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ABSTRACT: We obtain sharp local C1® regularity of solutions for singular obstacle
problems, Euler-Lagrange equation of which is given by

Apu = y(u— @)’ in {u> e},
for 0 <y < 1and p > 2. At the free boundary d{u > ¢}, we prove optimal C'*7

regularity of solutions, with 7 given explicitly in terms of p, v and smoothness of
, which is new even in the linear setting.
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1. Introduction

In this paper we study minimization problems with non-differentiable zero
order dependence. More precisely, in a bounded domain 2 C R”, for a
constant v € (0,1), we study regularity of minimizers of

J(u) = ;2]12 J(v), (1.1)
where Tol?
J(v) ::/Q<| ;' +(v—cp)7> dx,
and
K := {vEWl’p(Q); v >, v—gEWOLP(Q)}, (1.2)

with ¢ € CYP(Q), for a B € (0,1] and g € WP(Q2). The corresponding
Euler-Lagrange equation is

Aju=yu—¢) ! in {u>e}n, (1.3)
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where

Apu = div (|Vu’*Vu)
is the standard p-Laplacian operator, 2 < p < +o0c. Note that the right hand
side in (1.3) blows up at the free boundary points

oH{u > o} NQ,

which makes it essential to understand its effect on the regularity of mini-
mizers. The parameter v, thus, measures the magnitude of singularity.

Problems like (1.1) are used, for example, to model the density of a certain
chemical in reaction with a porous catalyst pellet (see, for instance, [7]), and
due to their wide range of applications, were studied by many prominent
mathematicians. In the linear setting (p = 2), the extreme cases (y = 0 and
v =1) of (1.1) were studied in [2] and [9] with flat obstacles (o = 0). The
case v = 0 is related to jets flow and cavity problems, and minimizers are
known to have local Lipschitz (optimal) regularity, as is established by Alt
and Caffarelli in [2]. In the nonlinear setting the extreme case of 7 = 0 was
studied in [12], where Lipschitz regularity of minimizers is established. These
type of problems, often referred to as Bernoulli type problems, appear in heat
flows, [1], electrochemical machining, [17], etc. The case of v = 1 resembles
the classical obstacle problem, and its solution, as is shown by Brezis and
Kinderlehrer in [8], is of class C'', p = 2. In the nonlinear setting, p > 2,
the obstacle problem was studied in [3, 13]. Its unique solution, as is shown
in [3], is of class C\v% at the free boundary points with

, 1
oz:mm{ﬁ,ﬁ}.

The problem (1.1) was studied in [21] (with p = 2 and flat obstacle), where,
using a minimizer preserving scaling, it was shown that minimizers are locally
of the class C175, 0 < v < 1 (see also [4] and [5], for the problem governed
by the infinity Laplacian and uniformly elliptic fully nonlinear operators,
respectively). There are, so called, monotonicity formulas available in the
linear case, which play a crucial role in the study of the problem. For v €
(0,1), the nonlinear case is covered in [18], where for obstacle type problem
(with zero obstacle) is proved that minimizers are locally of the class C1

with
i - _ 7
a-mm{a ,—}, (1.4)
p—7
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where o~ is the Holder regularity exponent for the gradient of p-harmonic
functions (a~ stands for any b < a). Actually, for n = 2, from [6] one
concludes that o = -2=. Observe that in all the above results (except in [3])
the obstacle is assumed to be trivial, guaranteeing a vanishing gradient of
solutions at the free boundary points, which is essential in the analysis (in
3] obstacle is assumed to be of the class C*¥| but the zero order dependence
of the functional is smooth). The methods, used to obtain those results, fail
to work in the presence of non-trivial obstacles with large gradients at the
free boundary, and a new approach is required to tackle the issue.

In this work, we prove sharp regularity for minimizers of (1.1) both locally
and at the free boundary points. More precisely, we show that minimizers
are locally of the class C1“, where

a:mm{a r b }, (1.5)

‘p—7p-1

and o > 0 is the Holder regularity exponent of the gradient of p-harmonic
functions. Note that our result extends the local regularity (1.4) of [18] for
problems with non-trivial obstacles, which is new even for the linear case
(p = 2). Moreover, at the free boundary points we obtain optimal C17
regularity for minimizers of (1.1), which, unlike local interior estimates, does
not depend on the regularity of p-harmonic functions. To be exact, we show
that minimizers of (1.1) at the free boundary are in C'7, where

T:mm{@—l—}, (1.6)
pP—7

which generalizes the optimal regularity result obtained in [21] for the linear
case and trivial obstacle. Thus, at free boundary points the interior regularity
result of [18] improves substantially. Indeed, as the obstacle in [18] is assumed

to be trivial, then from (1.6), we have

_

T=——"

p—=7
which is better than « from (1.4). Observe also, that our result extends
(continuously) the optimal regularity result of [3], from smooth lower order
dependence to the singular setting (Theorem 6.2). Our approach is based on
geometric tangential analysis and a fine perturbation combined with adjusted
scaling argument. Strictly speaking, we redeem regularity by “tangentially

accessing” the information available in the “flatness regime” (for a rather
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{u> o}

F1GURE 1. Detachment of u from ¢ at the free boundary.

comprehensive introduction to geometric tangential analysis, we refer the
reader to [23]). In the complementary case, i.e., when the gradient of a
solution is bounded from below at a free boundary point, we use an “adjusted
scaling” argument to ensure that in the limit we get a linear elliptic equation
without the zero order term. The idea of the adjustment is to get rid of those
terms that blow up at the limit.

The paper is organized as follows: in Section 2, we prove existence of mini-
mizers and in Section 3, establish local sharp C1¢ regularity result (Theorem
3.1). In Section 4, we obtain optimal regularity at free boundary points for
minimizers with small gradient (Theorem 4.1). Section 5 is devoted to the
adjusted scaling argument. Finally, in Section 6, we obtain sharp regular-
ity for minimizers with large gradient at the free boundary points (Theorem
6.1). We close the paper with two appendices, containing some auxilliary
technical results (Appendix A) and a list of several known ones (Appendix
B), that are used in the paper.

Notations and assumptions. Hereafter B,.(z) is the ball of radius r cen-
tered at xq, B,(0) = B,, and | B,| stands for the volume of the ball B,. When
(2 = B, in (1.2), we will often use the notation K, instead of K. Additionally,
for a given integrable function f, we denote by (f), its average on the ball
of radius r centered at the origin, i.e.,

1
D=1 / fwyd

To avoid repetition of arguments when applying the conclusions for different
set of functions, we introduce a function H : R” — R, which is assumed to
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be of class C? and satisfy the following structural assumptions

([ IVH(E)] < Tw(l]),

2 w (<))
DEHE] < A=, (L.7)

( g

V

In|?,

with

w(2) == k" 4 Koz, 2>0,
where &, n € R"and T > 0, A > A > 0, k; > 0, ko > 0 are constants, and
k1 + ko > 0. We also will use the notation

2P 22

G(z) = /Ozw(g) d¢ = 111; + Koy 2 € R,. (1.8)

Remark 1.1. The function H(£) = p l&|P satisfies the above conditions
with k1 = 1 and ke = 0. The classical linear version, p = 2, is recovered by
assuming k1 = 0. An alternative example of a function H satisfying (1.7) is
constructed in Appendiz A.

2. Existence of minimizers

In this section we show that there exists at least one minimizer of (1.1).
Unlike the regular case (y=1), which is known to have a unique minimizer
(see, for example, [3, 10, 13, 20, 22]) in the singular setting this is not assured.

Theorem 2.1. If ¢ € WH(Q) N L¥(Q), g € WIP(Q) and v € (0,1), then
there exists a minimizer u of (1.1). Moreover,
lullz=(@) < max {|lgllz=(0), [l¢llL=@) } (2.1)

Proof: Set
m := inf J(v) > 0.
veK
If v; € K is a minimizing sequence, then for ¢ > iy, 790 € N, one has
hence

/ VolPde < pJ(v;) < p(m + 1),
Q
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and the Poincaré inequality yields that the sequence v; is bounded in I/VO1 P(Q).
Therefore, by Rellich-Kondrachov theorem, there is a function u € W, (Q)
such that, up to a subsequence,

v; — u weakly in W(Q) and v; — u in LP(Q).

Notice that u € K, and thus, using the lower semi-continuity of the Dirichlet
integral, we obtain

m < J(u) < liminf J(v;) = m,

=00
i.e., u is a minimizer of (1.1).
To see (2.1), set
u™ = min{u, M} € K,
where
M = max {||gll =) 1@l =) }
Since v is a minimizer,

/Q‘Vu\p dgj_/Q |VuM]| dr S/Q((UM—QO)V— (U—90)7) dz.

p p
and thus
p
OS/ V| dng((uM—go)"Y—(u—QO)v) dr <0,
{u>M} P Q
which implies that u = «™. Therefore, —||¢|| =@ < ¢ < u < M. n

3. Local C** regularity estimates

One of the main steps towards the optimal regularity of minimizers is
obtaining C'® regularity for minimizers of

Js(v) :== /Q (H(Vv) +6(u—p)7) dz (3.1)

over the set K, defined by (1.2). Here 6 € [0,1], p > 2 and H satisfies (1.7).
The key step towards the regularity is the result on the decay of integral
oscillation — comparing energy estimates involving minimizers of Js with the
ones of

I H(V H(Vy)- Vo) d
min [ (H(70) + (V) Vo) da
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where the latter is an unconstrained (and non-singular) minimization prob-
lem with smooth first order coefficients. Local sharp regularity for minimizers
of Js is established based on the following auxiliary lemmas.

Lemma 3.1. If f € C%%(Bg;R") for some 3 € (0,1), and w is a minimizer

of
/B (H(Vw) — f - Vw) dx,

n ng’p(BR), then there exist constants C, o > 0 depending only on K1, Ko,
[fllcos gy and ||w||ze(sy), such that

T\t ntq-Ls
/ G(|Vw — (Vw),|) dz < C (—) G(|Vw — (Vw)g|) da + CR"™ 37,
B, R Br
where
2, when k1 =0,
q:= (3.2)
p, when k1 > 0.
Proof: Let vgp be the minimizer of
H(Vv)dz,
Br
in Wl?(Bg). From (A.1) of Appendix A, we have
/ (H(Vw) — H(Vog)) dz
Br (3.3)

> VH(Vug) - (Vw — Vug) dr + c/ G(|Vw — Vug|) dz,
BR BR

where ¢ > 0 is a universal constant. In addition, as
o(t) = ; H(Vug +tV(w —vg)) dx
has a minimum at ¢ = 0, thenR
. VH(Vug)-V(w —vg)dr = e >
which, combined with (3.3), provides
/B (H(Vw) — H(Vog)) do > ¢ / G(IVw — Vo) de.  (3.4)
R

Br
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On the other hand, the definition of w implies

£ (Vw — Vop) de > / H(Vw) — H(Vop)| dz. (3.5)
Bgr Br
From (3.4) and (3.5) one has
G(|Vw — Vug|) dz < ! f - (Vw — Vug)dz. (3.6)
Br € .JBg

Observe that as vg = w on 0Bg, then
| (e (V= Vorydz =0,
Br

which, together with (3.6) and the Holder inequality gives

G(|IVw — Vog|) dr < 1/B (F = (F)g) - (Vw — Vog) dz

Br c

< %(LRV—(f)RP’d:c)q'(/BRWw—WRde)q,

where ¢ is the conjugate of ¢, i.e., ¢ = q%l. Recalling that f € C%? and using

Campanato’s characterization of Holder spaces, [14, Theorem 5.5], from (3.7)
we deduce

(3.7)

G(IVw — Vog|)dz < CR™ " < / IV — wR|qu) (38
Br

Br
where C' > 0 is a universal constant. Observe that (see (1.8))
/ |\Vw — Vug|?de < G(|Vw — Vug|) dx,
Br Br
therefore, (3.8) leads to
G(|Vw — Vog|) dz < CR™ 7, (3.9)
Br

for a universal constant C' > 0, depending only on k1, ko and p. Combining
the latter with Lemma A.2 from Appendix A, for r € (0, R), we obtain

| 60vu—(Vwhdr < ¢ [ G(1Tor—(Von), ) da 510

+ OR"™
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We estimate the first term of the right hand side in (3.10) by applying Lemma
A.3 from Appendix A to vg:

/B G(vo - (Vo dr <€ (£)"" [ 6(Vun = (Vunnl

for a universal constant ¢ > 0. We then estimate the right hand side of the
last inequality by using Lemma A.2 together (3.9) to arrive at

/G(IWR — (Vug)gl) dz < C/G(\Vw — (Vw)g|) da + CR" %,
Br Br

Plugging the last two inequalities into (3.10), we obtain the desired result. =

Next, using the unconstrained problem of Lemma 3.1, we prove a gradi-
ent integral oscillation decay for minimizers of the constrained H-Dirichlet
energy. Its proof is based on auxiliary lemmas from Appendix A.

Lemma 3.2. If ¢ € CY*(Bg) and u is the solution of the obstacle problem

H(Vu)dr = min H(Vv)dz, (3.11)
Br veKpg Br

where Kg is defined by (1.2), then there exist C' > 0 and o > 0 constants,
depending only on K1, Ko, ||©|lc1e(py) and ||ul|~(B,), such that forr € (0, R),

T

/B G (|Vu — (Vau),|) dz < C (E)”W/B C(|Vu — (Vu)g|) de

+ CR" T,
where q is defined by (3.2).

Proof: If wg is the minimizer of
/ (H(Vw) — VH(Vy) - Vo) da
Bpr
in W.'P(Bg), then

div(VH(Vwg)) = div(VH(Vy)) in  Bpg, (3.12)

with wrp > ¢ on 0Bg. By the maximum principle (see, for example, [15]),
wg > @ in Br. Thus, wgr € Kg, i.e., it is a competing function in the obstacle
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problem (3.11), therefore,
/ (H(Vu) — H(Vwg)) dz < 0.
Br
On the other hand, recalling (A.1) from Appendix A, we have

/B (H(Vu) — H(Vwg)) dx > i VH(Vwg) - (Vu — Vwg) dz

+ c/ G(|Vu — Vwg]) dx,
Br

hence

c / G(Vu— Vg de < | VH(Vwg) - (Vg — Vi) d
b B (3.13)
= VH(Vy) - (Vwg — Vu) dz,

Br

where the equality is obtained as a consequence of (3.12). As in the proof of
Lemma 3.1, using Campanato’s characterization of the Holder continuity for
f:=VH(Vy) and the Holder inequality, from (3.13), we deduce

/BG(|Vu—VwR])dx§C/ (f = (f)r) - (Vwg — Vu) dx

Br
<C (/ \Vu — VwR\qu>q R@W,
Br
which, as
/ IVu — Vwg|?dr < / G(|Vu — Vwg]) dz,
Bgr Br

provides

/ G(|Vu — Vwg|) dv < CR"™ %1,
Bgr

where C' > 0 is a universal constant. The latter, combined with Lemma A.3
and Lemma A.2 from Appendix A, gives the desired result, as argued in the
proof of Lemma 3.1. |

We are now ready to prove the main result of this section. It follows by
using the lemmas obtained above and invoking arguments similar to those in
[11, Theorem 2| and [18, Theorem 1.1].
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Theorem 3.1. If u is a minimizer of

Js(u) = inf Js(v),
veK

where Js is defined by (3.1) and K is defined by (1.2), then for every Q' CC €,
there exists a constant C' > 0, depending only on dist(€2',09), [|ul|z=(),
lollcrs@), p, v and n, but not depending on 6, such that

Huch,a(Q/) S C,

for an a € (0,1) depending only on p, v,  and n and

_ .{_ v B }
=minqo , , ,
q—7v q—1

where q is defined by (3.2), and o > 0 is the Holder regularity exponent for
the gradient of H-harmonic functions.

Proof: Without loss of generality we may assume Bi C (2 for some R > 0.
If h = hp is the unique solution of the H-obstacle problem (see, for example,
10, 22])

min H(Vv)dz,

veKR Bgr

where K is defined by (1.2), then

H(Vh+tV(u—h))dz
Br

has minimum at ¢t = 0, therefore,

d
VH(Vh)'V(u—h)dac:—/ H(Vh+tV(u—h))dx| >0.
Br dt Br t=0

The latter, combined with (A.1), provides
c/ |\Vu — Vh|?dx < c/ G(|Vu — Vh|) dx
BR BR

< [ (0 - H(VR) ds
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where ¢ is defined by (3.2). On the other hand, since u is a minimizer of Js,
using Holder and Poincaré inequalities, we obtain

/B (H(Vu) — H(VE)) de < / (h— @) — (u— ) da

Br

< 5/ lu— h|” dx
Br

< C|Bp|"# </ i — h|e d:c) q
Br

< C|By|'" 7 (/ \Vu — Vh|qd:1:> q :
Br

where

¢ q n
Then (3.13), coupled with the last inequality, yields

/ Vu — V| dz < C|Bg|#a = CR"™ 175, (3.14)
Br

where the constant C' > 0 depends only on n and p. Once again, arguing as
in the proof of Lemma 3.1 (with k3 = 0 and k1 > 0 and with k2 > 0 and
k1 = 0), the last estimate implies

/ IVu — (Vu)g|dx < / \Vh — (Vh)g|%dx
Br Br
+ CR"™ 1,

The latter, combined with Lemma 3.2, for r € (0, R) provides, for a o > 0,

r\ ntqo
/ Vu — (Vau),|fds < C (—) / IVh — (VR)g|* dz
B, R Br

+ CR"™%1 4 CR™ 75,

Making use of Lemma A.2 from Appendix A (with k2 = 0 and k; > 0 and
with ko > 0 and k; = 0), (3.15) and (3.14), we arrive at

r\ ntqo
/ Vu— (Vu), [t dz < 0 (%) / IV — (Vu) gl dz
B, R Br

+ CR™4 4 R4,

(3.15)
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which, in terms of the non-negative and non-decreasing function

o) = [ 19u=(u)|"ds,

takes the form
n-—+qo !
¢(T) < C (%) ! QS(R) + CR”"'quBl + CRn—i_qﬁ.

Lemma B.1 from Appendix B then for any r < R, guarantees

r

6(r) < C [(E)””a S(R) + r”*qa] ,

ozgmin{ 7 , B }
qg—7 q—1

Thus, for all r < %dist(O, 012), we have

(r_”_qo‘/ Vu — (Vu), |’ dx) q <,
B,

where the constant C' > 0 depends only on p, a, dist(0,00), |[lu|/z=w),
l¢llc1s() and n. The result then follows from Campanato’s characteriza-
tion of Hélder continuous functions (see, for example, [14, Theorem 5.5]). =

where v < 0 and

Remark 3.1. Observe that for H(€) = p7l[£|P, the constant o > 0 is the
Hélder exponent of the gradient for p-harmonic functions (see Lemma A.3
in Appendix A), and Theorem 3.1 reproduces the local reqularity result (1.4)
of [18] for problems with non-trivial obstacles.

4. Small gradient estimates

Using Theorem 3.1, we obtain sharp regularity at the free boundary points
for minimizers of (1.1). We distinguish two cases: when the gradient of a
minimizer is relatively small and when its large. This section is devoted to the
analysis of the first case. Observe that at the free boundary points gradient
of the solution and that of the obstacle are equal, which emphasizes that the
case of zero obstacle (studied in [21]) cannot be adapted to work for general
obstacles that may have large gradient at the free boundary. Our approach,
however, makes use of geometric tangential analysis methods - leading to
sharp regularity in a broader framework.
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We start by observing that from Theorem 3.1, applied for H (&) := p~t[£|?,
we know that solutions of

Is(u) = min I5(v), (4.1)
where
I5(v) ::/B <|V;| + (v — go)”) dz, (4.2)

and K; is defined by (1.2), are of class C,v® (uniform in §), where a is given
explicitly by (1.5). As above, the function ¢ € CV#(B,), i.e., there exists a
universal constant L > 0 such that

lellcres, ) < Lllellz=,), (4.3)
for any 0 <r < 1.

The following two lemmas enable the “tangential access” to the sharp regu-
larity information for the classical p-obstacle problem. To proceed, we define

the “flatness” constant
1

SR ToNoN
where C > 0 is the constant from Theorem B.1 of Appendix B, Cy > 0 is the
constant from Lemma B.2 (both of them depend only on p and n), 5 € (0, 1]

is the Holder regularity exponent of Vi, and L > 0 is the universal constant
in (4.3).

(4.4)

Lemma 4.1. Let u be a minimizer of (4.1), ||ullp=) < 1, ¢ € CH(By),
for some B € (0,1], ||¢|| (B < 1, where p > 0 is defined by (4.4), ¢(0) =0
and 0 € O{u > p}. Then for a given e € (0, 1), there exists 6. > 0, such that
whenever 0 < 6 < d. and

[Ve(0)] < 0,
then

sup |u| < e,

B

Proof: We argue by contradiction and assume that the conclusion of the
lemma fails to hold. Thus, we assume that there exist ¢g > 0, 0§ = d,
minimizer u; of I5, with obstacle ¢ = ¢, € C*?(By), such that

0€ H{ur > wr}, @r(0) =0, |luglres) <1, |erllzem) <p



SHARP REGULARITY FOR SINGULAR OBSTACLE PROBLEMS 15

and
or < 1/k, |Vr(0)] < 1/k,
but

sup ug| > ey,

B,

Theorem 3.1, combined with the Arzela-Ascoli theorem, guarantees the ex-
istence of functions u, Yo, such that up to a sub-sequence, as k — oo,

Up — Uso locally uniformly in CH*(By) (4.5)

and
Ok — Qoo locally uniformly in C?(By).

Note that Uy > @Yoo, Usc(0) = ©se(0) = [Vose (0)| = 0, ||pool|zoe(5,) < it and

sup |use| > g7, (4.6)

€0

Moreover, since
Is, (ux) < I, (ur + ev) Ve >0, Yve C;°(By), v >0,
then, in view of (4.5), as d;y — 0, one has

IO(uoo) S IO(UOO + EU),

P
Iy(w) ::/B ‘V;U| dz,

Vit 2 Ve, - Vodz >0, Yo >0, veCP(B),
By

where

which yields

i.e., Apus, < 0 in By, that is, uy is p-superharmonic in B;. The proof
now follows invoking ideas similar to those used in [3, Theorem 1]. Setting
A = 2¢gp, we define

| Ug(A)

U*(.I') = W in Bl-

and  p.(r) = ——7F=

Then u, is p-superharmonic and satisfies u, > .. Also, as ¢, € C*(By),
recalling (4.3), we write

SUD [Poo () = P20 (0) = Vipoe (0) - 2] < Llpsollpema A < L™,
A
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But ¢ (0) = |V (0)| = 0, and so

SUP [@oo| < pLAMY.

B,

Therefore,

“Vjoo‘LLco B
lollimo = 5155 < uL.

Thus,
w + L 2 =il (s, + 1l = 0,
and the weak Harnack inequality (Theorem B.1 of Appendix B), provides

lws + pLlloBy = Crinf (ue+ pl)

1/2

C1(4(0) + pL) (4.7)
CiulL,

for some universal s > 1. Here C} > 0 is a constant depending only on p and
n. Since the function

I IA

w = max <u* + L, sup @, + ,LLL)
By

is p-superharmonic in By, applying Lemma B.2 of Appendix B, we obtain

LS(B3/4)’ (48)

supw < Chljw]

By )2

where Cy > 0 is a constant depending only on p and n. Combining (4.7) and
(4.8), we deduce

sup uy < puC1CoL (4.9)
By

As also uy > — ||« r(B,) = —pL, recalling (4.4), from (4.9) we get

1
sup 1] < =
B1/2 21+ﬁ
Consequently,
SUp |teo| < eéw,
€0
which contradicts (4.6). m

The next result provides a discrete version of the desired oscillation esti-
madtes.
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Lemma 4.2. Let u be a mz'm'mz’zer of (4.1), |lull=p,) < 1, ¢ € CYP(By), for
some B € (0,1], |[¢llz=~B,) < 37, where pp > 0 is deﬁned by (4.4), ¢(0) =0
and 0 € O{u > ¢}. Then there exists g > 0 such that whenever 0 < § < ¢
and

9o
Ve0)] < it

for some integer k > 0, then

1

sup |u| < QTR

B1/8’<?

where

7= min{ﬂ —} (4.10)

Y
Proof: We argue inductively. The case of k = 1 follows from Lemma 4.1.

Indeed, let ¢ = % in Lemma 4.1 and choose

5y = min{&,%}, (4.11)

where the constants p > 0 and J. > 0 are as in the Lemma 4.1. The latter
insures that whenever 0 < ¢§ < ¢y and

[Ve(0)] < d,
then (recall that 7 < )

1
{1+ < 1+7°

sup |u| <
lgl/Sk
We now suppose that conclusion of the Lemma holds for £ = 7 > 1 and aim
to conclude that it holds also for k£ = 5 + 1. Thus, we assume
do
V()] < 2,
and aim to conclude that

1

S ul s sy
1/8J+1

(4.12)

Observe that the definition of 7 guarantees that
i(x) == 87y, (;—j) , T € By,
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is a minimizer of I; (for a 0 < 5 < §p) with the obstacle

y i (T
B(w) = 80

Y
Indeed, set 6 := 08 ~P1=7)i Note that (4.10) implies § < dy. As u is a
minimizer of (4.1) and

I;(a) = /B (‘VSVJ + (@ — @)’Y) dx

_ g—(n+(1-7)p)j / (|vu\P + 0(u — 90)7> dz,
lgl/sj p

> , T € Bj.

then @ is a minimizer of /5 over the functions that stay above ¢.
To apply the previous lemma for the pair %, ¢, we make sure its assumptions
are satisfied. By the introductory assumption

SU.p |u\ S m,
1/87

therefore
||| ooy < 1.

On the other hand, as ¢ € CY(B;) and p(0) = 0, recalling (4.3), (4.10),
(4.11), one has

pL H
_ Cxl < <
;31; p(z) = V(0) - 2| < 2L - 8(+8)j — 2. 8(1+7)j
Hence,
18y = 847 sup o]
1/87
A A 2 0)]
=8 gsm T
L
< =494
<5 =+ 0g
< p
Also,

[V@(0)] < do.
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Lemma 4.1 then implies, for € = %,

1
81—|—T'

supil| <

By
The latter gives (4.12). m

We are now ready to prove the main result of this section.

Theorem 4.1. Let Q C R” be a bounded domain, 2 < p < 400, p € CHP(Q),
for a 8 €(0,1] and g € WHP(Q). If u is a solution of (1.1), and x¢ € O{u >
@} NQ, then there exist positive universal constants k, C and py, depending
only on p, v, dist(wg, 0Q), ||ul|z~@) and ||¢llcrsq), such that whenever

V(o) < wp”, (4.13)
for 0 < p < po, then
sup |u(x) — u(xg) — Vu(xg) - (v — x0)| < Cp't7,

B,

where T = min {5, p%v} Consequently,
sup [u(y) — ¢(xo)| < Cp'™".
yGBp(IO)

Proof: Without loss of generality, we may assume that xq = 0, ¢(0) = 0 and
() = By. Let dg be as in Lemma 4.2 and set

a(x) = % and @o(z) = %,

for a constant
1

M > max{\|uHLm(Bl)758_p}-

Observe that 4 is a minimizer for I, with obstacle ¢. Also, ||@|/z~p,) < 1
and [|@|z=(p,) < do. Using (4.13), for x > 0 small enough, one has

VE(O)] < T < dur. (4.14)
Now if 0 < r < i, we choose k € N such that

2t o < 97F
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By Lemma 4.2, (4.14) implies
sup ‘,&‘ S sup |a| S 2—k(1+7’) S 2(14—7‘),’,,1-"-7'.

r Bka

Consequently,

sup |uf < Cr'™7,

B,

for a constant C' > 0 depending only on p, v, ||¢|lc1ss,) and ||ul/z~s,).
Recalling Theorem 2.1, note that the last dependence of C' on ||u|[z=(p,) can
be replaced by ||glwir(5,)- n

5. Scaling adjustment

Our next goal is to obtain sharp regularity for minimizers of (1.1) at the
free boundary points, where gradient of the minimizer is large. The intuition
behind the proof is that the problem should behave essentially as an obstacle
problem, governed by a uniformly elliptic operator. Unlike the (classical)
obstacle problem for p-Laplacian, [3], when the solution u can be interpreted
as the minimal solution of a uniformly elliptic equation with a boundded
right hand side, in singular setting it is not clear whether it will solve the
corresponding equation, as our functional is not convex in u. Moreover, even
if one is able to conclude that u indeed solves (1.3), as the right hand side in
(1.3) blows up at the free boundary points, we still would not be able to use
the elliptic regularity theory.

In this section, to circumvent these difficulties, we use a scaling argument.
The idea is to scale the terms near the free boundary points so the problem
looks like a linear elliptic equation. One technical difficulty in this approach
is that when scaling (since the gradient in this case is bounded from zero),
the corresponding linear terms blow up, as the scaling goes to infinity. To
avoid it, we subtract the linear part of the gradient in the functional. This
adjusted scaling then ensures that in the limit, we arrive at a linear elliptic
problem without the (zero order) singular term.

To proceed, for &, a € R", we define

] ._L P_ 4P _ p—2, .
H(§) = — (156 + al’ = laf’ = pelap%a ).
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Lemma 5.1. Let ¢, 6 € (0,1], R > 0, ¢ € CY¥(Bg), g € W'(Bg), ko > 0

and a € R™ be such that |a| > ko. If u € WIP(Bg) is a minimizer of

/B (H(V0) + (0 — o)) d,

over the set Kg, defined by (1.2), such that
|eVu + al > ko,

then there exist C' > 0 and o € (0,1) constants, depending only on Ky,

lpllcrepry and |[ull =By, such that
[ullcra(By,,) < C.

Proof: Observe that
Hy(§) = H(E),
where the function Hj is defined by (A.3) of Appendix A. Also

Hy(€) = H(E), whenever [e€ + a| > ko.
Therefore, if v € Kg, then

/BR (Ho(Vu) 4+ 6(u—)?) do = / H(Vu)+6(u— )7) dx
/ H(Vv) + (v — )7) dx
/ (Ho(Vv) 4+ (v — ¢)7) dx,

that is, v is a minimizer of

/B (Ho(V0) + 60— @)7) d

over the set Kr. Theorem 3.1 them implies the desired result.

The next lemma is the main step towards our goal.

Lemma 5.2. If u is a minimizer of (1.1) for Q@ = By, 0 € 0{u > ¢} and
0 < k < |Vu| < T for some constants k and T", then there exists C' > 0,
depending only on n, p, K, I', ||ul[z=(p,) and |[¢||crsp,), such that for every

€ (0,1) either
[u— || p=(s,) < Cr’,
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or there exists j € N with 2r < 1 such that

lu = @llzms,) < 277 lu — @ll=(s,,),

2
9::min{1+ﬂ,—}.
2—79

Proof: We argue by contradiction and assume that there exists sequence of
minimizers uy, obstacles ¢y and radii r; with

where

max {||UkHL<><>(Bl>a HSDkHLoo(Bl)} < M < o0,

such that
cr = |luk — @rlles,,) > kri. (5.1)
and Vj € N with 2/r, < 1,
lur — @klle(s,) > 277 lux — PrllL~(By, )- (5.2)
Observe that the boundedness of uy, ¢ combined with (5.1) implies
re — 0. (5.3)
On the other hand, by Theorem 3.1,
cr < Crpte, (5.4)
with

agmin{ﬁ,#}.
-7

Thus, 1 + a < 6. As 0 € O{uy > @i}, then Vui(0) = Vpr(0) := ai. The
strategy now is to apply Lemma 5.1 to suitably scaled functions. Set

1

up(z) = o [k (rpz) — u(0) — ay - (rpz)]
and
pu(z) = — [pu(re) = @i(0) — ax - ().
Note that
Uy > @ in B, Vr < ! . (5.5)

Tk
Also @4(0) = @4(0) = 0, Vii(0) = V@(0) = 0 with

[tk — @rll=m,) = 1, (5.6)
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and, recalling (5.2),
i — @rllp=(n,,) < 2.
Furthermore,

1+
Cry,

- C
Ierllcram,),,) < lerllcrsmy < Zllerllorss) = 0. (5.7)

In the second estimate we used the fact that 14+« < 6 (in fact, the inequality
is strict, otherwise (5.1) contrudicts to (5.4)) together with (5.1), (5.3) and
(5.4). Note that

w(T) = cpiy (f

. ) +up(0) +ap -z, v € By,
k

and since uy, is a solution of (1.1) with obstacle ¢y, then for any r < -, the
function u; is a minimizer of

\;f—’“Vv + ak|p 5
/ - +cl(v—g¢p) | dx
B, p

over the set of functions v € WHP(B,) that stay above @y, i.e., v > @;. On
the other hand, as k — oo, using (5.3), (5.4) and (5.1), one has

cZ r 1
gp 1= — < Cry — 0 and 0= 5 =5+ < >— — 0.
T £ < L ]

Since

/ (|ak|p+p€k‘ak|p_2ak-Vv) dzx

T

depends only on boundary values of v, then w; is also a minimizer of

/B (Ho(V0) + 0p(v — 31)7) da, (5.8)

over the set of functions that stay above ;. Here

1 _ n
Hi(&) = —5 (Jes€ + arl? — Jan|” — pex|ar’2ay - €), € € R™
pey.

As k <|ag| < T, then up to a subsequence a; — G € R" and & < |ay| < T.
Consequently, as k — oo,

Hi(§) = (A, @¢€) = ZAW@SJ, (5.9)

i,j=1
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locally uniformly in R”, where A is the n x n strictly positive definite matrix
defined below

A= |ase P72, 4 (p — 2)|ase [P tase ® ase > kP20,

with I,, being the n x n identity matrix. By Theorem 3.1, u; is uniformly
che, Hence, for any R > 0, one has

loc
Ek‘Vﬁk(SUH = \Vuk(rkx) — Vuk(O)] < C(T’kR)a, Va € Bp.
Thus, for fixed R > 0 and large k, we can assume that

g < |€kV”L~Lk + ak| < 2.

Lemma 5.1 then implies that @ is uniformly bounded in C**(Bg). By
Arzella-Ascoli theorem, there exists a function u, € Ch*(R"), such that up
to a subsequence,

ur — u, and Vup — Vu, (5.10)
locally uniformly in R". Additionally, using (5.6), (5.7) and (5.10), one has
|| oo (By) = 1. (5.11)

Also, (5.5), (5.7) and (5.10) provide u, > 0.

Next, we show that u, is A-harmonic, which implies (Liouville’s theorem)
that it has to be identically zero (as it vanishes at the origin). More precisely,
it U := {u, > 0} # 0, then for any B, C U and ¢ € C§°(B,), we choose
g9 > 0 small enough so that for ¢ < ¢; one has

igf{u* + e} > 0 on B,.

Recalling (5.7) and (5.10), by uniform convergence iy, — u, and @ — 0, for
k > k., one has

and hence,
Ur + €Y > @ on B,.

Since @y, is a minimizer of (5.8) over the set of functions that stay above ¢y,
then

/B (Hp(Vig) + 0p(tr — ¢r)7) dx

< [ (Tt 20) + i+ e - 1)) de
B,
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Using (5.9) and passing to the limit in the last inequality, we obtain

IA(U*) < IA(u* -+ 877/}),
where

T4(v) ::/B<A,VU®VU> dzx.

Thus, u, is a minimizer of I4 over the set of non-negative functions. There-
fore, u, is A-harmonic in {u, > 0}, i.e.,

div(AVu,) = 0 in {u, > 0}.

Using similar reasoning with 1) > 0, we conclude that u, is A-superharmonic
on the whole space R", i.e.,

div(AVu,) <0 in R".

Now, if By is any ball and A} is the A-harmonic function in By that agrees
with u, on OB, then by the maximum principle (see, for example, [15, page
111]), ue > hi > 0. If Ug := {u. > h3} # 0, then since u, > 0 in Ug, by
the previous argument, w, is A-harmonic in Ug, and u, = h}; on OUR. Once
again, using the maximum principle, we conclude that u, = h% in Ug, which
is a contradiction, and hence, u, = hg in Bg. Since Bi was arbitrary, then
uy is everywhere A-harmonic. As it is also bounded, Liouville theorem (see,
for example, [15, page 112]) then insures that u, = const. Moreover, as by
construction ug(0) = 0, then from (5.10) one has u,(0) = 0. Thus, u, = 0,
which contradicts to (5.11). n

Corollary 5.1. If u is a minimizer of (1.1) for Q = By, 0 € 0{u > ¢} and
0 < k < |Vu| <T for some constants k and T, then there exists C > 0,
depending only on n, p, k, I, |[ul|z=p,) and ||¢||crs(p,), such that for every
r € (0,3) one has

lu = @l L5, < Cr'T,
where T > 0 is defined by (4.10).

6. Large gradient estimates

We are finally ready to prove sharp regularity of minimizers with large
gradient at the free boundary.
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Theorem 6.1. If u is a minimizer of (1.1), zg € 0{u > p} NQ and k > 0
s as in Theorem 4.1, then there exist positive constants C' and py, depending
only on p, 7y, dist(xg, 0Q), ||u||r=~) and ||¢||c1sq), such that whenever
[Vu(zo)| > wp",
for some p < py, then
sup |u(z) — u(zy) — Vu(zg) - (z — x0)| < Cp''7,

p

where T = min {5 L}

? p—y

Proof: The idea is to apply Corollary 5.1 to a suitably rescaled function. For
that purpose, set
Vu(x G
pom (et
K
and define

~ u(zo + per) —u(zo) p(x9 + put) — p(0)
U(.CU) = 1+ ) (10(113) . 147 ’

p* P*
Observe that @ is a minimizer of (1.1) for Q = B; with obstacle ¢, and

0 € 9{a > ¢}. For p, < py, Theorem 4.1 provides
sup [u(z) — u(zo)| < Cpi™".

z€B,, (z0)

Hence, @ is uniformly bounded in By, i.e., there exists a constant C; > 0,
such that

@l (5, < Ch.
As zero is a contact point, then

V(0)] = |Va(0)] = %\wmn — k,

*

and so there exists a universal constant C5 > 0, such that

H@”C’Lﬁ(Bl) < OHQPHCLﬁ(Q) < (Y.

Note also that there exists r, > 0, depending only on s, C; and Cs, such
that

2
g < |Va(a)| < = in B,..
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Applying Corollary 5.1 in B, for the minimizer u with obstacle ¢, for r €
(0, %), we have

sup |i(x) — u(0) — Va(0) - x| < Cr'',

|| <r N
The latter, in terms of the function u, is

sup [u(z) — u(zo) — Vu(zo) - (z — o) < Cr'T,
|x—zo|<r
where 0 < r < B5=.
If 2= < r < p,, then, as B,(z9) € B, (xo), applying Theorem 4.1 with
radius p., we estimate

9 1+7
sup |u(z) — u(xg) — Vu(zg) - (x — x)| < CoT< o2 gl
|x—xzq|<r r,
Finally, if p, > pg, then
|Vu(zo)| > rpp,
and Corollary 5.1 gives the desired estimate. -

As a consequence of Theorem 4.1 and Theorem 6.1, we obtain the following
result.

Theorem 6.2. Let ¢ € C19(Q), g € WP(Q), p € [2,00) and v € (0,1). Ifu
is a minimizer of (1.1), then for any ' CC €, there exist universal constants
C' > 0 andrg > 0 such that for any r € (0,7ry) and for anyy € 0{u > @}NY,
one has

sup |u(z) —u(y) — Vu(y) - (z —y)| < Cr'™,
z€B,(y)

where T = min {ﬁ, p%v}’ ie., uis Co7 at o{u > ¢}, and this regularity is

loc
optimal.

Appendix A.

In this appendix we prove some properties of the auxiliarry functions H
and GG, that are used in Section 3. We also construct a function Hy satisfiying
(1.7), which is used in the proof of Lemma 5.1.
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Lemma A.1. If H satisfies (1.7) and G is defined by (1.8), then
H(x) = H(y) = VH(y) - (z —y) = cG(|z —yl), (A1)
where ¢ > 0 is a constant depending only on ki1, ko, A, X\, T and p.
Proof: Define

w(z) := wiz) = k12P 7% + Ky

and observe that
G(lz —yl) < C(@(|2]) +@(ly]) |z — yI?
and
/O (1 = s)o(|(L = s)z + sy|) ds > c (w(|z]) + &([y])) .

for any z, y € R". Then
H(zx) - H(y) = VH(y) - (z —y)

:/0 (1—sD’H((1—s)z+sy),(x—y) @ (v —y))ds

2c|x—yr2/0 (1— $)B((1 - )z + sy|) ds
> e @) + o) |z — o > Gz — y)).

Lemma A.2. If u,v € W'P(Bg), then there exists a constant C > 0, de-
pending only on p and n, such that for p > 1, we have

| G(IVe— (Vupl)dz <€ | G(IVe - (To)n)))do

+C | G(|Vu—Vuv|)dx.

Br
Proof: Note that
Gz +y) < C(G(z) + G(y)).
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Observe also
G(|Vu — (Vu)g]) < C(G(IVv — (Vu)g]) + G(IVu — Vo))
< C(G(IVv = (Vo)gl) + G(I(Vu)r = (T)al)
+G(|Vu— w)). (A.2)
Using the convexity of G' and Jensen’s inequality, one has
G(|(Vu)r = (Vo)l) = GV (w = v)zl) < (G(V(@=0)])) .

Integrating the latter over Bp, we get
| cvw=-vhds < [ (G0V@- o)), ds
BR BR R
- [ G(v-v)s,
Br

therefore, integrating (A.2) over B, we get the desired estimate. ]

Note that if v € W'P(Bg), r > 0 is a minimizer of the functional
H(Vv)dz,
Br
then in By it solves the Euler-Lagrange equation

div (VH(Vv)) = 0,

i.e., v is H-harmonic (and hence, has Holder continuous gradient, [15]).
Therefore (see [16, Lemmas 5.1 and 5.2] for the proof), the following lemma
holds.

Lemma A.3. If v e WP (Bg)) is a minimizer of

H(Vv)dz,
Br
then there exist C' > 0 and o > 0 constants depending only on ki, ks and
|v]|zoe(B,), such that for each 0 < r < R, one has

/B‘ G(|Vv — (Vo),|) da < C (%)W G(|Vo — (Vo)g|) de.

Br
where q is defined by (3.2).
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An auxiliary function. We close this appendix by constructing a function
H, satisfying (1.7). Its role is evident in the section 5, when elaborating a
scaling argument aimed to obtaining sharp regularity of minimizers of (1.1)
with large gradient at the free boundary points. To construct it, first we
choose v > 0 small enough so that the function

h(z) = 2" + vl (55 — 21" Xqsl2nep, 2 ER”
is of class C?(R") with
|D?h(2)| > 11|2]P~% + 1s,

for some positive constants 14 and 15, depending only on k¢ and p. Here
X g is the characteristic function of the set E. Observe that for fixed p > 2,

h(z), with kg = 1, v = 1, is convex
h(z), with kg = 1, v = 1.5, is not conyex
BE

FIGURE 2. The function h(z) for p =3 and certain values of ko and v.

ko > 0 and small v > 0, the function h(z) is strictly convex (see below),
agrees with |z|P away from zero, and its graph is never below |z|P (see Figure
2). We now set

Ho(€) = pi (h(e€ + a) — h(a) — eVh(a) - €) (A3)

Below we check that H, satisfies the conditions (1.7). Direct computation
reveals

Vh(z) = plz[P 2z + 2v [(rk§ — |27)® = 3(k5 — [2])]21%] 2X421<00}

= plal" %2 + 20 (kg — 412*) (K5 — [21*) 2 X (a1 20}
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and
DQh(z) = p\z|p_2]ln +p(p — 2)\z|p_4z R z

+2u (kg — 4] 2°) (55 — |21*) LX)z <m0} (A.4)
—12V(/<¢61 — 3/-@(2)\z|2 + 2|z\4)z ® ZX{|2|<ro}»

where [, is the n x n identity matrix. Note that the last two terms in (A.4)
are bounded, hence

[D*h(2)| < plp = D2 + Cpp (A-5)

for a constant C) ,,, > 0 depending only on p, ko and v.
To have a lower bound on the quadratic form n? D?h(z)n, n € R", we will
consider two cases |z| < ko/4 and |z] > Kko/4. In the first case, we have

' D*h(2)n = pzlP~*[n* + p(p — 2)| 21"~z - nf* + v(kg|n|* — 10|z - n*)
> (pl2|P~* + 6vkg) Inl*.
In the second case, note that
' D*h(z)n = plz[P=* ) + p(p — 2) [P~z - n?

+ 2v (g — 42 (55 — |2°)* 11X 121 <n0)
— 12u(kg — 3K2|2)* + 2|21z - 77|2X{|z\§n0}

> plzP72nl? = 2vkglnl® = 120 (kg + 2|2 27101 X {12 <x0)

> (plz[P™* = 38vky) nf?

> (12172 + Elwo/aP2 — 38sf ) Inf?

> (21272 + Zio/a2) Inf?

where the last inequality holds for v <
small enough, we have

n" D?h(z)n > (e1]2[P72 + ¢2) ], (A.6)

=5 |ko/4P~%. To sum up, for v > 0

where ¢; > 0 is a constant depending only on p and ¢y > 0 depends only on
p and K.
We are now ready to see that H, defined by (A.3) satisfies (1.7). We have

1
V Hol(€) = pig (Vh(s€ + a) — Vh(a)) = % /O Dh(te€ +a) - £ dt,
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therefore, from (A.5),
[VH(€)] < Cp(e" (€~ + |al" > + 1)I¢],

for a constant C,, > 0 depending only on p. Thus, the first inequality of (1.7)
is satisfied. Also

1
D*Hy(§) = - D°h(e€ +a),
and similarly
[D*Hy(€)| < Gy € + |al"™* + 1)

Thus, Hj satisfies the second inequality of (1.7) as well. To check the last
inequality of (1.7), observe that from (A.6) we have

n" D*Hy(&)n > (c1|e€ + al’~* + &) [nf.
On the other hand, for |£| > 2|a|/e, we estimate
crle + a2 4+ > o1 (elé] — a2 + 2 2 2 e 2P 4 e
and for |¢| < 2|al/e, one has

(P22 + a2 +1) < 22722 + JaP 2+ 1

< Ci (272aP 2 + |al 2+ 1) (crle€ + alP % + o) -
2

Thus, there exist ¢, ¢ > 0 depending uniformly on |a|, p, and kg, such that
i D*Hy(€)n > (P72~ + &) .

It remains to take k1 = €’72¢;, ke = G and note that ki, ke are uniformly
bounded, while k1 + ko is uniformly away from zero. Thus, H, satisfies all
three inequalities of (1.7).

Appendix B.

For the reader’s convenience, we collect here some known results that were
used in the paper. The first result is from [14, Lemma 5.13].

Lemma B.1. If ¢(p) > 0 is a non-decreasing function and

op) < A[(£) +e] 6(R) + BR’,
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for some A, o, B > 0, with o > § and for all0 < p < R < Ry, where Ry >0
is given, then there exist positive constants g and c, depending only on A,
a, B, such that if € < gy, then

P\’ B
< I
o <e|(5) o+ 5
for all0 < p < R < Ry.
The next lemma is from [19, Corollary 3.10].

Lemma B.2. Ifu is a p-superharmonic function in B,, i.e., —Ayu > 0, then
for 6 € (0,1) and any 0 < q < p, one has

<Y 1
SUup u u q y
e S YR D

where the constant C > 0 depends only on n and p.

We close the appendix by recalling the weak Harnack inequality from [19,
Theorem 3.13].

Theorem B.1. If u is a p-superharmonic function in Q, and 0 < u < M <
oo in some ball B, C Q, for a constant M, then for any p, 0 € (0,1) and

5 € (O, n(:;_pl)), there exists a constant C' > 0, depending only on p, n, p, 0
and s, such that
1
wl| s < C'inf u.
B i) = Ol

In case p = n, the conclusion holds for any s > 0.
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