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ABSTRACT: In category theory circles it is well-known that the Schreier theory of
group extensions can be understood in terms of the Grothendieck construction on
indexed categories. However, it is seldom discussed how this relates to extensions of
monoids. We provide an introduction to the generalised Grothendieck construction
and apply it to recover classifications of certain classes of monoid extensions (including
Schreier and weakly Schreier extensions in particular).
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0. Introduction

A split extension of groups N =— G — H with kernel N and cokernel H can
be uniquely specified by a group homomorphism from H to the automorphism
of N by means of the semidirect product construction. The classification of
non-split extensions N ~— G — H is more subtle and involves a pair of maps
w: Hx N — N and y: H x H — N satisfying certain axioms, where ¢ is
similar to, but not quite, an action of N on H and y is a certain ‘correction’
to ¢ generalising the elements of the second cohomology group from the case
where N is abelian.

As we explain below, this data can be understood in a more motivated and
intuitive way in terms of the much more general Grothendieck construction |9
relating opfibrations over the a category H to pseudofunctors from H into Cat.
The connection between this construction and the theory of group extensions was
noted by Grothendieck himself. The potential of applying related constructions
to monoid extensions is surely also understood by category theorists, but I have
not seen it explicitly mentioned anywhere. (However, do see [10] which provides
a categorical generalisation of one class of monoid extensions, but does not link
this to the general theory.) The aim of this paper is to make this relationship
more widely known and to demonstrate the utility of this viewpoint.
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2 G. MANUELL

The general theory of monoid extensions is not nearly as well behaved as that
of group extensions and so it is standard to restrict to certain classes of monoid
extensions (see [6] for a nice survey of some of these). One such class is the
Schreier extensions of [15].

k e

Definition 0.1. An extension of monoids N ~— G — H is Schreier it for
every h € H there is a u;, € e !(h) such that for each g € e (h) there is a
unique n € N with g = k(n)uy.

These are precisely the class of extensions whose cokernel map is a preop-
fibration of the corresponding one-object categories and a modification of the
Grothendieck construction may be applied. We will show how other modifica-
tions of the construction can be also used to describe other important classes of
monoid extension, including weakly Schreier extensions [8, 6]. Along the way
we will also provide a characterisation of the morphisms of such extensions.

1. Background

We will assume the reader is familiar with the basics of category theory, which
can be found in [12]. In this section we will describe the more advanced notions
that are necessary for understanding the paper.

We start with the notion of a bicategory. For a more thorough account of the
theory of bicategories see [11] or [3, Chapter 7|. Recall that (small) categories
and functors form a category Cat, but there are also natural transformations
between functors which act as ‘higher order morphisms’. These 2-morphisms
give Cat the structure of a 2-category. Bicategories are a generalisation of
2-categories that require composition of functors to only be associative and
unital up to isomorphism instead of strictly so (just as how monoidal categories
generalise strict monoidal categories). These isomorphisms must then satisfy a
number of coherence conditions as we explain below.

Definition 1.1. A bicategory C consists of

e a class of objects Cy,

e a category C(X,Y') for each pair of objects X,Y € Cy, the objects of
which are called 1-morphisms (from X to Y'), the morphisms of which are
called 2-morphisms, and where composition is called vertical composition
and denoted by juxtaposition,

e a l-morphism 1y € C(X, X) for each object X € Cy, called the identity
I-morphisms,
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e afunctorcxyz: C(Y,Z)xC(X,Y) = C(X, Z) for each triple of objects
X, Y, Z € Cy, defining the horizontal composition of 1-morphisms and
2-morphisms, which is denoted by juxtaposition or o for 1-morphisms
and by * for 2-morphisms,

e a natural isomorphism Axy: cxyy o (ly X Ide X7y)) = Ide(x,y) and a
natural isomorphism pxy: cx xy o (Idc(xy) X 1x) = Idc(x.y) for each
pair X, Y € Cy, called the left and right unitors respectively,

e and a natural isomorphism axyzw: cxyw o (cyzw X IdC(Xy)) =
cx,zw © (Idczw) X ex,y,z) for each quadruple X, Y, Z, W € C,, called
the associators,

subject to the conditions that

e the diagram

pyr *id, ids * A\,

(foly)og——(G ———follyoy)

commutes for each f: Y — Z and g: X — Y (where we have suppressed
the subscripts for p, A and «a),
e and the diagram

(fg)(hi)

O‘fg’/Y \%j,g,hz

((fg)h)i f(g(hi))

commutes for each f: U -V, g: Z U, h: Y - Zandi: X - Y.

We write C°P for the bicategory C with the 1-morphisms reversed and C for
the bicategory C with the 2-morphisms reversed.
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Any category gives an example of a bicategory with only identity 2-morphisms.
As mentioned above, Cat itself is an example of a bicategory (where the
associators and unitors are trivial).

Recall that a monoid M can be viewed as a one-object category BM whose
morphisms are elements of M and where composition is given by monoid
multiplication so that mon = mn. We will write x for the unique object of BM.
Similarly, monoidal categories can be interpreted as one-object bicategories
where the objects of the monoidal category correspond to the 1-morphisms of
the bicategory.

Let us consider one-object categories in more detail. A functor F': BL — BM
is simply a monoid homomorphism from L to M. A natural transformation
from F' to another such functor G is then given by an element of m € M
such that mF(¢) = G(¢)m for all £ € L. Vertical composition is given by
multiplication and horizontal composition of m: F — G and ¢: F' — G’ for
F',G": BK — BL and is given by m x ¢ = mF(¢). Thus, we have not arrived
at the usual 1-category of monoids, but a bicategory Mon.

Remark 1.2. In [1, Section 5.6| it is explained that to get the usual category
Mon of monoids without nontrivial 2-morphisms, we should think of monoids
as being one-object pointed categories (in the sense of having a distinguished
object; not as in being enriched over pointed sets). Indeed, Mon is equivalent
to the coslice 2-category 1/Mon. There is exactly one map from 1 to each
monoid and these automatically commute with every monoid homomorphism.
However, the compatibility on 2-morphisms ensures only trivial 2-morphisms
between these.

Another concept which will be important for us to understand is that of a
profunctor between categories. (For more details see [3, Chapter 7] or [2] where
they are called distributors.)

Definition 1.3. A profunctor P: C - D is a functor C°? x D — Set.

In particular, every functor £': C — D gives a profunctor Hg: C + D defined
by Hrp(X,Y) = Homp(FX,Y).

Remark 1.4. Often the reversed convention is used, where a profunctor C - D
means a functor D°? x C — Set. We have used the opposite convention so as
to agree better with bisets and to minimise the use opposite categories in this

paper.
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Recall that the functor category Set® = Cat(BM, Set) is isomorphic to
the category of (left) M-sets. A profunctor BN -+ BM is then simply an
(M, N)-biset — that is, a set X equipped with a left action by M and a right
action by N such that (m-z)-n=m-(x-n)forallme M, n € N andz € X.

By the exponential adjunction in Cat, a profunctor from C to D corresponds
to a functor from C° to the functor category Set?. Moreover, the Yoneda em-
bedding Y': C° — Set® gives the free cocompletion of the (small) category C°P
and hence these functors in turn are in direct correspondence with cocontinuous
functors from Set® to Set®. Such cocontinuous functors can be composed in the
obvious way leading to a bicategory Prof with (small) categories as objects,
profunctors as 1-morphisms and natural transformations as 2-morphisms.

More directly, the profunctor composition of P: D + &£ and Q): C -+ D can
be described by a coend

POQ:/ ) P(D,:)XQ(—,D),

which can be understood as a categorification of the composition of relations.
Explicitly, the composition of profunctors P: D +— &£ and @): C - D is given
by

(PoQ)(C.E) = <|_| P(D, E) x Q(O,D)> /~
DeD
where ~ is the equivalence relation generated by

(P(f,ide)(p),a)p ~ (p, Q(de, f)(9))
forpe P(D',E), q € Q(C,D) and f € D(D,D'), and

(PoQ)(c,e): [(p,q)p] = [(P(idp, e)(p), Q(c,idp)(q)) p]

forc: C" = C,e: E— FE' pe P(D,FE) and q € Q(C, D). The 2-morphisms
between profunctors are simply given by natural transformations and the action
of this composition on 2-morphisms can be defined by

(p*r)er: [(p, )] = [(pp.e(P), kc.p(9))D]

for o: P — P and k: Q — @Q'. Moreover, the identity profunctors are given
by the Hom functors. The unitors and associators can then also be defined in a
straightforward manner (by the coend calculus or directly), but we omit the
details.
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The composition of profunctors between one-object categories corresponds to
the tensor product of the corresponding bisets. Recall that if X is an (L, M)-
biset and Y is an (M, N)-biset, then the tensor product X @Y is an (L, N)-biset
with underlying set {(x,y) € X x Y} /~ where ~ is the equivalence relation
generated by (z - m,y) ~ (x,m -y). The actions of L and N on X ® Y are
given by acting on the appropriate component of the pairs in the obvious way.
The identity profunctor on BN corresponds to the (N, N)-biset with underlying
set N and actions given by left and right multiplication in N.

We obtain a bicategory Biset whose objects are monoids, whose 1-morphisms
are bisets, and whose 2-morphisms are biset homomorphisms where horizontal
composition is given by tensor product of bisets. Then Biset can be identified
with the full sub-bicategory of Prof consisting of one-object categories.

Finally, we define the notion of lax functors between bicategories.

Definition 1.5. Let C and D be bicategories. A lax functor L: C — D
consists of
1) a function L: Cy — Dy,
2) a functor Lxy: C(X,Y) — D(L(X),L(Y)) for each pair of objects
X, Y € Cy, which we usually also denote by L,
3) a 2-morphism % : 1(y) = L(1x) in D for each object X € Cj, called
the unitors of L,
4) and a 2-morphism fyﬁg: L(f)o L(g) — L(f og) in D for each pair of
composable 1-morphisms (f, g) in C, called the compositors,
subject to the conditions that

a) the diagram

yz
L(f) o L(g) L(fg)
L(o) * L(T) L(o*T)
L(f') o L(g) —— L(f'g)
Tf.g

commutes for each pair of horizontally composable 2-morphisms o: f —
fland 7: g — ¢’ in C,
b) the two diagrams
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AL(s PL(f)
Ly o L) 2 L) L(f) o 1rex) L(f)
ty * idp ) L(Ap) idpgp =% L(py)
L(ly)o L(f) - L(ly o f) L(f) o L(1x) —— L(f o 1x)
fyly,f fyfle
commute for each 1-morphism f € C(X,Y),
c¢) and the diagram
CL(f),L(9),L(h)
(L(f) o L(g)) o L(h) L(f) o (L(g) o L(h))
Vg * idr idyp) g
L(fog)oL(h) L(f)o L(goh)
/yJIc/g:h W/J%,gh
L(oygn)
L((fog)oh) L(fo(goh))
commutes for all composable triples of 1-morphisms (f, g, h) in C.

We say a lax functor L is unitary if the unitors +* are invertible and we say L

is a pseudofunctor if both the unitors and compositors are invertible. We say a
lax functor is strictly unitary or normal if its unitors are identity 2-morphisms.

It will be convenient to restrict to normal lax functors and normal pseudo-
functors instead of arbitrary unitary ones. There is no loss of generality because
every unitary lax functor (or pseudofunctor) is pseudonaturally isomorphic to a
normal one.

Pseudofunctors should be thought of as the correct bicategorical analogue of
functors, while lax functors are a generalisation which does not appear in the
setting of 1-categories. Lax functors between one-object bicategories correspond
to lax monoidal functors, while pseudofunctors correspond to strong monoidal
functors.

The assignment of functors F': C — D to profunctors Hg: C - D mentioned
above can be extended to a pseudofunctor from Cat® to Prof which is the
identity on objects and fully faithful on hom-categories (by the Yoneda lemma).
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Let us consider how this restricts to the case of monoids to give an inclusion
from Mon® into Biset. A monoid homomorphism f: N — M is associated to
a biset H; with underlying set M, left action given by multiplication m' - m =
m'm and right action given by m - n = mf(n). A 2-morphism in Mon from f
to f': N — M represented by p € M is sent to the biset homomorphism from
Hy to Hy mapping m to mp. The unitor at M is given by the identity map on
the biset M (with both actions given by multiplication) and the compositors
are the biset homomorphisms H;y ® H, — Hy, sending [(m,n)] to mf(n).

Finally, just as there is a notion of natural transformation between functors,
one can define oplax transformations between lax functors and even modifications
between oplax transformations. An oplax transformation 7 from L;: C — D
to Ly: C — D consists of a 1-morphism 7x: L1(X) — Lyo(X) in D for each
object X in C and a 2-morphism 7¢: 7v o L1(f) = La(f) o 7x in D for each
I-morphism f: X — Y in C. These must satisfy some coherence conditions
which we omit. A modification N from 7: L; — Lo to 7: L; — L9 consists
of a 2-morphism Rx: 7x — 7% in D for each object X in C and these must
satisfy a certain naturality condition. (See [11] for details.)

2. The Grothendieck—Bénabou correspondence

The classical Grothendieck construction gives a correspondence between
pseudofunctors from a (small) category C (viewed as a locally discrete bicategory)
to Cat and certain functors called opfibrations with codomain C. Let us start
with a more general construction described in [2]| that gives a correspondence
between normal lax functors from C to Prof and arbitrary functors into C. In
fact, it is more intuitive to consider the inverse construction.

Given a functor F': C — D between small categories, it is natural to consider
its ‘fibres’. For every object D € D we define OF (D) to be the subcategory of C
consisting of the objects which are mapped to D by F' and the morphisms which
are mapped to idp. (We consider strict fibres to avoid needless complexity in
our main case of interest.)

Now we might ask how these fibre categories vary along morphisms f: A — B
in D. Here it is reasonable to consider the morphisms in C which F' sends to
f: for every A € 9F(A) and every B € dF(B) we set dF (f)(A,B) = {f €
C(A,B) | F(f) = f}. Indeed, dF(f) can be made into a profunctor from
OF(A) to OF(B) by inheriting its action on morphisms from the Hom functor
in C. Explicitly, for a: A’ — A in 9F(A) and b: B — B’ in §F(B) the map
OF (f)(a,b): F(f)(A, B) — F(f)(A’, B') sends f to bfa.
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In this way we arrive at the following definition.

Definition 2.1. Given a functor F: C — D we define a normal lax functor
OF: D — Prof by the following data.

e For each object D € D, OF (D) is the subcategory of C with objects C'
such that F'(C') = D and morphisms ¢ such that F(c¢) = idp.

e For each pair of objects A, B € D and each morphism f: A — B, 0F(f)
is a profunctor OF(f): 0F(A) - OF(B) defined by aF(f)(fl E)
{f € C(A,B) | F(f) = f} on objects and F(f)(a,b): f — bfa on
morphisms. (Since D has no nontrivial 2-morphisms, there is nothing to
say about the action of F' on 2-morphisms.)

e For each object D € D, note that F (idp) = Homyp(p) and define the
unitor L%F to be the identity natural transformation on Homyp(py.

e For each Composable pair of morphisms f: Y — Z and g: X — Y in
D, the compositor 7 : OF (f) o OF(g) — OF(fg) is given by a natural

transformation Whose component at (X Z) € OF (X)° x OF(Z) sends
[(f, g)y] to fg(for f:Y = Zand §: X - Y).

The (generalised) Grothendieck construction provides an inverse to this fibre
construction. Given a normal lax functor L: D — Prof we define a category

[L and a functor II,: [L — D.

Definition 2.2. The category [L has objects of the form (D, D) where D
is an object of D and D € L(D). Morphisms from (D, D) to (E,E) are
given by pairs (f, f) where f: D — E and f € L(f)(D E). The composite
of morphisms (f, f): (D, D) = (E,E) and (g,§): (C,C) — (D, D) is given
by (fg, (Vﬁg)éﬁ([(ﬁ 9)p])) and the identity morphism on (D, D) is given
by (idp,idp), where we have used that L(idp) = Hompp). The functor
I1: [L — D then simply projects out the first components of the objects and
morphisms.

These two constructions can be seen to be inverses up to isomorphism. In
fact, these form the object part of an equivalence between the slice 2-category
Cat/D and the bicategory of normal lax functors from D into Prof, oplax
transformations with 1-morphism components of the form Hp, and modifica-
tions.

Giving all the details of this equivalence is out of scope for this paper, but
we give a brief description of the action of @ on 1-morphisms and 2-morphisms
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below. This is provided for motivation and completeness and the reader may
feel free to skip this; we will give an independent proof of the restricted version
we need in Proposition 4.3.

Aside 2.3. The correspondence for morphisms

We briefly describe one direction of the equivalence. We start by considering
a l-morphism in the (strict) slice 2-category Cat/D. Suppose F': C — D
and F’: C" — D are functors and let ®: C — C’ be functor such that
F'® = F. Then 09 is an oplax transformation from 0F to OF’. The
I-morphism component (0®)p: OF (D) - OF'(D) is obtained from the
appropriate restriction of the functor ®.

It f: D — E in D then the 2-morphism component at f is a nat-
ural transformation (0®)¢: (0®)p o OF(f) — OF'(f) o (0®)p. Since
(0®)p comes from a functor, the composite profunctor 0F'(f) o (0P)p
has a particularly simple form (up to isomorphism) given by (ﬁ, E )
OF'(f)(®(D), E).

The other composite is trickier, but can be seen to correspond to a left
Kan extension: ((®)g o OF(f))(D,—) = Lanq,bF(E)@F(f)(ﬁ, —). But
now by the defining adjunction of the left Kan extension, maps from
this into OF'(f)(®(=),—) are in bijection with maps from OF(f) to

OF'(f)(2(=), ®(=))-

The required natural transformation (0®) is then induced from the

A

map sending f € F(f)(D,E) to ®(f) € oF'(f)(®(D),®(E)) in a
straightforward way. More explicitly, the (ﬁ, E ) component of (0P)
sends [(h, f)g] to [(ho @(f),idgp))ep))-

Finally, let us consider a 2-morphism in Cat/D. Take ®19: C — C’ to
be as above and suppose 7: &; — P, is a natural transformation such
that F'(1) = idp. Then O is a modification from 0®; to 0Py. Each
component (O7)p is a natural transformation from the profunctor (0®;)p
to (0®9)p induced by the appropriate restriction of 7.

An important consequence of this correspondence can be recovered by restrict-
ing to the case of normal lax functors L: D — Prof that factor through the
inclusion H: Cat® — Prof. We consider for which functors F': C — D we
have that OF is of this form. This means that for each morphism f: A — B,
the profunctor OF(f) is isomorphic to one of the form Hom(f.(—),=) for some
functor f.: 0F(A) — OF(B) (characterised up to isomorphism). So the set
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8F(f)(121 B) of morphisms f: A — B mapped to f under F'is (naturally) in
bijection with the morphisms from some object f.(A i) to B in OF(B). The
1dent1ty map from f«(A ) to fi(A ) then corresponds to a certain universal map
from A to f,(A). Thus, we are lead to the following definition.

Definition 2.4. Consider a functor F': C — D. We say a morphism u: A— B
in C is pre-opcartesian with respect to [ if for every g: A — B'in C with
F(§) = F(u), there exists a unique morphism b: B — B’ in F(FB) such
that bu = g. The functor F is called a preopfibration it for every morphism
f: F(A) — B there exists a pre-opcartesian lifting U A — B in C such that
F(uy) = f. If moreover, the class of pre-opcartesian morphisms is closed under
composition, then we say I’ is an opfibration.

The above correspondence then reduces to a correspondence between preop-
fibrations over D and normal lax functors from D into Cat®. (These are the
same as oplax functors from D to Cat, but we will stick to using lax functors to
make the link to the general case clearer.) The classical Grothendieck construc-
tion concerned a further restriction to a correspondence between opfibrations
over D and pseudofunctors from D to Cat.

3. Schreier extensions

We are now in a position to discuss the most immediate application to the
theory of monoid extensions. To do this we restrict all the categories involved to

k €
have precisely one object. Recall that an extension of monoids N =—— G — H

is Schreier if for every h € H there is a u, € e '(h) such that for each
g € e }(h) there is a unique n € N with k(n)u, = ¢g. The cokernel map in
such an extension is called a Schreier epimorphism.

Lemma 3.1. A monoid homomorphism e: G — H is a Schreier epimorphism
if and only if Be is a preopfibration.

Proof: The Schreier condition is precisely the condition that every morphism
has a pre-opcartesian lifting restricted to the case of monoids. Furthermore, the
Schreier condition alone entails that e is surjective (and indeed, the cokernel of
its kernel). n

Now applying the correspondence between preopfibrations and normal lax
functors into Cat®, we have that Schreier extensions with codomain H corres-
pond to certain normal lax functors from BH to Cat®. In particular, in this
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case the fibre also has only one object and the normal lax functors are precisely
those that factor through Mon® — Cat®.

Let us see what the data of a normal lax functor gives in this case. We have
following (looking at the definition of a lax functor point by point).

1) An object of Mon for the single object of BH — that is, a monoid N.
This corresponds to the kernel of the extension, since it will be the fibre
of the identity.

2) A function from H to the objects of Mon(N, N) (since BH has one
object and only trivial 2-morphisms). We can express this function in
uncurried form as a map ¢: H x N — N such that ¢(h,1) = 1 and
¢(h,nn’) = p(h,n)p(h,n').

3) A requirement that (1, —) is the identity — that is, ¢(1,n) = n.

4) A 2-morphism in Mon® for each h,h' € H from ¢(h,—) o ¢(h/, —) to
w(hh',—). Explicitly, this means an element x(h,h’) € N such that
@(h, (R, n))x(h, 1) = x(h, h')p(hh', n).

These must then additionally satisty the following conditions.

a) The first condition is trivial, since BH has no nontrivial 2-morphisms.
b) The next gives x(1,h) =1 and x(h,1) = 1.
¢) Finally, interpreting the compositor condition ~% (v}, * idg.)) =
Ve, (i) *7,.) in Mon® in terms of our data, we require the equality
xX(@,y)x(zy, z) = o(z, x(y, 2))x(z, yz).
This is precisely the data Rédei used (up to variance) to characterise Schreier
extensions |15, 6].

Do note, however, that the correspondence between extensions and these
normal lax functors is only an equivalence, not an isomorphism. Thus, the
precise correspondence is between isomorphism classes of extensions and an
appropriate corresponding equivalence relation the the above data. This requires
looking at the morphisms, which will do in the next section.

Remark 3.2. We can easily restrict the above characterisation to describe
important special cases of Schreier extensions. A preopfibration F': C — D is
called groupoidal if every morphism in C is (pre)opcartesian with respect to F.
Any such preopfibration is automatically an opfibration and they correspond
to pseudofunctors into the 2-category Grpd of groupoids. In the case of
monoids, this condition gives the so-called special Schreier extensions of monoids:

k e
extensions N =— G — H such that whenever e(g) = e(¢’) there is a unique
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n € N such that g = k(n)g’ (see [14, 6]). Our characterisation is then as above
but where N is required to be a group. Finally, if N further required to be
abelian, this reduces to the cohomological characterisation given in [14] (once
we take into account the equivalence relation defined in Section 4).

Of course, we can now explicitly construct an extension from the data above
using the (generalised) Grothendieck construction. Let L: BH — Cat® be the
lax functor defined by a pair (¢, x) as above. The resulting category [L will
have a single object and morphisms given by pairs (h,n) where h € H and
n € Hompgyn(L(h)(x),x) = N. These morphisms are the elements of the middle
monoid in the extension. Multiplication is given by

(h7 n) ) (hlo n/) - (hhlﬂ (7[5]&’)*, n, TL/)*]))

([(
= (bl (1) x([(np (R, 0'), 1).]))
= (hh';np(h,n")x(h, h")).

*

The cokernel map is then the projection (h,n) + h and the kernel is given by
n +— (1,n). Again, this recovers the usual construction of an extension from
the data (¢, x).

4. Morphisms of extensions

The full equivalence of bicategories mentioned in Aside 2.3 restricts to a
correspondence between the full sub-2-category of Mon/H consisting of the
Schreier epimorphisms and a particular sub-2-category of Lax(BH, Mon®).

However, morphisms of extensions should not just commute with the quotient
maps, but also the kernel maps. If e: G — H and ¢': G’ — H are Schreier
epimorphisms of monoids and ¢: G — G’ is a monoid homomorphism satisfying
€'t = e, then by the correspondence we have an oplax transformation dt: de —
Oe’. But now note N = (09¢)(x) and N’ = (09¢’)(*) are the kernels of e and ¢’
respectively, and so the 1-morphism component (9t),: N — N’ is the restriction
of t to the kernels. Thus, ¢ gives a morphism of extensions with cokernel H and
kernel NV precisely when the 1-morphism component of 0t is the identity on N.
Such an oplax transformation is (essentially) what is known as an icon.

The restriction to maps which fix the kernel also has the welcome side effect
of killing the nontrivial 2-morphisms from Mon similarly to as in Remark 1.2.
Thus, here isomorphism /equivalence classes of extensions are precisely what we
expect them to be.
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Finally, the restriction to Schreier epimorphisms with fixed kernel N allows
us to rephrase the equivalence in terms of monoidal categories, which might
be more familiar to some readers. This is because requiring the kernel of the
Schreier epimorphism be N amounts to asking that the lax functor de sends
the unique object in BH to the object N in Mon®. In other words, de factors
through the one-object sub-bicategory of Mon® at NV, which we could write as
B(EndMonco(N))'

Lax functors between one-object bicategories correspond to lax monoidal
functors between their endomorphism bicategories. Moreover, icons between
such lax functors correspond to monoidal natural transformations between these
lax monoidal functors, whose definition we now recall.

Definition 4.1. Let L;, Lo: C — D be lax monoidal functors. A monoidal
natural transformation 7: L1 — Lo is a natural transformation between the un-
derlying functors such that the following diagrams commute (where I represents
the monoidal unit).

L,

L Txy
I Ly(I) Li(X) ® Li(Y) Li(X®Y)
Lo X ® Ty TX®Y
TI
Ly(I) Ly(X) ® Ly(Y) —— La(X @)
Xy

)

We have arrived at the following proposition (which will also follow from
Proposition 4.3 below).

Proposition 4.2. There is an equivalence between the category of Schreier
extensions of monoids with kernel N and cokernel H and the category of
normal lax monoidal functors from H (viewed as a discrete monoidal category)
to Endyjone (N) and monoidal natural transformations.

We can now use this to complete the characterisation of Schreier extensions
from Section 3 (while also giving a characterisation of morphisms of Schreier
extensions). We have argued that morphisms of Schreier extensions correspond
to monoidal natural transformations. In terms of our data, a morphism from

(¢1, X2) to (p2,x2) is given by
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e a 2-morphism in Mon® from ¢1(h, —) to @o(h,—) for each h € H. We
can specify this by a function ¢»: H — N such that ¢;(h,n)y(h) =
W (h)pa(h,n).
This is subject to the following conditions.

e The naturality condition is trivial since H is a discrete monoidal category.

e The unit law says (1) = 1,

e The tensor product condition gives the equality xi(h,h")Y(hh') =
©1(h, W (h)WY(h)xa(h, ') — or equivalently using the equality above,
X1(h, W) (hh') = ¢ (h)pa(h, ¥ (h'))x2(h, I).

Thus, two pairs (@1, x1) and (2, x2) give isomorphic extensions if and only if
there is a function ¢: H — N satisfying the conditions above and where ) (h)
is invertible for each h € H. This can be to seen to agree with the equivalence
relation described in [6] and completes the characterisation.

Above we have restricted our discussion of morphisms to the case of Schreier
extensions, but the argument works equally well for arbitrary extensions of
monoids. We simply use Biset in place of Mon®. This gives us the following
result, which we will prove from first principles for completeness and so as to
avoid the more complicated prerequisites.

Proposition 4.3. Fix two monoids N and H. Consider the category of exact
sequences of monoids 0 — N — G — H — in other words, the category whose
objects are triples (G,e,k) where G is a monoid, e: G — H is an arbitrary
monotd homomorphism and k s the kernel of e, and whose morphisms are
maps of the form t: G — G’ that make the obvious triangles commute. There
i1s an equivalence between this category and the category of normal lax monoidal
functors from H to Endpiset(IN) and monoidal natural transformations between
them.

Proof: The correspondence on the level of objects is obtained from Definitions 2.1
and 2.2 as explained above. We now describe the action of these functors on
morphisms.

Consider the following morphism of exact sequences.

Nt gy
0

[

ka’ ¢ e
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The monoidal transformation 9t between lax monoidal functors de, d¢’: H —
Endpiset (V) is defined by setting (0t),(z) = t(z).

This is well-defined since x € de(h) means that x € G with e(z) = h, and
then t(z) € G’ with €'(t(z)) = e(z) = h by the commutativity of the above
diagram, so that t(x) € 0¢'(h).

We now show it is a monoidal natural transformation. Naturality is immediate
since H is a discrete monoidal category. The unit condition for monoidal natural
transformations requires that (0t); be the identity on N, which follows from
the commutativity of the diagram above. For the tensor product condition we
need that the following diagram commutes.

(O) iy

86/(h1> @ 86’(h2) T) a€/<h1h2)
Vit e

To see this consider [(z,y)] € de(hy) @ de(hs), where z € e !(h;) and y €
e~ 1(hs). Then along the upper path we have [(z,y)] — 2y — t(xy), while on
the lower path [(x,y)] — [(t(y),t(z))] — t(x)t(y). These agree since t is a
monoid homomorphism.

For the other direction let L, L': H — Endpiset(N) be normal lax monoidal
functors and consider a monoidal natural transformation 7: L — L. We
define a morphism [7 between the exact sequences 0 - N — [L — H and
0= N — [I'= Hby [7(h,h) = (h,m(h)).

To see that [7 is a monoid homomorphism first note that [7(1,1) =
(1,7(1)) = (1,1) by the unit condition on the monoidal natural transformation
7. Now observe the following sequence of equalities.

J7((he, ) - (ha, ha)) = [7((haha, Vi, (ha, h2)))
= (haha, Thyny Vi (B, Ba))
= (iha, Y,y (Thy (h), Ty (12)))
= (h1, 7, (h)) - (ha, 7, (h2))
= [7(hy, by) - [7(ha, o)
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Here the third equality follows from the tensor product condition on 7.
Furthermore, it is clear that f 7 commutes with the cokernel maps f L—H
and [L' — H. The fact that it commutes with the kernel inclusions then
follows from the unit condition on 7.
It is easy to see both the maps 0 and f preserve composition and hence define
functors. It remains to show that they are inverses up to natural isomorphism,
but this is routine and we omit the details. |

Remark 4.4. We can also use the general equivalence of bicategories of Aside 2.3
to obtain other related results with very little additional work. In particular,
split extensions of monoids can be understood by first considering ‘points’ of the
bicategories involved (that is, the maps from the terminal object) before fixing
the kernel. For instance, starting with the correspondence between opfibrations
and pseudofunctors restricted to the case of groups this gives split epimorphisms
of groups into H on the one side and (1-)functors from BH into Grp. Here the
equivalence gives rise the usual semidirect product construction. Applying a
similar idea in the case of Schreier extensions and that of the weakly Schreier
extensions considered below, one can recover the known characterisations of
Schreier split extensions and weakly Schreier split extensions (from [13, 5]).

5. Weakly Schreier extensions

In theory, it should be possible to use this approach to characterise any desired
class of monoid extensions. As a slightly more complicated example, we will
now apply it to the case of weakly Schreier extensions of monoids.

Definition 5.1. An extension of monoids N i* G- His weakly Schreier
if for every h € H there is a uj, € e~ !(h) such that for each g € e71(h) there is
a (not necessarily unique) n € N with k(n)u, = g.

If Schreier extensions correspond to preopfibrations, weakly Schreier extensions
should correspond to a weakened notion of preopfibration where uniqueness is
removed from the definition of pre-opcartesian.

Definition 5.2. Consider a functor F': C — D. We say a morphism wu: A— B
in C is weakly pre-opcartesian with respect to F' if for every §: A — B’ in C
with F(§) = F(u), there exists a morphism b: B — B’ in F(FB) such that
bu = g. The functor F' is called a weak preopfibration if for every morphism

f: F(A) — B there exists a weakly pre-opcartesian lifting w: A— BinC
such that F(us) = f.
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We now consider the resulting conditions satisfied by the corresponding normal
lax functor OF: D — Prof.

Let f: A — B be a morphism in D. Then for A lying over A and B lying over
B recall that we have OF(f)(A, B) = {f € C(A,B) | F(f) = f}. By the weak
preopfibration condition we have a weakly pre-opcartesian lift u: A= f ( )
of f. Now composition with u; defines a map sending b € Hompp (g )(f(fl), B)

to bu; € OF(f)(A, B). That u 7 is weakly pre-opcartesian is precisely the claim
that this map is surjective. Moreover, it is easy to see this map is natural in
B. Thus, the functor OF(f)(A, —) is a quotient of the representable functor
Hom(f(A), —) in the category Set?®).

This suggests restricting to profunctors P: C -+ D whose corresponding
cocontinuous functors P: Set® — Set? send representable functors to quotients
of representable functors. Note that such cocontinuous functors are closed under
composition since cocontinuous functors preserve quotients and quotient maps
are closed under composition. Thus, these profunctors define a wide, locally
full sub-bicategory of Prof (that is, a sub-bicategory with a restricted set of
1-morphisms, but with the same objects and the same 2-morphisms between

each pair of chosen 1-morphisms as the parent category). Let us call this
bicategory LQProf.

Proposition 5.3. The Grothendieck—Bénabou correspondence between functors
into D and normal lax functors from D to Prof restricts to a correspond-

ence between weak preopfibrations into D and normal lax functors from D to
LQProf.

Proof: We have shown above that weak preopfibrations are sent to normal lax
functors that factor through LQProf — Prof. We now show that the functor
obtained by applying the Grothendieck construction to a normal lax functor
L: D — LQProf is a weak preopfibration.

Recall that the functor IT,: [L — D sends (D, D) e [Lto D e D. Consider
f: A— Bin D. Then by assumption, for each object A € L(A), the functor
L(f)(A, =) is a quotient of some representable functor Homyp,p)(f (A) —). By
the Yoneda lemma, this quotient map sends each map b: f(fl) — Bin L(B)

to L(f)(A,b)(uy) for some element u; € L(f)(A, F(A)).
We claim the map (f,uy) in [L is a pre-opcartesian lifting of f with respect

to IT;. We must show that every lift (f, f): (4, A) — (B, B) of f can be
expressed as the composite (idg, b) o (f,us) for some b: F(A) = Bin L(B).
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By the definition of composition in [L we have that (idg,b) o (f,us) =
(f, (’Yi%iB,f)A,B([(ba Uf)f(A)]))- Then by the form of the equivalence relation
defined for the composition of profunctors we have the equalities [(b, ug) 7 4] =
(L(id) (b, i) (id ). uy) ) = [Gidgs L)1, 5)(ug)) 5). But now by the
unitor commutative diagrams for L and normality we have 71%13, = AL
and hence we find (idp,b) o (f,uy) = (f, Arp)([(idg, L(f)(id 4, 0)(ur))p])) =
(f, L(f)(id 4, b)(uy)). So our claim will follow once we prove there is a morphism
b € L(B) such that f = L(f)(id 4,b)(uy), but this is precisely what it means
for the map from HomL(B)(f(fl), B) to L(f)(A, B) to be surjective and thus
we are done. m

We will now consider what this correspondence means for monoid extensions.
Note that if M is a monoid, the only representable functor in Set® is given
by the canonical left M-set structure on M given by multiplication. So the
restriction of LQProf to the case of monoids gives the sub-bicategory of Biset
whose 1-morphisms are the (M, N)-bisets which as left M-sets are quotients
of the canonical left M-set structure on M (with arbitrary compatible right
N-set structure). Let us call this category LQBiset. Now as a corollary of
Propositions 4.3 and 5.3 we obtain the following equivalence.

Proposition 5.4. Let N and H be monoids. There is an equivalence of
categories between the category of weakly Schreier extensions of monoids with
kernel N and cokernel H and the category of normal lax monoidal functors
from H to Endrqsiset(N) and monoidal natural transformations between them.

We wish to see what data is needed to specify such a normal lax monoidal
functor. We must first look at the bicategory LQBiset in more detail. The
discussion proceeds similarly to the proof that Mon® embeds into Biset.

Explicitly, a morphism from N to M in LQBiset can be described as follows.
The underlying set and left M-set structure is given by a quotient M/~
where the equivalence relation ~ is a left M-set congruence. Then since
m]-n = (m-[1]) -n = m- ([1] - n), the right action of N on M/~ is then
specified by where it sends [1]. Thus, the action can be defined by a function
f: N — M by setting [m] - n = [mf(n)]. Of course, two such functions fi, fo
will give the same right N-set structure whenever fi(n) ~ fa(n) for all n € N.
Finally, the equalities [f(1)] = [1]-1 = [1] and [f(nn')] = [1]-nn' = ([1]-n)-n' =
[f(n)]-n" =[f(n)f(n')] show that such a map f should preserve the unit and
multiplication up to equivalence, and that is indeed enough to ensure this defines
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a valid (M, N)-biset structure. We might call data such as (~, f) a relazed
monoid homomorphism, mimicking the ‘relaxed action’ terminology of [6].

Now consider the tensor product X ® Y of an (L, M)-biset X and an (M, N)-
biset Y in LQBiset defined by ~X and fX: M — Land ~Y and f¥: N - M
respectively. Recall that this is given by a quotient of the product X x Y by
the equivalence relation generated by (x - m,y) ~ (x,m -y). We now have
([€], [m]) = ([€], m - [1]) ~ ([€] - m, [1]) = ([€f*(m)],[1]) and thus in this case
we need only consider the first component of the product. Then if ~ is the
equivalence relation on L generated by £fX(m) ~ ¢ fX(m') and £ ~ ¢ for
¢ ~% ¢ and m ~Y m/, it can be shown that the tensor product X ® Y is
given by the set L/~ with its inherited left L-set structure and a right N-set
structure given by fX o f¥: N — L.

We can also describe biset homomorphisms in terms of this data. Let h be
a (M, N)-biset homomorphism from a biset Y~ defined by (~, f) to a biset Y’
defined by (~', f'). Observe that h([m]) = h(m - [1]) = m - h([1]). Thus, A
is defined by where it sends [1] € Y. Let n € M be such that A([1]) = [n].
Then h can be recovered form n by h([m]) = [mn], with the same map being
obtained from 7; and 7y whenever 1, ~' 1. For h to be well-defined we must
require that mn ~" m/n whenever m ~ m’. Finally, the requirement that A is a
biset homomorphism imposes the condition on n that [f(n)n] = h([f(n)]) =
h([1]-n) = h([1]) -n=[n] -n = [nf'(n)] for all n € N.

Finally, we discuss composition of these biset homomorphisms. Note that
if h and A’ are (vertically) composable (M, N)-biset homomorphisms, then
the composite hh' can be represented by the product n'n of the corresponding
elements of N (in reverse). On the other hand, if hy: X — X' isan (L, M)-biset
homomorphism and he: Y — Y’ is an (M, N)-biset homomorphism, then in
terms of the usual description of the tensor product we have that hy ® hs sends
1] = [([1], [1])] to [([Aa (D], (a2 (O] = (], [D)] = [(Fm ¥ ()], [1)]. Thus,
0 fX/(ng) is an element representing the horizontal composite h; & hs.

One could say we have shown that LQBiset is equivalent to a 2-category of
monoids, relaxed monoid homomorphisms and equivalence classes of monoid
elements.

We are now in a position to fruitfully apply the Grothendieck-Bénabou
correspondence to the case of weakly Schreier extensions. The data of the
resulting lax functor can be given by the following.

1) An object of LQBiset for the single object of BH — that is, a monoid
N.
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2) A function from H to the objects of LQBiset(/N, V). This can be defined
by a left N-set congruence ~" on N for each h € H and a function
@w: Hx N — N such that p(h,1) ~" 1 and o(h,nn') ~" ©(h,n)e(h,n').
We write N" for the (N, N)-set defined by ~" and ¢(h, —).

3) A requirement that ~! is the equality relation and ¢(1,n) = n.

4) A 2-morphism in LQBiset for each h,h' € H from N" @y N" to
NM" " This can be specified by an element x(h,h’) € N such that
o(h, oW, n))x(h, 1)) ~"" x(h,h)o(hh',n) and such that we have
both nyp(h,nt)x(h,h') ~"" nap(h,nh)x(h, k') and nix(h, ') ~"*

nax(h, h') whenever n; ~" ny and n} ~" nl,.

These must additionally satisfy the following conditions.

a) The naturality condition is trivial.
b) Secondly, x(1,h) ~" 1 and x(h,1) ~" 1.
¢) Finally, we require x(x,y)x(zy, z) ~™* o(z, x(y, 2))x(,yz).
The maps ¢ and y both involve some arbitrary choices, but these will be taken
care of once we consider the isomorphism classes of extensions below.

Let us consider how to describe the morphisms of extensions. A morphism of
extensions from the weakly Schreier extensions defined by the data (~1, 1, x1)
to the one defined by (~2, 9, x2) is given by (expanding the data of a monoidal

natural transformation)

e a 2-morphism in LQBiset from NJ to N» for each h € H. We can
specify this by a function ¢: H — N such that ¢;(h,n)y(h) ~b
Y (h)ps(h,n) and such that ny(h) ~% n'y(h) whenever n ~% n’,
This is subject to the conditions that
e we have ¥(1) = 1 (compatibility with the unit),
o and i (b, W) (')~ (h)ia (b W (W) )y (h, 1) (compatibility with
the tensor).

There are some arbitrary choices in the definition of 1 and so two maps 1 and
" define the same morphism of extensions whenever

e we have ¥ (h) ~8 ¢/(h) for all h € H.

[t is now not hard to see that a morphism from (~a, v9, x2) to (~1, 1, X1)
defined by 1* is inverse to the 2-morphism given by v if and only if ¢ (h)t)*(h) ~"
1 and ¥*(h)yp(h) ~ 1.

Thus, isomorphism classes of extensions correspond to equivalence classes of
data (~, p, x) under the equivalence relation a defined so that (~1, 1, x1) =~
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(~9, 2, X2) Whenever there exist maps ¥, 9" as above defining an inverse pair
of morphisms between them.

This characterisation of weakly Schreier extensions is almost precisely the
same as the one presented in [6] (and first given in [8]), which was derived
by other means. In fact, 9 of the 11 conditions given there on the triples
(~, p, x) coincide directly with our conditions given above. We now show that
the remaining two conditions given there correspond to our single remaining
condition. The two conditions, numbers (4) and (5) of [6, Section 4.3|, are

ny ~" ng = nip(h,n’) ~" nap(h,n') (1)

and

ny ~ oty = p(hom)x(hy 1Y)~ p(h, )X (h, B). 2)
We claim that in the presence of the other conditions these are equivalent to
our condition

n ~ng A m Sl = nip(h, ) x (b, ) " ngp(hnb)x(h, ). (3)

Equation (2) follows immediately from Equation (3) by taking n; = ny =
1. On the other hand, taking n} = n), = n’ and A’ = 1 in Equation (3)
gives nyp(h,n')x(h, 1) ~" nyp(h,n")x(h,1) for n; ~" ny. But we also have
x(h,1) ~" 1 and hence ny2p(h,n')x(h,1) ~" nyap(h,n’), since ~" is a left
N-set congruence. Then Equation (1) follows by transitivity.

Conversely, Equation (2) together with the left N-set property (number (2) in
6]) gives that nj ~" n), implies ny20(h, n})x(h, h') ~" ny50(h,nh)x(h, h').
Then Equation (1) and another condition (number (3) in [6]) give that n; ~" ny
implies nyp(h, n')x(h, h') ~" ng@(h, n')x(h, b'). These yield Equation (3) by
transitivity.

Finally, the data characterising morphisms of extensions are agrees with that
given in [6]. Though, for checking if v gives invertible morphism it gives a
simplified condition involving left and right invertibility modulo the equivalence
relations.

Remark 5.5. Restricting to the case that N is an abelian group yields the
cohomological characterisations of extensions and their morphisms given in [4]

and [7].

Finally, we can apply the generalised Grothendieck construction to the data

(~, v, x) as defined above to obtain the corresponding weakly Schreier extension.
Let L: BH — LQBiset be the lax functor defined by the data. The middle
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monoid in the the extension is given by morphisms of the resulting one-object
category [L and consists of pairs (h, [n]) where h € H and [n] € L(h) = N/~".
Multiplication is given by

(B, [n]) - (W', [n']) = (R, () ([(, )
= (h', (v ) ([(np (R '), 1)]))
- (hhlv [ngp(h, n/)X(h7 h,)])

As before, the cokernel map is given by the projection (h,[n]) — h and the
kernel is defined by n + (1, [n]). Again, this recovers the usual construction of
an extension from the data (~, ¢, x) as in [6].
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