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ABSTRACT: We prove that any solution of a degenerate elliptic PDE is of class
C', provided the inverse of the equation’s degeneracy law satisfies an integrability
criterium, viz. o~! € L! (%d)\). The proof is based upon the construction of a
sequence of converging tangent hyperplanes that approximate u(x), near zp, by an
error of order o(|z—xg|). Explicit control of such hyperplanes is carried over through
the construction, yielding universal estimates upon the C''-regularity of solutions.
Among the main new ingredients required in the proof, we develop an alternative
recursive algorithm for the renormalization of approximating solutions. This new
method is based on a technique tailored to prevent the sequence of degeneracy laws
constructed through the process from being, itself, degenerate.
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1. Introduction

In this article we examine solutions to degenerate nonlinear elliptic equa-
tions of the form

Z(Du, D*u) = f(z) in B;. (1)

The source function f(z) is assumed bounded and the nonlinear operator
Z: RY x §(d) — R is degenerate elliptic, with law of degeneracy o. This
means % (p, M) = o(|p])F(M), for an operator F': §(d) — R, representing
the diffusion agent of the model and o is a modulus of continuity, otherwise
refereed as the law of degeneracy of the equation; precise definitions will be
given later.
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Diffusion processes whose ellipticity is affected by a gradient-dependent
term are of fundamental relevance in analysis of partial differential equa-
tions. A paramount example — in the variational setting — is the p-Poisson
equation, div(a(Du)) = f where a(?) ~ |6’ >7. The prototype of the
theory is the classical p-Laplacian, which appears in connection with the op-
timization problem of the p-Dirichlet integral and accounts for a variety of
important models in life and social sciences. A robust nonlinear potential
theory for treating variational problems with gradient degeneracy has been
developed as an offspring of the pioneering work of De Giorgi [6] and since
then it has been a rich and powerful line of research. In this article, though,
we are interested in a non-variational counterpart of the theory, to whom
Krylov—Safonov work [10] plays the role of De Giorgi’s.

Heuristically, the law of degeneracy ¢ impairs the diffusibility attributes of
the model near a critical point. The stronger the degeneracy law is, the less
efficiently the model diffuses, which in turn affects the smoothing properties
of the system. That is, using the natural order for laws of degeneracy:

o1 < 09 provided oy(t) = o (09(t)),

one should expect that if o1 < 09 then the class of solutions of equations with
09 law of degeneracy should be quantitatively smoother than the correspond-
ing class for o1. A regularity theory for solutions of such equations would
then be the mathematical manifestation of diffusibility impairment caused
by degeneracy.

Through such an endeavor, a central question emerges: how much degen-
erate a diffusion process can be so that differentiability of solutions is yet
preserved?

A classical result obtained independently by Trundiger [14] and Caffarelli
[2] asserts that if o ~ 1, that is, if the equation is non-degenerate, other-
wise termed uniformly elliptic, then solutions are locally of class C1“, see
[11], 12}, [13] for the sharpness of such a regularity. If no condition whatsoever
is imposed upon the law of degeneracy o, then solutions may fail to be differ-
entiable. In this case the best one can expect is local Holder continuity, see
[7] and also [5], [9]. The goal of this paper is to examine minimal conditions
upon o as to assure solutions retain C''-differentiability properties.

As it happens in many branches of mathematical analysis, C'' estimate
is indeed conceptually more difficult as it represents a critical borderline
regularity:.
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The heuristic discussion above conveys that such a condition should some-
how prevent o(p) from approaching 0 too abruptly. Our main result captures
this insight in a clear and concise format:

Theorem 1 (Differentiability of solutions). Let u € C%(B;) be a viscosity
solution of a diffusive process

Z(Du,D*u) = f in By, (2)

where F (p, M) = o(|p])F(M), where o(-) is a modulus of continuity with
inverse o . Assume the diffusion agent F' is uniformly elliptic and the law
of degeneracy o is such that o' € L' ((0,7);3dX). Then u € C}.(B)
and there exists a modulus of continuity w: Ry — R depending only upon
dimension, ellipticity constants, o, |[ul| e (p,), and || f|| =g, such that

[Du(z) — Du(y)] < w(lz—yl),
Jor every x,y € Byyy.

In particular, if c~! behaves as a Holder continuous function near the origin,
then solutions are in fact locally C17, for some 0 < v < 1. This accounts for
non-linear elliptic PDEs with power-like degeneracy laws, o(|p]) = O (|p|*),
as p— 0, for some M > 0, and thus Theorem [ extends the results from [§],
see also [1].

We conclude the introduction by describing the essences of the strategy for
proving Theorem Il Given a point g € B4, we want to attain the existence
of a tangent hyperplane 2, = ¢, '(0) and a modulus of continuity w such
that

sup [u(x) — Ly, (z)] < yw(v),
x€B,(x0)
for all 0 < 7 < 1/4. This is achieved by means of a geometric recursive
construction. Given a family of laws of degeneracy >, define the functional
space Z.a Ay to be the set of all continuous functions u € C(B;) such that
|u)lo <1 and
‘ff(Du,DQU)‘ <€

in the viscosity sense, for an operator .% (p, M) = o(p)F (M), with F' (A, A)
and o € ¥. Then for some positive 8 > 0 there exists a modulus of continuity
7 such that

C N (CH(By2)) (3)

1/2

ZeAAS
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where Zc \ A5 simply represents the restriction of functions in =, y o » to

1/2
Bijp and A7 (CLB(BUQ)) is the 7(e)—mneighborhood of 01’5(31/2) within
Here comes the first main technical difficulty of the proof. To attain such a
pivotal result, one must require a sort of “non-collapsing” property upon the
family of laws of degeneracy. Otherwise, if one does not prevent a sequence of
laws of degeneracy o; to converge to a function o, which vanishes identically
on a non-trivial interval [0, 0], § > 0, then any function whose Lipschitz norm
is less than § would belong to the limit set of solutions and () couldn’t hold
true. The concept of non-collapsing moduli of continuity is introduced in
Section Al and the approximation scheme is the content of Proposition [l
Once such a result is available, the idea is to iterate it, using supporting
hyperplanes of C**(B; /2) functions that are close enough to a scaled version
of the preceding element of the sequence. To put forward such strategy,
though, one has to tackle two intrinsic difficulties. The first one is that u
subtracted an affine function solves a family of equations parametrized by a
non-compact set of parameters, for which one nonetheless has to extract some
compactness property. This is attained by classical PDE methods, inherent
of the viscosity theory, see Proposition[Il The second, and most challenging
difficulty is that these corresponding PDEs are now ruled by a new family
of degeneracy laws, which could be collapsing. The main novelty here is a
new algorithm for choosing the normalization in each step, based on a sort of
“shoring-up” technique, which effectively prevents the resulting degeneracy
laws from collapsing.

2. Some preliminaries

We start off this section by detailing the main assumptions and setting up
some notions and results that will be used in the paper.
For a non-linear operator

F(p, M) = o (|p]) F(M), (4)

we call o its degeneracy law and F' its diffusion agent. This latter nomencla-
ture is justified by the ellipticity condition of F'. This is the content of our
first main assumption:
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A 1. We suppose F': S(d) — R is a (A, A)-uniformly elliptic operator. That
is, there exist 0 < A < A such that

MINI < F(M + N) — F(M) < A|[N]], ()
for every M, N € S(d) with N > 0. Further, we suppose F'(0) = 0.

As usual, §(d) stands for the space of d x d symmetric matrices endowed
with its natural order.

Next we make precise the condition required on the degeneracy law of the
operator in ({]), which is key for our differentiability result.

A 2. We suppose o: [0, 4+00) — [0, +00) is a modulus of continuity for which
its inverse, o~ 1: o ([0, +00)) — [0, +00) satisfies the Dini condition (7).

Throughout the whole paper we shall also assume
o(l) > 1, (6)

which is a mere normalization.

We recall by modulus of continuity we simply mean an increasing function
¢(t) defined over an interval of the form (0,7], or over the whole Rj :=
(0, +00), into Ry such that lim o(t) = 0.

Given its importance to our main theorem, below we introduce the formal
definition of Dini condition:

Definition 1. A modulus of continuity w is said to satisfy the Dini condition
if
Tw(t
/ #dt < oo, (7)
0

for some 7 > 0.

The Dini condition plays an important role in mathematical analysis, no-
tably in harmonic analysis and its applications to the theory of PDEs. Recall
a function f: X — Y defined over a metric space (X, dy) into another metric
space (Y, dy) is said to be Dini continuous if:

dy (f(z1), f(72)) < wy (dx(z1,22)),

for a modulus of continuity w; satisfying the Dini condition ([7]). For the sake
of precision, it is convenient to define the modulus of continuity of f as

wr(t) = sup dy (f(z1), f(22)).

dx(ll'l,l'g)gt
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Obviously any Holder continuous function h is Dini continuous, as its mod-
ulus of continuity is given by wy(d) = C'd® and

1
/ wh(t)dt = Cofl,
0

t

which is finite. There are however many important examples of Dini continu-
ous functions that are not Holder continuous. A classical family of examples

is given by:
1 a
Palt) = (1 — lnt> ’ ®)

for « > 1. Further examples of Dini continuous functions can be crafted
through generalized power series. Let (Vi),cny € co be a sequence of positive

numbers converging to zero and (a),.y € ¢1 be sequence of positive numbers.
Define

(0.]
wlt) =Y a;t?.
j=1
Assume for some t, > 0 the series is convergent at t = t, and that,

oo

7
E a;— < 00,

=
for some 0 < 7 < t,. Then w(t), defined over (0, t,], verifies the Dini condi-

tion. For instance, w(t) = > % satisfies the Dini condition. Notice that all
=1

ji
examples built up through this method fail to be e-Holder continuous for all
0<e<l. )
Similarly, there are a plethora of Dini moduli of continuity, ¢ verifying

ba(t) = o(¢(t)) for all @ > 1, where ¢, are the standard examples from (§]).
For instance,

. %) 1 1+
o(t) =3 an (1 - lnt) ’

n=1

_ 1 L1 1\l
where Ay = 2np, ) for bn = Jo 1 (lflnt) dt < +o0.

Dini condition can also be characterized in terms of the summability of
w evaluated along geometric sequences. That is, a modulus of continuity w



C'-REGULARITY FOR DEGENERATE DIFFUSION EQUATIONS 7

satisfies the Dini condition () if, and only if,

ZW(T -0") < oo, 9)

for every § € (0,1). Indeed, by elementar partition argument, there exist
points & € [76%, 70°~!] such that:

(1—8)Zw(&)§/ w(t) dt<—z (&). (10)

We resort to the characterization in (@) further in our arguments.
Finally, we present our assumption concerning the source term f.

A 3. We suppose f € L>(By).

Our main Theorem [ asserts that if u satisfies an equation
Z(Du,D*u) = f in B,

in the viscosity sense, where .7 (p, M) = o(|p])F'(M) and assumptions A1-A3
are in order, then u € C|l (B;) with universal estimates.

Next, on account of completeness, we proceed by recalling the notion of
viscosity solution used in the paper.

Definition 2. Let G: B; x R? x S(d) — R be a degenerate elliptic operator.
We say u € C(By) is a viscosity sub-solution to

G(z, Du, D*u) = 0 in By (11)

if for every g € By and ¢ € C*(By) such that u— ¢ attains a local mazimum
mn To, we have

G (0, Dip(0), D*¢(20)) < 0.
Conversely, we say uw € C(By) is a viscosity super-solution to () if for
every xg € By and ¢ € C*(By) such that u — ¢ attains a local minimum in
X, we have

G (w9, Dyp(x0), D*p(9)) > 0.
In case u is a viscosity sub- and super-solution to (), we say u is a viscosity
solution to the equation.

Throughout the paper, we say that v € L*(B;) is a normalized solution
if |||~y < 1. For a comprehensive account of the theory of viscosity
solutions, we refer the reader to [4] and [3].
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3. co-modulators in /4

In this section we establish the first key technical lemma needed in the

proof of Theorem [Il. It concerns the existence of ¢y sequences, (cj)j oy Whose

rate of convergence to zero is carefully modulated in such a way % ~ a;j in
0. ]

We will use this lemma as to sponsor the existence of “shored-up” laws
of degeneracy, see Section [ for which the tangential analysis from Section
can be employed, while not destroying the convergence of approximating
hyperplanes. Here is its precise statement.

Lemma 1. Given any sequence of summable numbers (aj)jeN €lyande, b >
0, there is a sequence (Cj)jeN € ¢y, satisfying

max |¢;| < e
JEN

such that

and
(1-3) Nadll, < 1O, < e1+0) (@)l
Proof: Let 0 > 0. Starting off with the hypothesis
(@) ;en € b,

let ny be an integer such that

Z\kz|

knl

0 ||(a )Hzl

In what follows, let no > ny be such that

5
S gl < I(a; )H&7

k/’TlQ

and, in general, let n; > n;_; be such that

o0 o [|(a)ll,,
> Jar] < o1

k:nj
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for all j. Next we construct the sequence of positive numbers c¢; as follows:

1
€L =" =Cpy1 =,

€

1
Cng - - Cngfl - 2_67

1
Cn3 _ = Cn4—1 - 2 67

1

an — ... = an+1_1 = 9i—1¢

and so on. Thus, by the very construction, (¢;);.y € co and

max |c;| < e .
jeN

Next we estimate, for all 7 > 1:

mit g, njr1—1 ag
Z | = Z 1/92i-1
k=n; |Ck k=n, / ¢
) TLjJrl*l
< 27 1e Z \ak\
k:nj
1 0[(ay)]l
-1 77100
<2‘7 ETll
~ed|l(all,,
_—QJ .
Hence
00 aj ni—1 aj 00 aj
O o e Rl
k=1 Ck k=1 | Ck k=n, | Ck

<elltapll, +edliay)ll,
=e(1+0) (el

On the other hand, since

nlfl

Sl + 3 arl = l(a)ll,,

k=1 k:nl
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e Sl
4
S Jay] < ol
k= ni1
we have $11(a )
m-l @;j)lly,
5 Jord > (el —
=1
Therefore, we obtain
00 ay ni—1 aj.
Fl> il
1;1 Ck| k=1 |Ck
711—1
=€) |axl
k=1
o || (ai)ll,,
e (hann, - =5
)
—cllal, (1-3)
and the lemma is finally proven. |

Note, in general, one is not allowed to let 6 — 0 as the sequence (Cj)jeN
depends itself upon 4. Also, it is not hard to verify that the sequence (cj)j .
in Lemma[ll cannot be taken universal with respect to the ¢; norm of (a;) ..
This is because for all (¢;),.y € co it is possible to find a monotone sequence

(aj)jeN S el Wlth7 say "(a])jEN ‘g = 1, such that
1

Ck

= OQ.

k=1
Indeed, for k£ € N let n; be such that

1
|CJ| < 22k:+3
for all 7 > nj. Note that we can always choose n; < ny < ng < --- satisfying
nm—1<ny—n<nyg—mog<ng—ng<---

Next define:

1
a/nk = a/nk-i-l = CLNk+2 — e e s — a‘?’L]H_l—l = .
28 (g — ny)
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Finally, taking a1 = -+ = ay,-1 = m, we have a;y1 < a; for all j and

Z la;j| = 1. Furthermore,

j=1
—1
< | ay 00 Npy1—1 . 00 2’“‘1 (nkz—l—l _ nkz)
D el > —]ZZ( — ) (Mk1 — ni) = 00.
k=11Ck| k=1 j=n, 1Cj| k=1 (22k+3)

Such an impossibility has implications insofar as the constants dependence
on Theorem [ is concerned. In particular one should not expect to control
the C'-regularity of solutions solely by [0 z1(\-1ay), see last Section.

In the next Lemma we tackle the problem of obtaining a universal sequence
(Cj)jeN for a compact set of ¢;. The proof is an adaptation of the one put
forward in Lemma [I], so we just sketch it here.

Lemma 2. Let A be a compact subset of {1 with 0 ¢ A. Given €,§ > 0, there
is a universal sequence (c;);.y € co with

max |c;| < €
jeN

a.
(bj)jeN = (C_j) - 161
J/ jeN

: (1 - j) )l < NG, < e(1+6) ] ()l

for all (a;),y € A.

such that

and

Proof: We start off the proof by noticing that if A C ¢; is compact then, for
all € > 0, there is an n. such that

2 lajl <,
J="ne
for all (a;);cy € A. Next, let 6 > 0 and set

r = inf ||z|| > 0.
z€A

Let n; be an integer such that

0 )
> Jag] < =

k:nl 2
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for all (a;) € A.

In what follows, for j € N, let n; > n;_; be such that
0 or
> loal < sors

k:nj

for all (a;) € A and for all j. Next we construct the sequence of positive
numbers ¢; as follows:

1
€1 = = Cny—1 = 7,
€
1
Cny = = Cpz—1 o
° ’ 2¢’
1
Cns = = Cny—1 = 5~
° ! 22¢’
1
Cnj =0T Oy =1 7 550,
The proof now follows the reasoning of Lemma [I] |

4. Compactness for perturbed PDEs

In this section we produce preliminary levels of compactness for the so-
lutions to a variant of (II), by proving that bounded solutions to a family
of equations, that are parametrized by vectors of R, are uniformly locally
Holder-continuous.

This will be attained by means of classical viscosity methods, developed in
[7, Section VII|, and we will carry all the details over as a courtesy to the
readers. We recall a Lemma due to Ishii and Lions:

Lemma 3. Let G: B x R? x §(d) — R be a degenerate elliptic operator.
Let Q C By, u € C(By) and ¥ be twice continuously differentiable in a
neighborhood of 2 x ). Set

w(z,y) :=u(x) —uly) for (x,y) € QxQ.

If the function w — 1 attains the mazimum at (xg,yo) € Q X Q, then for each
e >0, there exist X, Y € S(d) such that

G(xo, Dyp(xo,y0), X) <0 < G(yo, Dyt(x0,y0),Y ),
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and the block diagonal matriz with entries X, Y satisfies

1 X 0 )
—(g+\|AH)I§(O _Y)§A+5A,

where A = D*i)(xg, o).

For a proof of this Lemma, we refer the reader to [7, Proposition I1.3], see
also [4, Theorem 3.2]. We are ready to state and prove the Holder regularity
for solutions of the perturbed equation.

Proposition 1 (Hélder-continuity). Let u € C'(By) be a normalized viscosity
solution to

F(Du+ €& D*u) = f in By (12)
where ¢ € R? is arbitrary and .Z(p, M) = o(|p|)F(M). Suppose Ad, (@),
and A3 are in force. Then, u is locally Holder-continuous in By. In addition,

there exists C' > 0, depending on dimension, ellipticity constants and || f||oo,
but not on & € RY, such that

1@ = u@)] _

z,y € Bys ‘.I' - y|7
a7y

for some v € (0,1), universal, i.e. depending only on dimension, A and A.

Proof: As commented, the proof follows standard methods in viscosity the-
ory. We will carry all details for completeness.
Fix a0 < xy < 1 and define w: RT — R* be defined as w(t) := tX. For some
0 < r < 1 to be determined further in the proof, we consider the quantity
L= $£%(U(I)-— u(y) — Lw(jz —yl) — La(lz — zo* + |y — x0]*)),
,y€ B,
defined for every zy € B, ;5. If we prove that £ < 0 for some appropriate
choices of Ly, Ly > 0, we establish the result. As it is usual when resorting to
this class of arguments, we reason through a contradiction argument. That is
to say the following: suppose for every L; > 0 and Lo > 0, there is xg € B,/
for which £ > 0. In what follows, we split the proof in several steps.

Step 1 - Consider ¥, ¢: B, x B, — R, defined by
Y(@,y) == Liw(le —y[) + La(|x — zol* + |y — ol

and

o(x,y) = u(x) —uly) —¥(z,y).
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Let (Z,9) € B, x B, be a maximum point for ¢. Thus
o(z,y) = L > 0.
We therefore conclude
(Z,y) < u(@) — u(y) < oscpu < 2.
It follows that
Liw(|z — gl) + La(|7 — ol* + [§ — x0f*) < 2.

As usual, at this point we choose Lo as to ensure that z and ¢ are interior

points. In fact, if
2
4+/2
L, - (i)
r

7 <’ and g <!
hence concluding z, ¥y € B,. Finally, it is straightforward to notice that
T # 1; otherwise, we would have £ < 0 trivially.

we get

Step 2 - At this point, we resort to the the Ishii-Lions Lemma, stated in
Lemma Bl We proceed by computing D, and D,y at (z,y). We find

Dp(2,9) = Liw' (|7 = g))|z — 917 (Z — §) + 2La(7 — 20),
and
—Dyp(z,9) = Liw' (|7 = gz — g7 (z — §) — 2La(7 — ).
For ease of presentation, we introduce the following notation:
§ = Dyp(z,y) and &= Dyy(z, 7).

From Lemma B we learn that for every € > 0, there are matrices X, Y €
S(d) satisfying the viscosity inequalities

o€ + N F(X) = f(z) <0< o(l& +EDFY) = f(9)- (13)

In addition,
X 0 Z =7 9
CEARTEA A P
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where A := D?i)(z,7) and

ey Emp e @y WE—g) ([, @-y @7
e T S = £

Step 3 - Next we apply the matrix inequality (I4]) to suitable vectors to
recover information on the eigenvalues of X — Y. Let v € S~! and consider
first (v,v) € R?; we obtain

(X =Y)v,v) < (4Ly + 2¢en),

where 1 := ||A?||. It is consequential that all eigenvalues of X —Y are bellow
4Ly + 2em. Furthermore, we apply ([I4) to vectors of the form (z, —z) € R,
where

T -
z = —=
iz — 9]
we then get
(X =Y)z,2) < 4Lw"(|7 — g]) + (4L + 2em)[2]* (15)

From the definition of w, we learn it is twice differentiable, w > 0 and w” < 0.
It then follows from ([IH]) that at least one eigenvalue of X —Y" is bellow —4L;+
4Lo+2en. Observe that this quantity will be negative for L, sufficiently large.
In the sequel, we compute

MuA(X = Y) > 4MLy — (A + (d = 1)A)(4La + 2en);
this inequality builds upon the definition of ellipticity and (I3)) to produce

AINLy < (N + (d — 1)A)(4Ly + 2em) + . /(@) __ 1w . (16)

(€& + € o(l& + €D

Step 4 - At this point we examine two different cases. We start by consid-
ering |£| > Cj, where Cy > 0 is yet to be determined. Estimate the norm of
&z as follows:

&al < Lifw'(|z = g)| + 2L2 < cLy, (17)

for some constant ¢ > 0, universal. We choose next Cj := 50cL; > 1.03, for
Ly to be fixed later. Since |&z| < cL; and [£] > 50cLy we get
Co 49

o> I e A
€ +&1 = G 50 5000’
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a similar reasoning yields

Co 49

€ +&l > Co— o5 = - Co
The former inequalities, combined with the fact that o is nondecreasing, yield
<|§x(i)s\ ]&fgc >) < I llz=, (18)
and
a(rﬁjf)ﬂ) : 0?5&3 < [ fllzes): (19)
50

On their turn, inequalities (I8) and (I9) combined with (I6) produce

By choosing Ly = Li(A\, A, d, Ly, ) > 1 sufficiently large, we obtain a con-
tradiction. Consequential on this contradiction is the fact that £ < 0; hence,
we obtain local y-Holder continuity of the solutions in the case [£| > (.

Step 5 - Consider now the complementary case; i.e., let [£] < C, where
Cy = 50cLy was chosen in the previous step. Define the operator

G(z,p, M) = o(|§ + p[)FF(M) — f(x).

It follows that G/(z, p, M) is uniformly elliptic provided |p| > 5Cj. By using
previous regularity results (see, for instance, [5] or [9]), we derive Holder-
continuity of the solutions. Gathered with the former step, this fact com-
pletes the proof of the theorem. n

Once compactness for solutions of the &-perturbed equation is available,
we approximate solutions to ({l) and (I2) by solutions to F' = 0. This is
our next goal; however before we advance, we need first to introduce a new
concept, which is the content of next section.
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5. Non-collapsing moduli of continuity

In this section we formalize the notion of a family of non-collapsing moduli
of continuity. Hereafter we collect all intervals of the form (0, 77:

S ={0,T]|0<T < oo} U{R{}.
Definition 3 (Non-collapsing). A set I' of moduli of continuity defined over

an interval I € F is said to be non-collapsing if for all sequences (fy), ey C T,
and all sequences of scalars (ay), . C I, we have

falay) =0 implies a, — 0.

The former definition plays an important role in the tangential analysis
developed in the paper. In fact, when one tries to connect the prospective
regularity theory for o(|Du|) F(D?*u) = f with the one available for F'(D?h) =
0, we aim at profiting from a sort of cancellation effect, to be understood
in the viscosity sense. This is only achievable, however, if one carefully
modulates the rate in which o(t) approaches zero, as ¢t — 0. Put differently,
we must ensure the degeneracy law is not, itself, degenerate.

Definition 4. We define the collapsing measure of a family of moduli of
continuity I' defined over an interval I € .7 as

5 (T) = sup {s €1 | info(s) = 0} .

oel
For obvious reasons all finite sets of moduli of continuity are non-collapsing,
and the interesting environment are infinite sets; for this reason in this section
all families of moduli of continuity shall be not finite.
It is not difficult to observe that the measure defined above characterizes
non-collapsing sets as follows:

Proposition 2. Let I' be a family of moduli of continuity defined over an
interval I € 7. The following are equivalent:

(1) T is non-collapsing.

(2) For all sequences (fn)neny C I and a € I'\ {0}, liégg)lf fu(a) > 0.

(3) u(T') = 0.
Proof: 1t is immediate that (2) and (3) are equivalent.

(1) = (2). Suppose, seeking a contradiction, there was a sequence (f,) and
a certain a > 0 such that

liminf f,,(a) = 0.

n—oo
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Hence, there is a subsequence (f,,) such that

fn.(a) — 0,

and, since I' is non-collapsing, we conclude that a = 0, which is a contradic-
tion.

(2) = (1) Let us suppose, for the sake of contradiction, that (1) is not valid.
Thus, there would exist (f,,)neny C I' and (ay,)nen C I, with f,(a,) — 0 and
a, - 0. So, up to a subsequence, there exists a certain ay > 0 such that

a, > ag > 0.

Since all the functions f,, are non-decreasing, we would have

fn (an) 2 fn (a0) >0

and, recalling that f,(a,) — 0, we would have f, (ag) — 0, which contradicts
(2). |

Observe that p behaves as a kind of “measure of collapse”: for non-
collapsing sets I', we have pu(I') = 0 and for collapsing sets I' we have
(') > 0. The higher the value of u(I') the more degenerate the family
I', otherwise refereed as “more collapsing”.

Notice that

p (T Ul2) =max {p (), 1 (T2)}
However, for infinitely many unions it is possible that p (I';,) = 0 for alln € N

and
M (U Fn) - |I‘7
n=1

where |I| stands for the total length of the interval I. For instance, say on
(0,1], take oj := ¢/ and define

Fk = {0-17"' 70k}
for all £ > 1, we have u (I';,) = 0; however

(G-

A plenty of examples of non-collapsing sets of moduli of continuity can be
generated by the next propositions:
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Proposition 3. If ' is a family of moduli of continuity o: I C Rj —
Ry such that set T~' := {o™! ‘ o €'} is equicontinuous, then T' is non-
collapsing.

Proof: If I'"! is equicontinuous, given € > 0, there is a § > 0 such that

[z —yl<d= sup |0 (z)—0"'(y)] <e
oc-ler-1

for all z,y € I. Thus
o (2) —o(y)l <d= sup |0 (0(x)) =0 (0(y))| <,

o-ler-1

for all z,y € I and all 0 € I'. Letting y — 0,
o(r)<d=x<c¢
forallx € I and all 0 €T, i.e.,

r>¢e = info(x) >4,
oel’

Hence, I' is non-collapsing. u

Proposition 4. Let I' be a family of moduli of continuity and assume

T _1t
S::sup/ i t()dt<oo,
0

wel

for some T > 0, then p(I') = 0.

Proof: From Propositionf2] it suffices to show w, € I'; w,(a) - 0 = a = 0.
Hence, let us suppose, seeking a contradiction, there exist a sequence w,, € I'
and a positive a > 0 such that b, := w,(a) — 0. We estimate

T _1t T _1t 7‘1
Sz/ “’”—()dtz/ ‘””—()dtza/ Zdt —s 400,
0 14 bn t bnt

as n — 0. We reach a contradiction, and Proposition [l is proven. |

Another way of producing a family of non-collapsing moduli of continuity
is through a sort of “shoring-up” process.

Definition 5 (Shoring-up). A sequence of moduli of continuity (o,)nen S
said to be shored-up if there exists a sequence of positive numbers (7Vn)nen
such that v, — 0 satisfying

inf o, (v,) > 0,

for every n € N.
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Here is a simple proposition relating the notion of shored-up sequence and
non-collapsing moduli of continuity.

Proposition 5. If a sequence of moduli of continuity (o,)nen is shored-up
then I' := Upen {0} is non-collapsing.

Proof: For all s > 0, let ng be an integer such that v, < s for all n > n;.
Since all the functions o,, are non-decreasing, we have o, (7,) < o, (s) for all
n > ng. Thus

0 < inf o,(y,) < inf g, (s).

n>ng n>ng

Since o1 (s) > 0,...,0,, (s) > 0, we conclude that
inf o, (s) >0
and (0;,)nen 18 non collapsing. [

6. Tangential analysis

In this section we establish an approximation result, relating (II) and (T2l
with the solutions to the homogeneous, uniformly elliptic, problem F' = 0.
The approximating function whose existence is ensured by the next proposi-
tion plays a pivotal role in producing oscillation controls for the solutions to
(@.

In what follows, we translate Al into a smallness condition for the source
term f. In fact, throughout this section, we require

lull ey <1 and 1l myy < & (21)

for some € > 0 yet to be determined. To see the conditions in (2I]) are not
restrictive, consider the function

~u(ro)
U(I) - K )
for 0 <r <1 and K > 0 to be defined. Notice that v satisfies
7 (|Dv|) F(D*v) = f in By, (22)
where i ) i
B — r
a(t) =0 <7t> : F(M) = EF (ﬁM)
and
2
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Notice that

0o (5) - o o (59) -

Hence, by choosing » < K, it follows easily that

[T [T )= o () 2ot 20

r

Indeed,

Hence, & meets Assumption@. Clearly, F is a (A, A)-elliptic operator. Finally,
by setting
1
HUHLOO(Bl) + HfHLOO(Bl)
we produce (2I) and find that (22)) falls within the same class as ().

roi= ¢ and K =

Proposition 6. Let G be a set of non-collapsing moduli of continuity satis-
fying ([@) and uw € C(By) be a normalized viscosity solution of an equation of
the form

o(|[Du+¢|)-F (D*u) =f in B,

where ¢ € R, 0 € &, F satisfies A, and f verifies A3. Given § > 0, there
exists € = (0, A\, A\, &) > 0 such that if f € B.(L>(B1)) then we can find a
function h € By, (C¥(Bys)) such that

) (u, h) <6,

where L and (8 are universal numbers, in particular independent of &, 6 and
€.

dLoo(

By

Proof: For ease of presentation we split the proof in five steps.

Step 1 - Suppose the thesis of the lemma fails to hold. Then there exist
sequences (0;)jen, (&) en, (Uj)jen, (F})jen, (fj)jen and a number dy > 0 such
that, for every 7 € N, we have
(1) F;: S(d) — R is a (A, A)-elliptic operator;
(2) 0; is a modulus of continuity satistying ¢;(0) = 0 and o;(1) > 1. In
addition, if oj(a;) = 0 then a; — 0.
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(3) f; € L>(B) is such that

1
il <
(4)
oi(|Duj + &) Fj(D*;) = f; in By, (23)
however,
sup [uy(2) — h)| > & (24)
:ceBl/Q

for every h € By, (C’l’ﬁ(Bl)), with > 0 and L > 1 to be chosen.

loc

Step 2 - Because ellipticity is uniform along the sequence (F});en, it follows
that F; — F as j — oo, through a subsequence if necessary. In addition,
it follows from Proposition [ that (u;) ey converges uniformly to a function
Us. Our goal is to prove that

FOO(DQUOO) =0 in BQ/lO'

To that end, introduce the second order polynomial p(x), defined as

p(z) == ux(y) + b (x — y) + %(ZC — ) M(x — y);

it is clear that p(y) = us(y); suppose without loss of generality that p(z) <
Uso(x) for x € Byy. Our goal is to verify that

Foo(M) < 0. (25)

Step 3 - For 0 < r < 1 fixed, let (z;);en be defined by
p(z;) — uj(z;) = max (p(z) — ().
We infer from (23) that
aj(|b + §F(M) < fi(z;).

If (&)jen is an unbounded sequence, consider the (renamed) subsequence
satisfying |£;| > j, for every j € N. There exists j* € N such that

b+ &l > 1
for every 7 > j7*. From Assumption 2l we have
F;(M) < o5(|b + &) F;(M) < fi()),
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for j > j*. By letting j — oo, we obtain ([25). Conversely, if (§;);jen is
bounded, at least through a subsequence

b4 & —b £
If b + & > 0, we know o,(|b + &;]) - 0. Hence

fi(z))
. < N
BOD = Ser gy

and (25)) follows. If, on the other hand, [b + £*| = 0, we distinguish two
cases. The first is b = 0 and & — 0. If there is a subsequence (&), ey for
which &; # 0, the previous reasoning applies and the argument is complete.

On the opposite, it can be b = & = 0 for every j € N, sufficiently large.
This case is tackled in the next step.

Step 4 - We work under the assumption b = §; = 0. Notice that if
Spec(M) C (—o0, 0], ellipticity produces (25); in fact

where {1;, i =1, ..., d} are the eigenvalues of M. Hence, we also suppose
M has k > 0 strictly positive eigenvalues. Let (e;)*_; be the associated
eigenvectors and define

FE := Span{ey, e9,..., e} .

Consider the orthogonal sum R? = F @ G and the orthogonal projection Pg
on E. Define the test function

o(x) == Kk sup (Pgx,e) + leMx.
EESdil 2
Because u; — uy locally uniformly, and 272" Mz touches u. at zero, the
stability of minimizers implies that ¢ touches u; at z7 € B,, for every 0 <
k<1landj>1.
Suppose z7 € G. In this case, ¢ touches u; at 27/, regardless of the direction

e € S% 1. Tt follows that
oj (M2 + rel) F5(M) < f(x)
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for every e € S™!. By taking supremum with respect to the direction e on
both sides of the former inequality, and noticing that
k < sup |[Mazxj + kel
e€Sd-1
_ fi(xf)

— 0j(k)
as j — oo. To complete the proof we focus on the case Pgx # 0. Here

we obtain

— 0

F(M)

sup (Pgaf,e) = |Pall.

ecSd-1

From the information available for u;, we obtain

Folar o1+ 2B o DTN ) o g
7 ! " ‘PECU7| “ \PE:Uf\ < Jilw3).

Write :I:j as

Mz" +
T K‘PE$7|

where {e;, i =1, ..., d} are the eigenvectors of M. Hence,
k d
Mz} = Znaiei + Z Tiai€;,
i=1 i=k+1
with 7, > 0 for e =1, ..., k. We then obtain

k d k
1 ) 1
kK < K+ |PE37§€‘ ;nai < K+ W <Zz: Tiaiei,ZTiai€i>

PEx”f” PEx’?
< ( Mzf + K L :
PE.T}E”
< |Mz" L1
= | x; + /@'lPExﬂ

Once again we get

Pz’ Ppa® (2"
Fj(M)SFj<M+/<;<Id+ g E%)) <M—>O

|Ppay| — |Ppaf]
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as j — oo.

Step 5 - Hence, we conclude that F(M) < 0 and, therefore, u., is a
supersolution to F, = 0 in the viscosity sense. To verify that u,, is also
a subsolution is analogous and we omit the details. Standard results in the
regularity theory of viscosity solutions to homogeneous elliptic equations, [14]
and [2], yield uy, € C’llo’f(Bl) for some § € (0,1). By setting h 1= u we
obtain a contradiction and complete the proof. u

7. Existence of approximating hyperplanes

Let us move forward with the proof of Theorem [Il. Hereafter let L > 0 and
0 < B < 1 be the universal numbers from Proposition [l
As to ease the presentation, let us define two new moduli of continuity:

v(t) :==to(t) and w(t) =~ (1)

Next we make a first choice of constants 0 < r < p; < 1, by dividing the
analysis in two cases:

Case 1. If t’ = o(w(t)), we choose 0 < r < 1/2 so small that
2Lr% = w(r) =y > .

This is the most interesting case, for which the degeneracy law is stronger
than 7.
Case 2. If w(t) = O(t’), we fix 0 < o < 8 and make 0 < r < 1/2 so small
that
2Lr’ = r® = g > 1.

Notice that, once fixed 0 < o < 3, the above choice becomes universal.

In what follows we shall treat both cases concomitantly. Define, hereafter,
the ratio

O<(9::L<1.
241

Next, under Assumption AR, we know the sequence

(k) pey = (0_1 (ek))keN

belongs to ¢;. We apply Lemma [ to the sequence (aj), with, 0 < § < %
fixed and 0 < € < 1 chosen in such a way

e(l+9)=1
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This creates a sequence of positive numbers (cy), € ¢y for which
19 00 00 ,1 0’“ 00

5 - ot (%) < Z < Za (26)

i=1
In the sequel, we generate a shored-up sequence of moduli of continuity by
the following recursive formula:

oo(t) = o(t);
o(t) = Holub)
oalt) = EFo(mpnt); (27)

where p1 > r has already been chosen and for k£ > 2, the value of puy is
determined through the following new algorithm:

If ,
%0 (i) > 1,
then
H2 = [1;
otherwise
pr < pe <1
is chosen such that
U2 5 (papiz) - 2) = 1,

where ¢y is the 2nd element of the sequence (ci), € ¢o for which (26]) is
verified.

Next we apply the above algorithm recursively, that is: once chosen r <
< pe < -+ < g we decide on the value of g1 as:

if selecting pi1 = px yields op1(cpr1) > 1,
we set pur1 = pg. Otherwise, pr1 > p is chosen such that
Ops1 (Chr1) = 1,

where, as before, ;41 is the (K + 1)th element of the sequence (ci), € co
crafted in Lemma [, for which (26) holds.
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Let & denote the family of moduli of continuity generated through the
described algorithm:

S :=A{oo(t),o1(t), - ,on(t), - }.

According to Proposition [f, this is a non-collapsing family of moduli of con-
tinuity.

Proposition 7. Let u € C(By) be a normalized viscosity solution to (I2I).
Suppose All, A2, and A3 are in force. There exists an € > 0 such that if
| fllz(B)) < €, then, one can find an affine function {(x) and a universal
constant C > 0 such that

lx) =a+b-x, with |a|+ |b] <C

and
sup |u(z) — L(z)] < pp -
r€B,

Proof: From Proposition [l we infer the existence of h € Cllo’cﬂ (By) such that
sup |u(z) — h(z)] < 6,
ZEEBg/lo
for some 0 > 0, to be set further in the proof. As mentioned before, the

regularity of the approximating function h yields

sup |h(z) — h(0) — Dh(0) - x| < Lirt™P

r€B,

for a universal constant L > 0 and every 0 < r < 1/2. By choosing a := h(0)
and b := Dh(0) it is clear that both coefficients are universally bounded. A
straightforward application of the triangular inequality yields

sup,ep, |u(z) —a —b-z| < &4 Lr'tl

1
= 0+ -
2#1
1
Choosing § = gHL"T sets the value of € > 0, through Proposition [0, and the
proof is completed. |
The next proposition extends the statement in Proposition [7 to arbitrarily

small radii, in a discrete scale generated by a geometric sequence out from
the original radius 0 < r» < 1. Moving across those discrete scales involves
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a scaling argument. At this precise point of the argument, scaled solutions
fail to satisfy the original equation ([II). In turn, they satisfy

ﬁn(Dun—i—fn,DQun) = fu(z) in Bj,

where, &, € R? is arbitrary and at each scale the new operator .%,(p, M)
has law of degeneracy o, and diffusion agent F,,. The switch from () to
(I2) is justified by the necessity of producing uniform compactness estimates
available at this instance of the argument.

Proposition 8 (Oscillation control at discrete scales). Let u € C'(By) be a
normalized viscosity solution to ([I2). Suppose A, A2, and A3 are in force.
Then there exists a sequence of affine functions (€,)nen of the form

En(ilf) = A, + B, -x

satisfying
Sup u(x) — lafz)] < (H uz’) " (28)
[Ani — Ao < C (H ui) r (29)
and Zln
[Bui1 = Bl < C [ (30)
i=1

for every n € N.

Proof: We prove the proposition through an induction argument. As before,
we proceed in steps.

Step 1 - For 11 and ¢ = {; as in Proposition[7], consider the auxiliary function

u(re) — lo(rx)

uy(x) = ,

p1r

Notice that u; solves

01 (‘Dul + %Dﬁ‘) Fl(D2u1) = fl(ac) n Bl,
1

where 0
or(t) = “o(ut),
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AM) = LF (‘“M) and  fi(2) = f(ra).
M1 r
The selection through the algorithm preceding Proposition [ ensures that
o1(1) = 1. Therefore, u; falls within the scope of this result and we infer the
existence of an affine function ¢;, with universal bounds, such that
sup |ui(x) — bi(x)| < ru.

zeB,
At this point, we define us as
uy(re) — li(rx)

UQ(ZU) = LT ’

for r < p1 < pe chosen earlier. It is clear that usy satisfies

02( )FQ(D%@) = fo(r)  in By,

where, as before,

1
DUQ + —Dfl
M1

M1M2

oa(t) = o (1 piat).

The governing diffusion agent for us is given by
2
PB(M) = ~—F (“1521\4)
o142 r
and the source term fo(z) := f(r?z). Hence, us meets the requirements
of Proposition [, which ensures the existence of an affine function ¢y, with
universal bounds, such that

sup |ug(x) — la(x)| < ru.

zeB,
Proceeding inductively we notice that
up(rx) — ly(rx)
ME+1T

solves an equation with degeneracy o1, given by

[t HkJrl k+1
+
op+1(t) = . Ok (Hrs1t) = s (H i ) :

Recall, pg1 > py is determined in such way that either pg.q = pi or else

Ok+1 (Ck+1) = 1. (31)

upr1(x) =
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As before, we resort to Proposition [ to ensure the existence of an affine
function ¢ satistying

sup |up41(2) — lpgr(2)| < g -7
zeB,

Step 2 - Reverting back to the original solution u, we find

k
sup |u(z) — £(2)] < (Hu) -k,

$EB7_k

where

In addition, we have

k-1
A — Ax] < C (HM) il

i=1
and

i=1
which completes the proof. ]

k—1
|Bk+1 - Bk‘ <C (Hﬂz) 3

8. Convergence analysis

In this final section we discuss the convergence of the approximating hy-
perplanes obtained in Section [7l To ensure this fact, we must examine the
summability of the series associated with (A, ),en and (By,)nen. Such a con-
vergence shall imply a modulus of continuity that takes the form of a sum,
associated with the products I}, u;, which ultimately yields a proof of The-
orem [II

Proof of Theorem [1 The algorithm employed to craft the sequence (ji,)nen
is key in the proof. There are two possibilities:

Either the sequence stabilizes for some ky > 2, that is

Hiy = Hko+1 = Hkg+2 = *
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or else for infinitely many k’s, there holds u. < pry1. And when this happens:
k+1 k+1

HrknLl ([H '“Z] C’f“) =1 (32)

The former case falls into a classical setting, for which the convergence

analysis yields in fact local C''"-regularity of solutions, for some 0 < 7 < §3.
Let us now investigate the latter case. Readily from (B2]) one obtains

HkJrl k+1
Op1 (k1) =1 T (H i - Ck+1> =1,

which yields

lﬁ 1 1( rhtl )
pio= % et
i=1 Ch1 [T (33)
-1 (gk+1
B o)
Ck+1

Estimate (26) combined with estimate (33]) shows the sequence

Tk keN (H N’L)
keN

is summable and its ¢; norm is bounded by >~ o~1(67).

=1
Therefore, it follows from (29) and (B0) that (A,).en and (Bj)nen are
Cauchy sequences. That is, there exist a real number A, and a vector By,
such that

A, — A and B, — B
Set () := Ax + Boo - . Observe also

A — Ayl < C’ZTZ-T” and |B — B,| < CZTZ'.

For any 0 < p < 1 let n € N be such that
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We then estimate
sup |u(z) — lo(z)] < sup |u(z) — lu(z)] + sup [£,(x) — Loo()]

r€B, 2rEBn rEBn
< Cry" + C (Z TZ) r’
1 o]
S ;C Tn + ZTi P
=n

VAN
VRS
Q
]
!
~
e

Finally, set

i=|lnt—1]
where | M| := the biggest integer that is less than or equal to M. Since
7; € {1, y(t) is indeed a modulus of continuity. We have

sup [u(z) — u(0) — Du(0) - x| < v(p)p,

zeB,

and the proof of Theorem [ is finally complete. |

9. Final remarks

We start my commenting on the structural condition on ¢. Throughout
the paper we have assumed the law of degeneracy ¢ is modulus of continuity.
This, in particular, requires o to be an increasing function, which might be a
drawback for applications. Nonetheless, Theorem [I] remains true under the
following relaxed condition:

Clp(t) < o(t) < Cp(t),

for some modulus of continuity p whose inverse p~! is Dini continuous. In-
deed, under such an assumption, if u satisfies o(|Du|)F(D?*u) = f(x) in the

viscosity sense, then p(|Dul|)F(D?*u) = ‘;Efng;f(x) = g(z) € L™.

Next we comment on the universality of the estimate provided in Theorem
I Let

E={o:1—-R{ ‘ is a modulus of continuity and o~ € L' ((0,7]; A\7'd\) }.
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For o € =, let’s denote:

lofle = o(1) +/OT UT(A)dA.

Theorem [l provides the existence of a modulus of continuity w such that for
any viscosity solution of o(|Du|)F(D*u) = f(z), in By, where F is (A, A)
uniform elliptic and || f||oc < C, there holds:

| Du(x) = Du(y)| < w (lz —y]),

for all w,y € By/s. The dependence of w with respect to o is, nonetheless,
rather intricate, and in principle it does not depend solely upon the value
o=

It is possible however to show with the aid of Lemma[2lthat given a compact
set K C Z (with respect to || - ||z), there exists a universal modulus of
continuity w, which depends only on K, 0 < A < A, and C > 0, such that if
u is viscosity solution of

o(Du)F(D*u) = f(z), in B,

where F'is (A, A) uniform elliptic, || f||.c < C and o € K, then:
[Du(z) — Du(y)| < w (|z —yl),

for all z,y € By
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