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1. Introduction

It is well known that every group extension

0 G B IT 1

induces, via the conjugation action of B on the normal subgroup G, a group

homomorphism ®: I — f:;gg;, which is called the abstract kernel of the ex-

tension. A classical problem in group theory [20} 21] consists in determining

what are the abstract kernels ®: II — ﬁi‘égg%

extension. A cohomological answer to this question was given by Eilenberg

that are induced by a group
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and Mac Lane in [7]: they associated to any abstract kernel ® an element
Obs(®), called obstruction of the abstract kernel, of the third cohomology
group H3(II, Z(G)), where Z(G) is the center of G and the left II-module
structure on Z(G) is induced by ®. They showed that an abstract kernel
® is induced by an extension if and only if Obs(®) is the zero element of
H3(II, Z(G)). Moreover, if there is an extension inducing ®, then the set
of isomorphism classes of the extensions inducing it is in bijection with the
second cohomology group H%(II, Z(G)). The same fact holds in many other
contexts, as shown by several authors. Examples of such contexts are asso-
ciative algebras [9] and Lie algebras [10] over a field, rings [I1], categories
of interest [16], categorical groups [8, 4], semi-abelian action accessible cat-
egories [3, [11, 6], [5].

The situation is more complicated for abstract kernels of the form ®: M —

End(G . . . . . .
nd( ), where M is a monoid, G is a group, and ® is a monoid homomorphism.

Inn(Q)
Every Schreier extension 0 G B M 1 of a monoid M by
a group G induces a monoid homomorphism ®: M — ?:5((2)) [12]. Here,

Similarly to the classical case, arises the problem of describing the abstract
kernels ®: M — ?gs((g)) that are induced by a Schreier extension. Since
® need not induce an action of M on Z(G), a cohomological solution of
this problem, similar to the one described above, can be obtained only for
particular subclasses of abstract kernels [22 23], 12].

Actually, in [7] Eilenberg and Mac Lane proved something more. They
showed that the third cohomology group H?3(II, Z(G)) is isomorphic to the
group whose elements are equivalence classes (w.r.t. a suitable equivalence
relation) of abstract kernels inducing the same Il-action on Z(G), modulo
those abstract kernels that are induced by a group extension. This gives a
complete interpretation of the third cohomology group in terms of abstract

kernels.

The aim of the present paper is to get an interpretation of the third Eilen-
berg—Mac Lane cohomology group of a monoid M in terms of abstract kernels

of the form ®: M — ?:j((g)) . In [22] 23], the monoid homomorphisms ® were

required to satisfy the following condition: for all x € M and all p(x) € ®(x),
the centralizer of p(x)(G) in G coincides with Z(G). This gives an action of
M on Z(G) and allows the author of [22], 23] to involve cohomology groups
of M with coefficients in Z(G) in the study of Schreier type extensions of
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M by G. The abstract kernels restricted in this way, which we call admis-
sible abstract kernels, are used in this paper to get the desired interpreta-

tion. We define a product of admissible abstract kernels ®,: M — ]IESS((CCJ?))

and ®o: M — ?:g((gj)) with Z(Gh) = Z(Gs) = C, inducing the same ac-
tion of M on C. Identifying abstract kernels that are C-equivalent (see
Section (3| for the definition of this equivalence relation), we obtain a commu-
tative monoid M (M, C'). The subset L(M, C') of extendable abstract kernels,
namely of those abstract kernels that are induced by a special Schreier ex-

tension, is a submonoid of M(M,C) and we show that the factor monoid

A(M,C) = % is an abelian group. Moreover, we prove that the abelian
group A(M, C) is isomorphic to the third cohomology group H3(M, C) of M

with coefficients in the M-module C.

2. Notation and terminology

We begin by fixing some notations we will use throughout the paper. Given
a group G, we will denote by Z(G) its center. More generally, if H is a sub-
group of G, we will denote by Cs(H) the centralizer of H in G. The monoid
End(G) is the monoid of endomorphisms of GG, while Inn(G) is the subgroup
of inner automorphisms, namely automorphisms of G of the form p,, where
g € G and py(9') = g+ ¢ — g (we will use the additive notation for G,
although G will be not necessarily abelian). The identity automorphism of
(G will be indicated by id;.

Let M be a monoid (with the operation written multiplicatively). A sub-
group H of M (i.e. a subgroup H of the group U(M) of invertible elements
of M) is right normal if, for all m € M, mH C Hm, where

mH={mh|he H}, Hm={hm|heH}.

If H is a right normal subgroup of a monoid M, the relation on M defined
by

miy~my < mj;=hmy forsomehecH

is a congruence on M, called the right coset relation. The equivalence class
of an element m is c/(m) = Hm. Hence the operation

Hm1 . HWLQ = Hm1m2
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is well defined. We denote by % the quotient monoid. For every group
G, Inn(G) is right normal in End(G) (indeed, pu, = py, 0, g € G, ¢ €

End(G)), Toiet. Given a € End(G),

we denote the corresponding element in the quotient by cl(«).

Definition 2.1. Given a monoid M (written multiplicatively) and a group G
(written additively), an abstract kernel is a monoid homomorphism ®: M —

?gs((g)), also written as (M, G, ®).

We will be interested, in particular, in a specific kind of abstract kernels,
the admissible ones:

Definition 2.2. An abstract kernel ®: M — ?:5((2)) 1s admissible if, for all

x € M and all p(x) € ®(x), one has that Ca(p(z)(G)) = Z(G).

The notion of admissible abstract kernel first appeared in [22]. In the
original definition, another condition was required, namely that, for all x €
M, there exists p(z) € ®(x) such that ¢(x)(C) C C, where C' = Z(G). But
this condition actually follows from the previous one. Furthermore, it follows
that ¢(x)(C) C C for all p(z) € ®(x). Indeed, if p(z) € ®(x) and ¢ € C,
then for all g € G

p(x)(9) +p(x)(c) = (x)(g + ¢) = e(z)(c+g) = p(z)(c) + ¢(x)(g),
and so p(z)(c) € Ca(e(z)(G)) = Z(G) = C.

~—r

Admissible abstract kernels can be characterized also in the following, sim-
pler way:

Proposition 2.3. An abstract kernel ®: M — Endgg)) 1s admissible if and

only if for all x € M there ezists p(x) € ®(z) such that Ca(p(z)(G)) =
Z(@Q).

Proof: This is a corollary of the following lemma. |

Lemma 2.4. If a € End(G) is such that Cq(a(G)) = Z(G), then for all
inner automorphisms p, one has that Ca(pu,a(G)) = ).

Z(G
Proof: Let r € Cg(py0(G)). Then, for all ¢’ € G, we have that

r+ pga(g’) = pgalg’) +r,
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or, in other terms,
r+gtalg)—g=g+ald)—g+r
From this equality we get
—gtr+gtalg)=alg)—g+r+g

and hence

—g+r+g € Cqla(@)).
Since, by assumption, Cq(a(G)) = Z(G), we get that —g+r+g = ¢ € Z(G).
Then, from 7 4+ g = g+ ¢ = ¢ + g we obtain r = ¢ € Z(G) by canceling g on
the right. ]

Any action of a monoid M on an abelian group, i.e. a monoid homomor-

phism ¢: M — End(C'), where C'is an abelian group, is clearly an admissible

abstract kernel. It is also clear that any abstract kernel ®: M — End( )) which

Epz( 3, where Epi(G) is the monoid of ep1morph1sms of G on

itself, is adm1851ble Less trivial examples are provided, for instance, by using
the fact that, for a non-trivial subgroup of a free group F, the centralizer
Cr(H) is different from the trivial group if and only if H is a cyclic subgroup
of F'. As for concrete examples, let us consider the following:

factors through

Example 2.5. Let F = F(x,y, z) be the free group on three elements. Define
a € End(F) by putting o(x) = z, a(y) = a(z) =y, and consider the monoid

homomorphism ®: N — Zndl) i defined by ®(n) = cl(a"), where N is the

Inn(F
monoid of natural numbers wzth the usual sum. Since the subgroups o (F)

are not cyclic, Cp(a"(F)) = {1} = Z(F). Hence ® is an admissible abstract
kernel.

Example 2.6. Let F(a,b) be the free monoid on two generators a and b,
and let F' and « be as in the previous example. Define f € End(F) by
putting B(x) = x, 5( ) = B(z) = z, and consider the monoid homomorphism
¢: Fla,b) — End deﬁned by ®(a) = cl(a) and ®(b) = cl(B). It is straight-
forward to check that a"=aq, f" =B (forn > 1), and that aff = o, o = B.
Hence, for any w € F(a,b) \ {1}, we have ®(w) = cl(a) or ®(w) = cl(f).
Since the subgroups a(F) and B(F') are not cyclic, Cp(a(F)) = Cr(B(F)) =
{1} = Z(F). Hence ® is an admissible abstract kernel.

Remark 2.7. Note that, if Cq(a(G)) = Cq(B(R)) = Z(G
End(G), it is not true in general that Ca(aB(G)) = Z(G) or

for a, B €
(Ba(G)) =

)
Ce )
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Z(G). As a counterexample, consider F and « as in Example[2.5, and § de-
fined by B(x) = B(y) =y, B(z) = z. Then Cr(a(F)) = Cp(B(F)) = {1} =
Z(F), while Cp(afB(F)) and Cp(Ba(F)) coincide with the cyclic subgroup of
F' generated by y.

Proposition 2.8. Let o € End(G). Cq(a(G)) = Z(G) if and only if the
following condition is satisfied for any g € G: if pya = o, then pg, = idg.
Proof: Suppose that Cq(a(G)) = Z(G) and that p,o = a. Then pya(g’) =
a(g’) for all ¢’ € G that is

g+ald)—g=a(d)forall ¢ € G.
This means that g € Cq(a(G)) = Z(G), and so p, = idg.

Conversely, suppose that, for all ¢ € G, if pyo = «, then p, = idg. If
r € Cg(a(@)), then for all ¢’ € G:

r+a(g) —r=alg).
This means that u,a = «; by assumption, we get u, = idg, and hence
re Z(G). u
Corollary 2.9. Given ¢1,92 € G and o € End(G) such that Co(a(G)) =
Z(G), if pg o0 = pg,or, then pug, = fig,.

We complete this section with the following simple but crucial consequence
of Definition 2.2l

Proposition 2.10. Let ®: M — ?gg((g)) be an admissible abstract kernel.

Then M acts on Z(G) as follows:
x-c=p(z)(c) forx e M, ce€ Z(G) and ¢(x) € ®(x).

Proof: We have already seen that ¢(x)(c) € Z(G) forallz € M and ¢ € Z(G)
(see the paragraph after Definition 2.2). Now we show that the definition
of the action given above does not depend on the choice of p(z) € ®(z). If
¥(x) € ®(x) is another representative, then ¢ (z) = pupp(x) for some h € G.
Then

U(x)(e) = pnp(x)(c) = h+p(x)(c) — h = p(x)(c),
where the last equality holds since ¢(x)(c) € Z(G). The fact that in this

way an action of the monoid M on the abelian group Z(G) is defined is a
straightforward verification. |
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3. The product of admissible abstract kernels

Let &1: M — ?:g((gll)) and ®o: M — ]f:j((gj)) be admissible abstract kernels

such that Z(Gh) = Z(G2) = C, inducing a fixed action ®y: M — End(C)
of M on C. We want to define a product of ®; and ®,, i.e. an admissible
abstract kernel ®: M — ?gg((g)) such that Z(G) = C and inducing the same
action @y of M on C. In order to do that, consider, as in [7], the following

subgroup of G X G:

S={(c,—c)|ceC}.
It is immediate to check that S is a normal subgroup of G; x Gy. We
then define G = % There is a monomorphism j: C' — G defined by
j(c) = ¢cl(e,0) = cl(0, ¢). Moreover, for all cl(uy,uz) € Z(G) and all g; € Gy
we have
cl(uy,ug) + cl(gr,0) = cl(g1,0) + cl(uq, ug),

hence

cl(uy + g1,u2) = cl(g1 + uy, ug).
This means that

(w1 4 g1,u2) — (g1 + w1, u2) €5,
i.e. there exists ¢ € C' such that

(w1 + g1,u2) — (g1 + w1, u2) = (¢, —c).
From this we obtain
ur+ g1 — (1 +up) =c and Uy — Uy = —C,

and so ¢ = 0 and u; € Z(G;) = C. Similarly one can prove that uy €
Z(Gy) = C. Hence

J(ur + ug) = cl(ug + ug,0) = cl(ug, ug),
and this shows that j(C') = Z(G), so the center of G can be identified with

C.
Now we can define &: M — ?gs((g)) For x € M, consider any repre-

sentatives p1(z) € D1(x), po(z) € Po(x). We obtain an endomorphism
01() X po(x): G1 X Gy — G1 X Gy. For all ¢ € C, (¢1(x) X po(x))(c, —c) =
(p1(x)(c), —p2(z)(c)) = (x - ¢,—x - ¢) € S since ®; and Py are admissible
(see Proposition and its proof). Hence we have (p1(x) X @o(z))(S) C S,
giving an endomorphism ¢(x): G — G defined by

o(x)(cl(g1, g2)) = cl(p1(z)(g1), p2(7)(g2))-
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If we choose different representatives ¢ (x) € ®1(z), 2(x) € Po(z), we get
another endomorphism (z): G — G given by

(@) (cl(g1, g2)) = cl(¥1(2)(91), Y2(2)(g2))-
@i(x) and v;(x) differ by inner automorphisms, i.e. there are h; € G; (i =
1,2) such that ¢;(x) = up,0i(x). Now we show that ¢(z) = e, n,)%(2):
fel(hy )0 (2) (cl (g1, 92)) = cl(ha, ha) + cl(1(2) (1), ¥2(7)(g2)) — cl(hi, ha) =
= cl(ht1(2)(g1) =ha, hatiba(2)(92) —h2) = cl(pn, 1(2)(91), pnyt2(2)(92)) =
= cl(p1(x)(91), p2(x)(g2)) = (x)(cl(g1, 92))-

Thus we obtain a well defined map ®: M — End(( )) given by ®(z) = cl(p(z)).

We have that & is a monoid homomorphism. Indeed, for x,y € M, consider
representatives p;(x) € ®;(x), @;(y) € ®;(y); we have
0i(x)pi(y) = wn,pi(xy) for some h; € G.
Then
p(x)e(y)(cl(g, g2)) = p(x)(cl(e1(y)(91), p2(y)(92))) =
= cl(p1(x)e1(y)(91), ©2(2)p2(y)(92)) = cl(pn, 1(2y)(91), photp2(xy)(g2)) =
= cl(h1 + e1(zy) (1) — ha, ha + 2(2y)(92) — he) =
= cl(h1, ho)+cl(p1(zy)(91), 2(2y)(92)) —cl(h1, ha) = peihy ) () (cl(g1, g2))-
Hence ¢(2)0(y) = Lei(n, n) P (2y), and so
D(zy) = cl(p(zy)) = c(e(x)p(y)) = c(p())cl(e(y)) € S(x)D(y),
and clearly ®(1) = cl(¢(1)) = cl(idg) = id snac) -

Inn(G)

It remains to show that ® is admissible. Let cl(ry,r2) € Ca(p(z)(G)); for
every g € G; we have

cl(ri,72) + () (cl(g1,0)) = @(x)(cl(g1,0)) + cl(r1, 72),

hence

cl(ri,ra) + cl(p1(z)(g1),0) = cl(p1(x)(91),0) + cl(r1,m2),

which means that

cl(r + ¢1(x)(g1),m2) = cl(p1(x)(91) + 71, 72),

or, in other terms,

(r1 4+ ¢1(2)(91), 72) = (r(2)(g1) + 71, 72) = (€, =€)
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for some ¢ € (. Then ¢ = 0 and hence

r1+@1(z)(g1) = 1(z)(g1) + 71,

from which we get that r; € Cq,(¢1(z)(G1)) = C. Similarly one proves that
ro € C. Hence

cl(ri,m2) = cl(ry +12,0) = j(r1 +1m2) € j(C) =C

and @ is admissible. Finally, the action of M on C' induced by & is the same
as the one induced by ®; and ®y, i.e ®o: M — End(C). Indeed:

- j(c) = p(z)(cl(c,0)) = cl(p1(z)(c), p2(2)(0)) = cl(z - c,0) =z -
forall x € M and c € C.

Then, on the class of admissible abstract kernels inducing the action &, of
M on C, we have a well defined binary operation ®, given by

(M, Gy, ®,) ® (M, G, ®5) = (M, G, D).

We want this operation to give a monoid structure. In order to have this,
we need to identify admissible abstract kernels by means of the following
equivalence relation:

Definition 3.1. Two admissible abstract kernels ®;: M — ?gg((g;)) and

Oy: M — ?:g((gj)) inducing the same M-action on C = Z(Gy) = Z(Gs)
are C-equivalent if there exists a group isomorphism &: G — G4 satisfying

the two following conditions:

(i) for all c € C, &(c) = ¢,
(ii) for all x € M and all p1(x) € ®1(x), Ep1(2)E71 € Py(x).

Condition (ii) can be expressed by the commutativity of the following triangle:

M oy End(Gl)

Inn(G

Sy

End
Inn(G )

where £(cl(a)) = cl(Eal™Y).

C
We will write (M, Gy, ®) = (M, Go, P2) to denote that ¢; and $y are C-
c
equivalent. It is clear that = is an equivalence relation.
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The proofs of the following facts are analogous to the corresponding ones
in [7] for the case of the classical abstract kernels, that is, for the case of
abstract kernels of the form &: IT — ﬁﬁ%’ where II and G are groups. We

give them in details for the sake of completeness.

Proposition 3.2. The definition of the binary operation ® is compatible with
the C'-equivalence.

Proof: Suppose that (M, Gy, ®1)®(M, Gy, ®2) = (M, G, ®) and (M, G, P))®

C

(M, G, Ph) = (M,G',®") and that ®; = ®.. Then there are isomorphisms
&1 G — G satisfying the conditions (i) and (ii) above. They induce an
isomorphism & X & : G X Gy — G x G, and since (£ x &) (¢, —c) = (¢, —c¢),
we get an isomorphism

Gy x G Gy x G, .
§: G =" =G =12 given by £(cl(g1,92)) = clléa(9). €al)).
and clearly £(c) = £(cl(c,0)) = cl(&1(c),0) = cl(c,0) = ¢. It remains to show
that the triangle

®  End(G)
M Inn(G)

N

End(G")

Inn(G")

commutes, where ¢ is defined as in Definition [3.1, For z € M and ¢(z) €
®(x), we have

p(2)(cl(g1, 92)) = cl(er(2)(91), pa(x)(g2))  With pi(x) € ®;(x),

and, by assumption, ¢}(z) = &api(:c)g-’l € @ (x). Hence, defining ¢'(z) €

®'(x) by Z

' (2)(cl(g1, 95)) = cl(1()(g1), ¥5(7)(5)),
we have that
Eo(x)EH(cl(g, gb)) = cl(érp1(2)E7 1 (g)), L2 (2)E5 ' (0h)) =
= cl(¢)(2)(91), Pa(7)(92)) = ¢'(x)(cl(g1, 93)),
and so Ep(2)é7 = ¢/ (x) € P'(x). u

Proposition 3.3. The neutral element of ® is ®o: M — End(C), the fized
M -action on C.
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Proof: Given an admissible abstract kernel ®: M — ?:75((2)) inducing the

action @y of M on C, we want to show that (M,G,®) @ (M,C,dy) is C-
equivalent to (M, G, ®). Let us consider the map £: G — ch defined by
£(g) = cl(g,0). It is clearly a group homomorphism, and moreover £(c) =
cl(c,0) = c (identifying j(C) with C). Its inverse £ ! given by £71(cl(g,c)) =
g + c is well defined. Indeed, cl(g,c) = cl(¢, ) if and only if

(97 C) - (gla Cl) - (Clv _Cl) for some ] € Ca
i.e. if and only if
g—g=ca, c—cd=—- & g—-¢d=d—-c & gt+c=4g+.

The fact that £ !¢ is the identity is obvious. Concerning the other composi-
tion:
€671 (cl(g,c)) = &(g +¢) = cl(g +¢,0) = cl(g, ).

It remains to show that the following triangle commutes:

M o  FEnd(QG)

Inn(QG)
N

End(&
Inn(<

-
><d‘r\\

<)

C);

N

X

S

where € is defined as in Definition [3.1|and W is given, for x € M and ¢(z) €
®(z), by

b()(cl(g, c)) = cl(p(z)(g), x-c).
We have to show that, if p(z) € ®(z), then p(z)¢1 € U(x). We have that

(x)(cl(g, ¢)) = cl(p(x)(g), x-¢) = cl(p(z)(g) + - ¢, 0) =

= &(p(a)(g)+a-c) = E(p()(9)+p(x)(c) = Ep()(g+c) = Ep(x)E (cl(g, ¢)),
and so Ep(2)é7t = Y(x) € U(x). m

So we proved that the set M(M, ') of C-equivalence classes [M, G, ®] of
admissible abstract kernels, inducing the fixed M-action ®y: M — End(C)
on the group C, is a unitary magma w.r.t. the product defined above. Our
alm now is to show that it is actually a commutative monoid. In order to
prove associativity, we start with some preliminary lemmas.
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Lemma 3.4. Given two admissible abstract kernels ®1: M — ?:g((gll)) and
Dy M — ?:s((g;)), inducing the same M -action on C' = Z(Gh) = Z(G3), and

their product ®: M — End((G) , i G we have that

cl(g1,g2) = c € C if and only if g; = ¢; for some c1,co € C with ¢1 +co = c.
Proof: 1f cl(g1, g2) = cl(c,0) = ¢, then there exists ¢ € C' such that

(gbg?) - (Ca 0) = (Cla _C/);
then
gl—CICIa g2 = '

so, putting ¢; = ¢+ ¢ and ¢y = —c we get the thesis. Conversely,
cl(gr, 92) = cl(c1,c2) = cl(eg + ¢,0) = cl(c,0) =

Lemma 3.5. Given three admuissible abstract kernels ®;: M — E::f((g)), 1=

1,2, 3, mducmg the same M -action on C = Z(G;), conszder the product

O: M — T2 E”d 0f ®, and Py and the product ®: M — End 0f<I> and ®s,
so that

(M, G, ®%) = (M, Gy, D)) @ (M, Ga, ®y)) @ (M, G3, ®3).

Then; in Gﬁ - ((GIXGQS?/S)XG37 we have that Cl(Cl(glagQ)Lg?)) — Cl(Cl(g/hgé)u gé)
iof and only if

g1 — 91 =€, 92— gé =C2, g3 — 9:’; = —(c1 +¢2), with ¢y, ¢y € C.
Proof: If cl(cl(g1, g2), g3) = cl(cl(g1, 95), g5), then there exists ¢ € C such that
(Cl(gh 92)7 93) o (Cl(g/h gé)) gé) = (67 _C)a

hence
clgr— 91,92~ g3) = ¢, gs— g5 = —
Thanks to the previous lemma, we know that there exist ¢, co € C such that
n—gi=c, P—gh=c, atc=c

and so

G—gi=c, Gr—gh=0¢ gs—gs=—c=—(c1+ ).
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Conversely,

(cl(g1,92). 93) — (cl(g1, 95). 95) = (cl(gn, g2) — cl(g1, 95), g3 — g5) =
= (cl(g1 — 91,92 — 93), 93 — g5) = (cl(c1,¢2), —(c1 + ©2)) =
= (cl(c1 4 ¢2,0), —(c1 + ¢2)) = (c1 + 2, —(c1 + 2)),
and so cl(cl(g1, 92), g3) = cl(cl(gy, g5), 95)- ]

In the same way one can prove the following

Lemma 3.6. Given three admissible abstract kernels ®;: M — Egg((g)); 1=

1,2, 3, mducmg the same M -action on C = Z(G;), conszder the product
v: M — ?nd of ®y and P53 and the product V: M — End of ®; and
W, so that

(M, H*, U%) = (M, G, 1) @ (M, Gy, ®3) @ (M, G3, ®3)).

Then, in H? = CXUG2xBIS) e have that cl(gy, cl(g, 3)) = cl(g}. cl(gh. g5))
if and only if

Go—Gh =02 93— g3 =2C¢3, 1 — gy = —(ca+c3), with c9,¢c3 € C.

Proposition 3.7. The unitary magma M(M,C) is a monoid.

Proof: Using the notation of the prev10us lemmas, we have to show that
ot M — E"d(( )) nd U M — % are C-equivalent. To do that, first
we have to build a group isomorphism

((G1 xGR)/S) x Gy Gy x ((Gy x G3)/S)
§: S — 5 .

¢ is defined by &(cl(cl(g1, g2), 93)) = cl(g1,cl(g2, g3)). It is well defined, indeed,
if

Cl(Cl(gln 92)7 g3) - Cl(Cl(glla gé)? gg):
then, thanks to Lemma [3.5] there exist ¢y, ¢y € C such that

J—gi=c1, G2—gh=02 g3—gy=—(c1+ca)
Putting ¢, = ¢y and ¢ = —(c1 + ¢2), we get that
Go—Ga=0y G3—g3=0¢ g—g=c=—(c2—(a+c))=—(ch+ch),
and then, by Lemma |3.6, we conclude that
cl(gr, cl(g2, g3)) = cl(g1, cl(g3, g5))-
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The fact that £ is a group homomorphism is obvious. Its inverse ¢ 7! is defined
by

E74(cl(g1, cl(g2, g3))) = (cl(cl(gr, 92), 93))-
The proof that ¢! is a well defined map is similar to the one for £, and it
is obvious that these two maps are inverse to each other. Moreover, for all

ceC:
£(c) =&(cl(c,0)) = cl(e, cl(0,0)) = cl(c,0) =

It remains to show that the following triangle commutes:

M ' End(GY)

Inn(G*)
BN

3
End(H?)
Inn(H?)»

where £(c (a)) = cl(éaé™t). Consider the representatives f(x) € ®f(z),
V() € WH(x), where

“(2)(cl(cl(g1, 92), 93)) = (cllcl(1(x)(g1), p2(2)(92)), 3(2)(93))),

¥
V¥ ()(cl(gr, cl(ga, g3))) = cl(pr(x) (1), cl(pa(2)(g2), 3(2)(93))).
with ¢;(z) € ®;(x). Then

EH ()M (clgr, clge, g3))) = EQ* (@) (cl(cl(gr, g2), g3)) =

(
= &((cl(cl(p1(2)(91), p2(2) (92 ))7903556)(93))))

= cl(p1(x)(g1), cl(@2()(92), w3(x)(g3))) = ¥*(x)(cl(g1, cl(g2, 93))),
and hence £p*(2)¢71 = i (x) € (). m

Proposition 3.8. The monoid M(M,C) is commutative.

Proof: Given two admissible abstract kernels ®;: M — End((gi)) 1 =1,2, in-
ducing the same M-action on C' = Z(G};), consider the products (M, G1, ®1)®
(M, GQ, (I)Q) = (M, G, CI)) and (M, GQ, (132) @ (M, Gl, (1)1) = (M, Gl, \If), where
G = % and G' = % It is clear that the twisting isomorphism G X
Go — G9 X (7 gives an isomorphism &: G — G, defined by &(cl(g1, g2)) =
cl(ga, g1), such that £(c) = ¢ for all ¢ € C. To conclude the proof, consider

the representatives p(x) € ®(x), ¥ (x) € VU(x), where

(
p(2)(cl(g1, 92)) = cl(e1(x)(g1), pa()(92)),
() (cl(g2, 1)) = cl(@2()(92), e1(2)(91)),
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with ¢;(z) € ®;(z). Then

Eo(2)E M (cl(ga, 1)) = Ep(x)(cl(g1, 92)) = &(cl(e1 () (g1), p2(2)(g2))) =

cl(p2(2)(92), 1(x)(g1)) = ¥(x)(cl(g2, 91)),
hence £p(x)é1 = (z) € U(x). m
Our aim, now, is to introduce a suitable submonoid £(M,C') of M(M,C)
such that the quotient monoid becomes an abelian group. In order to do

that, in the next section we will consider the notion of extendable admissible
abstract kernel.

4. Extendable admissible abstract kernels
We recall from [2], 13, [14] the following

Definition 4.1. Let

E: 0 G~—"~B-%>M 1 (1)
be a sequence of monoids and monoid homomorphisms such that o is a sur-
jection, K is an injection and K(G) = {b € B|o(b) =1} (i.e. k is the kernel
of o). E is a special Schreier extension of M by G (some authors would say

“‘G by M7 ) if, for every by,bs € B such that o(by) = o(by), there exists a
unique g € G such that

bQ =4g + bl,
where we treat Kk just as an inclusion (again, we use the multiplicative nota-
tion for M and the additive one for the other monoids involved).

The word “special” is motivated by the fact that these extensions are spe-
cial cases of the Schreier extensions in the sense of [19] (see also [17, [18]).
It is easily seen that, in a special Schreier extension , the monoid G is
necessarily a group.

Let us now show how to associate an abstract kernel to a special Schreier
extension . First note that o is the cokernel of k. Indeed, suppose that
f: B — M'is a monoid homomorphism such that f(g) = 1, for all g € G.
Define f': M — M’ by putting f'(z) = f(b), b € o Yz). If o(by) = x =
o(by), then by = g + by, whence f(by) = f(b1). Hence f’ is well defined.
Clearly, f’is a monoid homomorphism and f'o = f. The uniqueness of such
a homomorphism f’ is also clear. Furthermore, for every b € B and every
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g € G, there is a unique ¢’ € G such that b+ g = ¢’ + b. This defines an
endomorphism 6(b): G — G sending g to ¢’ (b+ g1 +92 = 0(b)(q1) +b+ g2 =
0(b)(g91) +0(b)(g2) +b, whence 0(b)(g1 + g2) = 6(b)(g1) +6(b)(g2)). Moreover,
we get a monoid homomorphism 6: B — End(G), which sends b to 6(b)
(0(0) = 1g and by + by + g = by + 0(b2)(g) + b2 = 0(b1)(0(b2)(g)) + b1 + b,
whence 0(by + b2)(g) = (0(b1)0(b2))(g)). For g € G, it is immediate to see
that 6(g) = pu, € Inn(G). Hence, since o is the cokernel of x, we get
the abstract kernel ® via the universal property of the cokernel, as in the
following diagram:

G—"—-B—"—-M (2)

|

nd(G
End(G) —— 74,

More explicitly, ®(z) = pd(b) = cl(6(b)) for any b such that o(b) = .

Given a special Schreier extension , for every b € B one always has that
b+ G C G+ b (and so G is right normal in B), but the other inclusion is
false, in general. The set

Gy,={g€eG|g+b=0b+gforsomegeG}

measures the difference between the two cosets (in other words, the sets Gy,
measure how far G is from being a normal subgroup of B).

Lemma 4.2. Gy is a subgroup of G.
Proof: 1f g1, g2 € Gp, then

g +b=b+¢g1, g2+b=b+gs forsome g1,9, € G.
Then
G+ R+b=g1+b+g=b+ g1+ ¢o,
and so g1 + g2 € Gy. Furthermore, if g € Gy, then g+ b = b+ ¢ for some
g € G. Hence —g+b=0+ (—g), and —g € G,. m

Definition 4.3. A special Schreier extension 1s admissible f, for all
be B, C(;(Gb) = Z(G)

Lemma 4.4. In the notation of diagram (2)), for allb € B one has 6(b)(G) =
Gy.
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Proof: 1f g € (b)(G), then g = 6(b)(g1) for some g; € G. Hence
b+g1=0(b)(91) +b=g+0b

and g € G;. Conversely, if g € G}, then there exists g3 € G such that
g+ b=>b+ g;. Thus, we have

b+g=g+b and b+ g, =0(b)(g1) + 0,

whence, by the uniqueness in the Schreier condition, we get that g = 6(b)(g1),
and so g € 6(b)(G). u

Proposition 4.5. If an abstract kernel ®: M — End((g)) 15 induced by a special

Schreier extension E, then ® is admissible if and only if E is admaissible.

Proof: Suppose E is admissible. Then, for allb € B, Cq(Gp) = Z(G). By the
previous lemma, this means that C(0(b)(G)) = Z(G). Let x = o(b). Then
0(b) € ®(x), and hence ® is admissible (see Proposition [2.3)). Conversely,
suppose ® is admissible. If b € B, then ®(o(b)) = cl(0(b)). By admissibility
of ®, we know that Cg(0(b)(G)) = Z(G). Since 6(b)(G) = G, thanks to the
previous lemma, we get that E is admissible. |

Definition 4.6. We say that an admissible abstract kernel ®: M — End((g)) 18

extendable if it is induced by a special Schreier extension (which is necessarily
admissible because of the previous proposition).

Suppose that admissible abstract kernels (M, G, ®) and (M, G, ®') induc-
ing the same M-action on C' = Z(G) = Z(G') are C-equivalent. Then,
(M, G, ®) is extendable if and only if so is (M, G’, ®'). Indeed, if (M, G, P)
is induced by a special Schreier extension (I]), then (AM,G’, @) is induced

-1
by a special Schreier extension E' : 0 G’ e B =2

M 1, where

~Y

£: G — G is an isomorphism realizing the C-equivalence (M,G,P) =
(M, G, @) (see Definition [3.1)). The set of C-equivalence classes of extend-
able admissible abstract kernels inducing the same M-action on C' will be
denoted by L(M, C).

Proposition 4.7. If (M,G1,®1) and (M, Gs, ®s) are extendable admissible
abstract kernels inducing the same action on C, then their product

(M7G7 (I)) - (M7 Gla(pl) X (M7 GQa(I)?)

15 extendable as well.
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Proof: If &1 and ¥, are extendable, then they are induced by admissible
special Schreier extensions F; and FEs, as in the following diagrams:

K1 01 K2 02

Ei: Gy B M Es: Gy By M
QIJ L@l 92j J%
End(Gh) —— Toacs, End(Gs) —— e,
Consider the pullback
R~ By
mt |-
By ——= M,

i.e. the monoid R = {(b1,b2) € By X By | o1(b1) = 039(bs)}. Clearly S =
{(¢,—¢) | ¢ € C} is a submonoid of R. Moreover, S is right normal in R,
i.e. (by,b2) +S C S+ (by,be) for all (by,b9) € R. Indeed, if (b1,by) € R and
(¢, —c) € S, using the admissibility of ®; and ®, we get that

01(b1)(c) = O2(b2)(c) =z - c,
where x = 01(b1) = 09(b2). Then we have
(bl, bg) + (C, —C) = (bl + C, b2 — C) = ((91([)1)(6) + bl, (92(62)(—0) + bg) =
=(x-cH+b,—x-ct+b)=(x-c,—x-c)+ (b, b),

and (z-c,—x-c) € S. Let us then put B = % and consider the following
sequence:

E: 0 G—"~B-%M 1,

where
Gy x G
G = %, k(cl(g1,92)) = cl(g1,92), ando(cl(by, b)) = o1(b1) = o9(b2).

We want to show that E' is a special Schreier extension which induces the
product ® of &; and P,. It is immediate to see that k is a well defined injec-
tive homomorphism. o is well defined, too. Indeed, if cl(by,by) = cl(b], b)),
then there exists ¢ € C such that

(b1, 05) = (¢, —¢) + (b1, ba).

Then b} = ¢+ by, b5 = —c + by, and so 0;(b;) = o;(b;), i = 1,2. Clearly o
is a monoid homomorphism. It is surjective, since for all x € M there exist
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b, € B;, i = 1,2, with 0;(b;) = x; then o(cl(by,bs)) = z. Moreover ok = 0,
indeed ok(cl(g1,92)) = 01(g1) = 1. So, K(G) C Ker(c). To show the other
inclusion, suppose that o(cl(by,bs)) = 1. Then o1(by) = o9(b2) = 1. Since
ki is the kernel of o;, we know that b; = k;(g;) for some g; € G;. Hence

k(cl(gr,g2)) = cl(by, b).
Let us now check the Schreier condition. Suppose that o(cl(b],0)) =

o(cl(by,by)). Then
a1(b)) = 01(b1) = 02(b2) = 02(b3).

E; and Es are special Schreier extensions, so there are unique g; € G; such
that b, = g; + b;. Hence

Cl( /lab/Q) = Cl(QlaQ?) + Cl(blvbQ)'

To prove the uniqueness of the element cl(gy, g2) satisfying the last equality,
it suffices to show that, if cl(g1, g2) + cl(b1, b2) = cl(by, b2), then cl(gy, g2) = 0.
So, suppose that cl(g1, g2) + cl(b1, b2) = cl(by, by). Then

(g1 + b1, 92 + b2) = (¢, —¢) + (b1,b2) for some ¢ € C.

Then g1 + by = ¢+ b1, go + by = —c + by. Being E; and E5 special Schreier
extensions, this gives that (g1, g2) = (¢, —c¢), and so cl(g1, g2) = 0.

It remains to show that E induces the admissible abstract kernel ®. Let
us call ¥ the abstract kernel induced by E, as in the following diagram:

G—2 -B— 7% M

|

End(G
End(G) —— 74,

Then, for x € M, U(z) = cl(0(cl(b1,b2))), where o(cl(by, b)) = o1(b1) =
09(by) = x. By construction of ¢, and 65, we have that

bl + g1 — Hl(bl)(gl) + bl, bg + gs = 82([)2)(92) + bg.

Hence, on one hand

cl(b1,b2) + cl(g1, g2) = cl(01(b1)(g1), O2(b2)(g2)) + cl (b1, ba);

on the other hand, since F is a special Schreier extension, we have that

cl(by, ba) + cl(g1, g2) = O(cl(br, b2))(cl(g1, g2)) + cl(b1, b2),
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by construction of #. Thanks to the uniqueness in the Schreier condition, we
obtain that

0(cl(by, b2))(cl(g1, 92)) = cl(01(b1)(g1), 02(b2)(g2))-
Moreover, we know that ® is defined by ®(x) = cl(¢(z)), where

p()(cl(g1, g2)) = cl(01(b1)(91), O2(b2)(92))-
Hence 0(cl(by,b2)) = ¢(z), and consequently ¥(x) = &(x) forallz € M. =

Since the “zero” abstract kernel ®y: M — End(C) is clearly extendable (it
is induced by the special Schreier extension given by the semidirect product
of M and C), we get the following

Corollary 4.8. The set L(M,C) of C-equivalence classes of extendable ad-
missible abstract kernels inducing the same action of M on C' is a submonoid

of the monoid M(M,C).

Using the fact that the monoid M (M, C) is commutative, in the next sec-

tion we will observe that we can consider a suitable factor monoid A(M, C') =
A&(ML’(%), and we will prove that this factor monoid is actually an abelian
group, following essentially the same idea of [7] for the case of abstract ker-

) Aut(Q)
nels of the form &: Il — Ton(G)

with IT and G are groups.

5. The group structure of admissible abstract kernels

We begin this section by recalling a general fact. If A is a commutative
monoid, and B C A is a submonoid, the relation ~ on A defined by

a; ~ay <= dby,by € B such that a; + b = as + by

is a congruence on A. We denote the factor monoid é by %. It is easy to
check that % is a group as soon as the following condition is satisfied: for
all @ € A there exists a’ € A such that a + d € B. We will use this fact,
together with the results of the previous sections, to show that the factor

monoid A(M, C) = /\54((]\1\44,00)) is an abelian group.

Given an admissible abstract kernel ®: M — ]f:g((g)) , let us denote by G*

the opposite group of G: as a set, G* = G, but we will denote the elements
of G* with ¢g*, for ¢ € GG. Then the group operation in G* is defined by
g*+ h* = (h+ g)*, and so the inverse of an element ¢g* is (—g)*. We will
simply write ¢ for the elements ¢* of C* = Z(G*) = Z(G) = C. Given an
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endomorphism a: G — G, we get an endomorphism o*: G* — G* simply by
putting a*(g*) = (a(g))*. In this way, it is obvious that (fa)* = f*a* and
that (py)* = p_g for g € G.

Hence we can define an abstract kernel ®*: M — ?:s((g)) by putting, for

x € M, ®*(z) = cl(p*(x)), where p*(x) = (¢(x))*, with p(x) € ®(x).

Lemma 5.1. The abstract kernel ®* is admissible.
Proof: Let r* € Cg+(¢*(x)(G*)). Then, for all g € G,

r* 4+ ¢ () (g") = ¢ ()(9") + 1"
This means that

r+ (e()(9)" = (e(z)(9))" + 7,
hence

(p(x)(g) + 1) = (r + () (9))",
- o(@)(g) +7 =1 + () (g).

But the abstract kernel ® is admissible, so » = r* € C, giving that ®* is
admissible, too. ]

We also observe that the action of M on C induced by ®* is the same that
® induces, since

P (z)(c) = (p(x)(0)" = (x )" =z ¢
for all z € M and all c € C.

Our goal now is to show that, for any admissible abstract kernel (M, G, ®),
the product (M,G,®) @ (M,G*, ®*) is extendable. In order to do that,
we first build an admissible special Schreier extension, and then we will
show that the abstract kernel induced by it is C-equivalent to (M,G,®) ®
(M, G*, D*).

Let B be the set
B={(g,a,z)| g€ G,x €M acd()}

We define on B the following binary operation:
(9, %) + (h, B,y) = (9 + a(h), aB, zy).
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It is easy to see that (B,+) is a monoid, with neutral element (0,idg,1).
Consider then the following sequence:

E: 0 K~—"-B-% M 1,

where (g, a, ) = x, K is the kernel of o and & is the canonical inclusion.
Explicitly

K={(g,o,1) | g€ G,aec )} ={(g,um 1) [ g,h G}
Moreover, K is a group. Indeed, for all g, h € G we have that
(9,10 1) + (=h =g+ h, pp,1) = (g + pn(=h — g+ h), ppp-p,1) =
=(g+h—h—g+h—"h, ppn1)=(0,p0,1) = (0,idg,1) = 1g.
Lemma 5.2. Z(K) = {(c,idg,1) | c € C} and so can be identified with C.
Proof: If (s, up, 1) € Z(K), then for all r € G we have

(Sauha 1) + (Onu'rv 1) = (Onura 1) + (S,/,Lh, 1)7
hence

(57 Hh+r; 1) = (IMT(S)a Hor+hs 1)7
and from this we get that s+r =r+sforall r € G, i.e. s € C'. Furthermore,
for all ¢ € G we have that

(S,Mh, 1) + (gaidGa 1) - (gaidGa 1) + (Snuha 1)7
and so

(s + pn(9)s s 1) = (g + s, i, 1).
From this, using that C' = Z(G) is a group, we get that, for all g € G

s+un(g) =g+s = s+u(g)=s+g9g = mlg) =g,

so that u, = idg and (s,pup,1) € { (¢,idg,1) | ¢ € C }. The converse
inclusion is obvious. |

Lemma 5.3. F is a special Schreier extension.

Proof: Given x € M and (g,a,z),(h,B3,2) € o 1(x), we have that there
exists s € G such that a = p,8 (because o and S both belong to ®(x)).
Hence

(g+3_h_37,u871)+(h75>$) - (9+3—h—3+ﬂs(h)>/ﬁsﬁaﬂﬁ):
=(g+s—h—s+s+h—sazx)=(g9,a).
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As for uniqueness, if
(97 /’L$7 1) + (h7 &7 x) = (h7 &7 :U),
then
(g + MS(h)v /LSOé, 1‘) — (h7 «, ﬂf),
and so
g+ pus(h) =h and psa = a.
From the first equality we get g+ s+ h — s = h, while from the second, using
the admissibility of ®, we obtain that us = idg (see Proposition [2.8)). Hence

s € C, and consequently g + h = h. But h is cancellable, so we get g = 0,
whence (g, us, 1) = (0,idg, 1) = 1p. u

Consider now the abstract kernel ¥ induced by the special Schreier exten-
sion F:
K " - B d M

|

End(K
End(K) —— Tmtid

Given z € M and choosing (0, a, ) € o~ (x), we know that ¥ is defined by
U(z) = cl(0(0,a,x)). Given (g, un,1) € K, on one hand, since E is a special
Schreier extension, we have

(07 Q, .T) + (97 s 1) - (9(07 a, x)(Q? Hohs 1) + (07 a, ':U)
by construction of #, and on the other hand
(07 a, x) + (97 Kh, 1) - (Oé(g), A, .%') - (@(g), Ho(n) &, .%') -
= (Oé(g), Ha(h)s 1) + (07 «, 37)
Thanks to the uniqueness in the Schreier condition, we get that 0(0, o, x)(g, pn, 1) =
(a(g)7ﬂa(h)> 1)
Lemma 5.4. The abstract kernel U is admaissible.
Proof: We have to show that, for (0,a,z) € B, Cx(0(0,a,z)(K)) = C. If
(7, un, 1) € C(0(0,a,2)(K)) and g € G, then
(T’, Hh, 1) + 9(07 «, SC)(O, ,ug: 1) - 0(07 «, .CC)(O, Mg: 1) + (T7 Hhs 1)

Using the previous expression for #, this is the same as

(T7 Hhs 1) + (07 Ha(g)s 1) - (07 Ha(g)s 1) + (Ta Hehs 1)a



24 N. MARTINS-FERREIRA, A. MONTOLI, A. PATCHKORIA AND M. SOBRAL

l.e.
(Ta Hhfa(g)s 1) - (:uoz(g)(r)7 Ho(g)Hhs 1)
Hence, for all g € G:
r=fa)(r) = r=alg)+r—alg),
which means that r € Cg(a(G)) = C (because ¢ was admissible). Moreover,
for all g € G
(Ta Kh, 1) + 9(07 Q, 1')(,97 Ko, 1) - 6(07 &, x)(gv o, 1) + (Ta Kh, 1)7

which is the same as

(r, s 1) 4 (a(g), o, 1) = (a(g), po, 1) + (7, pn, 1),
1.e.
(r + pn((9)), pn, 1) = (a(g) + 7, pn, 1).
From this we get
r+u(alg) = alg) +r=r+a(g),
so that
h+a(g) —h = alg).
Hence h € Cg(a(G)) = C since @ is admissible. Thus p; = idg and
(7, pun, 1) = (r,idg, 1) € C. m

So we conclude that the admissible abstract kernel (M, K, W) is extendable.
Furthermore, the action of M on C induced by V¥ is the same as the one
induced by (M, G, ®), indeed:

0(0,a,x)(c) = 0(0, v, x)(c,idg, 1) = 0(0, a, x) (¢, 1o, 1) =
- (Oé(SC)(C), Ha(x)(0)> 1) = (37 - ¢, idg, 1) =2x-cC.

Proposition 5.5. The product (M,G,®) @ (M,G*, ®*) is C-equivalent to
(M, K, V).

Proof: Let us denote by (M, %% @') the product (M, G, ®) @ (M, G*, ®).

In order to show that it is C-equivalent to (M, K, ¥), we consider the map
¢ % — K defined by

E(cl(g,h")) = (g + h,pip, 1).
This definition is well given. Indeed, if cl(g1, h}) = cl(go, h3), then

(91, h7) — (g2, h3) = (¢, —c¢) for some ¢ € C.
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Hence
g1 — g = C, (_hQ + hl)* = hik — h; = —C = —C* = (—C)*,
and from this we get
GL=¢92+¢, hi=hy—g
whence
gi+hi=g+c+hy—c=gs+h.
Moreover, from the equality —h; = ¢ — hy we get that p_j,, = p_p,, and so
(g1 + b1, pe—ny, 1) = (g2 + ho, piep,, 1).

The map £ is a group homomorphism:

E(cl(g1, hy) + cl(ga, ha)) = &(cl(g1 + g2, (ha + 11)7)) =
= (g1 + g2+ ha+h1, p_ngens 1) = (g1 +hi+ pn, (92 + ha), ponpt-ny, 1) =

= (gl + h17 H—hq, 1) + (92 + h27 H—hy, 1) = g(Cl(glv hi)) + g(Cl(g% h;))

The inverse of € is the map £ 1: K — Gng* defined by

5_1(97 Hh, 1) = Cl(g + h7 _h*)

It is well defined. Indeed, if (g, pn,, 1) = (g, ftny, 1), then pp, = pp,, and so
hi1 — hos = ¢ € C'. We need to check that

cl(g + hl, —hi) = cl(g + hg, —h;),

i.e. that
We have that
(9 + h1,—hi) = (g + ha, —h3) = (g + h1 — (g + ha), —h] + h3) =
=(g+hi—hy—g,(=h)" +h3))=(g+c—g,(ha —h1)") =
= (¢, (—=¢)") = (¢, —0),

and so cl(g + hy, —h}) = cl(g + hy, —h3). The maps & and €71 are inverse to
cach other:

EE Mg,y 1) = E(cl(g + h, (=h)%)) = (g + h — hy p_ny, 1) = (g, i, 1),

and

(el h) =€ g+ hypon, 1) = cl(g + h — h,—(—=h)*) = cl(g. h").
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Moreover, for all ¢ € C"

E(c) = &(cl(c,0%) = (¢ + 0, po, 1) = (¢,idg, 1) = c.

To conclude the proof, it remains to show that the following triangle com-
mutes:

o End(GxG*)

S
Inn(
X

XG*)
End(K)
Inn(K)>

M

Q

S
3
K

—

where E(cl(a)) = cl(€at™). Tf (z) € ®(x), then
p(z)(cl(g,h")) = cl(a(z)(g), " (x)(h")),
where a(z) € ®(z) and o*(z) € ©*(z) is given by a*(z) = (a(x))*. Then
Ep(2)E (g, pn, 1) = Ep(a)(cl(g + h, —h")) =
= &(cl(a(z)(g + h),a"(x)(=h"))) = &(cl(a(z)(g + h), (a(z)(=h))")) =
= (a(z)(g + h) + a(z)(=h), p-a@)-n),1) =
= (a(@)(9) + a(z)(h) + a(z)(=h), fa@)m),1) =
= (a(2)(9); Ba@)n):1) = 0(0, (), 1)(g, pin, 1),
hence £p(2)671 = 0(0,a(x),1) € ¥(x). |

We know that the definition of extendability of an admissible abstract ker-
nel is compatible with the C-equivalence (see the paragraph after Definition
. Hence, since the admissible abstract kernel (M, K, V) is extendable,
the previous proposition gives

Corollary 5.6. For any admissible abstract kernel (M,G,®), the product
(M,G,®) @ (M,G*, ®*) is extendable.

This corollary, Proposition and Corollary (.8, according to the first
paragraph of this section, imply the following

Theorem 5.7. The factor monoid A(M,C) = % s an abelian group.
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6. The isomorphism of A(M, C) with the third
cohomology group

The aim of this section is to prove that the abelian group A(M,C) =

% described above is isomorphic to the third cohomology group H?*(M, C).

In order to do that, the first step is to associate with every admissible ab-

stract kernel ®: M — ]f:s((g)) an element Obs(®) of H3(M,Z(G)). Due to

the admissibility condition, the construction of Obs(®) is, as shown in [23],
analogous to the one described in [7] for the case of the classical abstract
kernels. A very detailed construction of Obs(®) is given in [12, Section 5], in
a slightly different context. Here we just give a brief sketch of the construc-
tion, stressing the difference with the one in [12].

Given an admissible abstract kernel ®: M — ?:g((g)) , we choose a represen-

tative p(x) € ®(x) for any x € M, with ¢(1) = idg. We have that
(@) o(y) = tif(zyP(Ty)
for some f(z,y) € G, with f(z,1) = f(1,y) = 0. Now, given x,y,z € M, we
have, on one hand
p(@)o(y)e(2) = o(T) sy, 0(Y2) = to@)(r2)P(E)e(Yz) =

= L) (f(4,2) Ff (2y2) P(TYZ) = L) (f2)+ F(zy2) P(EYZ),
and, on the other hand

p(x)o(y)p(2) = 1@y e(@y)(2) = Ly iy P(EYZ) = By fay)P(2Yz).
Comparing the two expressions, and using Corollary 2.9 we get the equality

Foo(z)(f (y,2)+f (wy2) = Hf(zy)+f(xy,2)s
namely

Hoo()(f(5,2)) + £ (2.2) () +f (zy.2) = 106,
which tells us that

This means that there exists a unique element k(z,y, z) € Z(G) such that
p(2)(fy; 2)) + f(2,y2) = k(z,y,2) + f(2,y) + f(2y, 2).
Clearly, k(x,y,1) = k(z,1,2) = k(1,y,2) = 0.
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It is shown in [23] that the map k: M x M x M — C obtained from an
admissible abstract kernel ® as above is a 3-cocycle of the cohomology of
M with coefficients in the M-module Z(G), and that the cohomology class
of k does not depend on the choices made in the construction. Note that
the same conclusion can be drawn from [12 Section 5] using Corollary
instead of the surjectivity of the homomorphisms ¢(z), for x € M.

Let us now show that C-equivalent admissible abstract kernels determine

cohomologous 3-cocycles. Given two abstract kernels &: M — ?gg{g)) and

' M — Jf"s((G,)) suppose that (M, G, ®) = (M G, ®'). That is, there exists

a group isomorphism £: G — G’ such that £(c¢) = ¢ for all ¢ € C and
Ep(2)€ € @'(x) for all z € M and all p(z) € ®(z) (see Definition [3.1]).

Suppose that k is the 3-cocycle associated with (M, G, ®) as above. If we
choose ¢'(x) € ®'(x) and f'(z,y) € G’ by putting

o'(x) = Ep(x)e™" and  f(x,y) = E(f(x,y)),
then the 3-cocycle we get from (M, G’, ®’) by means of this choice is precisely
k. Indeed, for all x,y, 2z € M, we have that

()¢ (y) = Ep()EEp(y)E " = Ep(a)p(y) ' =
= sy (@Y)E = te(pynEL@E " = tpiay @ (2y),

and

P (@)(f'(y,2)) + f'(w,y2) = Ep()E'E(f(y, 2) + E(f(w,y2)) =

= &p(x)(f(y, 2)) + E(f(w,y2)) = E(p(2)(f(y, 2)) + fl2,y2)) =
= &(k(z,y, 2) + [z, y) + fzy, 2)) = §(k(2,y, 2)) +&(f(2,y)) +&(f(2y, 2)) =

= k(z,y,2) + f'(z,y) + f'(zy, 2).
Hence we get a well-defined map
C: M(M,C) — H*(M,C), (([M,G,®]) = Obs(®) = cl(k).

Proposition 6.1. The map (: M(M,C) — H3(M,C) is a monoid homo-
morphism.

Proof: Let (([M,G1,®1]) = cl(k1) and (([M,Gq, Ps]) = cl(k2). According
to the beginning of this section, there are p;(z) € ®;(z) and f;(x,y) € G;,
i=1,2, for x,y € M, with ¢;(1) = 15 and fi(z,1) = f;(1,y) = 0, such that

0i(2)0i(y) = K2y Pi(TY)
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and

for all x,y,2 € M. Let now &: M — ?:Z((g)) be the product of ®; and ®,.

Consider the representatives p(z) € ®(x) defined by

p()(clg1, 92)) = cl(@1(2)(91), p2(7)(92))
(see Section 3) and the map f: M x M — G defined by

f(xvy) - Cl(fl(x7y)a fz(l',y))

Clearly, (1) = 1g and f(z,1) = f(1,y) = 0. Furthermore, for all z,y, z €
M, we have

(91), Mfy(ey)P2(Ty)(g2)) =
(91), pa(zy)(g92)) — cl(fi(x,y), f2(x,y)) =

- f(CC, y) - Mf(m,y)@(xy)(d(glvg2))7
and

(@) (f(y, 2))+f(z,y2) = p(@)(cl(fi(y, 2), f2(y, 2))+cl(fi(z,y2), fo(z, y2))

= cl(p1(2)(fi(y, 2)) + fi(z,y2), w2(x)(fo(y, 2)) + folz,y2)) =
= cl(ki(z,y,2) + filz,y) + filzy, 2), ka(z,y,2) + fo(z,y) + folzy, 2)) =
- cz(k1($7 Y, Z)a kQ(:C7 Y, Z)) + Cl<f1(x7 y)? fg(CL‘, y)) + Cl(fl(xyv Z)a f2(xya Z)) -
= cl(ki(z,y,2),0) + cl(0, k2 (2, y, 2)) + f(z,y) + f(zy, 2) =
= ki(2,y,2) + ka(2,y, 2) + f(2,9) + f(2y, 2)
(recall that cl(c,0) = cl(0,¢) = ¢ for all ¢ € C). So, for all z,y,z € M, we
get

(@) o(y) = ts(ayp(Ty)
and

p(@)(f(y,2) + [(@,y2) = ka(2,y, 2) + ko2, 2) + [z, 9) + f(2y, 2).
Thus we have
C([M, G,(I)]) = Cl(kl —f—kz) = Cl(lﬁ) —|—Cl(l€2) = C([M, Gl, (I)l]) —f—C([M, GQ,(I)Q]).
|

Proposition 6.2. The monoid homomorphism (: M(M,C) — H3(M,C) is
surjective.
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Proof: Let cl(k) € H3(M,C). We have to show that there exists an admis-
sible abstract kernel ®: M — ]IE:;Z((E)) with Z(G) = C, inducing the given

action on C, and such that ([M,G,®]) = cl(k) (cf. [7, Lemma 9.1]). First
consider the case in which the monoid M has at least 3 elements. Let F' be
the free group on the set of symbols

{[z.y] |2,y € M2,y # 1}
and let G be the direct product C' x F'. Define a map f: M x M — G by
flxy)=lzy] fz,y#1 and f(z,1) = f(Ly) =0,

where we identify 0 x F' with F'. Next, we identify Z(G) with C' and define
an endomorphism ¢(z) € End(G) by putting, on the generators of G:

p(x)(c) =z -
where the action of M on C' is the given one, and
p(@)(ly, 2]) = k(z,y. 2) + f2,y) + 2y, 2) — f(2,y2). (3)

Then, for all z,y,z,t € M, we have
p(x)oy)([2:t]) = p(@)(k(y, 2, 1) + [y, 2) + f(yz.t) — f(y, 2t)) =
=z -k(y, 2, t) +k(z,y,2) + f(z,y) + f(zy, 2) — (2, y2) + k(z, yz, 1) + [ (2, y2)
+f(zyz,t) — f(x,yzt) — (k(z,y,2t) + (2, y) + f(zy, 2t) — f(z,y21)) =
= [(x,y)+2-k(y, 2, 1) +k(z,y, 2) +k(z,yz,t) —k(2,y, 2t)+ f(2y, 2) — f (2, y2)
+f(@,yz) + fzyz, t) — f(z,y2t) + f(z,yzt) — flzy, 2t) — f(z,y).
Since k is a 3-cocycle, this last expression is equal to
f(@,y) + k(xy, 2,t) + f(2y, 2) + f(ayz,t) — f(2y,2t) — f(z,y) =

= f(z,y) + o(zy)([z.t]) — f(z,9) = sy elzy)((z1).
Hence
p(2)o(y) = by e(Ty)
for all z,y € M. So we obtain an abstract kernel
G ) =il
Let us show that ® is admissible. Suppose that x and y are two distinct

non-trivial elements of M. If xy = 1 then 22 # 1 (since otherwise x =
y) and o(z)([z,x]) does not commute with ¢(z)([x,y]). If xy # 1 then

o: M —
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o(x)([x,z]) and p(x)([y, x]) do not commute. Hence p(x)(C x F') is a non-
abelian subgroup of C'x F' for all x € M. Next, denoting Cexp(p(x)(C X F))
by H and using elementary properties of centralizers, we have

p(z)(C x F) € Coxp(H) = (] Coxple,u) =

(c,u)eH

:ﬂCb>wﬂD ()(C x Cp(u)) = C x () Cr(u)

(c,u) (c,u)eH (cu)eH

Now, if we let H # C, then (., ez Cr(u) is a cyclic subgroup of F' (since
the centralizer of any non-trivial element of a free group is a cyclic subgroup
of that group) and hence ¢(x)(C x F) is an abelian subgroup of C' x F, a
contradiction which shows that Coyxp(p(z)(C x F)) = C for all x € M. So
® is an admissible abstract kernel, inducing the given action on C'. The fact
that (([M, G, ®]) = cl(k) is an immediate consequence of (3.

It remains to consider the cases in which M has less than 3 elements. If M
has only one element, then clearly H*(M, C') = 0, and so the result is obvious.
If M is the two element group, then the abstract kernels involved, as well as
the cohomology group H?(M,C), lie inside groups. Hence one can apply to
this case the proof of [7, Lemma 9.1). If M = M, = {1, z} is the two element
monoid that is not a group, then z is an absorbing element. It is known that
if a monoid possesses an absorbing element, then all its cohomology groups
of order greater than zero are trivial (see e.g. [15]), but for the sake of the
reader’s convenience, let us check here that H3(M,, C') = 0. Suppose that
k: My x My x My — C'is a 3-cocycle. Then x - k(x,z,x) = 0. Define a 2-
cochain g: My x My — C by g(x,z) = —k(x,z,x). Then for the coboundary
dg: My x My x My — C of g, one has

5g(xaxvx) =T g(x,x) - g(xvx) —|—g($,$> - g(xax) =T g(l‘,x) - g(x,x) -
=—z-k(z,z,x) + k(z,z,z) = k(z, x, x).

Thus, the cohomology group H?(Ms, C') vanishes. This clearly implies the
result. |

End(G)

Proposition 6.3. For an admissible abstract kernel ®: M — Tin(G)

have that (([M, G, ®]) = 0 if and only if O is extendable.

we
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End(G)

Proof: Suppose that &: M — Ton(G)

diagram

is extendable. That is, there exists a

E: G " - B d M

|

End(G
End(G) — InngG;,

where FE is a special Schreier extension, the monoid homomorphism 6 is
defined thanks to the uniqueness in the Schreier condition,

b+g=0(b)(g)+0b for every b € B and every g € G,

and ®(x) = pd(b) = cl(0(b)) for any b such that o(b) = = (see the beginning
of Section 4). Let us choose, for every z € M, an element u, € o~ !(x) with
u; = 0, and denote 0(u,) by ¢(z). Clearly, p(z) € ®(z) and p(1) = 1g.
Since F is a special Schreier extension, for all z,y € M, there exists a unique
element f(x,y) € G such that u, + u, = f(z,y) + uyy. This defines a map
f: M x M — G such that f(z,1) = f(1,y) = 0, and implies

p(x)p(y) = ppayplzy)  forallz,ye M.
Indeed,

p(2)e(y) = 0(u)0(uy) = 0(us + uy) =
= 0(f (2, y) + uzy) = 0(f(2,9))0(uzy) = py(ay)p(2y)

(clearly, 0(g) = pg4 for every g € G). Then, thanks to Corollary [2.9) we get,
as in the beginning of this section, that

p(z)(f(y,2)+f(2,y2) = k(z,y, 2)+ f(z,y)+ f(zy,z)  forallz,y,z € M,

(4)
where k: M x M x M — ('is a 3-cocycle. Hence, by definition of {, we have
C([M,G,®]) = cl(k). Next, on one hand

Uy + Uy +u, = f(2,Y) + Ugy +u, = f(z,y) + [y, 2) + Usys,
and, on the other hand
Uy +uy + Uy = Uy +f(y,z) +uyz = go(a:)(f(y,z)) + Uy +uyz =

= o(@)(f(y,2)) + f(z,y2) + Uy,
whence

p(2)(f(y,2)) + fz,y2) = flz,y) + flay,2)  forallz,y,z € M.
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Comparing the last equality with (), we obtain that & = 0. Thus
(([M,G,2]) =0.

Conversely, suppose that (([M,G,®?]) =
and f(x,y) € G for z,y € M, with ¢(1)
such that

0. Then there are p(z) € ®(x)
= 1 and f(2,1) = f(1y) = 0,

(@) o(y) = tif(zyP(Ty)
and, in addition, f(z,y) can be chosen so that
e(@)(f(y,2) + f(z,y2) = f(z,y) + fzy,z)  forallz,y,z€e M

(cf. [12, Proposition 5.6]). Then the set [G, ¢, f, M| of all pairs (g,z) € GXxM
with the operation defined by

(91, 2) + (92,9) = (91 + () (92) + f(2,9), 2y)

is a monoid, and the sequence

G—~ (G, f,M] =M, i(g)=1(g,1), plg.x)=ux,

is a special Schreier extension of M by G inducing the given admissible

abstract kernel ®: M — 7298 ((0,2)+(g, 1) = (p(2)(9), 7) = (p(z)(g), 1)+

(0, 2)). m

Now, as an immediate consequence of Propositions [6.2] and [6.3], we have
the following

Theorem 6.4. The map

M(M,C)

(' AM,C) = L0

S HY(M,C), C(cl((M, G, @) = (M, G, ®]),

1S a group 1somorphism.

If M = 1II is a group then ®: II — ?gd(( )) factors through ﬁ;‘tgg

Theorem turns into the classical interpretation of the third cohomology
Aut(G) [7
Inn(G) &

and

group of IT in terms of the abstract kernels of the form &: II —
Theorem 10.1].
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