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1. Introduction

A coherent category (see [14]) has in particular distributive lattices of sub-
objects whose operations are preserved by pullbacks. In this paper, we want
to draw attention to the case of arbitrary categories in which there exist
distributive lattices of particular subobjects — we call them distinguished —
whose operations are preserved by pullbacks. We call this a coherent system
of subobjects. A well-known example is that of complemented subobjects in
a lextensive category. But there are many other examples of interest.

In the case of small categories, we call a subcategory S of A saturated
when an arrow of A lies in S as soon as its domain or its codomain is in S.
The saturated subcategories constitute a distributive lattice whose operations
are preserved by pullbacks. This result generalizes to the case of internal
categories in an arbitrary coherent category C, yielding an interesting bunch
of examples of coherent systems of subobjects. This particularizes further to
preordered objects in a coherent category.

We apply these considerations to the study of the stable category associated
with a pretorsion theory. A pretorsion theory (see [12]) in a category C
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consists of giving two classes of objects, respectively called the torsion objects
and the torsion free objects, together with adequate axioms. The objects
which are both torsion and torsion free are called trivial. When all trivial
objects are zero objects, the pretorsion theory is called a torsion theory. The
problem of the stable category associated with a torsion theory is that of
constructing naturally a torsion theory from a given pretorsion theory (see
5)).

Of course, to construct a torsion theory from a pretorsion one, one must
identify all trivial objects to a zero object. In [11, 5], this is done with the
extra requirement that, when A = SIIT is the disjoint union of two comple-
mented subobjects, that union is preserved; in particular, if T is trivial, A is
identified with S in the stable category. In our paper, we consider the more
flexible requirement that when A = S U T is the union of two distinguished
subobjects with T trivial, then T is identified with 0 and A is identified with
S.

We prove a general theorem on the existence and the universality of the
stable category, which applies in particular to the case of preordered objects
in an exact coherent category (see [11, 3]), and to the case of internal cate-
gories in a Grothendieck topos (see [6, 7]). But the flexibility of our approach
allows also choosing only trivial subobjects (i.e. only 0 and the object itself)
as distinguished subobjects. In that case, our theorem yields the torsion
theory universally associated with the given pretorsion theory. And, under
a very mild assumption, we prove that the stable category can then be ob-
tained as the category of fractions which inverts all morphisms 0— A, with
A a trivial object.

2. Coherent systems of subobjects
The structure that we want to promote in this paper is the following one”.

Definition 2.1. Let C be a category with a strict initial object 0. By a
coherent system of subobjects in C is meant, for each object C' € C, the
choice of a class of so-called distinguished subobjects of C', in such a way
that:

(CS1): 0 and A are distinguished in A;
(CS2): the union of two distinguished subobjects exists and is distin-
quished;

*Since this cannot hurt in this paper, we choose to use freely the common abuse of language
which does not distinguish subobjects and monomorphisms.



COHERENT SYSTEMS OF SUBOBJECTS WITH APPLICATION TO TORSION THEORY 3

(CS3): the pullback of a distinguished subobject along an arbitrary mor-
phism exists and is distinguished;

(CS4): pulling back distinguished subobjects preserves their union;

(CS5): given two monomorphisms

A B C

if A is distinguished in B and B is distinguished in C, then A is
distinguished in C.

A coherent system of subobjects is called effective when moreover (see [2])

(CS6): the union of distinguished objects is effective, that is, given two
distinguished subobjects S and T of A, the following pullback is also a
pushout:

SNT>~—— S

|

T >—SuUT

Let us recall that, given a strict initial object 0, every morphism with
domain 0 is a monomorphism. Indeed if there exists a morphism X —0,
that morphism is necessarily unique since it must be an isomorphism, with
the unique morphism 0— X as inverse.

Proposition 2.2. Let C be a category with a strict initial object, provided
with a coherent system of subobjects. The following properties hold:

(CS7): the intersection of two distinguished subobjects exists and is dis-
tinguished;
(CS8): given three distinguished subobjects R, S, T of A

RN(SUT)=(RNS)U(RNT);
(CS9): if S is a distinguished subobject of A, S is distinguished in every
subobject S CT C A.

Proof: The case of the intersection follows from (CS3) and (CS5). The dis-
tributivity law is a special instance of (CS4). The last assertion is obtained
via (CS3) when pulling back S C A along T' C A. u

We shall also meet the following related notion, which is reminiscent of the
notion of extremal epimorphism:
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Definition 2.3. Let C be a category with a strict initial object, provided with
a coherent system of subobjects. An epimorphism f: A—-B is called distin-
guished when it does not factor through any proper distinguished subobject of
B.

Proposition 2.4. Let C be a category with a strict initial object, provided
with a coherent system of subobjects. An epimorphism is distinguished if and
only if it is left orthogonal to every distinguished monomorphism.

Proof: The classical proof for extremal versus strong epimorphism applies as
such. -

Proposition 2.5. Let C be a category with a strict initial object, provided
with a coherent system of subobjects.

(1) Distinguished epimorphisms are stable under composition.
(2) If gf is a distinguished epimorphism, so is g.

Proof: Once more the standard proof for extremal epimorphisms applies as
such. -

Examples 2.6. Here is a first list of rather immediate examples of coherent
systems of subobjects; the last three are effective.

(1) All subobjects in a coherent category.

(2) The complemented subobjects in a lextensive category (see [8]).

(3) The open (respectively closed, clopen) subspaces in the category of
topological spaces.

(4) Only O and the object itself in a category with a strict initial object.
We call this the indiscrete coherent system of subobjects.

Proof: In the lextensive case, given two complemented subobjects S, T of A,
their union is the disjoint coproduct
(SN SnT)CsnT).

The rest is obvious. |

Despite its triviality, the last of these examples will play a significant role
in Section 7. But we want to focus now on the following example, which
suggested to us the notion of coherent system of subobjects.

Example 2.7. A sub-preordered set (S, <) of (A, <) with the induced pre-
order is called open (see [11]) when

a<bandbe S — a€S
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and closed when
a<bandaeS — beS.

Clopen means, as usual, open and closed. The open (respectively closed,
clopen) sub-preordered sets in the sense of [11] constitute effective coherent
systems of subobjects.

Proof: The proof of having effective coherent systems of subobjects is a spe-
cial case of our next example. Indeed, a preordered set is a small category
with at most one arrow between every two objects. ]

We generalize now the notions of open, closed and clopen subobjects to the
case of subcategories. To avoid any ambiguity of terminology in the closed
case, we prefer to use left saturated, right saturated and saturated instead of
open, closed and clopen.

Example 2.8. A subcategory S C C is left saturated when
frA—-Band BeS = feS
and right saturated when

firA—>Band AeS = feS.

S s saturated in C when it is both left and right saturated. Left saturated,
right saturated and saturated subcategories constitute effective coherent sys-
tems of subobjects in Cat.

Proof: Only the case of the union requires a comment. To construct the union
of two subcategories S and T of C, one considers first the graph constructed
on the set theoretical union of both sets of objects, and the set theoretical
union of both sets of arrows. One adds further all the possible composites in
C of chains of consecutive arrows in this last union. When both S and 7 are
left saturated, the last arrow of a chain is thus in S or in 7, and therefore by
left saturation, so do all the arrows of the chain and thus also their composite.
Analogously for right saturation, starting with the first arrow of the chain.
Thus the set of arrows of S U 7T is the set theoretical union of the sets of
arrows of & and 7. Since Set is coherent with effective unions, this forces at
once all the properties for having effective coherent systems of subobjects. =
In particular, trivially:

Proposition 2.9. A left saturated, right saturated or saturated subcategory
is full. |
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Definition 2.10. In a category C with finite limits, a left saturated internal
subcategory S C A is one which satisfies the axiom

It [f e AL Adi(f) € SO} then [f e Sl}

in the cartesian internal logic of C. The right saturated case is obtained when
using instead dy.

We shall use the notation
dp
AQ LAl%AO
—

to indicate an internal category A. The internal category is an internal
preordered object when the pair (dy, d;) turns A; in a subobject of Ay x Ay.

Given an internal subcategory S of A, the left saturated notion of Exam-
ple 2.7 (which is a cartesian notion; see [14]) translates as the existence of a
(unique) factorization d; in the following pullback diagram

Al ?(Ao SOH SO

S Ay 4 Ag

An analogous conclusion holds, using instead dy and a corresponding factor-
ization dp, in the right saturated case.

In the situation of Definition 2.10, one could of course be tempted to define
a saturated internal subcategory as one which is both left and right saturated.
But in the case of a coherent category C (see [14]), thus in particular in a
topos, it sounds more sensible to define:

Definition 2.11. In a coherent category C, a saturated internal subcategory
S C A is one which satisfies the axiom

I [f € A A (do(f) € SV di(f) € SO)} then [f c Sl}

in the internal coherent logic of C.

This can be translated as the existence of a (unique) factorization ¢ in the
following diagram
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All %(SO X Ao) U (AO X S())

% 4 (do, dleO < Ao

For example in the topos of sheaves on a locale L, this means that if f € A;(u)
while u € L is covered by all the levels v < w where the domain or the
codomain of the restriction of f is in Sy(v), then f € S;(u).

Lemma 2.12. When C is a coherent category, given an internal subcategory
S C A, if S is saturated in A, it is both left and right saturated. The converse
holds when C has effective unions.

Proof: With the notation of Definitions 2.10 and 2.11, compose (dy, d1) with
both projections of the product. This yields first

1 (S0) = So x Ao, py*(So) = Ao x So.
By axiom (CS4) this implies
A/1 = (Al X Ao Sl) U (Sl X Ao Al)

Since S71>—A; is a monomorphism, the existence of ¢ implies that of ¢y and
01. The converse holds when C has effective unions. [

Example 2.13. Let C be a coherent category. The notions of left saturated,
right saturated and saturated internal subcategories yield coherent systems of
subobjects in Cat(C). Restricting one’s attention to internal preordered ob-
jects, one obtains corresponding coherent systems of subobjects in the category
of preordered objects in C.

Proof: Given two saturated (respectively, left saturated, right saturated) in-
ternal subcategories S, T of A, let us first observe that their union as internal
subcategories admits S; U T} in C as object of arrows, and of course Sy U T}
as object of objects. Indeed the pullback defining the object of composable
pairs of morphisms in S; U T}

(S1 U Tl) X Ao (Sl U Tl)

can be split in four pieces by coherence of C. The two pieces S x4, S1 and
T X 4, T yield composites lying respectively in S; and 7 by the category
axioms. The other two pieces S X 4, 11 and T X 4, 51 yield composites lying
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in 57 U T} in the saturated case, or already in S7 or T; in the left or right
saturated case. The rest follows at once from the coherence of the category
C. |

It is immediate that, in Cat, every saturated subcategory S is comple-
mented: its complement is the full subcategory generated by those objects
which are not connected by a chain of arrows to any object of §. This is
not the case for left or right saturated subcategories: here is an example of
a right saturated subcategory which is not complemented.

{A— B} »——{A— B+ (C}

In an arbitrary category with finite limits, even in a topos, it is no longer
the case that saturated subcategories are complemented. For example in the
topos of sheaves on the Sierpinski space, consider the following preordered
sheaf, where the restriction applies a; on a and b; on b:

{a1 < bl,ag < bg}%{a < b}

The two subsheaves
{ai < bl}%{a < b}

are saturated (or clopen) in the sense of Example 2.13, but are not com-
plemented. Their union is of course the whole sheaf. This shows that our
notion of saturated (clopen) sub-preordered object differs from that in [3],
where complementarity of the subobject is forced. Of course, both notions
coincide in the Set case.

3. Variations on torsion theories

Let us recall that an ideal Z in a category C is a class of arrows such that,
for every arrow f € Z, one has fu € Z and vf € Z, for all arrows u, v
composable with f (see [10]). When C has a zero object, the zero morphisms
constitute an ideal.

Given an ideal Z in a category C, an arrow k is the Z-kernel of an arrow
f when fk € Z and, if fm € Z for some arrow m, then m factors uniquely
through k. The uniqueness condition forces k to be a monomorphism. When
Z is the ideal of zero morphisms, we recapture the usual notion of kernel.
There is of course a dual notion of Z-cokernel. A pair of composable mor-
phisms

K—k 41 9
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is a short Z-exact sequence when k is the Z-kernel of ¢ and ¢ is the Z-cokernel
of k.

The following definition was introduced in [11] and then thoroughly inves-
tigated in [12]:

Definition 3.1. A pretorsion theory in a category C consists of a pair (T, F)
of classes of objects, both of them closed under isomorphisms, whose elements
are called the torsion and the torsion-free objects of the pretorsion theory,
respectively. The objects in T NF are called trivial, and the ideal Z of trivial
morphisms s that of those arrows factoring through a trivial object.

These data must satisfy the following two axioms:

(PT1): every arrow f: A—B with A € T and B € F s trivial;
(PT2): for every object A € C, there exists a short Z-exact sequence

T(A) A5 A 6(A)
with T(A) € T and ¢p(A) € F.
When the trivial objects are zero objects, the pretorsion theory is called a
torsion theory.!
A torsion functor s a functor, between two categories provided with a pre-

torsion theory, which respects torsion objects, torsion free objects and the
canonical Z-ezact sequences of axiom (PT2).

Proposition 3.2. In the conditions of Definition 3.1, the objects 7(A) and
®(A) are defined uniquely up to an isomorphism. This extends in functors
T and ¢ which present respectively the full category of torsion objects as a
coreflerive category of C, and the full subcategory of torsion free objects as a
reflexive subcategory of C.

Proof: See [12]. n

It is trivial to observe that 7 and ¢ extend as functors, which turn re-
spectively the full subcategories of torsion/torsion free objects in a coreflec-
tive/reflective full subcategory of C (see [12]).

Example 3.3. One gets a pretorsion theory on the category of preordered
sets when choosing (see [11])

e the equivalence relations as torsion objects;
e the partial orders as torsion free objects.

"The terminology pretorsion is thus somehow unfortunate, since the axioms are the same as for
a torsion theory, but with respect to a more flexible choice of ideal.
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These two nmotions are cartesian ones (see [14]), thus make sense in every
category with finite limits. They yield a pretorsion theory in every Barr
exact category (see [1, 3]).

Proof: Given a preordered set (A, R) and writing R° for the opposite relation,
7(A, R) = (A, RN R°) while ¢(A, R) is the quotient of A by the equivalence
relation R N R°, this quotient being provided with the image-preorder of
R. |

Example 3.4. One gets a pretorsion theory on the category of small cate-
gories when choosing (see [6])

e the groupoids as torsion objects (every arrow is an isomorphism);
e the skeletal categories as torsion free objects (every isomorphism is an
automorphism,).

These two notions are cartesian ones (see [14]), thus make sense in every cat-
egory with finite limits. They yield a pretorsion theory in every Grothendieck

topos (see [7]).

Proof: Given a small category C, 7(C) is the groupoid of isomorphisms of C
while ¢(C) is the quotient of C which identifies the domain and the codomain
of every isomorphism (see [6, 7]). _

More examples of pretorsion theories can be found in [12, 15].

The notion of stable category for a pretorsion theory has been introduced
in [11] and further investigated in [3, 4, 5]. The question is, given a category
X provided with a pretorsion theory, to construct “in the best possible way”
a category ) provided with a torsion theory, and a morphism of pretorsion
theories from X to ). The first way to interpret “in the best possible way”
is to look for the universal solution to the problem: this is what we do in
Section 7. The idea is of course to identify all the trivial objects to 0 ... and
check when this yields a solution to the problem.

But one can be interested in a more involved problem. For example, when
an object A can be written as a union A = S UT of two subobjects, with
T a trivial object, one could want A to be identified with S in the stable
category ... since T will be identified with 0. This yields of course a different
universal problem, in which some compatibility with the union of subobjects
is requested. In [11, 3, 5], a universal solution of that type is produced in
the special case where S and T" are complemented subobjects and the union
is a disjoint one.
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In this paper, we shall give evidence that complemented subobjects do
not play any canonical role: a stable category compatible with the union
of distinguished subobjects can be constructed with respect to an arbitrary
coherent system of subobjects, provided it is sufficiently compatible with the
pretorsion theory.

4. The compatibility conditions

The various constructions of a stable category as in [11, 3, 4] underline
clearly which properties are essential to get the expected result. In this
section, we focus on these properties and show that they hold in our main
cases of interest. We use freely the notation of Section 3, without recalling
it.

Definition 4.1. Let C be a category with a strict initial object, provided with
both a pretorsion theory and a coherent system of subobjects. These data are
called compatible when the following conditions are satisfied.

(CC1): The class of trivial objects is closed under distinguished subob-
jects.

(CC2): Given a morphism f: SUT—B, with S, T two distinguished
subobjects of A, f is trivial as soon as its restrictions on S and T are
trivial.

(CC3): The functor ¢ preserves distinguished subobjects.

(CC4): Given a pullback square

u[ [s
with s a distinguished monomorphism, v 1s a distinguished epimor-
phism.

(CC5): Let s be a distinguished monomorphism such that ¢(s) is an
1somorphism; then s is an isomorphism.

Let us infer some consequences of such a situation.

Proposition 4.2. In the conditions of Definition 4.1, the wnitial object is
trivial.
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Proof: Trivial objects exist by axiom (PT2) for a pretorsion theory. We
conclude by axiom (CS1) for a coherent system of subobjects, and the com-
patibility condition (CC1). u

Proposition 4.3. In the conditions of Definition 4.1, if sf is trivial with
s: S>—A a distinguished subobject, then f is trivial.

Proof: The composite sf factors as gh through a trivial object D. Therefore
f factors through the distinguished subobject ¢g~1(S) of D, which is trivial
by condition (CC1). _

Proposition 4.4. In the conditions of Definition 4.1, the class of torsion
free objects is closed under distinguished subobjects.

Proof: Consider the following diagram, where A is torsion free and S is
distinguished in A.

T(S)—5 5 —Esp(S)
Tsl s[ o(s)
T(A)—z> A =79(4)

The composite seg = ¢(s)nses is trivial, thus g is trivial because s is a
distinguished subobject. Therefore idgeg is trivial, proving that idg factors
through the Z-cokernel ng. So the epimorphism ng is a section, thus an
isomorphism. n

Proposition 4.5. In the conditions of Definition 4.1, the canonical mor-
phisms na: A—>@(A) are distinguished epimorphisms.

Proof: Simply choose s = idy(4) in condition (CC4). _

Proposition 4.6. In the conditions of Definition 4.1, given the pullback
diagram of condition (CC4), one has S = ¢(P) and v = np.

Proof: Consider the following diagram, where S is isomorphic to ¢(S) by
Proposition 4.4
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P(P)—~

=

7 p(w)

P —Y5S5~¢(S)

A T>¢(A) </

By condition (CC3), ¢(s) and ¢(u) are distinguished subobjects. By Propo-
sition 2.2, ¢(v) is a distinguished subobject as well. By condition (CC4), v is
a distinguished epimorphism factoring through the distinguished subobject
¢(v), thus ¢(v) is an isomorphism. Therefore ¢p(P) = ¢(S) and v = np. =

Proposition 4.7. In the conditions of Definition 4.1, consider the following
diagram

T<s>l [

4(9)
r(A)-F4 4 sp(A

(s)
)

<

where the two rows are canonical Z-exact sequences and s s a distinguished
monomorphism. Then 7(s) and ¢(s) are distinguished monomorphisms and
both squares are pullbacks.

Proof: Let us begin with the right hand square. We know already, by con-
dition (CC3), that ¢(s) is a distinguished monomorphism. We consider the
pullback (P, u,v) of ¢(s) along n4 and the corresponding factorization w.
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g s /?(S)
s p/ ¢(s)
A ——0(4)

Thus w is a distinguished subobject by (CS3) and w as well, by Proposi-
tion 2.2. By Proposition 4.6, ¢(P) = ¢(S) and v = np. But this implies
that ¢(w) is isomorphic to the identity on ¢(S). By condition (CC5), w is
an isomorphism and the outer square is a pullback.

For the left hand square, if su = €4v, composing with 714 yields a trivial
morphism n4e4v = ¢(s)nsu. Since ¢(s) is a distinguished subobject, it
follows from Proposition 4.3 that ngu is trivial. Thus u factors uniquely
through eg. That factorization is also a factorization of v through 7(s),
because €4 is a monomorphism. Thus the left hand square is a pullback.
And since s is a distinguished subobject, so is 7(s) by axiom (CS3). n

Corollary 4.8. In the conditions of Definition 4.1, the functor T preserves
distinguished subobjects. |

Corollary 4.9. In the conditions of Definition 4.1, the class of torsion ob-
jects is closed under distinguished subobjects.

Proof: In the diagram of Proposition 4.7, if A is a torsion object, €4 is an
isomorphism and thus by pullback, ¢ as well. |

Corollary 4.10. In the conditions of Definition 4.1, the functor T preserves
the union and the intersection of distinguished subobjects.

Proof: Considering again the diagram of Proposition 4.7, 7 acts by pullbacks
along €4 at the level of distinguished subobjects of A. Omne concludes by
axiom (CS4). _

Corollary 4.11. In the conditions of Definition 4.1, the functor ¢ preserves
the union and the intersection of distinguished subobjects.

Proof: Let R and S be two distinguished subobjects of A. By condition
(CC3), ¢(S) and ¢(R) are distinguished subobjects of ¢4, thus also their
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union ¢(S)Up(R), by axiom (CS2). By Proposition 4.7, the inverse images of
#(S) and ¢(R) along n4 are S and R. Thus by axiom (CS4), the inverse image
of p(A)U¢(B) along na is SUR. By Proposition 4.6, p(SUR) = ¢(S)Up(R).
An analogous argument holds for the intersection. |

Proposition 4.12. In the conditions of Definition 4.1, consider the following

diagram

x -k g Py

(A=A 4 g4
where the bottom row is a canonical Z-exact sequence, the vertical morphisms

are distinguished monomorphisms and the two squares are pullbacks. Then
the upper row is a canonical Z-exact sequence as well.

Proof: By Proposition 4.6, we have at once p = ng. By Proposition 4.7, the
pullback of s along €4 is 7(5). Thus up to isomorphism, X = 7(S5) and
T = eg. |

Example 4.13. Let C be a category with a strict initial object. Any pre-
torsion theory on C where the initial object is trivial is compatible with the
indiscrete coherent system of subobjects (see 2.6).

Proof: Trivial because 0 is strict initial. ]

Example 4.14. IfC is a lextensive category, a pretorsion theory on C and the
coherent system of complemented subobjects (see 2.6) are compatible provided
that the class of trivial objects is closed under complemented subobjects and
binary coproducts.

Proof: The assumptions take care of conditions (CC1) and (CC2). Lemma 4
in [5] implies our Propositions 4.6, 4.7 and 4.12, from which conditions (CC3),
(CC4) and (CC5). |

Example 4.15. In the category of preordered objects in an exact coherent
category, the (equivalence/partial order) pretorsion theory and the coherent
system of saturated subobjects are compatible.

Proof: When useful, we use the more convenient notation A = (A, R) for a
preordered object, and S = (S, Rg) for a subobject of (A, R) provided with
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the induced preorder. We use freely the internal logic of the ambient coherent
category C.

(CC1) holds because 0 is strict initial.

(CC2) A morphism f: A—B is trivial when it factors through (B, Ap).
From which the result, since by saturation, the preorder relation of S U T is
the union of the preorder relations of .S and T

(CC3) Consider s: (S5, Rg)»—(A, R) saturated. First, ¢(s) is a monomor-
phism. Two elements T, 7 of ¢(S, Rg) identified by ¢(s) correspond to two
elements x, y in S C A such that the pair (z,y) lies in R N R° (see Ex-
ample 3.3). But since (S, Rg) is saturated in (A, R), (S, R%) is saturated in
(A, R°) and the pair (z,y) lies in Rg N R%. This implies 7 = 3. Thus ¢(s) is
a monomorphism, which we shall write as an inclusion.

Next, choose (7,7) € na(R) in ¢(A, R) and assume that T € ¢(5, Rg)
or § € ¢(S, Rg). This means the existence of elements x, y in A, mapped
respectively to T and g, with thus (z,y) € R and one of the two elements x,
y in S. By saturation, both elements x, y are in S and thus both elements
Z, g are in ¢(.5).

(CC4) Consider the following pullback diagram, with S saturated in ¢(A, R).
We know already that P is saturated in A. There is no restriction in writing
these distinguished monomorphisms as canonical inclusions.

T

P——S5

yo S

A —¢(4)

Suppose that g factors as th through a saturated subobject T'. Given an
element = € S, there is an element y € A such that n4(y) = =, thus y lies
in the pullback P and g(y) = z. This means that x = t(h(y)), so that the
morphism of preordered objects ¢ is an isomorphism in the ambient category
C. Since moreover T is saturated in S, t is an isomorphism of preordered
objects, and so, g is a distinguished epimorphism.
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(CC5H) Let again s: (S, Rg)»>—(A, R) be a saturated subobject, which we
write as a canonical inclusion. If ¢(s) is an isomorphism, for every a € A,
there exists @’ € S such that na(a) = ng(a’). This means that the pair (a,a’)
isin RN R° with ' € S. Since S is saturated in A, a € S and s is an
isomorphism. |

Example 4.16. In the category of internal categories in a Grothendieck topos
E, the (groupoid/ skeletal) pretorsion theory and the coherent system of sat-
urated internal subcategories are compatible.

Proof: Let us first write down the proof in Cat.

(CC1) A trivial category is one with only automorphisms. A saturated
subcategory has only automorphisms as well, because it is full.

JCC2] A functor F': SUT —B is trivial when it factors through the sub-
category of automorphisms of B. Unions of saturated subcategories are com-
puted as in Set at both the level of objects and the level of arrows (see 2.8,
from which the result).

In [6], it is proved that ¢(.A) is constructed from A as the quotient which
identifies isomorphic objects. An arrow a—sb in ¢(.A), as for every quotient
in Cat, is represented by a finite chain of arrows in A, which become com-
posable in the quotient. But in this specific case, it is proved in [6] that a
unique “reduced” representation exists: a chain which does not contain any
identity arrow nor any consecutive pair of arrows which are composable in
A, and where thus — by definition of the quotient — the codomain of each
arrow of the chain is isomorphic to the domain of the next one, while the
domain of the first arrow is isomorphic to a and the codomain of the last
arrow is isomorphic to b. The identities in ¢(.A) are represented by the empty
sequences.

(CC3) Consider a saturated subcategory S: S>—A. First, two objects of
S identified in ¢(.A) are isomorphic in A, thus also in S by saturation. This
proves that ¢(S) is injective on the objects. Next, if two arrows in reduced
form in ¢(S) are identified in ¢(A), they are equal by uniqueness of the
reduced form. Thus ¢(S5) is a monomorphism. Moreover given an arrow of
®(A) expressed in reduced form, if one of the objects involved in the chain
is in S, by saturation, so are all the objects and all the arrows of the chain.
Thus ¢(S) is saturated in ¢(.A).

(CC4) We refer to the same diagram as for proving condition (CC4) in
Example 4.15, using for clarity calligraphic letters and upper case letters to
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indicate respectively the corresponding categories and functors. The subcat-
egory S is thus saturated in ¢(.A) and by (CS3), its pullback P is saturated
in A. Let us view S and P as inclusions of full subcategories. Since 14 is
surjective on objects, an object x € S is equal in ¢(A) to an object of the
form n4(y), with thus y an object of A. But then y lies in the pullback P
and g(y) = x. We get further x = t(h(y)) and t is surjective, thus bijective,
on the objects. But t is also full by saturation, thus is an isomorphism.

(CC5) Let S: S»—A be a saturated subcategory such that ¢(S) is an
isomorphism. Write S as a canonical inclusion. For every object a € A,
there is thus an object ' € S such that ¢(a) and ¢(a’) are isomorphic in
#(A). By saturation of S in A, this forces a € S. Thus S and A have
the same objects and S is full in A, as a saturated subcategory. Therefore
S=A.

Let us now switch to the case of a Grothendieck topos. In [7], it is observed
that in a topos of presheaves, the (groupoid/skeletal) pretorsion theory has
canonical Z-exact sequences computed pointwise as in Set. But being a
monomorphism, a saturated subcategory, a pullback, a groupoid, a skeletal
category are notions expressed in terms of finite limits and unions. Since
limits and colimits (and thus unions) are computed pointwise in a topos
of presheaves, we get the expected result in every topos of presheaves, just
because it holds pointwise in Set.

Again in [7] it is observed that the canonical Z-exact sequences for the
(groupoid/skeletal) pretorsion theory in a topos of sheaves are obtained by
constructing these sequences in the corresponding topos of presheaves, and
applying the associated sheaf functor. Since this last functor preserves finite
limits and colimits (and thus unions), we conclude the proof in the case of
every Grothendieck topos. |

5. The stable category
To avoid repeating it each time, let us put:

Blanket assumption for this whole section
Let £ be a category with a strict initial object, provided with a pretorsion
theory and a coherent system of distinguished subobjects which are compatible.

First, let us construct the category of distinguished partial morphisms of
&, which we shall denote as DisPar(&).

e the objects are those of &;
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e a morphism from A to B is a triple (Sy, S1, f) where
— Sp and Sy are distinguished subobjects of A;
— SoU S| = A;
— f: 51— B is a morphism in &;
— f restricted to SopN Sy is a trivial morphism.
e the composition law is made via a pullback:

51

/ \T
S p.b.
g
A B C
(TO7 Tla g) o (SOa Sla f) = (SO U S(l)7 Sia gf/)
with Sj = f~1(Ty) and S} = f~1(T}).
Checking the category axioms is just routine computation.
There is an obvious functor ¢: £€—DisPar(£), which is the identity on
objects and maps an arrow f: A— B on (0, A, f).
The partial morphisms should be thought as morphisms defined only on
S1, but that will be extended by zero on Sy in the stable category, in order
to become defined on the whole of A.

Next we construct the stable category, denoted by Stab(€). For this, we
declare equivalent two parallel morphisms in DisPar(&)

(SO7 Slu f)7 (T07Tlag): AﬁB

when there exists a so-called “congruence” diagram

U() N Sp% Sl

Ui»>— A

B

N
A

(Congruence diagram)

UyNTypr— T,
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with the properties:

e Uy and U, are distinguished subobjects of A;
® Uo U U1 = A;

e [J; is contained in both S; and T17;

e f and g coincide on Uy;

e the restriction of f to Uy NSy is trivial;

e the restriction of g to Uy N T} is trivial.

It is lengthy, but routine computation, to observe that this yields a congru-
ence (see [10]) on DisPar(£). The stable category Stab(&) is the quotient
of DisPar(£) by that congruence. We write 7: DisPar(€)——Stab(€) for the
quotient functor and o: £ —Stab(&) for the composite me. For objects and
morphisms in £, we shall generally write A and f in Stab(€) instead of o(A)
and o(f)

Let us now prove the various properties of a stable category, as announced
at the end of Section 3.

Proposition 5.1. The category Stab(E) admits 0 as a zero object.

Proof: Writing 04: 0—A for the unique morphism in &, the two partial
distinguished morphisms

(A,0,idg): A—0, (0,0,04): 0———A

are the only possible ones in DisPar(&), since 0 is strict initial. It is immediate
to observe that they are inverse isomorphisms in Stab(&). |

Corollary 5.2. The zero morphism from A to B in Stab(E) is represented
by (A,0,05). u

Lemma 5.3. A morphism (Sy, S1, f): A—B in DisPar(E) is mapped on a
zero morphism by the quotient functor w if and only if f s trivial.

Proof: Consider a congruence diagram as above, expressing the possible
equivalence of (Sp,S1, f) and (A4,0,0p). Again since 0 is strict initial in
£, we must have U; = 0 and thus Uy = A, which forces at once the result. m

Corollary 5.4. A morphism f: A—B in £ is mapped on a zero morphism
in Stab(&) if and only if it is trivial. u

Proposition 5.5. An object A € £ is mapped on a zero object in Stab(E) if
and only if it is trivial.
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Proof: Expressing that the two partial morphisms in Proposition 5.1 yield
inverse isomorphisms in Stab(€) reduces, by Lemma 5.3, to the identity on
A being trivial. But if the identity on A factors through a trivial object X,
A is a retract of X and therefore is trivial (see Corollary 2.8 in[12]). n

Theorem 5.6. In Stab(€), choosing as torsion and torsion free objects the
same objects as in &€, one gets a torsion theory on Stab(E) which turns the
functor o: £E—Stab(E) in a torsion functor.

Proof: Consider a morphism A——B in Stab(&), represented by (S, S1, f)
in DisPar(£). If A is torsion and B is torsion free, then S; is torsion by
Corollary 4.9 and thus f is trivial by axiom (PT1) in & (see Definition 3.1).
By Lemma 5.3, axiom (PT1) holds in Stab(£).

The core of the proof is about axiom (PT2). We fix an object A € £ and
must prove that the image by the functor o of its canonical Z-exact sequence

in £

T(A)E45 A 56(A)

is an exact sequence in Stab(€).

First, the kernel part. Consider a morphism from X to A in Stab(&)
represented by a morphism (.S, S1, ) in DisPar(€) and whose composite with
na is zero. That composite is represented by (Sp, S1,m4x); by Lemma 5.3,
saying that it is zero means that n,x is trivial. Therefore x factors uniquely
in & as © = g4y. It follows at once that (Sp, S1,y) yields a factorization of
(So, S1, ) through €4 in Stab(€).

To prove the uniqueness, consider another factorization (7y, 71, 2). Write
Uy, Uy for the two distinguished subobjects in a congruence diagram exhibit-
ing the equivalence between (Sy, S1,e4y) and (Ty,T1,€42). Since €4y and
€42z coincide on Uy, so do y and z because €4 is a monomorphism. The rest
follows easily from Lemma 4.3.

To prove the cokernel part, let us choose in Stab(£) a morphism from A to
X, represented by (Sy, S1,z) in DisPar(€), and whose composite with €4 is
zero. We consider then the situation
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(A=A A —Hog(4)

T(S)I I }b(S)

T(S1)—2 S —Esg(S))

where, by Property 4.7, both squares are pullbacks and the vertical arrows
are distinguished subobjects. In particular,

(So, Sl, .CL’) O0&y = (621(50), T(Sl), $€Sl).

Since this composite is zero, zeg, is trivial, by Lemma 5.3. This implies the
existence of a unique factorization y of = through ng,. Then (QS(SO), ®(51), y)
yields the expected factorization of (S, S1, ) through n4 in Stab(&).

[t remains to prove the uniqueness of the factorization. Let thus (U, Uy, z)
be another factorization of (S, S1, ) through n4 in Stab(€). Consider the
following diagram

19
Vi = 7(Vi)—s v, —Mss(h) = U

T(vl)///////z v B(vr) \\\Vi\N
ol

T(Sl)\\\\\\\\$

7_(‘S’l) 551 Sl ns, QS(Sl)
where V} and V/ are obtained from U; by pullbacks. By Proposition 4.12, the

upper line is a Z-exact sequence, allowing as in Proposition 4.7 to rewrite it
in terms of Vj, and the vertical morphisms in terms of v;. The equalities

Vo, Vi, znvy) = (U, Ur, 2) ona = (So, S1, )
= (¢(S0), ¢(51),y) o na = (So, S1,yns,)

mean the existence of a congruence diagram built from a distinguished cov-
ering A = Wy U W of A.

A A s6(A) X
S1 (/)(31) Y
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We know by Corollary 4.11 that ¢(A) = ¢(Wy) U ¢(W7) and we shall now
prove that this covering allows constructing a congruence diagram proving
the expected uniqueness of the factorization. Consider first the canonical
Z-exact sequence of Wj.

(W)W Wy MW (W)

(V1)

The composite Vyw] ey, is trivial by axiom (PT1), from which the factoriza-
tion ay. The same argument can be repeated with S; and wf, yielding ag
such that agnw, = ns,wy. Then

2oy, = 2wt = ynswi = yasnw,.
Since nyw, is an isomorphism, this implies zay = yag. This is the first
condition for a congruence diagram based on ¢(Wy) U ¢p(W7).
[t remains to check the triviality of z and y when restricted to ¢(W,). For
this, having in mind Corollaries 4.10 and 4.11, we consider the diagram

EWonW,y NIWonw, gb(z)
T(W()) N T(Wl) E— WO M Wl E— qb(Wo) N qb(Wl) %gb(Wl)

0 Yy

where ¢ is the inclusion of Wy N W7 in W;. From the congruence diagram
built on the covering A = Wy U Wy, we know that yo(i)nw,nw, is trivial.
Thus this morphism factors as v through some trivial object D. But then
B, and thus Bew,~w, are trivial. This implies that 3 factors via a unique
morphism ¢ through nw,~w,. Since Mw,~w, is an epimorphism, the various
commutativities imply v6 = y¢(i). Thus y¢(i) factors through the trivial
object D and is trivial. The case of z is perfectly analogous. ]

All the results of this section apply thus to Examples 4.13, 4.14, 4.15 and
4.16.
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6. The universal property
Again we put:

Blanket assumption for this whole section
Let € be a category with a strict initial object, provided with a pretorsion
theory and a coherent system of distinguished subobjects which are compatible.

Let us begin with the motivating property that we emphasized in our dis-
cussion on stable categories at the end of Section 3.

Proposition 6.1. Consider an object A in € which is the union A = SUT of
two distinguished subobjects. When T is trivial, A and S become isomorphic

in Stab(&).

Proof: Write s: S»—A for the canonical inclusion. The two distinguished

partial morphisms (7, S, s) from A to S and (0, S,idg) from S to A exhibit

the isomorphism in Stab(&). n
This property somehow suggests the following definition.

Definition 6.2. Let X be a category with a zero object. A commutative
square ca = db 1is called a zero-pushout

when giwen arrows f, g, with fa = gb, there exists a unique morphism h such
that hc = f and hd = g, provided that at least one of the two morphisms f,
g 18 zero.

Proposition 6.3. Given two distinguished subobjects S, T of A in &, the
functor o: £—-Stab(E) transforms the bicartesian square
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SNT5> 8

i a zero-pushout.

Proof: Let us consider the following diagram, where the plain arrows are in
& and the dotted arrows in Stab(&).

« t/
UNT>=>SNT—— T

1 1

S >SosuT 0

B

In Stab(€), we assume thus (Uy, Uy, f) o s’ = 0o t'. By Lemma 5.3, f3
is trivial, thus f is trivial on U; NT. But by definition of the arrows in
DisPar(€), f is also trivial on U; N Uy. By condition (CC2), f is thus trivial
on

(U, NT)U (U, NUy) = Uy N(TU).

Since Uy U(T'UUy) = SUT), this proves that we have a morphism in Stab(&)

(TUU(],Ul,f):SUT ............. )B

and it follows at once that this is the expected factorization.

[t remains to prove the uniqueness of that factorization. Let (Vp, V1, ¢g) be
another factorization, with thus in particular V, UV; = SUT. On one hand
the equality (Vp, V1, g)os = (Uy, Uy, f) implies the existence of a distinguished
covering S = Wy U W; and a corresponding congruence diagram
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WoN U, WonSnw
=SNU==— Vl%< NV
9
S%SHT B SHTMT

By this congruence diagram, f and g coincide on W7, while f is trivial on
Wo N U; and g is trivial on Wy NS N Vi, On the other hand the equality
(Vo, V1,9) oy = 0 means that g is trivial on T'N V;. And we know already
that f is trivial on 7'N U;. Observe now that

SUT =W,UWU=W,U(WyUT)

is a covering of SUT', while f and ¢ coincide already on Wj. To conclude the
proof, it remains to see that f and ¢ are trivial when restricted respectively
to WoUT)NU; and (WoUT)NV;. We have

(W()UT)mUl:(WoﬁUl)U(TmUl)

and we know already that f is trivial on both pieces of this union; condi-
tion (CC2) yields the conclusion for f. In the same way

(W()UT)H%:(WQHW)U(TH%)

and we know already that ¢ is trivial on T'NV; and Wy N SN V;. This takes
already care of the term T N Vj; for the other term, simply split it in two
parts and apply again condition (CC2)

WonVi=WonVi)N(SUT)=WonVinS)u(WynVinT).
The morphism g is already known to be trivial on each part. |
Theorem 6.4. The functor o: E—Stab(E) is universal among all the func-

tors F': £E——X where

(1) X is provided with a torsion theory;

(2) F is a torsion functor;

(3) given two distinguished subobjects S, T of A in &, F transforms the
square
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SNT—— S

| ]

T >—SuUT

i a zero-pushout.

Proof: Call G: Stab(€)— X the expected unique factorization of F' through
0. Since o is the identity on objects, we must put G(A) = F(A) for every
object A € £. In the same way for every arrow f € &, the factorization
requirement imposes G (o (f)) = F(f).

Next consider a morphism from A to B in Stab(€) represented by (Sy, S1, f)
in DisPar(€). We have in particular the following left hand diagram in £, with
SoU S = A.

/
S() N SpS% Sl

i

S()TA

B

yielding the corresponding right hand diagram in X', with the square a zero-
pushout. By definition of a morphism in DisPar(£), fs| is trivial, thus
F(f)F(s}) = 0 because F is a torsion functor. By the zero-pushout property,
we get a unique factorization ¢ which we choose as G(Sy, S1, f).

We must of course verify that this definition is independent of the choice
of the distinguished partial morphism representing the morphism in Stab(€).
Using analogous notation, let the partial morphism (7p, 71, g) be equivalent
to (Uy, Uy, f) in DisPar(€) and call ¢ the corresponding factorization from
F(A) to F(B). We have thus a congruence diagram with Uy U U; = A
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U() N Sp% Sl

uS

U1>LA

.
NG

U() N Tp% T1

B

Still with analogous notation, we consider further the following diagram

F(Uy N UY)

F(up)

yielding the unique factorization 6 through the zero-pushout. But UyU U; =
A so that 6 is a morphism from F(A) to F(B). Let us prove that both
morphisms ¢ = G(Uy, Uy, f) and ¢ = G(Ty,11,9) are equal to 0. Of course
it suffices to do the job for one of them: we do it for ¢.

We have first

oF(w) = oF(s)F(uy) = F(f)F(uy).
To prove that ¢ o F'(uy) = 0, observe that
UOZUoﬂA:U0m<S()U31) = (UoﬂSo)U(Uomsl).

Using the zero-pushout in X constructed from these last two distinguished
subobjects in &, it suffices to prove that ¢ o F'(ug) is zero on F(UyNSy) and
F(UyNSy). In the first case it is because ¢ is already zero at the level F'(S))
and in the second case, because F(f) is zero at the level F(Uy N .Sy).
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Checking the functoriality of GG is just routine verification. Its uniqueness is
attested by that of ¢ at the beginning of the proof. And by definition of the
torsion theory on Stab(€) and assumption on F, GG is a torsion functor. =

All the results of this section apply again to Examples 4.13, 4.14, 4.15 and
4.16.

7. The associated torsion theory

In this section, we want to focus on the torsion theory universally associated
with a pretorsion theory, without any further requirement of compatibility
with unions, coproducts, or whatever.

Theorem 7.1. Let £ be a category provided with a pretorsion theory and a
strict initial object. Suppose that the initial object is trivial. There exists
a category provided with a torsion theory, uniwversally associated with those
data.

Proof: The universal solution is the stable category corresponding to the
choice of the indiscrete coherent system of subobobjects (see Example 4.13).
Indeed, given two distinguished subobjects of A, the only possible bicartesion
squares as in Theorem 6.4 are

0=——20 A=A 0>—>A

0——0 A=——A 0 —A

and these are trivially sent to actual pushouts by every torsion functor. m

Corollary 7.2. In the conditions of Theorem 7.1, the universal stable cate-
gory Stab(&) admits the following description:

e the objects are those of &;
e the arrows A— B in Stab(&) are the non-trivial arrows from A to B
i &, together with a formally added arrow 04p.

The composition in Stab(E) of two non-trivial morphisms of £ is their com-
position in & when this composite is non-trivial, and the corresponding zero
morphism otherwise. Composing whatever arrow with a zero arrow is the
corresponding zero arrow.

Proof: The morphisms from A to B in DisPar(£) are
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e (0, A, f) for every morphism f: A—B;
L (A7 07 0B)7
o (A, A, f) for every trivial morphism f: A—B.

By Lemma 5.3, all cases where f is trivial are identified with (A,0,0p) in
Stab(£). And when f, g are non-trivial, the only possible choice for Uj in
a congruence diagram is Uy = 0, thus U; = A, which yields f = g. The
conclusion follows at once, when putting 045 = (A, 0, B) |

Proposition 7.3. Consider a category £ provided with a torsion theory, a
strict initial object and a terminal object. Suppose that the initial and the
terminal object are both trivial. The stable category Stab(E) of Theorem 7.1
is then the category of fractions E[X 1], where ¥ is the class of morphisms
0>—A, with A trivial. FEquivalently, > can be chosen as just the singleton

{0>—1}.

Proof: When A is trivial, 04: 0—s A becomes an isomorphism in Stab(&),
by Proposition 5.5. This is in particular the case for the unique morphism
&:0—1.

Choose now a functor F': £ —X which transforms the morphism £ in an
isomorphism.

£ —Z >Stab(€)

X

We must prove the existence of a unique factorization G. Since o is bijective
on objects, we must put G(A) = F(A) for every object A. And of course by
functoriality, we must put F(§71) = F(£)™1,

Let us use the description of Stab(€) as in Corollary 7.2, writing 14 for the
unique morphism from A to 1 in €. If f is a non trivial morphism in &, we
must again put G(f) = F(f). And when it goes about the zero morphism
O4p in Stab(&), we have the situation
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4 V4B B P08 pop)
O(lA)J /[U(OB) F(Lﬁl)‘ [F(OB)
1 e g i 0 F(]_)WF(O)

where the left hand square is commutative in Stab(£). We are thus forced to
define

G(OAB> = F(OB) o F(f)_l o F(1A>.

This shows in particular that F'(u) = F(0g)o F(§)™to F(14) for every trivial
morphism u: A—B.

Checking the functoriality of GG is then routine. For example consider the
most involved case: two non trivial morphisms f, ¢ in £ whose composite
is trivial. We have thus a factorization fg = uv through a trivial object D,
yielding the following situation in X

F(A) F(B)
F(u) F(g)
1D 0(]
F(0p) \
F(D F(C)

Since f and g are non trivial, we have
G(o(g)) o G(a(f)) = F(g) o F(f) = F(gf) = F(vu) = F(v) o F(u).
Since D is trivial, so are v and v and thus we know already that
F(u) = F(0g) o F(§)™ o F(14), F(v) = F(0c) o F(£)™' o F(1p).

The composite of these two morphisms reduces to F(0g) o F(£)7! o F(1,4)
since 15 0 0p = idg. But this is precisely G(04¢), that is G(o(gf)) since gf
is trivial. ]
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