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1.Introduction

We consider a free transmission problem
| Du|P@uDu) (D*u) = f(x) in By, (1)

where 6 > 0, F' is uniformly elliptic and f is bounded and continuous. The
model (1) accounts for a diffusion process degenerating as a variable power
of the gradient.

Transmission problems appear frequently in various fields of physics and
biology. They model phenomena which follow different laws in separate sub-
sets of the domain. Typical examples consist of studying mathematical mod-
els in composite materials. For a description of these problems, we suggest
the readers to the reference [6]. When these subsets depend on the solution
itself, these equations become free transmission problems.

Problems of the form

|Dul’ F (D*u) = f
belong to a larger class of equations studied in a series of papers by Birindelli
and Demengel, starting with the singular case in [2]. The degenerate case
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2 D. JESUS

was also considered in [3, 4]. An important development concerning higher
regularity for degenerate fully nonlinear equations was put forward in [12].
In that paper, the authors obtain local C*® regularity, for

1
1+ 4
with o corresponding to the C1% regularity of the homogeneous equation
F (D2u) = 0. In [12, Lemma 6], the authors provide a connection between
the homogeneous degenerate equation and the corresponding homogeneous
uniformly elliptic equation. This step unlocks a higher regularity class which
they access via a tangential path.

The methods introduced in [12] resonated, launching new perspectives in
the theory of degenerate fully nonlinear equations. In [7], the authors consider
the equation

a € (0,a9) and «a<

|Du|’™ F (D*) = f(x)

where 3 is allowed to change sign, and obtain local C** regularity, where
1

< :
L+ [1B4lle + 118Nl

with 8, and (_ corresponding to the positive and negative parts of 3, re-
spectively. The estimates obtained in [7] are independent of the continuity
modulus of 3.

In [11], the authors consider a degeneracy law depending on the sign of the
solution. They study the equation

‘Du‘ﬁ+x{u>0}+ﬁ-x{u<0}F (D2u) = f(x),

which has constant degeneracy rates at each of the phases {+u > 0}, but has
a discontinuity across the free boundary d{u = 0}. They obtain local C1
regularity, for

a€ (0,ap) and «

1
< .
h 1 + max {ﬁ—u 6—1-}
The authors also establish existence of solutions via Perron’s method.

Finally, we mention the recent paper [10] where the author considered the
following equation

1Dl + a(2)x oy | Dult + b(@)xgueoy| Dul] F(D?0) = £, i 9,
u=yg on 0f,

a€(0,0p) and «
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where p, () = pTX{u=0} + P X{u<o}- In this setting, they prove existence and
uniqueness of solutions and obtain local C''® regularity.

The present paper consists of two main results. First, we obtain a local
regularity result under very general assumptions on 3(x, w, Du) which gener-
alizes the results mentioned above. Indeed, we only require 3 : B; x R x R?
to be well-defined in its domain and bounded from above and below. The
first main result in this paper is the following.

Theorem 1 (Local C1® regularity). Let u € C(By) be a viscosity solution to
(1). Assume that 0 < B, < B(x,t,p) < B for fixed By, Bur; assume also that
F' is uniformly (X, A)-elliptic, F(0) =0 and f is continuous and bounded in
By. Let finally ag € (0,1) be given in Remark 3 below.

Then, there exist « > 0 and C' > 0 such that any viscosity solution u of
(1) is in CV*(Byjs) and

[Wlorasye < C (Il iy + 1)

1
a:min{ozg, ,
1+5M}

where

and C = C(\, A, d, B, Bur)-
We now state some remarks concerning this result.

Remark 1. Theorem 1 includes the following examples
o (. u, Du) = B(@)xa, where G(u) = Br \ {u = [Du| = 0};
e 5(x,u, Du) = 6(|Dul), where 6(t) — 2 ast — 0 and 6(t) — 1 as
t — oo. This equation was considered for the first time in [5].

1
1+
if, alternatively, ap < ﬁ,

Remark 2. The regularity class is interpreted in the following sense: If

1.
146
then solutions are C1(B; /2) for every a < ay.

<
oy, then solutions are C%(B ) with a =

Remark 3. By the classical Krylov-Safanov and Trudinger theory, every vis-
cosity solution of

F(D*u) =0, in By,

belongs to C1* (B ,) for a universal o € (0, 1) (see for example [8, Chapter

5]).
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As one can see from the previous result, there is an intrinsic dependence
between the regularity obtained and the degeneracy rate. Hence, if this rate
is variable over the domain, it seems natural to obtain regularity results
which also vary over the domain. This idea, put forward in Lemma 7 which
corresponds to the geometric iterations, is the novelty in the current paper.
By considering variable exponents in each iteration, we are able to better
capture the pointwise degenerate behaviour of the equation.

To obtain this improved regularity, we consider the following explicit ex-
pression for the exponent. Let G;(u, Du) C By, i = 1,..., N be disjoint sets
which depend on the solution u and its gradient Du, and define G(u, Du) :=
B1 \ UY, Gi(u, Du). Assume the exponent (3 has the form

6('7777//’ Du) Z 62( )XG (u,Du)- (2)
An example to keep in mind is the following. Let N = 2
G1(u, Du) = {u > 0}, Ga(u, Du) = {u < 0} and Gy(u, Du) = {u = 0}.
If 5y =0, 81 and P are constants, then we recover the result from [11]. Our

result is thus more refined, not only in the sense that it includes a much
broader class of degeneracies, but also because we obtain an improved point-
wise regularity. The second main result in this paper is the following.

Theorem 2 (Pointwise C1¢ regularity). Let u € C(B1) be a viscosity solu-
tion to (1). Assume that [ is given by (2) with B;(-) € [Bm, Bu) for fived
0 < By < Bur and have modulus of continuity w satisfying

1
lim sup In <> w(t) = 0; (3)
t—0 t

assume also that F is uniformly (X, A)-elliptic, F(0) = 0 and f is continuous
and bounded in By. Let finally oy € (0,1) be given in Remark 3.

Then for every xg € By, there exist a > 0 and C > 0 such that any
viscosity solution u of (1) is pointwise C1*(xq) and

[Wlonetey < C (tllzesy + I1flliesy)

where

and C' = C(\, A, d, B, By, w)-
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Assumptions of the type (3) are typical when obtaining higher regularity
of solutions to equations with variable exponents. For example, in [1] the au-
thors are able to prove improved regularity to a class of variational problems
with variable exponents, under the assumption above.

Pointwise regularity has been the subject of various papers, see for example
[8] and [14]. These are useful when a certain property is not verified locally
but instead only at a point. Obtaining such a result as in Theorem 2 instead
of a local regularity result as in Theorem 1, comes with a cost, since we
must assume stronger uniform continuity of the functions 3;. However, more
information is gathered. For example, consider N = 0,

Bo(x) = 1000¢ 21000

and assume F' is convex, so that ap = 1 (see [8, Chapter 6]). Then a local
result would yield C1“ regularity, with a = 10101. The problem with this
result is that 5y ~ 0 except in a small neighborhood of 0. On the other hand,
Theorem 2 would immediately yield 1 regularity with o ~ 1 for points
away from the origin.

Another advantage of having such a sharp pointwise regularity comes when
studying the free boundary of the problem, where a finer analysis is required.

The remainder of the paper is organized as follows. Section 2 introduces
the assumptions to hold throughout the paper, some basic notation and a
characterization of Holder spaces. We also obtain a simple proof for Theorem
1. In Section 3, we simplify the equation, rewriting it as viscosity inequal-
ities and removing the dependence of the exponents on the solution. We
then obtain an important smallness assumption, which provides a tangential
path between our equation and the homogeneous one. Holder continuity of
a perturbed equation is the topic of Section 4. In Section 5 we derive an
approximation lemma. Finally, Section 6 consists of the geometric iterations
with variable exponents which combined with the characterization of Holder
spaces put forward in Section 2, provides the improved, pointwise Holder
continuity of the gradient.

2.Preliminary material and main assumptions

In this introductory section, we present some basic results that will be
instrumental in the sequel and detail our main assumptions. We start with
some notation.
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For r > 0, we call B,(x) the ball in R? centered around z and with radius

r. B, denotes B,(0). The space of symmetric d x d real matrices is denoted
by S(d). We say u € C1*(Q) if u € C1(Q2) and

[u]cra(q) == sup [Dulx) = Du(y)| < 0.
e z,y€Q |z —yl®

Similarly, we say u € C1%(zg) if u € C! in a neighborhood of xy and

Du(y) — Du(zg
[U/]Cl,a(xo) = sup [ Duly) a( )
r>0,y€B, (o) ly — o

Next, we introduce the uniform ellipticity assumption, assumed to hold
throughout the paper.

[A1] (Uniform ellipticity). The operator F : S(d) — R is (A, A)-elliptic, i.e,
there exist 0 < A < A such that
AMN| < F(M)—F(M+ N)<A|N|,
for every M, N € §(d), with N > 0.
A well-known consequence of [Al] is the uniform Lipschitz regularity of F’
(see for example [8, Chapter 2]).

Next, let G;(u,Du) C Bi, ¢ = 1,..,N be disjoint sets and define
Go(u, Du) := By \ UY, Gi(u, Du). Assume the exponent (3 has the form

N
6($,U, DU) - %6@(m>XGz(u7Du)

We now make some assumptions on ;. First, assume they have a modulus
of continuity which decays at the origin as o(In(1/t)™!).

[A2] (Uniform continuity of the exponents). The exponents (3; : By — R
have modulus of continuity satisfying

1
lim sup In <> w(t) = 0.
t—0 t

Note that [A2] is equivalent to the following statement. For every
0 <r < e !, the following holds

lim sup kw(r*) = 0.

k—o00
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Hence, by definition, for every € > 0 there exists d; > 0 such that if p < 4y,
then for every k € N,

kIn <[1)> w(pk) < e.

Since p will be chosen to be small, we can assume p < e~
that

1 and it follows

kw(ph) < e.

Now, by defining ¢ = “5* (it will become clear later why we make this

choice) we also fix §; such that if p < dy, then for every k € N,

ay — Q
hu(ph) < =5 (4)
This 0; depends only on the continuity modulus w, the universal exponent

ap introduced in Remark 3, and the exponent o which is defined in Theorem
2.

Remark 4. To emphasize this idea, let’s consider some concrete examples.

Suppose w(t) = /2 and choose « such that ¢ = 2% = 1/100. Then one

can calculate that (4) holds for p < 4.7 x 1077, If ¢ = 1/1000, then we need
p < 2.55 x 1077, These are numbers that depend only on these quantities
and can be calculated, provided we know the expression of w explicitly.

An example of a modulus of continuity satisfying [A2] is
1\ P
w(t) = n (t> |

with p > 1.
Finally, we assume that the exponents are bounded uniformly from above
and below.

[A3] (Boundedness of the exponents). There ezist constants 3, and By such
that

0< B <Bi() <Pu <1

In the following proposition, we improve slightly the usual proof of Holder
continuity of the gradient to the case with variable exponents.
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Proposition 1. Suppose we can find r < 1 and sequences of affine functions
lp(z) = ap + by, - © and exponents oy T «, such that (ap — o) = o(k) and

[t = Lkl oo (5 4 () < Ko, (5)
Then u € CH*(xq) with constant C(r)K and 0 < a < 1.

Proof: Assume without loss of generality that xyp = 0. The idea is that £ — ¢
uniformly, where ¢ satisfies the desired characterization.
Consider the first order scaling f,.(z) := % f(rz). We have, by assumption,

”Ek—kl - EkHLOO(BTM_l) < HU — €k+1"Loo(Brk+1) + HU — ngLOO(B,JH-l)
KT(k+1)(1+ak+1) +KTk(1+ak)

Pr(+ak) (Tk(ak+1_ak) 4 1)

N NN
= =

Kr,,,k(1+0[k)

since a1 — ai = 0 and r < 1. First order scaling gives
1) = ()| o,y < 2B

Clearly, this estimate in B; implies the following estimates on the coefficients
(up to a different K)

a1 — ar] < Krhren),
b1 — bi| < Krkon, (6)
Since these are Cauchy sequences, we have that
ap — a, by — b,

respectively in R and R?. It now follows that ¢, — ¢ in L*°(B;), where
¢ =a-+b-x. Using these estimates, we get

lu =l i,y < = Cill s,y + lax — al + ¥ |og = b
< CKpkiran),

where C' depends only on r. Now, we apply the usual discretization strategy:
for an arbitrary 0 < R < 1, there exists £ € N such that r**' < R < r*.
Then,

lu ="l ~5,) < CKrttes)
Tk(ak_a)CKTk(1+a).

0 = €l ey <
<
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Now we use the fast convergence ap — «, so that
lim k(o — a)] = 0.
k—o00

Then 75~ < O, and therefore we get the desired inequality
[u = Ol oy < Cr) KR, u
To conclude this introductory section, we present a simple proof of Theorem
1, using the results from [11].
Lemma 1. Let u € C(By) be a viscosity solution to the equation
|Du\ﬁ(‘”’“’D“)F (D2u> = f(x), (7)
with B(x,t,p) € [Bm, Bu] and 0 < B < B

Then u is a viscosity subsolution to the equation
min{ | Du|’ F <D2u) | Dul™ F (D2u> }
< (Wl sy » (8)
and a viscosity supersolution to the equation
max{ |Du|’™ F (D?u), |Du|™ F (D*u) }
> 1l )

Proof: We prove only that if u is a viscosity subsolution to (7), then it is a
subsolution to (8), noting that the remaining case follows similarly.
Let ¢ € C?(By) be such that u — ¢ has a local maximum at zy. Then

|D<10(x0)|ﬁ($oyu($0)7D<P(9C0))F <D2gp(xg)) < f(zo).

Thus, depending on whether |Dg(zg)| > 1 or |[Dp(zo)| < 1 one of the fol-
lowing must hold, respectively

Do)l F (D*p(x0)) < [|Fll o)
[Dp(2o)|™ F (D*o(w0)) < 1f (s

provided F (D%p(xg)) > 0 (clearly if this is not the case, both inequalities
are trivially verified). In either case, we have

min {|Dcp(a:0)\5mF (DQQD(xo)) | D(0) | F (DQQO(QCO)) }
<l oogmy) -
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Hence, we have proved that u is a subsolution of (8). |

This simple result places the equation (7) in the framework of [11] with
0, = B, and 05 = [y (see Proposition 1 therein). A direct application of [11,
Theorem 2| yields local regularity u € C*(By j9) with

1
a:min{ozg, ,
1+5M}

together with the estimate
[Wlenesy < C (I1ellegsy + 1 =)

which implies Theorem 1.
The remaining of this paper is devoted to proving Theorem 2. In the next
section, we begin our analysis.

3.Scaling properties

The following result disconnects the dependence of the exponents on the
solution, by separating the possible cases.

Lemma 2. Let u € C(By) be a viscosity solution to the perturbed equation
Du+ "=+ F (D) = f(a). (10)

with G given by (2). Assume that assumptions [A1], [A2] and [A3] are in
force.
Then u 1s a viscosity subsolution to the equation

YO (D%) b <l (11)
and a viscosity supersolution to the equation

@) (D) } > — ||l g, - (12)

min { |Du+p

.....

max { [Du+p

Proof: We prove only that if u is a viscosity subsolution to (10), then it is a
subsolution to (11), noting that the remaining case follows similarly.
Let ¢ € C?(By) be such that u — ¢ has a local maximum at x9. Then

|Dp(0) + p| " PIE (D*p(x0)) < f(20),

where

N
6(%,11,, DU’) - ;}ﬁz(x)XGl(u,Du)
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We recall that by Theorem 1 we know that u € C1% hence G;(u, Du) are
well-defined. Since G, © = 0, ..., N, form a disjoint partition of By, there is a
unique ig € {0, ..., N} such that z¢ € G;,(u, Du). Thus

|Dp(0) + p| o™ F (D?p(x)) < f().-

In particular, we have

_min {]Dap(xo) +p

==U,..

5ie0) B (D2 () } <1 llpe(a) -
Hence, we have proved that u is a subsolution of (11). n

The following result states that to prove Theorem 2, we can assume a
smallness regime, without loss of generality. It provides a tangential path
between our equation and the homogeneous one.

Proposition 2 (Smallness regime). Let u be a subsolution to the equation

YO (D%0) b < Fll ey (13)

_in { | Du

5B (D) } 3 ey "
satisfying
[“]Cl’a(xo) <G,

under the assumption that |ul| e« < 1 and ||f|| <5, < €0 , where C' and
go are universal constants. Then, Theorem 2 holds.

Proof: Let u(x) = Ku(x) where

1 e
K = (Hunm&wgo -

Note that we can assume K < 1, since otherwise we are already in the
smallness regime and we can just take K = 1.
The function @ is a viscosity subsolution to

Jnin (KO Du M KF (K7 D%) | <K e

U ﬁi(x)F(DQU)} < max {KH&(@} HfHLoo(Bl) ,

=—U,...
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where F(M) := KF (K~'M) still satisfies [A1]. Since K < 1, we immediately
get

' 1 8:(@) (1275
Jmin {|Da*F(D0)} < e
Similarly, we get
7|Bi@) T D27 B
e {IDa AR (D)} > =,

Since [|@|| ;< (p,) < 1, we note that the smallness assumptions are now satis-
fied. Hence, if we verify that
[@leres) < €,

we can infer that

[wlonersy < O (Il gy + 1 e(zy)) (15)

where C depends on ¢y, which will be fixed universally. |

Remark 5. The choice of K in the previous proof differs from the literature
(see for example [11]). The observation that K < 1 allows us to obtain the
simple estimate (15).

In the following section we obtain improved regularity.

4.Holder continuity

In this section, we obtain a compactness result for solutions. This result is
essential when studying stability since it will allow us to obtain convergence
of sequences of solutions.

We start by stating the maximum principle for viscosity solutions, Theorem
3.2 of [9].

Proposition 3 (Maximum principle). Let Q be a bounded domain and G, H €
C (81 x R x S(d)) be degenerate elliptic. Let uy be a viscosity subsolution of

G (:13, Duy, D2u1) = 0 and us be a viscosity supersolution of H (:13, Dus, D2U2) =
0 in Q. Let o € C?(Q x Q). Definev:QxQ— R by
v(z,y) = w(r) — ua(y).

Suppose further that (z,7) € Q x Q. Then, for every ¢ > 0, there ewist
matrices X and Y in S (d) such that

G (7, D0 (7,7),X) <0< H (7, —Dyo (7,7),Y),
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and the matrix inequality

1 X 0 )
—<L+HA\|)I< (0 _Y) <A+.14

holds true, where A := D?p (T, 7).

We proceed by stating a result from [13], which we present in the following
simplified form.

Proposition 4. Let u € C(B;) be a bounded viscosity subsolution to equation
Poa (D*u) — |[Du| =0, in {|Du| > v}
and a viscosity supersolution to equation
Pia (D*u) + [Du| =0, in {|Du| >~}
Then u € CJ) (By) and, for every 0 < 7 < 1, there exists C > 0 such that
o) < C-

The constant 6 depends only on d,\,A and C depends only on d,\,\,,
HUHLOO(Bl) » T

Intuitively, in the set where the gradient of a function u is bounded, the
function is already Lipschitz. The idea behind the previous result is that if u
is a solution of an elliptic equation in the set where its gradient is very large,
then we are able to obtain improved regularity.

This proposition will imply Holder continuity of solutions to (11) and (12)
in the case where |p| is sufficiently small. More precisely, let Ay > 1 (to be
fixed) be such that |p| < Ap. We claim that u is a viscosity subsolution to

F (D*u) — |Du| =0, in {|Du| > 2A,}. (16)

Indeed, take ¢ € C? such that u — ¢ has a local maximum at
rg € {|Du] > 2A¢}. Then |Dp(xy)| > 2A; and therefore
|Do(x0) + p| = Ao > 1. From (11) we have

ﬁi(xo)F (D%p(l’o))} < HfHLOO(B1) ?

Jmin, {1Dg(a0) +p

which implies

F (D*p(w0)) < |1f | () < [Dep(o)
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since we are under the assumption || f|| ooy N €0 and g will be chosen very
small. Hence, from uniform ellipticity and recalling that F'(0) = 0,

Pia (D*¢(x0)) — | Dyp(x0)| < F (D*p(x0)) — | Dip(ap)| < 0.

We verified that u is a viscosity subsolution to (16). In a similar way, we
prove that u is a viscosity supersolution to

Pia (D*o(x0)) + |Du| =0,
in {|Du| > 2A,}. Hence, we proved the following corollary.

Corollary 1. Let u € C(By) be a bounded viscosity subsolution to (11)
and a supersolution to (12). Assume [Al1], [A2] and [AS3] are in force, let
[l sy < L[Sl pep,) < €0 and assume further that |p| < Ag. The con-
stants g and Ay will be fixed in the sequel.

Then u € C} .(By) for some 6 € (0,1), depending only on d,\, A. In addi-
tion, for every 0 < 7 < 1, there exists C' > 0 such that

[ullcogs,) < C,
where C' = C(d, A\, \, Ag, 7).

In the following lemma we obtain Hélder continuity for arbitrary p € R,
which concludes this section.

Lemma 3 (C? regularity). Let u € C(By) be a bounded viscosity subsolution
to (11) and a supersolution to (12). Assume [A1], [A2] and [A3] are in force
and let ||ul| o) <1 and || f|| = p,) < €0, to be fired universally.

Then u € CY .(By) for some 6 € (0,1), depending only on d,\,A. In addi-
tion, for every 0 < 1 < 1, there exists C' > 0 such that

lullcos,) < €
where C'= C(d, A\, \).

Proof: We begin by using Proposition 3 to obtain a subjet and a superjet
satisfying the estimate (20) below. This was done in [11, Proposition 7] but
for completion we replicate the proof.

Fix 0 <r < 1_77 and define
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For constants Ly, Ly > 0 and zg € B,, we set
L:= sup |u(@)—uly)— Lw(lz—y|)— L (Jz - zol® + |y — :c0|2)}

z,y€B,.(x0)

Set Ay = 4L, and assume |p| > Ay.

We aim at establishing that there exist constants L; and Ls, independent of
xg, for which L < 0. This immediately implies that « is Lipschitz continuous
in B, by taking zo = .

We argue by contradiction. Suppose there exists xg € B, for which L > 0,
regardless of the choices of L and Lo. Consider the auxiliary functions v, ¢ :
B x By — R given by

Y (2,y) = Liw |z — y|) + Lz (|z — 20> + |y — o)
and

¢ (z,y) == u(z) —uly) =¥ (z,y).

Let (Z,7) be a point where ¢ attains its maximum. Then

¢(T,y) =L>0
and
Liw (|7 =) + Ly (|7 — zo|” + |7 — @o|*) < 2.
Set
Lo := (M)z
r
Then

=

T — wo| + [T — o] < 3,

\}

which implies that Z,7 € B,(z¢). In addition, T # 7, since if this isn’t the
case we would conclude that L < 0.

We now use Proposition 3 to ensure the existence of a subjet (£, X) of u
at T and a superjet (§,,Y) of u at § with

& = —Dy (z,9) = Liw' ([T —y|) o — 2Ls (T — xy) ,

where
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Since W' (|7 —7|) < 1,
L
& < Ly + 22 < 2L, (17)
and
Ly
& < L+ = <2l (18)

for L, large enough.
In addition, the matrices X and Y satisfy the inequality

()0( _OY) < (_ZZ _ZZ) + 2Ly + ) 1, (19)

for

!l
Z:=Lw'(jz—g)ooo+ LI |(|x T’l)
T—7

where 0 < ¢ < 1 depends solely on the norm of 7.

Next we apply the matrix inequality (19) to special vectors as to obtain
information about the eigenvalues of X — Y. First, apply it to vectors of the
form (z, z) € R* to get

2 (X =Y)z< (4Ly + 20) |2]°

([—-—0o®o0),

which implies that all eigenvalues of X —Y are less than or equal to 4Ly + 2¢.
Now we apply (19) to the vector Z = (¢, —0) to obtain

o (X —Y)o<4Ly + 20+ 4L1W" (|7 — 7))
=415+ 21— 4L;.
We thus conclude that at least one eigenvalue of X —Y is below 4Lo+21—41L4,

which will be a negative number, provided we choose L large enough.
Evaluating the minimal Pucci operator on X — Y, we get

Pia(X = Y) 24ML; — (A (d — 1) A) (4La + 20)
>3\L, (20)

for L; even larger, if necessary. Furthermore, these jets satisfy the viscosity
estimates

.r(I)linN{|p—|—§x PORX)} < 2, (21)

.....
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and

max {[p+ & MF(Y)} > —e. (22)

AR

Since we fixed Ay = 4L, and assumed |p| > Ay, this together with (17) and
(18) imply

Ip+&| =20 > 1,
Ip+ &) =20 > 1.
Hence, (21) and (22) imply, respectively,
F(X) < g
and
F(Y) > —e.

Combining these inequalities with (20) by means of uniform ellipticity, we
get

3)\[/1 280,

which is clearly a contradiction, provided we choose L, large enough.
This concludes the proof for the case |p| > Ag, which combined with Co-
rollary 1 completes the proof. |

With compactness available, we proceed with a key step in our tangential
analysis.

5. Approximation Lemma

We present an approximation lemma for the perturbed equation.

Lemma 4 (Approximation Lemma). For every 0 < § < 1, there exists
g0 > 0 such that, if u € C(By) is a wviscosity subsolution to (11) and a

viscosity supersolution to (12) with p = 0, satisfying ||ul| =, < 1 and
[/l () < €0, then one can find a function h which is a mscoszty solution
to F(D2h) = 0 for some F satisfying assumption [A1], such that

[ = Bl (g, ,) < O

Such a function h satisfies

1Pll oo (s, ) < C Al Ly, -
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Proof: We argue by contradiction. For simplicity, we split the proof in steps.

Step 1 - Assume that there exist o > 0 and sequences (u,),, (F},), and
(B"),, such that

(1) fJunlle < 1;
(2) F, satlsfy [A1];

(3) B satisfy [A2] and [A3];
linked together by the equations

min { | Duy, + py, Bl () F, (D2un> } < :L

i=0,...,N

and

maX ‘Dun—i—pn s )Fn DQUn Z ——,
(D*ur)

1=0,..
in the viscosity sense, in B;; however, for every function h € C'1® it holds

[t = Pl oo, ) > Do (23)

Step 2 - Since u, are equibounded in C?(B, /10), by the Arzela-Ascoli The-
orem they will converge, up to a subsequence, locally uniformly to
Uso € C(Bl)

Since F), are (A, A)-elliptic, they are also Lipschitz continuous. Therefore,
again by the Arzela-Ascoli Theorem they will converge locally uniformly to
an (A, A)-elliptic operator F..

Finally, since 8" satisfy assumptions [A2] and [A3] they will converge locally
uniformly to continuous functions 37°, respectively.

Our goal is to prove that the limiting function u., is a viscosity solution to
the equation F,(D?us) = 0. We only prove that it is a subsolution, since the
proof for supersolution is analogous. We will consider two cases, depending
on the limit behaviour of (p,),.

Step 3: Assume that (p,), does not admit a convergent subsequence. Then
Ipn| — o0o. Let ¢ € C*(Bj) and assume that us, — ¢ attains a local strict
maximum at xg € By. By contradiction, assume that

Fu (D*¢(z0)) > 0. (24)

There exists a sequence z,, — xy such that u, — ¢ has a local maximum at
x,. Notice that Dy(x,) — Dy(x¢) and D?*p(x,) — D%*p(xq). Also, by the
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equation satisfied by u,, in the viscosity sense, we have

" 1
g ) (D*p(x)) } < .

min_{ |Dg(,) + p,

i=0,..,N
Taking n large enough, we have |Dy(x,) + p,| > 1 and since ' > 0, we get

1

which is inconsistent with (24), when we take the limit n — oco. Therefore,
FOO(DQQO(%)) <0,

concluding the proof for the case |p,| — 0.

Step 4: Suppose now that we can extract a subsequence p,, — po,. Resort-
ing to standard stability results (see for example [9, Remarks 6.2 and 6.3]),
we conclude that u., is a viscosity subsolution to

; B () 2
. mmN{ |Poo + Do Fo(D uoo)} <0,

i=0,...,

and a viscosity supersolution to

max { |Poo + Do B (=) FOO(DQUOO)} > 0.

1=0,....N

We can assume without loss of generality that p,, = 0, i.e., assume that u
is a viscosity subsolution to

min { | Do

B7° () 2 <
i=0,....N Foo(D uoo)} <0

and a viscosity supersolution to

max { | Duge | FOO(D2UOO)} > 0.

i=0,..,.N

We now claim that these inequalities imply that F,.(D?us) = 0. This is
proved in Lemma 5 below.

Step 5: Since Fi(D?us) = 0, by Remark 3 we get that us € CH0(Bys).

This, together with the uniform convergence u,, — ., produces a contradic-

tion with (23), which completes the proof. |

We present a homogeneous division lemma which concludes the proof of
Lemma 4. We follow closely the proof of [12, Lemma 6].
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Lemma 5. Let u € C(By) be a bounded viscosity subsolution to

Bi(x 2
Z:r(%? {|Du DR (D u)} <0, (25)
and a viscosity supersolution to
Bi(x 2
max {|Duf* @ F (D) } > 0. (26)
Then u is a viscosity solution to
F (D*u) = 0.

Proof: We prove that (26) implies F (D2u) > 0, noting that F (D2u) <0
follows similarly from (25) in a similar way.

Let P(z) = 5(z—y) - N(z—y) +b- (x —y) +u(y) be a polynomial touching
u strictly from below at a point y € Bs;,. We shall assume, without loss of
generality, that y = 0 and «(0) = 0. Then we have the estimate

_min {|b G0 (N)} < 0.

If b # 0, then the result is trivial. Hence, assume otherwise. So
P(z) = 5z - Nz. We argue by contradiction, assuming that F(N) < 0.
By ellipticity, this implies that NV has at least one positive eigenvalue. Let S
be the subspace generated by the eigenvectors corresponding to the positive
eigenvalues and consider the projection Pg to this subspace. We consider the

following perturbed test function
P(x) = P(x) + €| Psz|, for x € B,.

For € large enough, u—1 attains a negative minimum at B, — B E (since S is

not empty and u is continuous). Indeed, let m = maxg |u— P| and € = 212,

Then

21M 9 199
— P(x) —€|P > —m — —r = ——1m;
:CIEI}?II} (u(x) (x) — €|Psx|) m 10 Tk
0"
on the other hand, for z € 9B,,
21m

u(x) — P(x) — €| Psx| < m — ——r = —20m,
r

which concludes that the minimum is negative and attained at
Ty € BT\B%T.
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Using this e we claim that Pszy # 0. In fact, since
(u =) (zo) < (u—1)(2),
(u— P)(xo) — €[ Psxo| < (u—1)(z)
if Pszy =0, we take x = 0 and get

(u = P)(zo) < (u=9)(0) = (u— P)(0) = 0.
But P touches u strictly from below at y = 0 which implies (u — P)(z) > 0
with equality only if xq = 0, therefore (u—1)(xo) = 0, contradicting the fact
that the minimum is negative and that zy # 0.

We proved that |Pszo| # 0 which implies that ¢ is smooth in a neigh-
bourhood of xy. Hence, for an appropriate translation of 1, call it w u — zp
has a local minimum in B, at xy. Let B be the Hessian of |Psz| at x = xy.
Note that since |Psz| is a convex function, B > 0. We also have the viscosity
inequality

max {|N£CO + €€y

1=0

W P(N + eB)} > 0,

for eg = Psxq/|Psxo|. Note (Nzg + eeq) - Psxg > 0, since Pg is the projec-
tion into the subspace generated by the eigenvalues of N associated with its
positive eigenvalues. Then, by ellipticity we obtain

F(N)> F(N+¢€B) >0,
which is a contradiction. Hence F (D2u) > 0 which concludes the proof. m

In the next and final section we provide an iterative scheme to control the
oscillation of the gradient.

6.Holder continuity of the gradient

In the following lemmas, we proceed with the geometric iteration argument
in a sequence of concentric, shrinking balls. The first geometric iteration
follows immediately from the approximation lemma.

Lemma 6. Let u € C(By) be a viscosity subsolution to (11) and a viscosity
supersolution to (12) with p = 0. Under the assumptions of Lemma 4, for
every 0 < «q, there exists a polynomial {(x) = a + b-x and a constant
0 < p <1, depending on w and universal constants, such that

it = Ol i) < P

Furthermore, there exists a universal C > 0 such that |a| < C and |b| <
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Proof: By Lemma 4, there exists h € C* (B 5) such that
o = bl < 5

with the uniform estimate

blleneogs, ) < C 1Rl
This implies that, for every 0 < r < 1 and for the polynomial
((z) = h(xg) + Dh(xg) - (x — ),
1= Cll e, gy < O,
with |h(zg)| < C and |Dh(zg)| < C where C' is universal.
Let 0 < ap be arbitrary and take r = p given by
0 := min {51, (20)9—1‘*0} :

where §; is given implicitly in (4). Finally fix § = Pl;g

Lemma 4. Then

, which also fixes g( via

[ =Ll o, (wo)) < U= Pl oo, () F 1P = Ll Lo (B, (20))
<5+ Cp1+050 < p1+0 ]
Now we iterate the previous result concentric, shrinking balls.

Lemma 7 (Geometric iterations). There exist a non-decreasing sequence
(o) and universal constants eg > 0 and p > 0 such that if u is a vis-
cosity subsolution of (11) and a supersolution of (12) with p =0, satisfying
[wll ooy < 1 and || fll o,y < €0, there exist polynomials ly(x) = ay, + by - x
such that

o = Cell Lo (3 o m)) < priiton), (27)

and
lar — ap_1| + ,Ok_l‘bk — bp_1| < Cep(k_l)(l—mk’l). (28)

Furthermore, the sequence (ay), converges to

‘ B 1
Q= IMIN 40y, 7~
i=0,... N{ 0 1+5¢($0)}

and

limsup k (o — o) = 0. (29)

k—oo
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Proof: Assume without loss of generality that zy = 0. Take ¢y and p given
by Lemma 6, depending on 6, which will be fixed soon.
Define the nondecreasing sequence

. . 1
Xk = z‘:%}.l.?N {% 736%%1; (1 + 5Z(x)) } ’

which converges to the number

Note that, by [A2],

1 1
' (1 +6,(0) 1+ maxeep, @(m) <h (m%X Fi(z) — @-m))
<kw(p").

Therefore, considering all possible cases, we can easily check that
0 < k(o —ay) < kw (pk) :
with

lim sup kw(p*) = 0.

k—o00

To prove (27) and (28), we will proceed by induction.

Let ¢y = 0 and ¢; be given by Lemma 6. Then (27) and (28) hold for £ =1
by Lemma 6.

Assume that (27) and (28) hold up to k. Define

w—/
(o) = S ).

Then vyl p(p,) < 1 and vy is a viscosity subsolution to

Bi(phx)

%,linN{pkakﬁi(pkm) ‘ka(ﬂj) + p—kzakbk F, <D20k> } < pk(l—ouc)go7
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This implies the following estimate

~min { ‘ka(x) + pRerp,,

Bi(pFx)
1=0,...,N ' Fk (D2UI€) }

Ak

where the last inequality follows from the definition of «j. Calling
pr = p by, and BF(z) := Bi(p*x), we get that vy, is a subsolution to

oo, { | Dug() + pi

ﬂf(x) Fk <D21}k> } < 0.

Similarly, we prove that v is a viscosity supersolution to

max { | Duy.(z) + pr pi () F, (D%k) } > —&p.

i=0,...,N
Note that 3F still satisfy assumption [A2].
~ Hence, we can use Lemma 6 to guarantee the existence of a linear function
¢(x) =a+p- x such that
sup |U/€ - Z‘ < p1+97
B

where § = 45% < o and the coefficients satisfy
a = h(0),
p = Dh(0),
where h is a viscosity solution to G(D?h) = 0 and G has the same ellipticity

constants as F'. Hence, as a straightforward application of ellipticity, h has
interior C1% estimates which imply universal bounds on the coefficients of

l.
Rescalling back to the unit ball, we get

u—lbe 7 146
o p/<:(1+o¢k)(p z) — U(z)] < p
= sup fu(y) = lily) = MUy < 1MW
YED ki1
— sup |u(y) — b (y)| < ptt0pHler—onn) ph(l+ar)

yEBpk_H
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where
Uei1(y) — O(y) =(aks1 — ag) + (Pr+1 — pr) -y
=P+ p(0) + pF DR (0) - y.
Because of (4), we have

pk(ak*akﬂ) < p*kw(Pk)

VA
aS

hence, we can further estimate

pl—l-ﬁpk(ak—ak+1)pk(1+ak+1) < p9—ak+1p°‘_2a0 p(k+1)(l+ak+1)

and since § = 5% we can write
a — Q)
0 —apq+ 5 =a—ap = 0.
Combining all these inequalities, we can finally estimate

sup  [u(y) — l1(y)| < p(k+1)(1+ak+1)

YEB ki1
which proves (27) and since |h(0)| < C, |Dh(0)| < C, estimate (28) follows
immediately aswell. This concludes the proof for the case xy = 0. A standard
translation locates this argument at any point zg € By ». |

Theorem 2 follows from Lemma 7 together with Proposition 1.
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