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ABSTRACT: In an earlier work [K. Castillo et al., J. Math. Anal. Appl. 514
(2022) 126358], we give positive answer to the first part of a conjecture posed by
M. Ismail concerning the characterization of the continuous ¢-Jacobi polynomials,
Al-Salam-Chihara polynomials or special or limiting cases of them. In this note we
present a counterexample to the second part of such a conjecture, and so this issue
is definitively closed.
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1. Introduction

The Askey-Wilson divided difference operator is defined by
f(q1/2ei9) _ f(q71/2ei9) (1)
é(ql/Qeie) _ é(q71/2€i9) ’

D, f(x> =

where, for each polynomial f, f(ew) = f(cos®) and e(x) = x (see [3, Section
12.1]). In [1], we give positive answer to the first part of the following Ismail’s
conjecture (see [3, Conjecture 24.7.8)):

CONJECTURE 1. Let (p,)n>0 be a sequence of orthogonal polynomials and let
m be a polynomial which does not depend on n. If

1

W(SE)qun(a:) - Z Cn,kpn—kk(x)a
k=-1

then (pp)n>0 are continuous q-Jacobi polynomials or Al-Salam-Chihara poly-
nomaals, or special or limiting cases of them. The same conclusion follows
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7T('Cl:),l)qpn(x) = Z kapn—i-k(x)v (2)
k=—r
for positive integers r and s.

The second part of this conjecture is certainly a much more complex prob-
lem than the first one. However, after much manipulation of similar struc-
tural relations in a number of recent works, we found the second part of the
conjecture less and less convincing. Now in the next section we propose a
counterexample.

2. Counterexample

Throughout this section we assume that 0 < ¢ < 1. Set z(s) = (¢°+q~*)/2.
Taking e = ¢* in (1), D, reads

oy s ) = fats =)
Dyf(a(s) = = T
Define
Sifa(s)) = LEEED 2 2)
and
n/2 —n/2 n/2 _ ,—n/2
ay = %, Vo = 21/2_3_1/2 (n=0,1,...),
and o = «y. Recall that
Dy(fg) = (Daf)(Sag) + (Saf) (Dag). (3)
Sy (fg) = (qu) (Dqg)UZ + (Sqf) ('ng)7 (4)

where Uy(z) = (a? —1)(22 —1). All these properties and definitions, even the
notation, can be found, for instance, in [2]. The Askey-Wilson polynomials
are defined by

q, Q) 5

where = cosf. If we take a = ¢'/20+1/4 p = ¢1/2043/4 ¢ = _q and d = —b,

we get the continuous ¢-Jacobi polynomials. If we take d = 0, we get the

—i6

pn(z5a,b,c,d|q) =

aln

(ab, ac, ad; q)p s (q_“, abebdg™ ', ae, ae
493

ab, ac, ad



A COUNTEREXAMPLE TO A CONJECTURE OF M. ISMAIL 3

continuous dual ¢g-Hahn polynomials. If we take ¢ = d = 0, we get the Al-
Salam-Chihara polynomials. The sequence of monic continuous dual ¢-Hahn
polynomials, (H,(z;a,blq)),>0, satisfies

an(xa a, b7 C|Q) = Hn+1 (CC’ a, b7 C|Q) + CLan(LU, a, b7 C‘Q) + annfl(x7 a, b7 C|q) )
(5)

where H_,,_1(-;a,b,c|q) = 0 and

Qp = %(a +at —a(l—q¢") (1 —=beg" ") —a™ (1 = abg")(1 — acq")),
1
b, = Z(1 —abg" ) (1 — acg" M)(1 — beg" M) (1 — ¢").

Define P, = H,(-;1,—1,¢"/*|¢"/?). Clearly, P, is not a continuous g-Jacobi
polynomial or Al-Salam-Chihara polynomial or, much less, special or limiting
cases of them. These polynomials satisfy, among other relations, a relation
of type (2) with r =2 and s = 1.

PROPOSITION 2.1. Let P,(z) = H,(z;1,—1,¢"*|¢"/?). The sequence (P,)n>0
satisfies the following relations:

S, P (x) = o, Py(x) + ¢ P (), (6)

U (2)DyPy(z) = (& — 1)y Pos1(z) + (cpa1 — acy, + (1 — oz)oann)Pn(:U)(?)

+ ((Bn — aBy_1)en + (1 — a2)fyn0n) P,1(x)
+ (Cn—lcn - @CnCn—l)Pn—2($)a

where
B, = 1((1 + qfl/Q)qn/2 41— q1/2) q(2n+1)/4
2 9
1 3 " o
Co =11+ V(1= "1 = ¢,
1 B e o
o= (1= ") (1= g P14 g P D,

Proof: (5) makes it obvious that
zP,(z) = P,i1(z) + ByPy(z) + CPyq(z) (n=0,1,...). (8)
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The proof is by complete mathematical induction on n. Note that ¢y = 0
and ap = 1, and so

c1 —acy+ (1 —a)agBy = 0.
Hence, for n = 0 we have
S Py =1=a09FPy+coP-1 =1,
Us(2)DyPo(x) = 0 = (a® — 1)y P, + 0P = 0.
Assuming (6) and (7) hold for all n < k, we will prove it for n = k + 1. Set
Cn,1 = (CY2 — 1),
Cna = Cpy1 — aCy + (1 — a)a, By,
Cng = (By — aBy 1)y + (1 = a?)yCh,
Cna = Cn10p — @y Cpy.
Now (7) reads as
Us(2)DyP(z) = cn1Pri1(x) + cnoPo(x) + cns3Poo1(z) + cnaPro(z).  (9)
Applying S, to (8), and using (4), we get
Sy Pri1(x) =Us(2)Dy 2D, P, () + Sy xS, Pu(x) — B,SyPo(x) + CpSyPo-1(x)

= Us(2)D,P,(v) — BySyPu(z) — C, S Pr—1(x) + axS,P,(x).
(10)

From (10), and using (9) for n = k and (6) for n = k — 1 and n = k, we
obtain

Sy Pii1(x) = ck1Pe1(z) + cr2Pr(r) + cr3Pr1(x) + cpalro(z)
— Bir(apPe(z) + cx Pr1(2)) — Cr(ag—1Pr—1(z) + cx—1Pr—2(x))
+ ax(apPy(x) + cxPr1(x)).
From (8) we have
az(ayPy(2) + cpPro1(2)) = aay(Pr(x) + Brly(x) + CpPi-1(x))
+ acg(Py(z) + Br_1Pr_1(x) + Cr_1 Py _o(x)).
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We leave to the reader the verification that
cr3 + (oo, — ap—1)Cr + (aB—1 — Bi)cy, = cpa + acpCr1 — c4—1Cr = 0,
and
Qg1 = Cp1 + @,  Cip1 = g2 + ac + (o — 1)ay By.
We thus get
SyPii1(z) = (cp1 + aag)Pey1(z) + (cp2 + acg + (o — 1)y By) Pe(x)
+ (cr3 + (g — a—1)Cy + (aBy—1 — By)cr) Pe—1(2)

+ (cra + acCro1 — cx—1C%) Pr—2(z)

= g1 P641(7) + 1 Pr(),

and (6) holds for n = k + 1.
Applying now D, to (8), and using (3), we get

Dqu+1(£C) = quk(l‘) + (CYZC — Bk)Dqu(SC) — CquPk_l(SU). (11)
From (8) we have
Us(2) Pe(x) = (@® = 1) Piya(2) + (0 — 1)(Bg + Byy1) Pesi (7)

+ (042 — 1)(32 + Cpy1 + Cr — 1)Pk(l‘)

+ (042 — I)Ck(Bk + Bk_l)Pk_l(:c) + (CY2 — 1)Cka_1Pk_2(a:).

Hence, multiplying (11) by Uy and using (6) for n = k and (9) forn =k — 1
and n = k, we get

Us(2)DyPry1(x) = dig Prso(x) + di 2 Pit1(2) + di 3Pe(2) 4+ dipa Pre—1()

+ d 5 Pi—o(2) + di.6Pr—3(x),
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where

d1 = (0% = D)ay, + acy 1,

di2 = (& — 1)(cx + ap(By + Bis1)) + acka — (Br — aBgy1)ck1,

drs = (& — 1)((By + By_1)cr + an(Bi + O, 4 Cpy1 — 1)) 4+ ac1Crin
— ¢-11C% + (o — 1)cp 2By + acy 3,

dia = (@ — 1)((Bg + Br-1)oxC + (Cx + Bi_; + Cr—1 — 1)cy)
— (Cr—12 — acp2)Cy — (By — aBj_1)crs + acy.4,

dy5 = (0 = 1)Cr—1(arCr + ci(Bi-1 + Bi-2)) + ac3Ci—1 — cr-1,3Ck
— (B, — aBj—2)c 4,

dre = (@ — 1)cxCp_ 102 + acraChr_o — cx_1.4Ck.

Finally, the reader should satisfy himself that dp; = cit11, di2 = cit12,
di3 = Cht13, dka = Cir14, dps = 0, and dj ¢ = 0, and (7) holds for n = k+ 1.
That completes the inductive step, and hence the proof. |

In view of Proposition 2.1, an interesting open problem is to characterize
the sequence of orthogonal polynomials such that §;F, can be writen as a
linear combination of P, and P,_;.
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