Moreover, given locally presentable categories D/, D", D", if E : D' — D"
and J : D' — D" are accessible functors, then so is the induced functor
(E,J):D — D" x D"

Furthermore, X : D X D — D and U : D x D — D have, respectively, a
left adjoint and a right adjoint. Therefore they are accessible.

Finally, by [36, Proposition 3.8], assuming their existence, uH and vH
are accessible whenever H : D' x D — D is accessible and D’ is locally
presentable.
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This completes the proof that all morphisms of uvrPoly, are accessible.
Hence, by Lemma[6.2] we have that all endofunctors in prPoly, have initial
algebras and terminal coalgebras. Therefore D has uvr-polynomials. ]

As a consequence, we have that any locally presentable Cartesian closed
category yields a concrete model for the source language. In particular, Set
yields a model for the source language and, thus, we obtain the following
corollary by Corollary the universal property of the source language Syn

(see Corollary ;

Corollary 6.4 (Concrete semantics of the source language). Set is a bi-
Cartesian closed category with pv-polynomials. Hence, once we fix the con-
crete semantics of the ground types and primitive operations of Syn by defin-
mg

e for each n-dimensional array real"” € Syn, [real"] R € Set in
which R™ 1s the set underlying the n-dimensional Euclidean space;

e for each primitive op € Op;' ., [op] : R™ x - x R™ — R™ is the
map in Set corresponding to the operation op intends to implement,

we obtain a unique functor
[—] : Syn — Set

that extends these definitions to give a concrete denotational semantics for
the entire source language such that [—] preserves the bi-Cartesian closed
structure and the pv-polynomials.

6.2. Fam(Li) is bi-Cartesian closed and has uv-polynomials. Hence-
forth, we assume that T is an accessible monad on Set. We denote by Li
the associated Eilenberg-Moore category. We further assume that Li has
biproducts (4,0). The main examples that we have in mind are the cate-
gory of vector spaces Li = Vect and the category of commutative monoids
Li = CMon.

We consider the indexed category

FLi: Set? — Cat
X — Cat [X,Li] = Li* .
f:X =Y —Li/f =Cat[f Li: L' - Li* (6.3)
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defined by the composition

Cat[—,Li]
B

Set® — Cat Cat (6.4)

in which Cat [—, Li] = Li'”) is the exponential (internal hom) in Cat. It is
well known that

Yset FLi = Fam(Li), Yset FLi%? = Fam(LiP) (6.5)

where Fam(Li) and Fam(Li’?) are, respectively, the free cocompletion under
coproducts of Li and of Li?. We have the following results.

Proposition 6.5. For any category D, Fam(D) and Fam(D?) are exten-
sive.

Proof: 1t follows from [0, Proposition 2.4]. n

Proposition 6.6. If D has biproducts (+,0) and products, Fam(D) is Carte-
sian closed. Codually, if C has biproducts (+,0) and coproducts, Fam(C°P)
is Cartesian closed.

Proof: Namely, given families of objects V :' Y — D, Z : Z — D, we have
that

Y= 2): Fam(D) (Y, 2) — D
(9:7 = Z(ay: VW) = Z(00),ey) = [1 2 (0)

is the exponential in Fam(D). Codually,

V= 2): Fam(C) (), Z) ~C
(9:7 = Z.(ay: Z(9) = YW)yey) = [T 2 (6)
is the exponential in Fam(CP). m

Proposition 6.7. If D is locally presentable, Fam(D) and Fam(D) are
locally presentable.

By Proposition [6.3] as a consequence of the above, we have:

Corollary 6.8. The categories Fam(Li) and Fam(Li°®) are locally pre-
sentable Cartesian closed categories. As a consequence, Fam(Li) and Fam(Li")
have pv-polynomials and yield models for the source language.
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Indeed, we prove below that FLi : Set®® — Cat yields a model for the tar-
get language This also provides another proof that g FLi = Fam(Li) and
Yset FLi%P = Fam(Li®?) are Cartesian closed categories with pv-polynomials
by the results of Section [3

6.3. Li is a X-bimodel for inductive and coinductive types. To show
that FLi : Li®® — Cat yields a model for the target language, we first prove
that FLi : Set®® — Cat is a X-bimodel for inductive and coinductive types.
We already know that Set has pv-polynomials. Since Li is complete and
cocomplete, we get that FLi(X) = Li”* is complete and cocomplete (limits
and colimits are constructed pointwise). In particular, FLi (X) = Li* has
biproducts (also constructed pointwise) with zero objects. Moreover, for any
function f: X — Y in Set, we have that

Li/ = FLi(f) : Cat[Y,Li] — Cat [X, Li] (6.6)

has a (fully faithful) left adjoint and a (fully faithful) right adjoint, given by
the left and right Kan extensions respectively. Namely, for each X : X — Li,

ran; X (z H X(i lan; X (z ]_[ X(i (6.7)
ief~1(x) ief~1(z)

Therefore, since FLi(f) is left and right adjoint, we get that it preserves
limits, colimits (in particular, biproducts), initial algebras and terminal coal-
gebras (by Theorem [7.2)). Indeed, FLi (f) strictly preserves biproducts (and
zero object), initial algebras and terminal coalgebras, provided that we have
chosen ones.

Since we have, of course, the isomorphisms

FLi(XUY) = Cat[XUY,Li
~ Cat[X,Li] x Cat[Y, Li|
FLi(X) x FLi(Y)

we have that FLi is extensive. Indeed, we have
SEY) . FLi(X) x FLi(Y) — FLi (X UY) (6.8)

in which SXY) (X, V) (i) = X(i) if i € X and SEY) (X, V) (§) = V(j) if
jeY.
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Theorem 6.1. The strictly indexed category FLi 1s a Y-bimodel for in-
ductive and coinductive types. Therefore YgetFLi and Yget FLIP have pv-
polynomaials.

Proof: 1t only remains to prove that all the endomorphisms in pvrPolypys
have initial algebras and terminal coalgebras. In order to do so, by Lemma
6.2} it is enough to prove that purPolygy; is a subcategory of the category of
locally presentable categories and accessible functors between them.

As proved in Lemma [6.2] the subcategory of locally presentable functors
and accessible functors is closed under products. That is to say, if D, D’
are locally presentable categories and E,.J are accessible functors between
locally presentable categories, we get that 1, D x D’ are locally presentable
categories, (F,J) is accessible, and the projections are accessible (since they
have right adjoints).

Moreover, Li* is locally presentable for any set X since Li is locally pre-
sentable. Also, since the biproduct + : Li* x Li® — Li* has a right adjoint,
it is accessible.

Furthermore, since it has a right adjoint, we get that Li(f) is accessible
for any function f: X — Y.

Finally, by [36, Proposition 3.8], assuming their existence, uh and vh are
accessible whenever h : D' x D — D is accessible and D', D are locally
presentable categories.

Since isomorphisms between locally presentable categories are accessible,
this completes the proof that all functors in uvrPolygy; are accessible func-
tors between locally presentable categories and, hence, any endomorphism
puvPolypr; has initial algebra and terminal coalgebra. |

6.4. Li yields a model for the target language. It remains only to prove
that Li is a X-bimodel for function types.

The model of Cartesian dependent type theory associated is, of course, the
strictly indexed category FSet : Set®® — Cat

X + Cat [X, Li].

The fact that FSet satisfies full, faithful, democratic comprehension with
[I-types and strong Y-types is well-known [19].

The fact that Li has II- types follows, for instance, from [38, Theorem 5.2.9]
while the 3-types and —o follows from [38, Theorem 5.6.3].
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6.5. The denotational model for the target language. We specialize
further to a concrete denotational model for the target language in terms of
real vector spaces. We can phrase of our specifications for the correctness
proofs of Section |8 with respect to this concrete semantics. Namely, we
consider Li = Vect, denoting by

FVect : Set”” — Cat, FVect(X) = Vect”™
the associated indexed category. Recall that we have that
YsetF'Vect = Fam(Vect), Y.set FVect® = Fam(Vect®) (6.9)

where Fam(Vect) and Fam(Vect) are, respectively, the free cocompletion
under coproducts of of Vect and Vect.

As proved above, seeing that Vect is locally presentable, FVect is a -
bimodel for tuple, function, sum, inductive and coinductive types and, hence,
it provides a suitable model for our target language. Once we specialize from
arbitrary families FLi in a locally indexed category to FVect, there is a bit
more we can say about the interpretation of type formers.

Product structure. Assume that (M, R), (N, V') are objects of ¥getF'Vect (or
YsetF'Vect?). By Propositions and , we have that

(M,R) x (N,V)=(M x N,(i,j) — R(i) x V(j)). (6.10)

gives the product of (M, R) and (N, V) in YXgetF'Vect (and in XgetFVect™).
The terminal object in Yget F'Vect (and in YgetF'Vect®) is given by (1,0).

Coproduct structure. Assume that (M, R), (N, V) are objects of YgetFVect
(or YsetF'Vect®). By Corollaries and , we have that

(M,R)U(N,V)=(MUN,(R,V): MUN — Set). (6.11)

gives the coproduct of (M, R) and (N, V) in YgetF Vect (and in Xget F'Vect™?).
The initial objects are given by (0, 0).

Lists and Streams. The categories YgetF'Vect and YgeFVect® have uv-
polynomials by Corollary since F'Vect is Y-bimodel for inductive and
coinductive types by Theorem . But, in fact, as showed above Fam(Vect) =
Fam(Vect) and Fam(Vect®) = YgFVect® have uv-polynomials because
they are locally presentable categories (Corollary [6.8)).

Therefore, since we are in the locally presentable setting, we can compute
the initial algebras or terminal coalgebras of pr-polynomials via directed
colimits and limits (see [2]). In particular, denoting by V : V' — Vect the
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functor constantly equal to the vector space V' (in which, by abuse of language
V is also the set underlying the vector space), given the endofunctors

FE : Fam(Vect) — Fam(Vect), H : Fam(Vect) — Fam(Vect)

in which £(X,z) = (1,0) U (X,z) x (V,V) and H(X,z) = (X,z) x (V,V),
we have that

wE=T[vvy. v =TV,
1=0 i=0

in Fam(Vect) and Fam(Vect).
For the case of puF/, this means that

List (V,V) = pE : [[V" — Vect

1=0

is induced /defined by the functors V" : V" — Vect constantly equal to the
product V" (in Vect) in each component V" of the set [[;2, V" (in both

Fam(Vect) and Fam(Vect)).
For the case of vF, this means that

Stream (V. V) : H V — Vect
i=0

o0
is the functor constantly equal to the product H V in the case of Fam(Vect),
i=0

©¢}
while it is the functor constantly equal to H V in the case of Fam(Vect?).
i=0

Primitive types and operations. The reason we work with a concrete seman-
tics in terms of (families of) real vector spaces is because they suffice to
interpret spaces of (co)tangent vectors as well as (transposed) derivatives of
smooth functions. In particular, we have a constant family of vector spaces
R" to interpret real” and, for every smooth function [Jop] that op is tended
to implement, we have linear functions Df[op] and D[op]’ (the usual mathe-
matical derivative and transposed derivative of [op]!) to interpret Dop and
Dop'. Fixing these choices if enough to give a full denotational semantics to
the target language of CHAD.
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Corollary 6.9 (Concrete semantics of the target language). FVect is a -
bimodel for tuples, function types, sum types, inductive and coinductive types.
Hence, considering the Y-bimodel of primitive types and operations defined

by
(1) for each n-dimensional array real” € Syn, Cpear = [real”]
Set in which R" is the set underlying the n-dimensional Fuclidean
space;
(2) for each n-dimensional array real” € Syn,

Lrealn, Li_ealn - FVect (R’I’L)
in which Lyear = L = R" : R" — Vect is the functor/family

constantly equal to tl;g/a%—dimensz'onal Fuclidean space;
(3) for each primitive op € Op,! -

(a) fop = [op] : R™ x---xR™ — R"™ is the map in Set corresponding
to the operation that op intends to implement (hence smooth when
considered as a function between the Euclidean spaces R™ X - - X
R"™ and R™);

(b) gop = [Dop] = DJop] € FVect(R" x --- x R™)(R™ x --- x
R"™ R™) is the family of linear transformations corresponding to
the derivative of the operation that op intends to implement,;

(¢) gbpy = [Dop] = D[op]" € FVect(R™ x --- x R™)(R™,R™ x
- X R™) s the family of linear transformations corresponding
to the transposed derivative of the operation that op intends to
implement;

we obtain, by Corollary[4.9, canonical functors
Sr-1l-] : BosynLSyn — EsetF Vect = Fam(Vect)
Y117 - BcsynLSyn” — YseFVect” = Fam(Vect™).

that extend these definitions to give a concrete denotational semantics for the
entire target language of the forward AD and the reverse AD respectively such
that Xp_j[—] and Xp_1[=]" are bi-Cartesian closed functors that preserve
pv-polynomials.

MR ¢

7. Sconing

Given a functor G : C — D, the comma category D | G is also known as
the scone or Artin glueing of G. Explicitly, the scone’s objects are triples
(Co € D,Cy € C,f : Cy — G(C})) in which f is a morphism of D. Its
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morphisms (Cy, C1, f) — (C}, C1, ') are pairs (hy : Cy — Cj, hy : C1 — Cf)
such that

h
Cy — C!

oy

G(C%@S(C{)

commutes in D.

The scone D | G inherits much of the structure of D x C. For that reason,
under suitable conditions, sconing can be seen as a way of building a suitable
categorical model from a previously given categorical model D x C, providing
an appropriate semantics for our problem. This is, indeed, the fundamental
aspect that underlies our logical relations argument in Section |8 and, also,
in [40], Section §].

Under suitable conditions, the nice properties of D | G can be seen as
consequences of the fact that the forgetful functor

L: DG —DxC, (7.1)
defined by (Cy € D,C, € C, f : Cy — G(C)) — (Cp, C4), is comonadic and,

in our case, even monadic. More precisely:
Theorem 7.1. If D has binary products, then (7.1) is comonadic.

Proof: By the universal property of comma categories, a diagram D : S —
D | G corresponds biunivocally with triples

(D018—>D,D128—>C,02D0—>GD1) (72)

in which Dy, D are diagrams and 0 is a natural transformation. In this
setting, it is clear that, assuming that lim Dy exists, if lim D; exists and is
preserved by G, we have that

<lim Dy, lim Dy, lim Dy % lim (G o D) = G (lim D1)> . (1.3)

is the limit of D in D | G, in which d is the morphism induced by the natural
transformation 0.

Now, given a diagram D : & — D | G such that Lo D = (Dy, Dy) : § —
D x C has an absolute limit, we get that lim D, and lim D; exist and are
preserved by any functor. Hence, by the observed above, in this case, the



72 FERNANDO LUCATELLI NUNES AND MATTHIJS VAKAR

limit of D exists and is given by ([7.3)). Thus it is preserved by L. Since ([7.1)
is conservative, this completes the proof that (7.1)) creates absolute limits.
Finally, since (7.1)) has a right adjoint defined by

(V. X) = (Y x G(X), X, 1m0 : Y x G(X) = G(X)),

the proof that (7.1)) is comonadic is complete by Beck’s Monadicity Theorem [
|

Remark 7.1. IfC has a terminal object and D has binary products as above,
(7.1)) is comonadic and, furthermore, the comonad induced by it is the free
comonad over the endofunctor on D x C defined by (Y, X) — (G(X),1).

Corollary 7.2. Assume that C has binary coproducts and D has binary prod-
ucts. We have that (7.1) is comonadic and monadic provided that G has a
left adjoint F'.

Proof: Firstly, of course, by Theorem [7.1, we have that (7.1]) is comonadic.
Secondly, by the dual of Theorem [7.1, we have that the forgetful functor
F | C — C x D is monadic. Hence, since

L

\ /DXC

Flc

DG

commutes, we get that L is monadic as well. ]

Indeed, in our case, all the properties of the scone we are interested in follow
from the comonadicity and monadicity of ([7.1]), that is to say, Corollary EI

7.1. Bi-Cartesian structure. The bi-Cartesian closed structure of the
scone D | GG follows from the well known result about monadic functors and
creation of limits. Namely:

Proposition 7.3. Monadic functors create all limits. Dually, comonadic
functors create all colimits.

*Despite its usual statement in terms of split (co)equalizers, Beck’s Monadicity Theorem im-
plies that: a left adjoint functor is comonadic if and only if it creates absolute limits. See, for
instance, [29, pag. 550].

TSome of the results presented here hold under slightly more general conditions. But we chose
to make the most of our setting, which is general enough to our proof and many others cases of
interest.
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Proof: See, for instance, [30, Section 1.4]. |
As a corollary, then, we have the following explicit constructions.

Corollary 7.4. Assuming that C and D have finite products and coproducts,
if G : C — D has a left adjoint, then L : D | G — D x C creates limits
and colimits. In particular, D | G is bi-Cartesian and, in case D x C is a
distributive category, so is D | G.

Proof: Given a diagram D : § — D | G, we have that it is uniquely deter-
mined by a triple (Dy: S — D, D;: S — C,0: Dy — GDy) like in (7.2). In
this case, we have that:

(1) In the proof of Theorem , we implicitly addressed the problem of
creation of limits that are preserved by G. Since G has a left adjoint,
it preserves all the limits so all the limits are created like ([7.4]).

More precisely, in this case, assuming that Lo D = (Dg, Dy) : § —
D x C has a limit, we get that both lim Dy and lim D; exist, since the
projections D x C — D and D x C — C have left adjoints (because C
and D have initial objects).

Since G has a left adjoint, it preserves the limit of D;. Hence, the
limit of D is given by

<lim Do, lim Dy, lim Dy, % lim (G o D) = G (lim D1)> L (T4)

like in ([7.3)), in which d is the morphism induced by d and lim (G o D;) =
G (lim Dq) comes from the fact that G preserves limits.

(2) Assuming that Lo D = (Dy,D;) : S — D x C has a limit, we get
that both colim Dy and colim Dy exist. In this case, the colimit of D
is given by

(colim Dy, colim Dy, colim Dy 2 colim (G o Dy) — G (colim Dl)) , (7.5)

in which colim (G o Dy) — G (colim D) is the induced comparison.
m

7.2. Closed structure. Under the conditions of our proof, the scone D | G
is cartesian closed. In our case, we can see as a consequence of the well known
result below.
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Proposition 7.5. If a category is monadic-comonadic over a finitely com-
plete cartesian closed category, then it is finitely complete cartesian closed as
well.

Proof: See, for instance, a slightly more general version in [27, Theorem 1.8.2].
Indeed, assuming that G : C — D is monadic and comonadic and that D is
finitely complete, we get that C is finitely complete as well and, moreover, G
preserves them (since monadic functors create limits).

Given an object W € C, we have an isomorphism

C (W) C
Gl - la
P (@) x ) P

(7.6)

in which we know that (W x F (—)) 4 (G(W) x G(—)). Since C has equaliz-
ers and G is comonadic, we get that (W x —) has a right adjoint by Dubuc’s
adjoint triangle theorem [] ]

Explicitly, we get:

Corollary 7.6. Let C and D be finitely complete cartesian closed categories.
If G : C — D has a left adjoint, we get that D | G 1is finitely complete
cartesian closed. More precisely:

(Co,Ch, f) = (Do, D1, f') = (P,Ci = Dy, f = '),

where we write f = [’ for the following pullback:

P Co = DO
F lar=r
G(Cl = Dl) — G(Cl) = G(Dl CO = G(Dl)
f= G(Dy)

(7.7)

*See [12] or, for instance, [26, Corollary 1.2] for the precise statement in our case.
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7.3. Initial algebras and final coalgebras. Recall the definition of preser-
vation, reflection and creation of initial algebras and final coalgebras (see
Definitions |[E.3| and [E.7)). We prove and establish the result that says that
monadic functors create initial algebras, while, dually, comonadic functors
create final coalgebras.

We firstly establish the fact that left adjoint functors preserve initial alge-
bras and, dually, right adjoint functors preserve final coalgebras. In order to
do so, we start by observing that:

Lemma 7.7. Let
F

G

be an adjunction. Assume that~y : EoF = FoFE' is a natural isomorphism in
which E and E" are endofunctors. In this case, we have an induced adjunction

E-Alg 1(&,n) E'-Alg (7.8)

in which Fy 1s defined as in |E.5 and QA7 18 defined as follows.

G,: E-Alg — E-Alg
(V) = (GO).G(€) o GE (ev) 0 G (15, o )
[ =G

*The right adjoint Q7 does not come out of the blue. For the reader who knows a bit of
2-dimensional category theory, it is interesting to note that the association (F,~y) — 1:} of Lemma
[E.1]is actually part of a 2-functor. The codomain of this 2-functor is Cat, while the domain is the
2-category of endomorphisms in Cat, lax natural transformations and modifications.

By doctrinal adjunction (see [2I] or, for instance, [27, Corollary 1.4.15]), whenever (F,~) is
pseudonatural (meaning that - is invertible) and F' has a right adjoint in Cat, the pair (F,~) has
a right adjoint

(G, (GEe) - (Grg') - (nee))
in the 2-category of endofunctors. Therefore, since 2-functors preserve adjunctions, we get that Fv
has a right adjoint given by G(GE (G ()’ denoted herein by G, whenever v is invertible
and F' has a right adjoint.
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Proof: In fact, the counit and unit, €, 7, are defined pointwise by the original

counit and unit. That is to say, é(ng) = ¢y and ﬁ(W o= mv- u

Dually, we get:

Lemma 7.8. Let
F

G

be an adjunction. Assume that f: GoE = E'oG is a natural isomorphism in
which E and E" are endofunctors. In this case, we have an induced adjunction

E-CoAlg 1(&,7) E'-CoAlg (7.9)

in which G® is defined as in|E.7 and F° is defined as follows:
F: E'-CoAlg — E-CoAlg
W.Q) = (Wremrn o F(Bply) o FE (mw) o F Q)
g = F(g).

As an immediate consequence, we have that:

Theorem 7.2. Right adjoint functors preserve terminal coalgebras. Dually,
left adjoints preserve initial algebras.

Proof: Let G : C — D be a functor and § : Go EF = E o G a natu-
ral isomorphism in which E, E’ are endofunctors. If F' 4 G, we get that
G . E-CoAlg — E'-CoAlg (as defined in [E.7) has a left adjoint by Lemma
. Therefore G preserves limits and, in particular, terminal objects. This
completes the proof that G preserves final coalgebras (see Definition[E.7).

Finally, we can state the result about monadic functors. Namely:

Theorem 7.3. Monadic functors create final coalgebras. Dually, comonadic
functors create initial algebras.
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Proof: Let G : C — D be a monadic functor. Assume that 5 : GoE = E'oG
is a natural isomorphism in which E, E' are endofunctors.

We have that G° : E-CoAlg — E’-CoAlg (as defined in |E.7]) has a left
adjoint by Lemma [7.8] Moreover, we have the commutative diagram

Gb
E-CoAlg E’-CoAlg
4+ 4+
C D
G (7.10)

in which the vertical arrows are the forgetful functors.

Since we know that all the functors in but G? create absolute col-
imits, we conclude that G creates absolute colimits as well. Therefore G?
is monadic and, thus, it creates all limits. In particular, G creates termi-
nal objects. This completes the proof that G creates final coalgebras (see

Definition [E.7)). u

7.4. nv-polynomials. Finally, we can establish the existence of uv-polynomials
in the scone, and the preservation of the initial algebras and final coalgebras
by the forgetful functor.

Corollary 7.9. Monadic-comonadic functors create uv-polynomials. More
precisely, if G : A — B is monadic-comonadic and B has pv-polynomials,
then

(1) A has pv-polynomials;
(2) for each pv-polynomial endofunctor E on A, there is a uv-polynomial

endofunctor E on B such that GoE = EoG (and G creates the initial
algebra and the terminal coalgebra of E).

Proof: Let G : A — B be a monadic-comonadic functor in which B has
pv-polynomials. We inductively define the set XG as follows:

xG1. the identity functor 1 — 1 belongs to xG;
xG2. G : A — B belongs to xG;
xG3.if G : A — B and G" : A” — B’ belong xG, then so does the
product G' x G" : A’ x A" — B' x B".
We have a clear bijection dom between xG and the objects of urPoly 4
defined inductively by
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dom(1—-1)=1, dom (G) = A,
dom (G’ x G") = dom (G’) x dom (G").

In other words, the function dom : XG — obj (urPoly 4) gives the domain
of each functor in xG. Analogously, we define the bijection codom : xG —
obj (puvPolyg) which gives the codomain of each functor in xG.

Since we know that G creates initial algebras and final coalgebras, to com-
plete the proof, it is enough to show that, for any pr-polynomial H : C — D
in pvPoly 4, there is a morphism H of urPoly, such that there is an isomor-
phism

C 1 D
dom ™' (C) l S ldom_1 (D)
¢ » D

(7.11)

where D := codom o dom ™' (D) and D := codom o dom ™ (C).

We start by proving that the objects of uvPoly 4 together with the func-
tors that satisfy the property above do form a subcategory of Cat. Indeed,
observe that the identities do satisfy the condition above, since it is always
true that

idz o dom™* (C) = dom™" (C) oide
for any given object C of puvPoly 4. Moreover, given morphisms J : D" — D"
and F : D' — D" of uvPoly 4 such that we have natural isomorphisms

v: Eodom™ (D) 2dom ' (D)o E
7' Jodom™ (D) =dom ' (D")oJ

in which .J and E are morphisms of jPolyg, we have that

D/ E D// J D///
dom™* (D’)‘ JEN ‘dom_1 (D") 2 ‘dom_1 (D)
o) D7 D7

(7.12)
is a natural isomorphism and .J o E is a morphism in puvPoly,.
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Finally, we complete the proof that all the morphisms of pPoly 4 satisty the
property above by proving by induction over the Definition of uvPoly 4.

M1. for any object C of pvPoly 4, the unique functor C — 1 is such that

dom ™ (C)

Y — O

[ 1
Jdom*1 (1)
1 (7.13)
commutes and, of course, C — 1 is a morphism in pvPolyg;
M2. for any object D of uvPoly,, given a functor W : 1 — D (which

belongs to uvPoly 4), we have that dom™ (D) o W is a morphism of
puvPolyz such that

1 W D

dom™! (1)l idom_1 (D)
1 D
dom ™ (D) o W B

(7.14)

commutes;

M3. consider the binary product x : A x A — A (which exists, since G
is monadic). We have that x : B x B — B (which is a morphism of
pvPolyg) is such that we have an isomorphism

AxA—"—" A
dom ™ (A x A)l Pint Jdom_1 (A)
BxB > B

(7.15)

since G : A — B preserves products and
dom ™' (A) = G, dom ™' (A x A) = G x G;

M4. consider the binary coproduct U : A x A — A (which exists, since G
is comonadic). We have that U : B x B — B (which is a morphism of
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pvPolyg) is such that we have an isomorphism

L

Ax A A
G x G =dom ! (Ax A S | G = dom™ (A)
B x B B
U (7.16)

since G : A — B preserves coproducts.
M5. for any pair of objects (C, D) € uvPoly 4 x uvPoly 4, we have, of course,

that
T T
CxD——C CxD——1D
dom™" (C x D)l ldom_1 (C) dom™"(C x D)J ldom_1 (D)
CxD——C CxD D
1 T2

(7.17)
commute and 7 : C x D — C and 73 : C x D — D are morphisms in

pvPolypg.
M6. given objects D', D", D" of uvPoly 4, if E: D' — D" and J : D' — D"

are morphisms of puvPoly 4 such that we have natural isomorphisms
v: Eodom™ (D) 2dom *(D")oE
v Jodom (D) =dom *(D")o.J
in which J and E are morphisms of prPolyg, then (E, Z) 1S a mor-
phism in uvPolysz and (v,4') defines an isomorphism

(E,J) odom ' (D) 2 dom ™' (D" x D") o (E, J). (7.18)

M7. if C is an object of uvPoly 4 and H : C x A — A is a morphism of
pvPoly 4 such that there is an isomorphism

v:Hodom ' (C x A) = dom ' (A)o H

in which H is a morphism of uvPoly,, then, since G creates initial
algebras and terminal coalgebras, we get that there are natural trans-
formations

pH odom™' (A) = dom ' (A)opuH
vH odom™' (A) = dom™' (A)ovH

and, of course, ;H and vH are morphisms of pPolyg.
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Corollary 7.10. Let C and D be categories with uv-polynomials. If G : C —
D has a left adjoint, then D | G has uv-polynomials and

L:DILG—-DxC (7.19)

preserves (in fact, creates) pv-polynomials.

Proof: By Corollary [7.2] we have that L is monadic and comonadic (since
it has finite products and finite coproducts). Hence it creates pr-polynomials
and we get the conclusion of the result provided that D xC has pr-polynomials.

Indeed, D x C has pv-polynomials (constructed pointwise) provided that
D and C have pv-polynomials. |

7.5. The projection D | G — C. Let C and D be bi-Cartesian closed
categories with finite limits. Recall that m¢ : D x C — C has left and right
adjoints. They are respectively given by W +— (W,0) and W — (W, 1).
Therefore, assuming that G : C — D has a left adjoint, we get that

DIGSDxCBC (7.20)

has a left adjoint and a right adjoint. Therefore it preserves limits, colimits,
initial algebras and terminal coalgebras. Finally, ([7.20)) preserves the closed

structure by Corollary (7.6)).

Corollary 7.11. Let C and D be finitely complete bi-Cartesian closed cate-
gories that have pv-polynomials. Assume that G : C — D has a left adjoint.
In this case, D | G is a finitely complete bi-Cartesian closed category with
uv-polynomials, and the functor

DIGEDxCC

s a bi-Cartesian closed functor that preserves uv-polynomials.

8. Correctness of CHAD, by logical relations

Recall that, by Corollary 4.1, ¥csynLSyn and XcsynLSyn®” are both bi-
Cartesian closed categories with puv-polynomials and, hence, we get the fol-
lowing by the universal property of Syn (by Corollary [2.1)).

Henceforth, following the terminology of Section [6, for any given set X and
any vector space V', we denote by

V : X — Vect
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the family (object of Fam(Vect) or object of Fam(Vect)) constantly equal
to V. Moreover, whenever f : R™ x-..-xR" — R is smooth, we respectively
denote by

MNyyeeey n

F=RMW™ . R™M x ... x R™ — Vect.

Recall that, by Corollary [4.1], we have unique structure-preserving functors
B(—) : Syn — YcsyuLSyn and D(—) : Syn — YcgynLSyn” implement-
ing source-code transformations for forward and reverse AD, respectively.
Further, by Corollary [6.9, we have canonical functors

Y-[—] : XcsynLSyn — Fam(Vect), Y[=17 : EcsynLSyn” — Fam(Vect™).

giving a concrete denotational semantics for the entire target language of
the forward AD and the reverse AD respectively such that ¥j_;[—] and

Y-1[—]? are bi-Cartesian closed functors that preserve pv-polynomials. By
the definition of the Grothendieck constructions and the fact that

Zal-Ie B(—) : Syn — Fam(Vect), Sgl=1"% o D(—) : Syn — Fam(Vect)

preserve the Cartesian structure, we have that, for each morphism

t:real™ x --- x real™ — real”
of Syn,
Sil-l1e D)
= ([B®)]: : R™ x -+ x R™ — R™, [B(t)]2 : R"™""™ — FVect ([B(1)]:) (R™))
= ([B®O]1: R™ x - x R™ = R™ [B(t)], : R"™"™ — R™)

D R™ - x R™ = R™[B(1)]2 : FVect ([D(H]) R™) = R™"™)
— ([B()]:R™ x -+ x R™ — R™ [D(£)]5 : R™ — R"™™)

for some morphism ([[B(t)]]l, [[%(t)]]l) of Set x Set and some morphism
(IB ()2 [D(t)]2) of FVect (R™ x --- x R") x FVect (R™ x --- x R"). In
this section, we prove that, for any such morphism

t:real™ x .- x real™ — real™

of Syn, we have that [t] is smooth and

BOL=[OL=0, [B®]=Dl], [p®)]=DMH"
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That is to say, in this section, we prove:
Theorem 8.1 (Correctness of CHAD). For any well-typed program
1 :real™, ... x; :real™ -t : real™
we have that
BOL=M0OL=0, [B®l:=Dl,  [P®)]:= D"

Note that £ might, in particular, have subprograms that use higher-order
functions, sum types and (co)inductive types. In order to prove the result
above, we construct the scones w.r.t. the following functors

& . Set x Fam(Vect) — Set, G : Set x Fam(Vect”) — Set,
@ = Set x Fam(Vect) ((R,(R,R)),—), G = Set x Fam(Vect®) ((R, (R,R)),—).

Since Set, Fam(Vect) and Fam(Vect®?) have coproducts, we get that, for
each W € Set, the copowers

We R, (RR) = [] R (RR)
reW
~ (W®R,(W®R,R: W®R — Vect))

exist in Set x Fam(Vect) and Set x Fam(Vect®). Hence the functors

W= W ® (R, (R,R)) give the left adjoints to 8 and 6 respectively.
Moreover, since Set, Fam(Vect) and Fam(Vect”) are Cartesian closed
locally presentable categories (see[6.1]and[6.2)), we have that Set x Fam(Vect)
and Set x Fam(Vect) are Cartesian closed locally presentable categories
as well. In particular, Set x Fam(Vect) and Set x Fam(Vect®?) are finitely
complete Cartesian closed categories that have pv-polynomials (see Propo-

sition [6.3). Therefore, by Corollary [7.11]

Lemma 8.1.
Scone =D | g, Scone = D { G (8.1)

are finitely complete bi-Cartesian closed categories with pv-polynomials and
the projections

s
7 : Scone — Fam(Vect)x Set, 4 . Scone — Fam(Vect”) xSet
(8.2)
are bi-Cartesian closed functors and preserve uv-polynomials.
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Lemma 8.2. There are unique functors
o
[—] : Syn — Scone, —] : Syn — Scone (8.3)

that preserve the bi-Cartesian closed structure and pv-polynomials such that
e for each n-dimensional array real” € Syn,

[real"] = ({(f, (g,h)) € B(R", (R",R"™)) : fis smooth, f = g andh = Df} , (R™, (R”,B”))) ,
with the obvious inclusion in 6(R”, (R",R")), and
lreal”] ({(r: (9.1 € G (R, (R",R") : fis smooth, f = g andh = Df'} R (R"R")).

with the obvious inclusion in E(R", (R",R™));

..... k7

[op] = (Io]. (Iopl. (Blop)]))  lopl = ([op]: ([opl- [ (op)]))

i which ﬂo~p and o~p]] are the unique functions such that the pairs

above give morphisms of Scone and Scone respectively.

Proof: By Corollary [2.1] (the universal property of the source language Syn),
it is enough to prove that, indeed, there are functions [op] and [op] such

that (@, ([op], [[B(op)]])) and ( opl, ([op], [[%(op)]])) yield morphisms
in Scone and §cone respectively. That is to say, it is enough to see the

following.

e whenever (f, (g,h)) is such that f is a smooth curve R — R™ x - - X

R, f =gand h = Df, we have that, for any primitive op € Op,;}
— [op] o f is smooth;

— FVect (g) ([[B(op)]]g) o h is the derivative of Jop] o f by the chain

rule, provided that [B(op)]. indeed is transpose derivative of

[op].

Therefore

([opl, [P (op)]) © (£, (g, 1))

= ([op] © f, [D(op)] © (g, h))

= ([[op]] o f, ([[B(op)]]l o g,FVect (g) ([[B(Op)]]g) o h))
= ([op] © £, ([op] © g, F Vect (g) ([T (op)]2) o h))

..... ng’
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indeed satisfies the following: [Jop] o f = [op] o g and
FVect (g) ([[B(op)]]g) oh

is the derivative of Jop] o g.
e whenever (f, (g, h)) is such that f is a smooth curve R — R™ x .- X
R* f = g and h = Df', we have that, for any primitive op €

— [op] o f is smooth;

— h o FVect (g) ([[%(op)]b) is the transpose derivative of Jop] o f
by the chain rule, provided that [D(op)], indeed is transpose
derivative of [op].

Therefore

([op], [P (op)]) © (£, (g, 1)
= ([op] © f,[P(0p)] © (9, 1)
= ([op] © £, (ID(0p)]1 © g, h o FVect (g) ([P (op)]2)))
= ([op] © f, ([op] 0 g, h o FVect (g) ([P (op)]2)))
indeed satisfies the following: [Jop] o f = [op] o g and
h o FVect (g) ([[B(op)]]g)
is the transpose derivative of Jop] o g.

Indeed, this follows from the proof of [40, Lemma 8.1]. |

By the definitions of H and H above, for each real” € Syn and any
primitive op € Op;;!

..... ng?

([real"], ;4[] (B(real”))) = (R", (R",R")

)
([real"], X 4[] (P (real™))) = (R",(R",R"))

([op], £1-1[=1 (B(op))) = ([op], (Top], P[op]))
= 7 (Torl).
(Topl, Zi41-1® (P (op))) = ([op], ([op], Plop]"))
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- = (i),

Therefore, by the universal property of Syn (Corollary [2.1)), since
7ol (F1xZl-1)e (-1, 3(-)
Foll (-1 Zl-17) o (1-).5(-))

are (strictly) bi-Cartesian closed functors that (strictly) preserve pv-polynomials,
we conclude that the diagrams

g[[yn]]z Syn x YcsynLSyn (S[[yr]l] fgyn X YcsynLSyn®?
= IS ERIS I [BER SIS

Scone — Set x Fam(Vect)  §cope 2 Set x Fam(Vect)

7 &

commute. This implies that, for any morphism ¢ : real™ x --- x real™ —
real™ of Syn, we have

7ol = (1. 5[] B()
= (. (IB®)]1 - R™ x - x R™ — R™ [B()]2 : R™™ — R™))

Foll = (I 2l-17 0 5(1)
= ([t (IB(®)]1 : R™ x -+ x R™ — R™ [B(t)]>: R™ = R™"™))

which show, by the definitions of [real™| and [real™] (logical relations),
that, for any curve v : R — R™ x --- x R/

° [[B( )1 o and [D ()]s 0 7 are smooth;

e [B)iov=[toy=[D"]on;

e FVect (v) (HB( )]2) © D~ is the derivative of [B(¢)]; o v;

e D' o FVect (v) ([D(t)]2) is the transpose derivative of [D ()] © 7.

Of course, the above implies that [B(t)]; = [t] = [D(t)];. But, also, by
Boman’s theorem [§], we conclude that the above implies that [¢] is smooth,
[B ()], is the derivative of [B(t)]y = [t] , and [D ()], is the transpose
derivative of [D(t)]1 = [t]f} This completes the proof of Theorem [8.1]

*See the argument of [40, Theorem 8.3]
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9. Practical considerations

Despite the theoretical approach this paper has taken, our motivations
for this line of research are very applied: we want to achieve efficient and
correct reverse AD on expressive programming languages. We believe this
paper lays some of the necessary theoretical groundwork to achieve that goal.
We are planning to address the practical considerations around achieving
efficient implementations of CHAD in detail in a dedicated applied follow-up
paper. However, we still sketch some of these considerations in this section to
convey that the methods described in this paper are not merely of theoretical
interest.

9.1. Addressing expression blow-up and sharing common subcom-
putations. We can observe that our source-code transformations of Appen-
dix [H| can result in code-blowup due to the interdependence of the trans-
formations Byr(—); and Bp(—)s (and Dp(—); and Dp(—)s, respectively) on
programs. This is why, in §5, we have instead defined a single code trans-
formation on programs Bp(—) for forward mode and Dp(—) for reverse
mode that simultaneously computes the primals and (co)tangents and shares
any subcomputations they have in common. These more efficient CHAD
transformations are still representations of the canonical CHAD functors
B(—) : Syn — YcsynLSyn and D(—) : Syn — ScsynLSyn® in the sense

that Be(t) L (Bp(t)1, AW.Br(t)s) and Dr(t) L (5(t)1, Av.Dr(t)) and hence
are equivalent to the infficient CHAD transformations from the point of view
of denotational semantics and correctness.

We can observe that the efficient CHAD code transformations Bf(_) and
Dr(—) have the property that the transformation Br(Clty, ..., t,]) (resp.
Dr(C[t1, ..., 1)) of a term former Clty, ..., ¢, that takes n arguments t,

.., tp (e.g., the pair constructor Clt1,ts] = (t1,t2), which takes two argu-
ments ¢; and ¢9) is a piece of code that uses the CHAD transformation 1—7%(751-)
(resp. Dr(t;)) of each subterm ¢; exactly once. This has as a consequence
the following important compile-time complexity result that is a necesssary
condition if this AD technique is to scale up to large code-bases.

Corollary 9.1 (No code blow-up). The size of the code of the CHAD trans-
formed programs Bf(t) and %f(t) grows linearly with the size of the original
source program t.
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While we have taken care to avoid recomputation as much as possible
in defining these code transformations by sharing results of subcomputations
through let-bindings, the run-time complexity of the generated code remains
to be studied.

9.2. Removing dependent types from the target language. In this
paper, we have chosen to work with a dependently typed target language,
as this allows our AD transformations to correspond as closely as possible
to the conventional mathematics of differential geometry, in which spaces
of tangent and cotangent vectors form (non-trivial) bundles over the space
of primals. For example, the dimension of the space of (co)tangent vectors
to a sum R" LU R™ is either n or m, depending on whether the base point
(primal) is chosen in the left or right component. An added advantage of
this dependently typed approach is that it leads to a cleaner categorical story
in which all n-laws are preserved by the AD transformations and standard
categorical logical relations techniques can be used in the correctness proof.

That said, while the dependent types we presented give extra type safety
that simplify mathematical foundations and the correctness argument un-
derlying our AD techniques, nothing breaks if we keep the transformation
on programs the same and simply coarse grain the types by removing any
type dependency. This may be desirable in practical implementations of the
algorithms as most practical programming languages have either no or only

limited support for type dependency.
To be precise, we can perform the following coarse-graining transformation

(—)T on the types of the target language, which removes all type dependency:

af def o (casetof {Lix1 =1, |- bnxy —1,})} et rfvevg 1
real"! © real” (pa.t)’ < et
1 =1 (var)! < part
(o)’ = rhe! (r—o) ot ool
Iz : 7.0)" = Mz : 7f.of (Ilz : 7.0)" g rtof
(S :1.0)f ef Yx:7ial (Sa:r.o)f © ygrtot
In fact, seeing that (casetof {{1xy — 7, | - -z, — T,})-types were the

only source of type dependency in our language while these are translated
to non-depndent types, all II- and Y-types are simply translated to powers,
copowers, function types and product types:

(M : 7‘.g)Jr = 71 5 of (I T.O’)T = 71 5 of
Cz:1.0) = ool Sz :7m.0) = 7ixol.
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Our translation (—)' is the identity on programs.

The types 7, V - -+ V 1, require some elaboration. We give this in the next
section where we explain how to implement all required linear types and their
terms in a standard functional programming language.

9.3. Removing linear types from the target language.

Basics. As discussed in detail in [40], 39] and demonstrated in the Haskell im-
plementation available at https://github.com/VMatthijs/CHAD, the types
real" 1, 70, 7 — 0, IT®¢g and T — g (and, obviously, the ordinary Carte-
sian function and product types 7 — o and T*0) together with their terms
can all be implemented in a standard functional language. The core idea is
to implement 7 as the type 7%

real”” ¥ real” (r — o) o
i = (reo)t = [(ah)
(rx0)f = rixg? (1 —o)f = rtodt

Crucially, we implement the copowers as abstract types that can under the
hood be lists of pairs [(7F, ¢¥)] and we implement the linear function types as
abstract types that can under the hood be plain functions 75 — ot. As dis-
cussed in [40, [39] and shown in the Haskell implementation, this translation
extends to programs and leads to a correct implementation of CHAD on a
simply typed A-calculus.

We explain here how to extend this translation to implement the extra
linear types 7, V ---V 7,,, pa.7 and va.t required to perform AD on source
languages that additionally use sum types, inductive types and coinductive

types.

Linear sum types T,V ---V 1,. We briefly outline three possible implementa-

tions (r,V---vr,) of the linear sum types
Il VeV ITL:

(1) as a finite (bi)product 7% - - - 7, %

(2) as a finite lifted sum {Zero | Opty 7,* | - -+ | Opt, 7.} };

(3) as a finite sum {Opt17,* | -+ | Opt, 7,,}}.

Approach 1 has the advantage that we can keep the implementation total.
As demonstrated in Appendix [l this allows us the easily extend the logi-
cal relations argument for the correctness of the applied implementation of
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[40, 39] (in actual Haskell, available at https://github.com/VMatthijs/
CHAD). Categorically, what is going on is that, for a locally indexed category
L : C? — Cat, with indexed finite biproducts, (X7 x -+ x X, A1 X -+ - X Ay,)
is a weak product of (X1, A1), ..., (X,, A,) in both 3¢L and Y LP: ie. a
product for which the n-law may fail. The logical relations proof of Appendix
lifts these weak biproducts to the subscone, demonstrating that this im-
plementation of CHAD for coproducts indeed computes semantically correct
derivatives.

This approach was first implemented in the Haskell implementation of
CHAD. However, a major downside of approach 1 is its inefficiency: it repre-
sents (co)tangents to a coproducts as tuples of (co)tangents to the component
spaces, all but one of which are known to be zero. This motivates approaches
2 and 3.

Approach 2 exploits this knowledge that all but one component of the
(co)tangent space are zero by only storing the single non-zero component,
corresponding to connected component the current primal is in. We pay for
this more efficient representation in two ways:

e addition on the (co)tangent space is defined by
Zero+x=ux x4+ Zero=x Opt;(t) + Opt;(s) = Opt;(t + s)

and hence is a partial operation that throws an error if we try to add
Opt;(t) + Opt;(s) for i # j; in particular, the nice theoretical story
about CMon-enriched fibres breaks down;

e we need to add a new zero element Zero rather than simply reusing
the zeros Opt;(0) that are present in each of the components, which
should be equivalent for all practical purposes.

The first issue is not a problem at all in practice, as the more precise depen-
dent types we have erased guarantee that CHAD only ever adds (co)tangents
in the same component, meaning that the error can never be trigerred in prac-
tice. However, it complicates a direct correctness proof of this approach as we
need to work with a semantics with partial functions. This is the approach
of that is currently implemented in the reference Haskell implementation of
CHAD. The second issue is a minor inefficiency that can become more serious
if (co)inductive types are built using this representation of coproducts. This
motivates approach 3.

Approach 3 addresses the second issue with approach 2 by removing the
unneccesary extra element Zero of the (co)tangent spaces. To achieve this,
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however, the zeros 0 at each type B (1), of tangent and D (7)s of cotangents
need to be made functions 0 : B(7); — D () and 0 : D(7); — D (7)o, rather
than mere constant zeros. Whenever the a zero is used by CHAD, it is called
on the corresponding primal value that specifies in which component we
want the zero to land. While a mathematical formalization of this approach
remains future work, we have shown this approach to work well in practice
in an experimental Haskell implementation of CHAD. As we plan to detail
in an applied follow-up paper, this approach also gives an efficient way of
applying CHAD to dynamically sized arrays.

Linear inductive and coinductive types pa.7 and va.r. As we have seen,
linear coinductive types arise in reverse CHAD of inductive types as well as in
forward CHAD of coinductive types. Similarly, linear inductive types arise in
reverse CHAD of coinductive types as well as in forward CHAD of inductive
types. It remains to be investigated how these can be best implemented.
However, as was the case for the implementation of copowers and linear sum
types, we are hopeful that the concrete denotational semantics can guide us

Observe that all polynomials ' : Vect — Vect are of the form W +—
L(A)+W™", where L 4U : Set — Vect is the usual free-forgetful adjunction.
Therefore, U o F = H o U for the polynomial H : Set — Set defined by
S+ U(L(A)) x S™. As the forgetful functor F': Vect — Set is monadic, it
creates terminal coalgebras, hence hence U(vF') = vH. This suggests that

1

we might be able to implement (va.7)" as the plain coinductive type va.rt,

where of L
Similarly, we have that F' o L = L o E for the polynomial FE : Set — Set
defined by E(X) = AU ||, X. Therefore, we have that

pl = L(pE) = (pE) — R.

This suggests that the implementation of linear inductive types might be
achieved by ”delinearizing” a polynomial F' to E, taking the initial algebra
of E/ and taking the function type to R.

We are hopeful that this theory will lead to a practical implementation,
but the details remain to be verified.

10. Related work

Automatic differentiation has long been studied by the scientific computing
community. In fact, its study goes back many decades with forward mode
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AD being introduced by [43] and variants of reverse mode AD seemingly
being reinvented several times, for example, by [25 37]. For brief reviews of
this complex history and the basic ideas behind AD, we refer the reader to
[7]. For a more comprehensive account of the traditional work on AD, see
the standard reference text [16].

In this section, we focus, instead, on the more recent work that has prolifer-
ated since the programming languages community started seriously studying
AD. Their objectives are more closely aligned with those of the present paper.

[33] is one of the early programming languages papers trying to extend the
scope of AD from the traditional setting of first-order imperative languages
to more expressive programming languages. Specifically, this applied paper
proposes an method to use reverse mode AD on an untyped higher-order func-
tional language, through the use of an intricate source code transformation
that employs ideas similar to defunctionalization. It focuses on implemen-
tation rather than correctness or intended semantics. [4] recently simplified
this code transformation and formalized its correctness.

Prompted by [35], there has, more recently, been a push in the program-
ming language community to learn from [33] and arrive at a definition of
(reverse) AD as a source code transformation on expressive languages that
should ideally be simple, semantically motivated and correct, compositional
and efficient.

Among this work, [42] specifies and implements much simpler reverse AD
transformation on a higher-order functional language with sum types. The
price they have to pay is that the transformation relies on the use of delimited
continuations in the target language.

Various more theoretical works give a formalizations and correctness proofs
of reverse AD on expressive languages through the use of custom operational
semantics. [I] gives such an analysis for a first-order functional language with
recursion, using an operational semantics that mirrors the runtime tracing
techniques used in practice. [31] instead works with a total higher-order lan-
guage that is a variant of the differential A-calculus. Using slightly different
operational techniques, coming from linear logic, [9, [32] give an analysis of
reverse AD on a simply typed A-calculus and PCF. Notably, [9] shows that
their algorithm has the right complexity if one assumes a specific operational
semantics for their linear A-calculus with what they call a “linear factoring
rule”. Very recently, [22] applied the idea of reverse AD through tracing to
a higher-order functional language with variant types. They implement the
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custom operational semantics as an evaluator and give a denotational cor-
rectness proof (using logical relations techniques similar to those of [6], 18])
as well as an asymptotic complexity proof about the full code transformation
plus evaluator.

[13] takes a different approach that is much closer to the present paper by
working with a target language that is a plain functional language and does
not depend on a custom operational semantics or an evaluator for traces.
Although this approach also naturally has linear types, it is a fundamentally
different algorithm from that of [9, [32]: for example, the linear types can
be coarse-grained to plain simply typed code (e.g., Haskell) with the right
computational complexity, even under the standard operational semantics of
functional languages. This is the approach that we have been referring to as
CHAD. Elliott’s CHAD transformation, however, is restricted to a first-order
functional language with tuples. [41], B9] both present (the same) extensions
of CHAD to apply to a higher-order functional source language, while still
working with a functional target language. While [41] relates CHAD to the
approach of [33] 4], [39] and its extended version [40] give a (denotational)
semantic foundation and correctness proof for CHAD, using a combination
of logical relations techniques that [6, 18] [I7] had previously used to prove
correct (higher-order) forward mode AD together with the observation that
AD can be understood through the framework of lenses or Grothendieck
fibrations, which had previously been made by [14] 11]. The present paper
extends CHAD to further apply to source languages with variant types and
(co)inductive types. To our knowledge, it is the first paper to consider reverse
AD on languages with such expressive type systems.
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Appendix A.Pseudo-preterminal objects in Cat

The appropriate 2-dimensional analogous to preterminal objects are the
pseudo-preterminal ones. Namely, in the case of Cat, an object W in Cat is
pseudo-preterminal if the category of functors Cat [X, W] is a groupoid for
any X in Cat.

Lemma establishes that the initial and terminal categories are, up to
equivalence, the only pseudo-preterminal objects of Cat.

Lemma A.1 (Pseudo-preterminal objects in Cat). Let W be an object of
Cat. Assuming that W is not the initial object of Cat, the following state-
ments are equivalent ]

1 The unique functor W — 1 is an equivalence.
1 The projection my : W X W — W is an equivalence.
1t The identity idy : W — W s naturally tsomorphic to a constant
functor c: W — W,
wlif f,g : X — W are functors, then there is a natural isomorphism
f = g (that is to say, W is pseudo-preterminal).

Proof: Assuming (), denoting by ¢ : W — 1 the unique functor, we have

that my is the composition W x W ldW—Xt> W x 1 = W. Hence, since idy,
and t are equivalences, we conclude that my is an equivalence. This proves
that (i) = (ii).

Given any constant functor ¢ : W — W, we have that (idy,c) : W —
W x W and the diagonal functor (idy,,idy ) : W — W x W are such that
mw o (idy, ¢) = idy and my o (idyy, idy) = idy. Hence, assuming (i), we
have that (idy, ¢) and (idyy,idy) are inverse equivalences of my,. Thus we
have a natural isomorphism (idyy, ¢) = (idy, idy,) which implies that

¢ = my o (idy, ¢) = my o (idy, idy) = idy .
This proves that = ({iid).

Assuming (iil)), if f,g : X — W are functors, we have the natural isomor-

phisms
f=idyof=Zcof=cogZ=idyog=y.
This shows that = .

*The equivalence & holds for the general context of any 2-category. The other equiv-
alences mean that 1 and O are, up to equivalence, the unique pseudo-preterminal objects of Cat.
The reader might compare the result, for instance, with the characterization of contractible spaces
in basic homotopy theory.
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Finally, assuming (iv]), we have that, given any functor ¢ : 1 — W, the
composition W — 1 5 W is naturally isomorphic to the identity. Hence
W — 1 is an equivalence. |

Appendix B.Fibrations and indexed categories

In this section, we recall a basic aspect of the equivalence between indexed
categories and fibrations. We use this result to get a better perspective over
some of the properties of the Grothendieck constructions in our work.

Definition B.1 (Strictly indexed functor). Let £' : D* — Cat and L :
C — Cat be two strictly indexed categories. A strictly indexed functor
between L' and L consists of a pair (H,h) in which H : D — C is a functor
and

hill — (LoH) (B.1)

is a natural transformation, where H™ denotes the image of H by op. Given
two strictly indexed functors (E,e) : L — £ and (H,h) : L' — L, the
composition is given by

(HE, (hger) -e: L" — (Lo (W)Op)) : (B.2)

Strictly indexed categories and strictly indexed functors do form a category,
denoted herein by Jnd.

It is well known that the Grothendieck construction provides an equivalence
between indexed categories and fibrations. Restricting this to our setting, we
get the equivalence

/ ; no — SpFib
L:CP = Cat +— (Pg:3:L—C)
(E.e) — (B, E)
between the category of strictly indexed categories (with strictly indexed
functors) and the category of (Grothendieck) split fibrations (with morphisms

of split fibrations respecting the cleavage (called, in this case, splitting))[] We
explicitly state the relevant part of this result below.

*Although not necessary to your work, we refer to [I5] and [20, Theorem 1.3.6] for further
details.
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Proposition B.2. Given two strictly indexed categories, L : D® — Cat
and L : C°? — Cat, there is a bijection between strictly indexed functors

(H:D—Ch:L — (LoH")): L =L

and pairs (H,H) in which H : YpL' — YcL is a functor satisfying the
following two conditions.

— The diagram

~

oL i Yol

PL‘,/ PL (BS)

D

Q

H
commutes.

— For any morphism (f : X — Y,id : L'(f)(y) — L'(f)(y)) between
(X, L'(f)(y)) and (Y,y) in LpL,

H(f,id) = (H(f),id) : H(X, £(f)(y) — H(Y.y). (B4)

Proof: Although, as mentioned above, this result is just a consequence of
the well known result about the equivalence between indexed categories and
fibrations, we recall below how to construct the bijection.

For each strictly indexed functor (H,h) : £ — L, we define

H(f: X =Y, [ o= L(f)y) = (H(f), hx(f)). (B.5)
Reciprocally, given a pair (H, H) satisfying and (B.4)), we define

hx(f':w—x):=H((dy, [): (X,w) = (X,x)) (B.6)
for each object X € D and each morphism f’':w — x of L'(X). m

Definition B.3 (Split fibration functor). A pair (H, H) : Pz — P satisfying
(B.3) and (B.4)) is herein called a split fibration functor. Whenever it is clear
from the context, we omit the split fibrations P,, P, and the functor H.

Following the above, given a strictly indexed functor (H,h) : £ — L, we
denote

/,C = (PL:Zc£—>C)
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/ (@) = (1)

in which H(f: X =Y, f 12— L(f)(y)) = (H(f), hx(f)).

Let £ : D°® — Cat and L : C°® — Cat be strictly indexed categories.
We denote by L' x L the product of the strict indexed categories in Jnd.
Explicitly,

L' xL: (DxC)® — Cat
(X,Y) = L(X)xL(Y)
(f:9) = L(f) x L(g).
It should be noted that

(//:’55) %(/E')X(/,C):(ngPg:(ED,C')X(ZC,C)%DXC),

(B.7)
which means that the product in Sp§ib coincides with the usual product of
functors P, x P Moreover, given indexed functors (H,h) : H — H' and
(E,e): L — L' we have that

(H,h)x (E,e) = (H x E,h x ¢)

and, since the product of split fibrations is given by the usual product of

functors.
/((ﬁ, b x (B, e)) = (/(ﬁ, h)) « (/(E e)) | (B.)

Codually, given a strictly indexed category L : C°® — Cat, we have the
Grothendieck codual construction
[P L= (Proo : L — C), [?(H,h) = (H,H)

in which H (f : X =Y, f': L(f)(y) = ) = (H(f),hx(f")). This construc-
tion gives an equivalence between the indexed categories and split op-fibrations.
We, of course, have the codual observations above.

Appendix C.Coproducts in the total category

In this section, we recall general results about coproducts and initial objects
in the total categories of fibrations.

Proposition C.1 (Initial object in X¢L). Let £ : C? — Cat be a strictly
indezed category. We assume that
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— C has initial object O;
— L(0) has initial object, denoted, by abuse of language, by O.

In this case, (0,0) is the initial object of XcL.

Proof: Assuming the hypothesis above, given any object (Y,y) € ¥¢L,
&M@@( »
= H £ )( )) { Definition }

neC(0,Y)

= H 1 { 0 initial in £(0) }
neC(0,Y)

= 1. { 0 initial in C }

Theorem C.1 (Coproducts in X¢L). Let L : C? — Cat be a strictly indezed
category. We assume that

— (Wi, w;))ier is family of objects of Lo L;
— the category C has the coproduct

W, — [[w: (C.1)

el
tel

of the objects in (Wi, w;)),cps
— there is an adjunction L(ww,)! 4 L(ew,) for each i € I;

- L (H I/VZ> has the coproduct H L(ew,)!(w;) of the objects (L(tw,) (w;)),e;-
il il
In this case,
<H | c(LWl)!(wi)>
iel iel

is the coproduct of the objects (Wi, w;)),c; in XcL.

Proof: Assuming the hypothesis above, given any object (Y,y) € ¥¢L,

HZC‘C’ VVZ7w7 ( ))

el
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=TI{ II covtws L) { Deiion

1€l \neC(W,Y)

H (H LW;)(w;, £ )(y>)> { Distributivity }

(ni)icr€lLie; COW:Y) \iel

H (H E wz, h o} sz)(y))> { coprod. univ. property }

heC(l;c; Wi, Y) \iel

1 /_:/J(Wi) (wi, L(uw,) © E(h)(y))>

heC(l;e; Wi, Y) \iel

L I:}C(HWz) (Clw)w), LBY@) | { adpocrions )

heC(l;c; Wi,Y) \iel

1 |« (H m-) (H )i, £(1)) ) { coprod. v propety

hEC(HiEI Wi,Y)

= EC‘C <<H VVZ', H E(LWz)'(wz)) , (Y, y)) . { coprod. univ. property }

el 1el

112

112

112

112

112

Codually, we get results on the initial objects and coproducts in the cate-
gory Y LP below.

Corollary C.2 (Initial object in X¢LP). Let L : C® — Cat be a strictly
indezed category. We assume that

— C has wnitial object O;
— L(0) has terminal object 1.

In this case, (0,1) is the initial object of X L.

Corollary C.3 (Coproducts in 3¢LP). Let L : C® — Cat be a strictly
indexed category. We assume that

— (Wi, w;))ier is family of objects of Lo L;
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— the category C has the coproduct

W, e HVV? (C.2)

el
tel

of the objects in (W;, w;)),css
— there is an adjunction L(uw,) 7 L(ww,)* for each i € I;

1€l

- L (H W; | has the product

TT £t ()
el
of the objects (L(tw,)* (Wi)),e;-

In this case,

(H W, chmw»)

el el

is the coproduct of the objects (W;, w;)),c; in XcLOP.

Appendix D.Parameterized initial algebras

This section aims to recall the basic aspects of the constructions related to
parameterized initial algebras.

Recall that, given an endofunctor £ : D — D, the category of E-algebras,
denoted by E-Alg, is defined as follows. The objects are pairs (W, () in which
W €D and (: E(W)— W is a morphism of D. A morphism between F-
algebras (W, () and (Y, €) is a morphism g : W — Y of D such that

Ew) —29 . gy

(D.1)

w 7 > Y
commutes. Dually, we define the category F-CoAlg of F-coalgebras by
E-CoAlg := (E°-Alg)®” (D.2)

in which E°P : D — D is the image of ¥ by op : Cat — Cat.
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Recall that, provided that they exist, the initial object (uF,ing) of E-Alg
and the terminal object (VE, outy) of E-CoAlg are such that ing and outp
are invertible. In this setting, we denote by

foldg(Y,€) : pE — Y, unfoldg(X, ) : X - vE (D.3)

the unique morphisms in D such that

E(ILLE) E(foldg(Y,£)) R E(Y) X unfold g (X,0) s E
ing ‘/5 Q‘/ outg
N E(X > B(vE
pE foldp(Y,€) > Y (X) E(unfoldg(X,0)) (VE)
(D.4)

commute. Whenever it is clear from the context, we denote foldg(Y, &) by
foldg¢, and unfoldg (X, 0) by unfoldgo.

We recall below how to explicitly construct the parameterized initial alge-
bras and terminal coalgebras.

Proposition D.1 (p-operator and v-operator). Let H : D' x D — D be a
functor. Assume that, for each object X € D', the functor HX = H(X,—) is
such that pHY exists. In this setting, we have the induced functor

uH:D — D
X — pH®
(f: X =Y) — foldyx (ingy o H(f, pH")).

Dually, assuming that, for each object X € D', vHY exists, we have the
induced functor

vH: D' — D
X ~ vHY
(f: X =Y) — unfoldyy (H(f,vH") o outyx).
Proof: We assume that the functor H : D' x D — D is such that, for any
object X € D', uHY exists. For each morphism f : X — Y, we define

pH(f) = foldyx (ingy o H(f,pHY)) as above. We prove below that this
makes pH(f) a functor.
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Given X € D/,

pH (idx)
= foldgx (ingx o H(idx, pHY))
— foldgx (ingx)

- id‘uHX .
Moreover, given morphisms f: X — Y and g : Y — Z in D/, we have that

pH(g) o pH(f) o ingx

= pH(g) oingy o H (f, uH(f)) { mH(f) = foldyx (inggy o H(f,uHY)) }
=ingz o H (g, uH(g)) o H (f, nH(f)) { nH(g) = foldyy (ingz o H(g, pH?)) }
=inyz o H (gf, pH(g) o pH(f))

=ingz o H (gf, pH?) o H (X, uH (g) o pH(f))

and, hence, the diagram

H(X,;JJHX) H(X»MH(Q)OMH(f))> H(X,;LHZ)
inHX inHZOH(gOfHUHZ)
X N Z
nH pH (g)onH(f) r 1l

commutes. By the universal property of the initial algebra (,uH X ion), we
conclude that

pH(g) o pH(f)
= foldgx (inHz oH (g o f, /LHZ))
= MH(g o f) { definition }
|

It should be noted that D’ above is any category. However, Proposition
usually is considered in the setting in which D' = D" ! for n > 1 as
described below.
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Proposition D.2 (Parameterized initial algebras and terminal coalgebras).
Let H : D" — D be a functor in which n > 1. Assume that, for each object
X € DY, nHY exists. In this setting, we have the induced functor

uH:D" 1 — D
X = uHX
(f: X =Y) — foldyx (ingv o H(f, uH")).
Dually, if vHY exists for any X € D", we have the induced functor
vH:D"' — D
X — vHY
(f: X —=Y) — unfoldgy (H(f,vH") o outyx) .

Appendix E.Preservation, reflection and creation of ini-
tial algebras

We establish the definitions of creation, preservation and reflection of initial
algebras and terminal cooalgebras.

Lemma E.1. Let F : D — C be a functor. Given endofunctors E : C — C,
E': D — D and a natural transformation v : Eo ' — F o E', we have an
induced functor defined by

E, . E'-Alg — E-Alg
(X,¢) = (F(X),F(¢) ox)
g = Fl(g)

Proof: Indeed, if ¢ : W — Z is the underlying morphism of an algebra
morphism between (W, () and (Z,€), we have that

F(g) o F(¢) o yw
= F'(§) o FE'(g) 0w {1:m.0 29}
= F(g) O07yz O EF(g) { naturality of A }
which proves that F'(g) in fact gives a morphism between the algebras
(E'(W), F(¢) ovw)

and (F(Z),F(€)o~z). The functoriality of F, follows, then, from that of
F. |

Dually, we have:
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Lemma E.2. Let £ : C - C, G :C — D, and E' : D — D be functors.
Each natural transformation 5 : Go E — E' o G induces a functor

GY . E-CoAlg — E'-CoAlg
(W.&) = (GW), Bw o G(§))
[ =G

We can, now, establish the definition of preservation, reflection and creation
of initial algebras using the respective notions for the induced functor. More
precisely:

Definition E.3 (Preservation, reflection and creation of initial algebras). We
say that a functor F : D — C (strictlyJ] preserves the initial algebra/reflects
the initial algebra/creates the initial algebra of the endofunctor F : C — C if,
whenever £’ : D — D is such that v: Fo F = F o E’ (or, in the strict case,
F o E'= FEoF), the functor

L, . E-Alg — E-Alg

(X,¢0) = (F(X),F(¢) ox)
g = F(g).

induced by 7 (induced by the identity) is such that it (strictly) preserves the
initial object /reflects the initial object/creates the initial object.

Remark E.4. A functor F : D — C (strictly) preserves the initial algebra
of the endofunctor E : D — D if, and only if, for any natural isomorphism
v:EoF = FolFE (or, in the strict case, for any identity E o F'= F o E'
) in which E' is an endofunctor, we have that E-Alg has an initial object
whenever E'-Alg does, and

foldg (F(uE"), F (ing) o vup) : pE — F (uE") (E.1)
is an isomorphism (the identity).

Definition E.5 (Preservation, reflection and creation of initial algebras).
We say that a functor F': D — C (strictly) preserves initial algebras/reflects
initial algebras/creates initial algebras if F' (strictly) preserves initial alge-

bras/reflects initial algebras/creates initial algebras of any endofunctor on
D.

*Whenever we talk about strict preservation, we are assuming that we have chosen initial
objects/terminal objects.
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Remark E.6. In other words, let F': D — C be a functor.

1. We say that F (strictly) preserves initial algebras, if: for any nat-
ural isomorphism v : Eo F = F o E' (or, in the strict case, for
each identity E o F = F o E') in which E and E' are endofunc-
tors, assuming that (uE' ing) is the initial E'-algebra, the E-algebra
(F (uE"), F (ing) o yupr) is an initial object of E-Alg (the chosen ini-
tial object of E-Alg, in the strict case).

2. We say that F reflects initial algebras, if: for any natural isomor-
phism v : Eo ' =2 F o E' in which E and E’ are endofunctors, if
(F(Y), F (&) ony) is an initial E-algebra and (Y, €) is an E'-algebra,
then (Y, &) is an initial E'-algebra.

3. We say that F creates initial algebras if: (A) F reflects and preserves
initial algebras and, moreover, (B) for any v : Eo F = F o E' in
which E and E' are endofunctors, E'-Alg has an initial algebra if
E-Alg does.

Definition E.7 (Preservation, reflection and creation of terminal coalge-
bras). We say that a functor G : C — D (strictly) preserves the initial al-
gebra/reflects the initial algebra/creates the initial algebra of an endofunctor
E : C — C if, for any natural isomorphism 3 : Go E = E’ o (G, the functor

GP . E-CoAlg — E'-CoAlg
(W) = (G(W), Pw o G(£))
fo =G

induced by 8 (induced by the identity) is such that it (strictly) preserves the
terminal object /reflects the terminal object/creates the terminal object.

Definition E.8 (Preservation, reflection and creation of terminal coalge-
bras). We say that a functor G : C — D (strictly) preserves initial alge-
bras/reflects initial algebras/creates initial algebras if G (strictly) preserves
initial algebras/reflects initial algebras/creates initial algebras of any endo-
functor £ : C — C.

E.1.Indexed categories. This subsection aims to reach a suitable notion of
what it means for an indexed category to respect initial algebras and terminal
coalgebras. These notions play a fundamental role in our approach to study
parameterized initial algebras and final coalgebras in the total category of a

split fibration (Corollary |F.1)).
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Definition E.9 (Respecting initial algebras). A strictly indexed category L :
C? — Cat respects initial algebras if L(f) strictly preserves initial algebras
for any morphism f of CJ[]

Dually, £ : C°® — Cat respects terminal coalgebras if L(f) strictly pre-
serves terminal coalgebras for any morphism f of C.

Appendix F.Parameterized initial algebras for split fi-
brations

In this section, we establish and prove general results about parameter-
ized initial algebras on the total category of a split fibration. We start by
introducing a basic result on endofunctors.

Theorem F.1 (Initial algebras of strictly indexed endofunctors). Let (E, e)
be a strictly indexed endofunctor on L : C? — Cat and E : XL — YL the
corresponding split fibration endofunctor. Assume that

— the initial E-algebra (,LLE, inE) exists;
— the initial (L(ing) e, 5)-algebra

<:u (‘C (ulf) _1euE) ) in(ﬁ(iﬂg)*leuﬁ) )
exists.

Denoting by ¢ the endofunctor L(ing) 'e,z on L(uE), the initial E-algebra
exists and is given by

uE = (uE, pe),  ing = (ing, L(ing) (in,)). (F.1)

Moreover, for each E-algebra
(Ysy), (£,€): E(Y,y) = (Yiy) = (Vi) (§: E(Y) = Y. rev(y) = L)),
we have that

foldg (¢, ¢') = (foldg€, fold, (£ (E(foldg€) - in') (£))) . (F.2)
Proof: In fact, under the hypothesis above, given an E-algebra

(E:B(Y) = Y,¢ ev(y) — L))

on (Y, y), we have that there is a unique morphism

(fold, £ (E(foldg¢) - in.') (€)) : pe — L (foldg€) (y)

*We could have allowed non-strict preservation but, in our context, it is more practical to keep
things as strict as possible when it comes to strict indexed categories.



CHAD FOR EXPRESSIVE TOTAL LANGUAGES 107
in £(uF) such that

¢(fold, £(B(foldz€)-in=") (€))

e o L (foldg¢) (y)

L (E(foldg¢) - ing) oey(y)

~

e(pe)

in, l,c (E(foldg¢)-inz") (&)
L (& E(foldgt) - in') ()

» L (foldz€) (y)

v

jie

(fold, £(E(foldg¢)-in=')(£)))
commutes. Since L(ing) is invertible, this implies that

(fold, £ (E(foldg€) - in") (€')) : pe — L (foldg€) (y)
is the unique morphism in £ (F(ME)) such that

e, g (fold, L(E(foldg¢)-in7')(€))
e,z (1e) > e,5 0 L (foldzS) (v)

L (E(foldg€)) o ey (y)

L(ing)(in.) lﬁ (E(foldge) ) (&)

L (E(foldgg)) o L (€) (y)

h H

Lling)(ne) — e gy £ W) © £ (foldgg) (v)

commutes. Finally, by the above and the universal property of fold¢, this
completes the proof that

u = (foldg¢, (fold, £ (E(foldg€) - inZ') (£))) (F.3)
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is the unique morphism in ¥¢L such that

(€.€) 0 E(u) = wo (ing, L(ing) (iny)).

This completes the proof that ((uE,pe), (ing, L(ing) (in,))) is the initial
object of E-Alg, and that foldg((Y,y), (&,£)) = u. _

Let £ : C? — Cat, £ : D°® — Cat be strictly indexed categories as
above. We denote by £'X L : (D x C)® — Cat the product of the in-
dexed categories (see Appendix [B]). An object of ¥pu¢ (£'x L) = (EpL') x
(X¢L) can be seen as a quadruple ((X, ), (W, w)) in which x € £'(X) and
w € L(W). Moreover, a morphism between objects ((Xo, xq), (W, wp)) and
(X1, 1), (W1, wq)) consists of a quadruple ((f, f'), (g,¢’)) in which

(f,9) : (Xo, Wo) — (X1, Wh)
is a morphism in D x C, and

(f',9) : (o, wo) = (L'(f)(w1), L(g)(wr))
is a morphism in £'(Xo) x L(Wp).
Given a strictly indexed functor (H, h) : £’ x £ — L and an object (X, ) of
(XpL'), we can consider the restriction (HX, A X)) in which o= H(X,—)
and KX . £ — (/J o FX) is pointwise defined by

X L(y) S Lo (Y)
flry—2 = h(X,Y)(xaf/)
in which we denote by (X,Y) € D x C. To be consistent with the notation

x

previously introduced (in Proposition [D.1]), we also denote by h(va) the

morphism hng ) above.

As a consequence of Theorem [F.T], we have that, under suitable conditions,
parameterized initial algebras of split fibration functors are split fibration
functors. Namely, we have:

Theorem F.2 (Parameterized initial algebras are split fibration functors).
Let (H,h) be a strictly indexed functor from L' x L : (D x C)®® — Cat to
L :C®° — Cat, and

H: (SpL) x (SeL) — Sel

the corresponding split fibration functor. Assume that
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il
— for each object (X, z) in LpL', denoting by hy the functor

c(inHX)lh(X’uHX) LX) x LOHY) — L(uH ™) (F.4)

— for each object X of D, the initial HX—algebm (,LLHX, inx> exrists;

is such that the initial b -algebra (phY, ing ) ezists;
— for each morphism g: X —Y inD and y € L'(Y), the equation

L (nH(g)) (inyy) = 6w (F.5)

holds.

In this setting, the parameterized initial algebra pH : XpL' — YL exists
and is a split fibration functor.

Proof: Assuming the hypothesis, we conclude that, for each (X, z) in 3pL’,
the category ¢ L has the initial H¥%)-algebra, by Theorem [F.1] Hence we
have that

/LH : Ep/:,/ — Ec/;
exists by Proposition[D.1] More precisely, given a morphism (f, f') : (X, z) —
(Y,y) in XpL', we compute uH(f, f') below.

pH(f, f)

= fOldH(X,z) (inH(Yy) oH ((f f/>, /J,H(Y’y))> { Pl‘()])()sirionm}
— fold yoxm ((m v, L(ingy) (ingy )) o H ((f, f’),uH(Y’y))> { E. @] }
= fold y(x.2) ((111 Y, ﬁ 1‘(1 Y lnhy )) o (F(f, /LFY), h(X’HﬁY)<f/,,uth))> { indexed functor }

— fold yoew (iny o H(f, yuH' ), L (mﬁy o H(J, uﬁﬁ) (inay)

H

° (h(xvﬂﬁy)(f/a Nﬁyy)>> { composing }

which, by denoting £ = inﬁyoﬁ(f, ,u,ﬁy) and &' = L (&) (inh%)o<h(X uﬁy)(f/’ pﬂ%)),
is equal to

fold yx .0 (inﬁy oH(f, y H), g')
- (foldﬁx (inﬁy o H(F, Mﬁy)) (foldhx (H (fold,x£) - ingx) (5’))) { Ea )
= (,LLF(]C), <f01dﬁ§( L <FX(foldﬁxf lt‘lfx> f, )) { Pr()p()sirion}
The above shows that

pH(f, ) = (BH(f), (foldyg £ (H (foldx€) -in ) (£))) . (F6)

—=X
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Now, we can proceed to prove that pH is actually a split fibration functor.
Firstly, by Equation (F.6)), we have that

Sl aid s Yol

Pﬂl PE (F7)

D s C

comimutes.
Let (g,id) : (X, L'(g9)(y)) — (Y,y) be a morphism in (XpL’). Denoting,
again,
: 2 ‘ .
E=imp o HguB')  and €= £ Gmg) o (g i k),
we have that

(fold,cru £ (™ (fold ) -in_ ) (€))

(fold » ﬁ( ¥ (fold, ) - iu—lx) (inpy )) { by e (i k) =i }
(fold o E( (foldx§) - inx mX) (ingy )) { foldx ¢ }
<f01d £ (9)(y) L (/L ) 1ﬂhy ) { Proposition [D-]] }
1d B @) { Eq. [£3) }

By Equatlon , the above proves that

pH (g,id) = (uH(g),id)
and, hence, we completed the proof that uH is a split fibration functor. m
We can, then, reformulate our result in terms of the existence of parame-

terized initial algebras in the base category and in the fibers. That is to say,
we have:

Theorem F.3 (Parameterized initial algebras are strictly indexed functors).
Let (H,h) be a strictly indexed functor from L' x L : (D x C)°® — Cat to
L :CP — Cat, and H : (XpL') x (XeL) — XL the corresponding split
fibration functor. Assume that:

— the parameterized initial algebra nH : D — C exists;
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— for any X € D, the parameterized initial algebra phy exists;
— for each morphism g : X —Y inD andy € Y, the equation

L (Mﬁ(g)) (ulﬁ?{/) = inﬁﬁ’(g)(y) (F8)
holds.

In this setting, the parameterized initial algebra
wH : YSpL — Yol

15 a split fibration functor coming from the strictly indexed functor (,uﬁ, 14 (@(_)))
in which, for each X € D,

() = st = (Lling) ey )+ €00 = L), (B9

)

Proof: By Theorem [F.2] (Eq. (F.6])) and Proposition [B.2| (Eq. (B.5)), we have

that
,uH : Zpﬁl — Ecﬁ
comes from the indexed category (uH,b) in which, for each X € D and each
morphism f':z — w in £'(X),
bx(f")
= pH(idx, f')

—~ (idMHX, foldyz (iw oL (in;X) (h(X#Hx)(f’,uﬁ%)))) [ k@Y )
_ (1dMHX, folds (inge o by (f/, uh@%)))

= (id,uHX’ IuhX(f/)) { Proposition [D]] }
|

Finally, for strictly indexed categories respecting initial algebras (see Defi-
nition [E.9), we get a cleaner version of Theorem [F.3| below.

Corollary F.1 (Parameterized initial algebras and strictly indexed cate-
gories respecting initial algebras). Let (H,h) be a strictly indexed functor
from L' x L : (DxC)® — Cat to L : C®® — Cat, and H : (XpL') x (XcL) —
YcL the corresponding split fibration functor. Assume that:

— L respects initial algebras;

~ the parameterized initial algebra pH : D — C exists;

— for any X € D, the parameterized initial algebra phy exists.
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In this setting, the parameterized initial algebra
,uH : ED,C/ — EC,C

is a split fibration functor coming from the strictly indexed functor (,uﬁ, (4 (Q(_)))
in which, for each X € D,

1 (hix)) = phy = p (L(inHX)—lh(X,MHX)) LX) = L(uHY).  (F.10)

Proof: By Theorem [F.3] it is enough to show that Equation holds
whenever L respects initial algebras.

We have that, for any morphism g : X — Y in D, and each y € £/(Y), by
the naturality of h : £'x L — (Lo FOP) and the definition of uH(g), the
squares

e (v N

(v, (HHY))‘ (cwid, x)

L(Y)x L (,ﬁy) s LX) % L (MFX)

h(w")‘ l%xw)
o ) o

L (uﬁy) — s L (MFX>
commute. Thus, we get that
L (nH(g)) o hy
= L (nH(g)) o hy o (y id E(MHY))

=L (uH(g)) o L <inHy)_1 o h<Y’#HY) o (y, idﬁ(tu)>
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-1
- . / . a7
_ (mHX) N (%) © (/L (y),id C(NHX) o £ (1H(g))
— @f((y) ol (,uﬁ(g)) .
Therefore, assuming that £ respects initial algebras, we conclude that
L (:“H(g)) (ingy ) = inhf(’(g)(y)

holds. That is to say ([F.8)) holds for any g : X — Y in D and any y € L'(Y).
This completes the proof by Theorem [F.3] |

Appendix G.Parameterized terminal coalgebras for split
fibrations

In this section, we establish and prove general results about terminal coal-
gebras of endofunctors on the total category of split fibrations.

Definition [E.5 about strictly indexed categories respecting terminal coal-
gebras plays a central role in our basic result below.

Theorem G.1 (Terminal coalgebras of strictly indexed endofunctors). Let
(E,e) be a strictly indezed endofunctor on L : C® — Cat and E : XcL —
e L the corresponding split fibration endofunctor. Assume that

— L respects terminal coalgebras;

— the terminal E-coalgebra (VE, outE) er1sts;

— the terminal (L(outg)e, 5)-coalgebra (v (L(outg)e,p) , oUtzoutye ) €a-
151S.

Denoting by € the endofunctor L (outg) e,z on L(VE), the terminal E-coalgebra
exists and is given by

vE = (VE, ve) , outp = (outg, outs) . (G.1)
Moreover, for each E-coalgebra

(Yoy), (£.€): (Yy) = E(Y,y) = ((Yoy), (§:Y = E(Y),& 1y = L( ey () ,

we have that
unfoldg (&, ¢') = (unfoldz€, unfoldg g, £') - (G.2)
Proof: Under the hypothesis above, given an F-coalgebra
(§:Y = E(Y),& 1y — L(Eey(y))
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on (Y, y), we have that the diagram

L(unfoldz¢)

£ (vE) L L(Y)
| @) L) )
,C(outﬁ) L&)

L <VE) L(unfoldz¢) » L (Y)

commutes. Thus, since £ respects terminal coalgebras, we have that
(£ (unfoldz€) (ve) , £ (unfoldz€) (outz))
is the terminal £ (£) ey-coalgebra. Therefore, we have that
unfoldz(gye, €+ y = L (unfoldz€) (ve)
is the unique morphism of £(Y') such that

unfold(g)e, &'

Yy > L (unfoldz€) (ve)
¢ L(unfoldz¢) (outs)
L(&)ey (y) » L(§) ey L (unfoldz€) (ve)

E(f)ey(unfoldﬁ(g)eyf/)
which shows that
(unfoldg€, unfoldy., &) : (Y.y) = E(Y,y) = (E(Y), ev(y))
is the unique morphism of ¢ L such that

(unfoldiﬁ, unfoldz(g)ey §’)

(Y.y)

(575,)‘/ (uutf, qu§>

> (VE, 1/6)

(E(unfoldff>,ey(unfold[;(g)eyfl>> —

EY,y)=(E(Y),ey(y)) » E (VE, ve) = (E (vE) ,e(ve))

E(unfoldg¢, unfold £¢)e,, &)
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commutes. This completes the proof that vE = (VE, I/E) is the terminal
E-coalgebra. |

Theorem G.2 (Parameterized terminal coalgebras are strictly indexed func-
tors). Let (H, h) be a strictly indexed functor from L' x L : (D x C)® — Cat
to L :C°? — Cat, and H : (XpL'") x (XcL) — XcL the corresponding split
fibration functor. Assume that

— L respects terminal coalgebras;

— for each object X of C, the terminal HX-coalgebm (VHX, outHx)

ex1Sts;
— for each object (X,x) in LpL', denoting by hx the functor

L(outy )by ) L(X)x LHY) — LH) (G.3)

15 such that the terminal Eﬁ(-coalgebm (I/Ei(, outha)c() exists.

In this setting, the parameterized terminal coalgebra
vH : SpL — YL

15 a split fibration functor coming from the strictly indexed functor (Vﬁ, v (ﬁ(_)))

in which, for each X € D,
14 (E(X)) = I/EX =V <£(0utHX)h(X7VHX)> : ,C/(X) — [,(VFX) (G4)

Proof: Assuming the hypothesis, we conclude that, for each (X, z) in 3pL’,
YeL has the terminal HX%)-coalgebra by Theorem . Hence, by Proposi-
tion [D.1], we have that

vH : SpL — YL
exists. More precisely, given a morphism (f, f') : (X,z) — (Y,y) in XpL/,
we compute vH(f, f’) below.

vH(f, f)

= unfold ;(v.y) (H( JU)) o outH<x,m)) { Proposition [D-1] }
— wnfoldgor (H ((f, 1), vH™ 90)) o (outyx, outiz )) [ Eq !
= uIlfOldH(y,y) (( f VH ﬁX (f/, I/Ei)) o <0utﬁx, out@)) { hypothesis }
= unfoldH(Y,y) (ﬁ f, VH O out X, L (out X) (h(X,z/FX)OU’ l/ﬁi)) o out@) { composing }
= unfoldH(y,y) ( O out X, hX (f ,I/hX> o outﬁi) { definition of hx }
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_ (unfoldﬁy (H( FvH Yo outﬁx> , unfoldzy (EX ( ' uﬁﬁ() ° out@)) ( B @ )
= (Vﬁ(f), Vﬁy(f/)) { Proposition [D-]] }

Since vH(f, f') = (vH(f), Vﬁy(f’)), clearly, then, the pair (vH, vH) satisfies

Eq. (B.3) and Eq. (B.4) of Proposition [B.3, Moreover, #vH comes from the
strictly indexed functor (VH U (h(,))). |

Appendix H.CHAD transformation without sharing be-
tween primal and (co)tangents

In this section, we list the CHAD program transformations Br(t), Dr(t)s,

Dr(t); and D(t); of a program ¢ that keep the primals and (co)tangents sep-

arate without sharing computation. We advise against implementing these,
due to

(1) the code explosion they can result in, leading to a potentially large
code size and compilation times;

(2) the lack of sharing of computation they can result in, leading to poor
runtime performance.

H.1. Forward-mode AD.

t(Az.t); = Az (Br (1)1, Avlet v = (0,v)in B (t)2)
r(t )1 fst (Br(t) Br(s))

(), = ((Br(t)y)

casetof {{1x; — s1 | - | lpxy — S} ef
case Bf(t)l of {{yz1 — Bf’xl(S]_)l |- | bhp — Bf’mn(sn)l}
r(rollt); “ roll 3f(t)1

~(fold ¢t withz — s); &

Sl w9l

fold B(t); with z — B,(s);
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DBr(gen from t withz — s), & gen from Br(t), withz — B, (s);
DBr(unrollt), < unroll Br(t)

BF(Op(tl ..... tk)>2 dif let I = Bf@l)l in ---let T = Bf(tk)l in

ins), etz = DBr(t)yinletv = (v, BDy(t)s) in Bix(s)g

t>>2  snd (Br(1),)
f \z.letv = (v,0) inﬁf:ﬁ( t)o
s)s X lety = Br(s)1in Br(t)s y + (snd (Br(t)1 y)) @ Br(s)
caset of {flxl = 1| | b — Sp})2 o
bunch (Br(t)1, (v, Br(t)2)) of {(€121,v) = D, (s1)a | -+ | (bn,v) = Dr,, (sn)}
r(rollt), ' roll DBr(t )
c(fold t withz — s); & fold Dy(t), withv —

@\L @i

let z = fold Bp(t); withz — D(T)l[xkﬁz(s)l/a] in B, (s),
Bf(gen fromt withz — s)y def gen from 3f(z€)2 withv — letz = Bf(t)l in 1_535(3)2

DBr(unroll t), < unroll DBr(t)s

H.2. Reverse-mode AD.
Dr(op(ty, ..., ti)1 2 letzy = Dp(ty)in - let 2, = Dp(ty,) inop(ay)

rletz = tins), < lets = Dr(t) inDp, (s))
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Dr(snd (1)); = snd (Dr(t))

Dr(A\r.t)) E Mr.(Dr (1)1, Av.snd (Dr, (1))
Dr(ts), < fst (Dr(t): Dr(s)1)

Dr(t) = ((Dr(t))

Dr(

casetof {{1x; — s1 |- | lpxy — Sp}) ©

case Dr(t)1 of {l1z1 — D, (51)1 |+ | ban — Dy, (S)1}
r(rollt), & roll Dt w(t )
~(fold t withz — s); & fold Dr(t); withz — D,(s);

gen from ¢ withz — 5)1 f gen from D(t), withz — D,(s);

ﬁTﬂU‘TﬁTﬁT

unroll t), & unroll Dr(t)

Dr(op(ty, .- k)2 et 2, = D(ty)in - -let z, = Dp(ty,)inletv = Dop'(zy, ..., 24 v)in

(letv = proj, vin Dr(ty)s) + - - - + (letv = proj, vin D(ty)s)

gl

33)2 - Copro-lldx(m T) (V)
<_

r(letz = tin 3)2 etz = D(t); inletv = Dr,(s)2infst (v) +letv = snd (v) in Dr(t)s

=

letv = fst (v) in Dy(t),) + (letv = snd (v) in Dr(s),)
fst (t))y < letv = (v,0)in Dy (t),

snd (1)), & letv = (0,v)in Dp(t)s

Az.t)y & casevoflz @ v — fst (%iw(t)g)

gl

»
~
N—
no
e
"” —~

=

gl

t5)s etz = Dr(s)in (letv =z @ vin Dr(t)s)+

(letv = (snd (Dp(t); z)) e vin Dp(s)s)

(
(
(
(
(
(
(
(

@TGTUTﬂU‘TﬁTﬁTﬁTﬁT

gl

Br(tt), < Dr(1),
Dr(casetof {(1z1 — s1 |-+ | lutn = $n})2 £
let v = bunch (%f( t)1,v)of {({1x1,v) — %ﬁxl(sﬁz |- | (bpn,v) — %ixn(snb} in

fstv+letv = sndvin Dy(t),
Dr(roll t), “ letv = unrollvin Dr(t)s

Dr(foldt withz — ), © letv = (gen fromvwithv —
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let z = fold Dr(t); with z — %(T)l[w@w“h/a] in'D,(s)s) in Dy(t)s
<5f(gem fromt¢withz — s), et v = (foldvwithv — let z = D(t), in D,(s)2)in Dr(t)s
Dr(unroll t), “ letv = rollvin Dr(t)s
Appendix I. A Manual Proof of AD Correctness for Sim-
ply Typed Coproducts

In many implementations of CHAD, we will not have access to dependent
types. Therefore, we need to give up a bit of type safety for AD on coprod-
ucts. Here, we extend the applied, manual correctness proof of the applied
CHAD implementation of [40, Appendix A], reusing their notations.

For coproducts, we have the following constructs in the source language:

inl € Syn(7, 7+ 0)
inr € Syn(o, 7+ 0)
] : Syn(7, p) X Syn(c, p) = Syn(7 + 7, p).

Forward AD. We have, in the applied target language ALSyn, that

D (inr

)

(inr)
B(inr ), € ALSyn

)

\_/\_/\?/\_/v
=
=
9l
S S
ol
9l
=
el
*

2l
Q
&

IlE;
e,
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B([t, s]) 2k casexof {inl 2 — B (t)1]z — B(s)1}
B([t, s])s 2k casexof {inr = — Ifst ; B (¢)s|z — lsnd ; B (s)s}

Then, we define the following semantics:
{B(r+onl = Bl + 1B ()]}
{B(r+0)ol} € B (7)ol x B (7))
{B(inl), ]} = 4
{|B (inl

1B
1B
1B
{1B(

N e (2,0)
def
1|}£L2

inr )} >y (0,y)

mr

tsDilt < [{B (0l 4B ()]

1
)
)
)
)
)
)
ts))alt =[x (o, ) = {B ()2l (2) @),y = (¥, ) = AB (0l w) ()

2
[

We define the forward AD logical relation P,., for coproducts on
R— ({7l + o) x (R—= {B(hl +{B(0)1}) x R =R — ({B(r)a2} x {B(0)s]})))

as

{(f50, (g5 u, 2= 2" = (h(2)(21),0))) | (', (¢, 1) € Pr}U
{(f5 02, (g5 02,2 = 2" = (0, R(2)(2)))) | (f', (9, 1)) € Fo}

Then, clearly, inl and inr respect this relation (almost by definition). We
verify that [t, s] also respects the relation provided that ¢ and s do. Suppose

that (f,(g.h)) € Prao, ({th, (B (@1l {D (t)2]) € Pr and
({sh. A (shb AD(s)l}) € P

We have to show that

(f5 [0 B,
(95 D (N AD ()i},
)

2 2 o (2

= {B(0):2[(2)(2"),
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y = () = 4B 26 W)W (9(2) (h(2)())) € Py

Now, we have two cases:

121

o (f.(g.h) = (ffy01, (g5 11,2 = 2" = (W(2)(7),0))), for (f', (g, 1)) €
P.. Then,

(f5 [0 B,
(5 D (Ol { D ()],
22 e [ (7)) = D (2] (2)(2),
y = () = D029 (h(2)()))) =
(FAth (D O] 2 = 2 = 4B (12 (9(2) ((2) (),

which is a member of P, because ¢ respects the logical relation by
assumption.

i (fa (gvh)) - (fla L2, (g/;L27x = x e (O,h/(l')(l'/)))) for (fla (9/7 h/)) <
P,. Then,

(f; [ B,
(: U (D1} AD ()],
2 2 [r e (2, ) = D () (2) (),

y = () = B 2L )G () (W (2) () =
(f:qsh (05D (ilh, 2 = 2 = (D (09 (2)) (W (2)())).

which is a member of P, because s respects the logical relation by
assumption.

It follows that our implementation of forward AD for coproducts is correct

Reverse AD. We have that
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We can define

Br+o)n D(r)+ Do)

D

7+ 0) ¥ D(r)1xD (o)
P(inl); ¥ inl
D(inl ), & A_1fst
D (inr ), “ inr
D (inr ), ') 1snd
D([t, s 2 F casexof {inl z — D(t)1]z — D(s)1}
%([t, s])a &f . b casezof {inr z — lpair(%(t)g,Q)\x — Ipair(0, %(3)2)}
Then,
{D(r+onl E DLl + 4D (1]
{B(r + o)l E D ()l x {D(7)a]}
{D(inl),[} = 1,
(P@nl )} & s (2,) >z
{D (inr )1} =
{D(inr)st = s (Ly) oy
45 ([t sl = {D @l D ()11
{D([t. 8]t = [ 2 (D (D2l (2)(2),0), 5 2 = (0, {D (1)} ()(2))]

We define the reverse AD logical relation P,,, for coproducts on
R— ({7} +{ol) x (R= {D(hl +{P(0):}) x R = (D (7)ot x {D(0)2}) = R))
as
{(f0, (g2 (&, ) = W(2) (@) | (f (4, 1) € Pr}U
{(f502.(d5 02,2 = (Ly) = W ()W) (1) € P}
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Then, clearly, inl and inr respect this relation (almost by definition). We
verify that [t, s] also respects the relation provided that ¢ and s do. Suppose

that (f,(9.h)) € Prao, ({th, (AP (O}, {D(t)2]}) € Pr and
({sh. AD(sh . AD(s)al}) € P

We have to show that

(s [l s,
(9: D (O, 4D (1},
2 h(2)([x e 2 = (D ()2 ,0),
y = 2 = (0, D ()2}H(1) (2')](9(2))(2)))) € Pyop-
Now, we have two cases:
o (f.(9.1) = (P (o1, =5 (o) = W), for (7, (1) €
P.. Then,
(s [t sk,
(9: D (1D (s)1]}],
2 2’ h(2)([z = 2 = (D ()2l (2)(2), 0),
y =2 = (0,4D(5)a[ (W) (Z))](9(2))(a")))) =
(5t (@Dl 2 = 2 = W ()P (D2 (g (2)) ()))),

which is a member of P, because ¢ respects the logical relation by
assumption.

o (f,(9:h) = (502, (¢502,2 = (o) = R (2)(y))) for (f', (g, 1)) €
P,. Then,
(fs el s,
(g: {ID ()1}, D (s)1 D],
22’ e h(2)([ e 2 (D)2 (2)(2),0),
y 2 e (04D (5)2 (W) ()9 (@) (a))) =
(5 sl (D (shilh 2 = 2’ = W(2){D(5)2] (g (2))(2)))),

which is a member of P, because s respects the logical relation by
assumption.
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It follows that our implementation of reverse AD for coproducts is correct.
A categorical way to understand this proof is that

(Al, AQ) + (Bl, BQ) déf (Al + By, Ay X BQ)

lifts the coproduct in C to a weak (fibred) coproduct in XL and XeL%.
This weak coproduct lifts to the subscone, in the manner outlined above.
One consequence is that the AD transformations no longer respect the n-rule
for coproducts (unlike in the dependently typed setting).
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