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ABSTRACT: Let A be an associative algebra over a field F' of characteristic zero and
let L be a Lie algebra over F. If L acts on A by derivations, then such an action
determines an action of its universal enveloping algebra U(L) and in this case we
refer to A as algebra with derivations or L-algebra.

Here we give a complete characterization of the ideal of differential identities of
finite dimensional L-algebras A in case the corresponding sequence of differential

codimensions cZ(A), n > 1, is polynomially bounded. As a consequence, we also

characterize L-algebras with multiplicities of the differential cocharacter bounded
by a constant. Moreover, along the way we classify up to L-PI-equivalence the finite
dimensional L-algebras of almost polynomial growth.
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1. Introduction

This paper deals with differential identities of algebras over a field F' of
characteristic zero. More precisely, if A is an associative algebra over F' and
L is a Lie algebra acting on A by derivations, then this action can be naturally
extended to an action of the universal enveloping algebra U(L) of L and in
this case we say that A is an algebra with derivations or an L-algebra. Then
a differential identity of the L-algebra A is a polynomial in non-commuting
variables ¢ = d(x), d € U(L), vanishing in A. Such identities have been
studied in later years (see for example [6, 9, 12, 17, 19]) and they are a natural
generalization of polynomial identities of algebras.

It is well-known that in the ordinary case the polynomial identities satis-
fied by a given associative algebra A can be measured through its sequence
of codimensions ¢,(A), n > 1, i.e., where ¢,(A) is the dimension of the space
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P, of multilinear polynomials in n variables modulo the polynomial identities
Id(A) of A. Such a sequence was introduced by Regev in [16] and, in charac-
teristic zero, gives an actual quantitative measure of the identities satisfied
by a given algebra. The most important feature of the sequence of codi-
mensions proved in [16] is that if A is an associative algebra satisfying a non
trivial polynomial identity (PI-algebra), then ¢, (A) is exponentially bounded.
Later Kemer in [11] showed that such codimensions are either polynomially
bounded or grow exponentially (no intermediate growth is allowed).

In light of above, it is convenient to use the language of varieties of algebras.
Recall that if V = var(A) is the variety generated by an algebra A, then the
growth of V is the growth of the sequence ¢,(V) = ¢,(A), n > 1. Also we
say that V has polynomial growth if ¢,(V), n > 1, is polynomially bounded
and V has almost polynomial growth if ¢,(V), n > 1, is not polynomially
bounded but every proper subvariety of V has polynomial growth.

Much effort has been put into the study of varieties of polynomial growth.
In this setting a celebrated theorem of Kemer characterizes them as follows.
If G is the infinite dimensional Grassmann algebra over F' and UT5 is the
algebra of 2 x 2 upper triangular matrices over F', then a variety of algebras
V has polynomial growth if and only if G, UT, ¢ V. Hence var(G) and
var(UT3) are the only varieties of almost polynomial growth. Similar results
were also proved in the setting of varieties of graded algebras [5, 20] and
algebras with involution [4].

Inspired by the above results it is natural to expect that a similar conclusion
holds for varieties of L-algebras. In fact, in analogy with the ordinary case,
one defines the sequence of differential codimensions cZ(A), n > 1, of an
L-algebra A. In case A is a finite dimensional L-algebra, Gordienko in [§]
proved that cZ(A) is exponentially bounded. As a consequence, it follows
that the differential codimensions of a finite dimensional algebra are either
polynomially bounded or grow exponentially.

Our purpose here is to characterize L-varieties V, i.e., variety of algebras
with derivations, having polynomial growth and we reach our goal in the set-
ting of varieties generated by finite dimensional L-algebras A. In this setting,
we prove that V has almost polynomial growth if and only if UT,, UTs ¢ V,
where UT5 is the L-algebra of 2 X 2 upper triangular matrices over F' where L
acts trivially on it and UT5 is the L-algebra UT; with F'e-action, where ¢ is
the inner derivation induced by eq1, where e;;’s denote the usual matrix units
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(see [6, 19]). As a consequence, there are only two varieties with derivations
generated by a finite dimensional algebra with almost polynomial growth.

Similarly to the ordinary case, another two useful invariants can be at-
tached to an algebra with derivations A: the sequence of differential cochar-
acter xL(A), n > 1, where xZ(A) is the character of the S,-module of multi-
linear differential polynomials in n variables modulo the differential identities
Id*(A) of A, and the differential colength sequence IL(A), n > 1, where IL(A)
is the sum of the corresponding multiplicities of xZ(A).

It is well-known that, in case A is a finite dimensional L-algebra, the mul-
tiplicities of the differential cocharacter are polynomially bounded (see [8]).
Thus it seems interesting to characterize the differential cocharacter sequence
when stronger conditions hold for the multiplicities. In this perspective, mo-
tivated by the results for ordinary algebras [14], for graded algebras [3, 15]
and for algebras with involution [18, 21], we characterize the differential iden-
tities when the corresponding multiplicities are bounded by a constant. In
particular we prove that the multiplicities in yZ(A) are bounded by a con-
stant if and only if differential codimensions of A grow polynomially, and,
consequently, we get another characterization of L-varieties of polynomial
growth. Also as a direct consequence of this results we have that cZ(A) is
polynomially bounded if and only if [2(A) is bounded by a constant.

We give also three others characterizations of L-varieties V of polynomial
growth: the first one in terms of the L-exponent of V), the second in terms
of the structure of an algebra generating ) and the last one in terms of
the shape of the diagrams of the irreducible S,-characters appearing with
non-zero multiplicity in the nth differential cocharacter of V.

2. Preliminaries

Throughout this paper F' will denote a field of characteristic zero and L a
Lie algebra over F'. Let A be an associative algebra over F'. Recall that a
derivation of A is a linear map ¢ : A — A such that

d(ab) = 0(a)b+ ad(b), for all a,b € A.

In particular, an inner derivation induced by a € A is the derivation ad, :
A — A of A defined by ad,(b) = [a,b] = ab — ba, for all b € A. The set of all
derivations of A is a Lie algebra denoted by Der(A), and the set ad(A) of all
inner derivations of A is a Lie subalgebra of Der(A).
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If L acts on A by derivations, then by the Poincaré-Birkhoff-Witt Theorem,
the L-action on A can be naturally extended to an U(L)-action, where U(L)
is the universal enveloping algebra of L. In this way A becomes a left U(L)-
module and we call it algebra with derivations or L-algebra.

Given a basis B = {h; : i € I} of U(L), we let F(X|L) be the free
associative algebra over F' with free formal generators x?, 1€ 1,7 €N
For all h = . ;a;h; € U(L), where only a finite number of o; € F are
non-zero, we set 2" :=>"._ a;z™. We let U(L) act on F(X|L) by setting

hiy Dy hiny _ Yhiy i hin hiy iy Yhip,
gty ) =y )t ey
where v € L and z;'z;*...2;" € F(X|L). In this way F(X|L) has a

structure of L-algebra. We write z; := x!, 1 € U(L), and we set X =
{x1,x9,...}. Then the algebra F'(X|L) is called the free associative algebra
with derivations on the countable set X over F' and its elements are called
differential polynomials.

Let now A be an L-algebra. A polynomial f(z1,...,x,) € F(X|L) is a
differential identity of A, or an L-identity of A, if f(aq,...,a,) = 0 for all
a; € A, and, in this case, we write f = 0. We denote by

Id4(A) = {f € F(X|L): f =0 on A},

the Tp-ideal of differential identities of A, i.e., it is an ideal of F(X|L) in-
variant under the U(L)-action. In characteristic zero Id¥(A) is completely
determined by its multilinear polynomials and for every n > 1 we denote by

PL = span{:cgi(ll) . lﬁ(%) c0 € Sy, h; € B}

the space of multilinear differential polynomials of degree n. Notice that
in case U(L) acts on A as a suitable finite dimensional subalgbera of the
endomorphism algebra of A, then PF is finite dimensional and similarly to
the ordinary case we can define the following invariants.

The non-negative integer

PL

- T ) n Z )
PLN1d*(A)
is called the nth differential codimension of A.

Recall that the symmetric group S, acts on the left on the space P as
follows: for o € S, o(al) = CCZ(Z-). Since P N 1d%(A) is stable under this

i
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Sp-action, the space
PL
P nL (A) - - L
PENId*(A)
is a left S,-module and its character, denoted by xZ(A), is called the nth
differential cocharacter of A. Since F' is of characteristic zero, we can write

Xﬁ(A) = ZmAXm

AFn

where A is a partition of n, x, is the irreducible S,-character associated to
A and my > 0 is the corresponding multiplicity.

Another numerical sequence that can be attached to a L-algebra A is the
sequence of differential colengths. If xyZ(A) = 3", myx, is the nth differ-
ential cocharacter of A, then the nth differential colength of A is defined

as
AFn

Let L be a Lie algebra and H be a Lie subalgebra of L. If A is an L-algebra,
then by restricting the action, A can be regarded as a H-algebra. In this case
we say that A is an L-algebra where L acts on it as the Lie algebra H and we
restrict the Tr-ideal Id”(A) to the Ty-ideal Id¥ (A), i.e., in Id*(A) we omit
the differential identities 7 = 0, for all v € L\ H.

Notice that any algebra A can be regarded as L-algebra by letting L act
on A trivially, i.e., L acts on A as the trivial Lie algebra and U(L) = F.
Hence the theory of differential identities generalizes the ordinary theory of
polynomial identities.

Recall that if A is an L-algebra, then the variety of algebras with derivations
generated by A is denoted by var®(A) and is called L-variety. The growth
of V = varl(A) is the growth of the sequence ¢ (V) = ck(A), n > 1. We say
that the L-variety V has polynomial growth if cZ()) is polynomially bounded
and V has almost polynomial growth if ¢f(V) is not polynomially bounded
but every proper L-subvariety of V' has polynomial growth.

We conclude this section by recalling some basic results concerning the
sequence of cocharacters and colenghts which can be easily proved.

Remark 1. Let A and B be two L-algebras such that

XE(A) =D "maxa and xE(B) =) mixn.
AFn AFn
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1. If B € vart(A), then m\ < my, for all \ - n, and I2(B) < 1%(A), for
alln <1.

2. The direct sum A @ B s also an L-algebra with L-action induced by
the L-action by derivations defined on A and B. Moreover, if

Xn A@B Zm)\X)\

is the decomposition of the nth differential cocharacter of A@® B, then
my < my+m), for all A+ n.

3. Finite dimensional L-algebras and varieties of poly-
nomial growth

In this section we shall characterize finite dimensional algebras with deriva-
tions generating varieties of polynomial growth.

We start by recalling some results on the structure of finite dimensional
algebras with derivations.

Let L be a Lie algebra over F' and A an L-algebra over F. An ideal
(subalgebra) I of A is an L-ideal (subalgebra) if it is an ideal (subalgebra)
such that IY C I, where I* denotes the set of all h(a), for all a € I and
h € U(L). The algebra A is L-simple if A% # {0} and A has no non-trivial
L-ideals.

Let A be a finite dimensional L-algebra over F. By Wedderburn-Malcev
Theorem for associative algebras (see [7, Theorem 3.4.3]), we can write A as
a direct sum of vector spaces

A:ASS+J7

where A, is a maximal semisimple subalgebra of A and J = J(A) is the Ja-
cobson radical of A. Notice that .J is always an L-ideal of A (see [10, Theorem

4.2]), but it may not exist an L-invariant Wedderburn-Malcev decomposition,
i.e., it may happen that AL . € Agg, for every maximal semisimple subalgebra
ASS of A. However, we remark that the Wedderburn-Malcev decomposition
always exists in case L is a semisimple Lie algebra (see [9, Theorem 4]). In
what follows we give an example of an L-algebra that has no L-invariant
Wedderburn-Malcev decomposition.

Example 2. Let UTY be the L-algebra of 2 x 2 upper triangular matrices
where L acts on it as the 1-dimensional Lie algebra spanned by the inner
deriwation 0 = ade,,. Suppose that UT2‘5 = A + J for some mazrimal
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semisimple subalgebra Ay of UTY such that AL, C Ay, Since § = ad.,,,
J = spanp{en} and AL, C A, it follows that [A, J] € As. On the
other hand , since J is an ideal of UTY, [Ay,J] € J. Thus it follows
that [Ass, J] C Ass N J = {0}. But since J = spanp{eia}, we have that
[J,J] = {0}. This says that the center of UTY contains J, that is no true.
Therefore AL @ Ay, for all mazimal semisimple subalgebra Ass of UTy.
Thus UTY has no L-invariant Wedderburn-Malcev decomposition.

In [8], Gordienko proved that if A is a finite dimensional L-algebra, then

the sequence of differential codimensions cZ(A) is exponentially bounded.

Moreover, the author proved that the limit lim {/cL(A) exists and is a non-
n—oo

negative integer. In this case, this limit is called the L-exponent of A and is
denoted by exp”(A). In particular, we have the following.

Theorem 3. [8, Theorems 1 and 3] Let A be a finite dimensional algebra over
a field of characteristic zero. If L is a Lie algebra acting on A by derivations,
then there exist constants C1,Cy, 11,19, C1 > 0, and a positive integer d such
that

Cin'd" < CTI{(A) < Cyn?d", for alln € N.
Hence, eXpL_(A) = d. Moreover, If J = J(A) is the Jacobson radical of A
and A/J =A@ --- D A, then

where i, # 15,1 < r,s <n, A=A+ F-1 and A; 1s a subalgebra of A
(not necessary L-invariant) such that w(A;) = A;, for all 1 < i < m, where
w: A— A/J is the natural projection.

As a consequence we have the following corollaries.

Corollary 4. If A is a finite dimensional L-algebra, the sequence ct(A),
n > 1, either is polynomially bounded or growth exponentially.

Corollary 5. Let A be a finite dimensional algebra over a field of character-

istic zero. Then the sequence cE(A), n > 1, is polynomially bounded if and
only if expt(A) < 1.

As in the ordinary case, we have the following remark (see [7, Lemma
7.2.1]).
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Remark 6. If A and B are L-algebras, then A®B has an induced structure of
L-algebra and cE(A® B) < ck(A)+cL(B). As a consequence, exp®(A® B) =
max{exp’(A), exp?(B)}.

Recall that if A and B are two L-algebras, then we say that A is T7p-
equivalent to B, and we write A ~p, B, if Id¥(A) = Id*(B). Notice that

given an L-algebra A, A is Tr-equivalent to B if and only if varf(A4) =
vart(B).

Lemma 7. Let F be a field of characteristic zero, F the algebraic closure of F
and A a finite dimensional L-algebra over F, where L is a Lie algebra over F
acting on A by derivations. Suppose that dimp A/ J(A) < 1. Then A ~p, B
for some finite dimensional L-algebra B over F with dimp B/J(B) < 1.

Proof: Since dimp A/J(A) < 1, it follows that either A = F + J(A) or
A = J(A) is a nilpotent algebra. Now we take an arbitrary basis {v1,...,v,}
of J(A) over F' and we let B be the L-algebra over F generated by B =
{1p,v1,...,0,} or B={vy,...,v,} according as A = F + J(A) or A = J(A),
respectively.

Since A is finite dimensional over F' and J(A) is a nilpotent L-ideal of A,
B is finite dimensional over F'. Therefore B is a finite dimensional L-algebra
and dimp B/J(B) = dimz A/J(A) < 1. Now notice that, as F-algebras,
Id*(A) C I1d*(B). On the other hand, if f is a multilinear differential identity
of B then f vanishes on B. But B is a basis of A over F. Hence Id“(B) C
Id“(A) and A ~7, B. m

Next theorem gives a characterization of L-varieties of polynomial growth
in terms of the structure of the generating algebra.

Theorem 8. Let L be a Lie algebra over a field F of characteristic zero
and A be a finite dimensional L-algebra over F. Then cE(A), n > 1, is
polynomially bounded if and only if A ~p, By ® --- & B,,, where By, ..., By,
are finite dimensional L-algebras over F' such that dim B;/J(B;) < 1, for all

1< <m.

Proof: Suppose first that A ~7, B where B = B1®---®&B,,, with By, ..., B,
finite dimensional L-algebras over F' such that dim B;/J(B;) < 1, for all
1 < i < m. Then, by Theorem 3, c£(B;) is polynomially bounded, for all
1 <i<m,and cZ(A) = c&(B) < c&(By) + -+ + c(B,,). Thus ck(A) is
polynomially bounded.
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Conversely, suppose that cZ(A) is polynomially bounded. Assume first
that F' is algebraically closed. Let A = A, + J where A, is a semisimple
subalgebra and J = J(A) is the Jacobson radical of A. By Theorem 3, it
follows that Ag, = A1 ®- - DA with A; 2+ 2 A, = F and AFATAL = {0},
forall 1 <4,k <I,1#k.

Set By =A1+J,....Bi=A+J. SinceAiL CA+Jforalll <i<I, and
J is an L-ideal of A, B; is an L-subalgebra of A, for all 1 <i <[. We claim
that

Id%(A) = 1d4(By) N ---n1d*(B) N1d5 ().

Clearly Id*(A) C 1d%(By) N ---N1d*(B;)) n1d*(J). Now let f € Id*(B;) N
---NId*(B;)NId*(J) and suppose that f is not a differential identity of A. We
may clearly assume that f is multilinear. Moreover, by choosing a basis of A
as the union of a basis of Ay, and a basis of J, it is enough to evaluate f on
this basis. Let ug, ..., u; be elements of this basis such that f(uq,...,u;) # 0.
Since f € Id* (J), at least one element, say us, does not belong to J. Then
us € By, for some r. Recalling that AFAL C AFATAL = {0}, for all i # k,
we must have that uy,...,u; € A, UJ. Thus uy,...,u; € A, +J = B, and
this contradicts the fact that f is a differential identity of B,. This prove
the claim. The proof is completed by noticing that Id*(B, @ ---® B @ J) =
Id4(By) N ---Nn1d*(B) N1d"(J) and dim B;/J(B;) = 1, for all 1 <i < 1.

In case F is arbitrary, we consider the algebra A = A ®p F, where F' is
the algebraic closure of ' and A = A ®@p F is endowed with the induced
L-action (a ® a)? = a’ ® «, for v € L, a € A and a € F. Clearly, over
F, varl(A) = varl(A). Moreover, the differential codimensions of A over F
coincide with the differential codimensions of A over F. Thus, by hypothesis,
it follows that the differential codimensions of A are polynomially bounded.
But then, by the first part of the proof, A ~7, B1®---®B,, where By, ..., B,
are finite dimensional L-algebras over F' such that dimz B;/J(B;) < 1, for all
1 <7 <m. By Lemma 7 there exist finite dimensional L-algebras C1,...,C),
over F' such that, for all i, C; ~p, B; and dimp C;/J(C;) < 1. It follows that
Id*(A) = 1dY(A) = 1d"(B, @ --- ® B,,) = 1d*(C, @ --- ® C,,) and we are
done. |

4. L-varieties of almost polynomial growth

In this section we shall introduce two finite dimensional L-algebras gener-
ating L-varieties of almost polynomial growth and we shall prove that are
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the only two finite dimensional algebras with derivations generating varieties
of almost polynomial growth.

Let L be any Lie algebra over I’ and let consider the algebra UT5 of 2 x 2
upper triangular matrices over F' where L acts trivially on it. Since 27 = 0,
for all v € L, is a differential identity of UT5, we are dealing with ordinary
identities. Thus by [11] we have the following.

Theorem 9. The algebra UT, generates a variety of algebras with deriwations
of almost polynomial growth.

Recall also that in the ordinary case by [13], [11] and by the proof of Lemma,
3.5 in [1], we have the following results.

Theorem 10.
1. IdL(UTg) = <[I1,$Q] [1’3,$4]>TL.
2. cH(UTy) =2""n—2) + 2.
3. If XE(UTy) = >, maxy is the nth differential cocharacter of UTh,

then
1, if A= (n)
my=<¢q+1, ifA=({@+qp) orA={p+qpl).
0 i all other cases

As a consequence it follows that

2 _
hUm) =" (1)

In [6], Giambruno and Rizzo introduced another algebra with derivations
generating a variety of almost polynomial growth. They considered UT5 to
be the L-algebra UT, where L acts on it as the 1-dimensional Lie algebra
spanned by the inner derivation € = ad,,,, where ¢;;’s are the usual matrix
units. The authors proved the following.

Theorem 11. [6, Theorems 5 and 12]

L. IdL(UTf) - <5E§2 - xiv xixga [;1;'173;218 - [x17x2]>TL;
2. cE(UTs) =2""In — 1.
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3. If XE(UTS) = >y, maXy is the nth differential cocharacter of UTs,

then
(n+1, if A= (n)
my — J 2@ A=(p+a.p)
q+1, ifA=(p+qp1)
L0 wm all other cases

Theorem 12. [6, Theorem 15] The algebra UTs generates a variety of alge-
bras with derivations of almost polynomial growth.

Notice that as a consequence of Theorem 11 we get that

2 . .
3n”—2ntd  if 1 {5 even

ILUT) = { g s - :
W (UT3) {%ﬂ, if n is odd 2

Denote by UT, the L-algebra UT, where L acts on it as the 1-dimensional
Lie algebra spanned by a derivation n of UT,. Notice that since any derivation
of UT, is inner (see [2]), Der(UT5) is the 2-dimensional metabelian Lie algebra
with basis {¢, 0}, where ¢ = ad,,, and 0 = ad,,,. Then n = ac + 9, for some
a, B € F. In [19] the author proved the following.

Theorem 13. [19, Theorem 12| Let n = ae + 6 € Der(UTh) such that
a, 8 € F are not both zero.
1. If a # 0, then Id*(UTY) = (x 7172 — ax], xi{xd, [x1,x9)" — afry, xa])T, -
Otherwise, 1d*(UT)) = (xl, zles, [z, o)1, .
L(UTY) = 2" 'n + 1.

As a consequence we get the following corollary.
Corollary 14. If o # 0, then 1dX(UT})) = 1d*(UTs). Otherwise, 1d“(UT}) C
1d4(UTy).

A basic result we shall need in what follows is the following.

Theorem 15. [10, Theorem 4.3] Let A = Ay + J be an algebra over F,
where Ags is a semisimple subalgebra and J = J(A) is its Jacobson radical.
Suppose v is a derivation of A. Then ~v = ad, +7' where a € A and ' is a
derivation of A such that ~'(Ags) = 0.

Next lemmas will be useful to establish a structural result about L-varieties
of polynomial growth.
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Lemma 16. Let A = A; & Ay + J be a finite dimensional L-algebra over

an algebraically closed field F of characteristic zero, where Ay = Ay = F. If
AFAL £ {0}, then AL Ay # {0} and A AL # {0}.

Proof: Notice first that AYAy = {0} if and only if A;ALY = {0}. In fact,
if AFA, = {0}, then for all ¥ € L we have that 7y(e;)es = 0, where
e; € A; with €2 = ¢;, 1 = 1,2. By definition of derivation it follows that
e1y(e2) = —v(e1)es = 0. Thus by Poincaré-Birkhoff-Witt Theorem we have
that A; AL = {0}. Similarly it can be proved the converse.

Let now assume by contradiction that AFA; = A; AL = {0}. Then, since
by hypothesis AFAL £ {0}, there exist hi,hy € U(L) such that hy, hy ¢
spanp{1y)} and hi(e;)ha(e2) # 0. Without loss generality we may assume
that hy =y ...v%, i€ L,i=1,...,r, r > 1. We proceed by induction on
T

If » = 1, then by definition of derivation ~y;(e1ha(es)) = ~1(e1)ho(es) +
e171(ha(ez)). Since Ay AL = {0}, it follows that hy(e1)ha(e2) = 0, a contradic-
tion. So let suppose that » > 1. Weset I = {i1,...,4,} and K = {k1,..., Kk}
to be two disjoint subsets of {1,...,7r} such that iy < --- < iy, p < 7,
and k1 < --+ < ki, t < r, respectively. If we denote hy = ~; ---7;, and
hix = Vg, - - VK, then by definition of derivation, we have that

h1(61h2(€2)) = hl(el)hg(eg) + elhl(hg(eg)) + Z h[(€1)h}((h2(62)).
1K

Thus since A; AL = {0}, it turns out that

hn(er)ha(es) = =Y crler)e (ha(es)).

I.K

Hence by the induction hypothesis we have that hy(e1)ha(es) = {0}, a con-
tradiction and the claim is proved. |

Lemma 17. Let A= A1 ®--- B A, + J be a finite dimensional L-algebra

Y

over an algebraically closed field F' of characteristic zero, where A = -+ =
Ay & F. If there exist 1 < i,k < m, i # k, such that A¥A*AL =£ {0}, then
UT,) € varl(A), where n = ae + 5, for some a, B € F.

Proof: Suppose that there exist 1 < i,k < m, i # k, such that ALATAL £
{0}. Then we assume, as we may, that ¢ = 1 and k£ = 2. Moreover, since
A" = A ® Ay + J is an L-subalgebra of A, we shall prove that UT) €
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varf(A’) C var®(A), where n = ae + 36, for some «, f € F. Hence without
loss of generality we may suppose that A = A; @ As+J and AFATAL £ {0}.

Let us assume first that AV Al = {0}. We claim that there exist elements
j€J, e € A; with e? =¢;, 7= 1,2, such that ejjes # 0. In fact, assume by
contradiction that A;JAs = {0}. Since by hypothesis AFATAL £ {0} and
AL AL = {0}, it follows that AL JAL # {0}. Thus there exist j € J, e; € A;
with 6? = €4, 1= 1,2, such that hl(el)jh2(62> 75 0, for some hl,hg € U(L)
Since A;JAy = {0}, then hy & spanp{1y )} or hy ¢ spanp{1ly)}-

Suppose first that hi, ho ¢ spang{1y )}, the other cases will follow anal-
ogously. Notice that we may assume hi,hs € L. In fact, if for example
hy ¢ L, then without loss generality we may suppose that h; = ~1...7,
v € Lyt =1,...,7, r > 1. Hence by definition of derivation and the
idempotence of e; we have that

hi(er) = hi(er)er + exha(er) + Y hyler)hi(er), (3)

where I = {i1,...,4,} and K = {ki,...,k} are two disjoint subsets of
{1,...,7} such that 44 < -+~ < 4y, p < 7, and ky < -+ < K, t < 1,
respectively, hy = 7;, -7, and hg = g, -+, Since A;JAy = {0} and
hi(e1)jha(ea) # 0, it turn out that there exist I = {i1,...,4,} and K =
{k1,..., Kk} such that hr(e1)hg(e2)jho(ez) # 0. Thusif p=1ort =1, we
have done. If p,t > 1, then we iterate the previous argument. Therefore it
follows that h; € L. Analogously it can be proved that hy € L.

Since hq(e1)jha(es) # 0 with hy, hy € L, then by definition of derivation
and the idempotence of e; and ey, we have that

€1h1(61)j62h2(€2)+€1h1(61)jh2(€2)62—|—h1(61)61j62h2(€2)+h1(el)eljhg(eg)eg 7é 0,

a contradiction since h;(e;) € J, i = 1,2. Hence A;J Ay # {0}.

Let j € J be such that e;jes # 0 and let B the algebra generated by
h(e1), h(es), h(eijes), for all h € U(L). Then B is an L-subalgebra of A
and if [ is the ideal generated by hi(e1), ha(es2), hg(erjes) — erhs(eijes)es,
erjes — hs(eijes), for all h; € U(L), h; & spanp{1ly(z)}, 1 < i < 3, such that
hs(erje) # 0 and h;(e;) # hg(erjes), i = 1,2, then [ is an L-ideal of B.
Thus the algebra B = B/I is an L-algebra.

Let ¢ : B — UTy, where n = as + (39, for some «, 3 € F, the linear map
defined by ¢(e1 + 1) = e11, ¢(es + I) = €99, Pp(e1jes + 1) = e12. Then for
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appropriate choose of a, 8 € F', ¢ is an isomorphism of L-algebras and since
B € varf(A), the claim is proved.

Assume now that AFAL # {0}. By Lemma 16, it follows that AlA,,
A1 A% # {0}. So, let h € U(L), h ¢ spanp{1y(r)}, such that h(e;)es # 0 and
let consider the algebra C' generated by h(e;), h(es), for all h € U(L). Then
C'is an L-subalgebra of A. If we consider the ideal I generated by hi(ey),
hg(eg), hg(h(el)eg) - 61h3(h(€1)€2)€2, h(61)62 — hg(h(el)eg), for all h_@ € U(L),
hi & spanp{1ly ()}, 1 <1 < 3, such that hz(h(er)ez) # 0 and for all h € U(L),
hi(e;) # erh(h(e1)es)es, i = 1,2, then I is an L-ideal of C. Thus the algebra
C = (C/I is an L-algebra such that C' € var’(A). Thus in order to complete
the proof is enough to show that C'is isomorphic as L-algebra to UT,, where
n = aec + (6, for some a, 5 € F.

Notice that we may assume that ejh(eq)es = h(ep)es. In fact, without loss
generality we may suppose that hy = v...v, v € L,i=1,...,r,r > 1.
We proceed by induction on r.

If r = 1, the claim ready follows from the definition of derivation. So let r >
1. Thus by (3), if Y ; ;¢ hi(e1)hx(e2) = 0, it follows that h(e1)es = e1h(er)es.
Otherwise there exist v;,,...,v, € L, s < r, such that -, ...7.(e1)es # 0.
By the inductive hypothesis ey, ...y, (e1)ea = 7y, - - - Y. (e1)e2 and we have
done.

Let ¢ : C — UT, be the linear map defined by ¢(e; +1) = eq1, (ea+1) =
€99, W(h(ey)es + I) = e1, where n = ae + 6, for some «, 8 € F. Then for
an opportune choose of a, 5 € F', ¢ is an isomorphism of L-algebras and the
proof is complete. |

Next theorem gives us a characterization of the varieties of algebras with
derivations of polynomial growth in terms of the L-algebras UT5 and UT5.

Theorem 18. Let L be a Lie algebra over a field F' of characteristic zero

and let A be a finite dimensional L-algebra over F. Then the sequence ct(A),

n > 1, is polynomially bounded if and only if UTy, UTs ¢ varl(A).

Proof: First suppose that cZ(A) is polynomially bounded. Since, by Theo-
rem 11, UT, and UT5 generate L-varieties of exponential growth, we have
UTy, UTs ¢ vark(A).

Now assume UTy, UTs ¢ varl(A). Using an argument analogous to that
used in the ordinary case (see [7, Theorem 4.1.9]), we can prove that the
differential codimensions do not change upon extension of the base field and
so we may assume F'is algebraically closed.
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By Wedderburn-Malcev theorem for ordinary algebras,
A=A DAy + J,

where J = J(A) is the Jacobson radical of A and A; is a simple algebra, for
all 1 < i < m. Notice that since UT, ¢ varl(A), it follows that A4; = F, for
all 1 <4 < m. Then, in order to finish the proof, by Theorem 3, it is enough
to guarantee that AFATAL = {0}, for all 1 < i,k < m, i # k. Suppose to
the contrary that there exist 1 < i,k < m, i # k, such that AFATAL £ {0}.
By Lemma 17, UT, € var®(A), where n = as + 36, for some «, 8 € F. Thus
by Corollary 14 we reach a contradiction and the theorem is proved. ]

As a consequence we have the following corollary.

Corollary 19. UT, and UTs are the only finite dimensional algebras with
derivations generating L-varieties of almost polynomial growth.

5. Differential cocharacter of varieties of polynomial growth

In this section we give other characterizations of L-varieties ) of polynomial
growth through the behaviour of their sequences of cocharacters.

Theorem 20. Let L be a Lie algebra over a field F' of characteristic zero
and let A be a finite dimensional L-algebra over F. Then ck(A), n > 1, is
polynomaially bounded if and only if there exists a constant q such that

Xi(A) = > max
An
[Al=A1<q
and J(A)? ={0}.

Proof: Notice that the decomposition of xZ(A) into irreducible characters
does not change under extensions of the base field. This fact can be proved
following word by word the proof for the ordinary case (see for example [7,
Theorem 4.1.9]). Also if F is the algebraic closure of F' and J(A)? = {0},
then J(A®prF)? = {0}. Therefore we may assume, without loss of generality,
that F'is an algebraically closed field.

Suppose ct(A), n > 1, is polynomially bounded and let A be a partition of n
such that [\| = A; > g and my, # 0. Then there exist f € P* and a tableau T),
such that eq f ¢ Id¥(A). Let N = (\,,..., X)) be the conjugate partition of \.
Then er, f is a linear combination of polynomials each alternating on ¢ disjoint
sets of A|, ..., \} variables, respectively. We shall reach a contradiction by

proving that these polynomials ¢ vanish in A.
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Let A=A &®---® A, +J, where Ay,..., A, are simple algebras and
J = J(A) is the Jacobson radical, then by Theorem 3, dim A; = 1 and
AFATAL = {0} for all 1 <4,k < m, i # k. In order to get a non-zero value of
g we must replace at most one variable with elements of a single component,
say, A;, and the others variables with elements of J. Since dim A; = 1, we
can substitute at most one element of A; in each alternating set. Thus we
can substitute at most A\; elements from A;. It follows that to get a non-zero
value, we must substitute at least |A\| — A; elements from J, but |A\| — A\; > ¢,
and we reach a contradiction since J¢ = {0}.

Suppose now that x2(A) = = myx,. Since |A|=X; < ¢, then \; > n—q
AR
A=Xi<q
n!

< n4. Thus by [8, Theorem

and by the hook formula d) = deg ) = ( s
n—gq)!

5], it follows that
cﬁ(A) = Z mady < nf Z my < Cn?

A=n An
[Al=A1<q IAl=A1<q
for some constant C, ¢/, and the claim is proved. |

Next theorem give us a characterization of finite dimensional L-algebras
with multiplicities of the nth differential cocharacter bounded by a constant.
We start by proving the following result.

Lemma 21. Let A be a finite dimensional L-algebra over an algebraically
closed field such that dimp A/J(A) < 1. Then there exists a constant C' such
that in xE(A) = Y\, maxa

my S Ca
for allm > 1.

Proof: Let A = Ay + J where Ay is a semisimple subalgebra and J = J(A)
is the Jacobson radical of A. Since dimp A/J(A) < 1, it follows that either
A =2 F or A = J(A) is a nilpotent algebra. Clearly if A is a nilpotent
algebra, we have nothing to prove. So let assume that A,z = F.

Let now d = dimp A and {ay,...,aq} be a basis of A where a; € A, and
as,...,aq € J. If ¢ is the smallest positive integer such that J¢ = {0}, we
shall prove that m, < dq%, for all \ - n.

Notice that since dimg A/J(A) < 1, by Theorem 3, cZ(A) is polynomially
bounded. Then, by Theorem 20, we get that m) # 0 if and only if h(\) < g,
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where h(A) is the height of the partition A F n, i.e., the number of the rows
of .

So let A = n be a partition such that A(A) < ¢. Consider the Young tableau
T) of shape A and the corresponding minimal essential idempotent ez,. Then
it is well-known that

er, = Z (sgnt)oT

O'ERT)\
TECT)\

where Ry, and C7, are the subgroups of row and column permutations of T},
respectively.

For all 1 < j < ¢, let X; be the set of variables whose indices lies in the
ith row of Ty. Thus, for any f € PZ, the polynomial ez, f is symmetric in
cach set X, ..., X, and its variables are partitioned into the disjoint union
of ¢ subsets X; U---U X,. Notice that X; may be empty if h(\) < j < gq.

Notice that for any p € S,, per, # 0. Then it follows that, if er, f # O,
where f is a multilinear differential polynomial, then er, f and per, f generate
the same irreducible S,,-module.

Let fi,..., f, be a multilinear differential polynomial generating in PX(A)
different isomorphic irreducible S,,-modules corresponding to the same par-
tition. By the above, one can choose py,...,p, € S, and a decomposition
X = X1 U---UX, such that pifi,..., pmfm are simultaneously symmetric
on X;, 1 < j < q. Thus without loss of generality, we may assume that
fi, ..., fm satisfy this condition.

Now assume by contradiction that m = my > C = dq¢% and prove that A
satisfies a differential identity of the type

f=01fi+ =+ Bufm, (4)

where (1,..., 08, € F are not all zero. Then we shall reach a contradiction

since this will say that fi,..., f,, are linearly dependent modulo Id*(A).
Since f is multilinear, in order to verify that f = 0, it is sufficient to verify

that f has only zero value on elements of a basis of A. First let us define

substitutions of special kind. Consider the non-negative integers o, . .. ,ozfi

such that, for all 1 < j <gq,

d

> ol =X

1=1
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We say that an evaluation ¢ has type

(oz{, o ozfl)
for 1 < j < g, if we replace the variables from X in the following way: for
fixed j, 1 < j < ¢, we evaluate the first 7] variables from X; by elements ay,
the next oz‘% in as, and so on up to the last oz‘zl variables from X in aq.

In order to get a non-zero value of f in (4), any substitution should satisfy
the following condition

d
ZOKZ Sq_lu
1=2

for all 1 < j < g, since J9 = {0}. Moreover, by definition we have also the
following restriction

. d .
of = |X;| =) af,
1=2

for all 1 < j < g¢q. Then for any 1 < j < ¢, the number of distinct d-tuples

(ad,...,a7) is less than ¢%. Thus it follows that the total number N of
distinct type of special substitutions is less than ¢%.

Let us consider all these N distinct special substitutions ¢q,..., N and
construct the matrix (b;;), where, forall 1 <i<mand 1 <j <N,
w;i(fi) = bij.

This matrix has m rows and N columns of elements of A. Since m > dq% >
dN, the rows of (b;;) are linearly dependent. Thus there exist f5i,... 0, € F
not all zero such that

> Bibi; =0,
=1

for all 1 < j < N, i.e., the polynomial f =", §;fi is zero under all special
substitution 1, ..., oy. Therefore it is enough to show that this implies that
feld(A).

To this end, let 1 be any substitution by elements of the basis {ay, ..., a4}
Let l‘{ be the number of variables in X; mapped by 1 in ay; let lg the number
of variables in X; mapped by % in ag, and so on. Since f is simultaneously
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symmetric on Xji,...,X,, we get that, for all p € S, such that p(X;) =
Xi,...p(Xy) =X,

Y(f) =v(pf) = (¥p)f.

In particular, we can choose p € S, such that 1p is the special substitution
of the type (I1,...,15). By the above, ¥(f) = (¥p)f = 0 and f € Id*(A), a
contradiction. This complete the proof. |

Theorem 22. Let L be a Lie algebra over a field F' of characteristic zero,
A be a finite dimensional L-algebra over F and xE(A) = >, maxa be its
nth differential cocharacter. Then ct(A) is polynomially bounded if and only
if there exists a constant C' such that, for all A = n, the inequality

my S C
holds.

Proof: Since the decomposition of yZ(A) into irreducible characters do not
change by extending the base field, we may assume that F' is algebraically
closed. Suppose now that c¢£(A), n > 1, is polynomially bounded, then the
proof follows by Theorem 8, Remark 1 and Lemma 21.

Conversely, assume by contradiction that cZ(A) is not polynomially bounded.
Then by Theorem 18 UTy € var®(A) or UTs € var®(A). But by Theorems
10 and 11 the multiplicities in xZ(UT3) and in xZ(UTs) are not bounded by
a constant. Thus by Remark 1 we get a contradiction and the theorem is
proved. |

As an important consequence, we shall prove the following corollary that
relates the growth of the differential codimension sequence of a finite dimen-
sional L-algebra A with its differential colength.

Corollary 23. Let L be a Lie algebra over a field F' of characteristic zero
and let A be a finite dimensional L-algebra over F. Then ct(A), n > 1, is
polynomially bounded if and only if IX(A) < k, for some constant k and for
alln > 1.

Proof: Assume first that c¢Z(A), n > 1, is polynomially bounded. By the
previous theorem all non-zero multiplicities m in

X{?(A) = Zm)\X)\
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are bounded by a constant C'. On the other hand, by Theorem 20, n—\; < ¢
as soon as my # 0, where ¢ is such that J(A)? = {0}. Since the number of
partition n — \; < ¢ is less than ¢?, we get

1L(A) = Zm,\ < C'-¢* = const.

AFn

Conversely, suppose that [Z(A) is bounded by a constant. By using Remark
1 and equations (1) and (2) we get that UTy, UTs ¢ var’(A). Thus by
Theorem 18, cZ(A) must be polynomially bounded. |

We now collect the results obtained in the following theorem which gives a
complete characterization of the L-variety generated by a finite dimensional
algebras with derivations of polynomial growth.

Theorem 24. Let L be a Lie algebra over a field F' of characteristic zero and
let A be a finite dimensional L-algebra over F'. Then the following conditions
are equivalent:

1. cE(A) < ant, for some constant a,t, for all n > 1;

2. expr(A) < 1;

3. UTy, UTs ¢ varl(A);

4. A~y B ®---® By, with By, ..., B, finite dimensional L-algebras
over F' such that dim B;/J(B;) < 1, for all 1 < i <'m;

5. There exists a constant q such that
Xﬁ(A) = Z TMAXA
AFn
[Al=A1<q
and J(A)? = 0;
6. There exists a constant C' such that in xL(A) =37\ maxa
my < O)

for allmn > 1;

7. there exists a constant k such that IX(A) = 7, my < k, for all
n>1.
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