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ABSTRACT: Let A be a finite dimensional associative algebra with derivations over
a field of characteristic zero, i.e., an algebra whose structure is enriched by the action
of a Lie algebra L by derivations, and let cZ(A), n > 1, be its differential codimension

sequence. Such sequence is exponentially bounded and exp”(A) = lim,, .o, /cL(A)
is an integer that can be computed, called differential PI-exponent of A.

In this paper we prove that for any Lie algebra L, exp”(A) coincides with exp(A),
the ordinary PIl-exponent of A. Furthermore, in case L is a solvable Lie algebra, we
apply such result to classify varieties of L-algebras of almost polynomial growth,
i.e., varieties of exponential growth such that any proper subvariety has polynomial
growth.
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1. Introduction

Let A be an associative algebra over a field I’ of characteristic zero and
Id(A) its T-ideal of polynomial identities. One of the most interesting and
challenging problems in combinatorial theory of polynomials identities is that
of finding numerical invariants allowing to give a quantitative description of
Id(A). In this setting a very useful and important invariant is the sequence
of codimensions ¢,(A), n > 1, of A, introduced by Regev in 1972. More
precisely, if P, is the vector space of multilinear polynomials in the non-
commutative n variables; ¢,(A) = dim P,/(P, N 1d(A)) is called the n-th
codimension of A. When the base field is of characteristic zero Id(A) is de-
termined by the multilinear polynomials it contains, then the codimension
sequence gives in some sense a quantitative measure of the identities satisfied
by A. Regardless of its importance, the exact computation of the codimen-
sions of an algebra is an hard task and it has been done for very few algebras.
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That is why one is led to study the asymptotic behaviour of the codimen-
sions. In this sense, Regev in [21] showed that if A satisfies a non-trivial
polynomial identity (PI-algebra for short), then the codimension sequence is
exponentially bounded. Later Kemer [16] showed that such codimensions are
either polynomially bounded or grow exponentially. Moreover, in [7] and [§]
Giambruno and Zaicev proved the Amitsur’s conjecture for Pl-algebras, i.e.,
they showed that for any Pl-algebra A over a field of characteristic zero the
sequence (c,(A))Y" converges, and its limit is always an integer, called the
exponent of A and denoted by exp(A). Since then, extensive research on the
exponent of Pl-algebras has been conducted.

Here we are interested in the growth of the differential identities of alge-
bras, i.e., polynomial identities of algebras with an action of a Lie algebra by
derivations. Recall that if L a Lie F-algebra acting on A by derivations, then
such action can be naturally extended to the action of the universal envelop-
ing algebra U(L) of L and in this case A is called algebra with derivations
or L-algebra. Then one can define in a natural way the differential identities
of A, i.e., polynomials in the variables 2%, d € U(L), vanishing on A. Such
identities were introduced by Kharchenko in [17] (see also [18]) and in later
years, after the paper [11] of Gordienko and Kochetov the interest on them
grew.

Similarly to the ordinary case, one can attach to an L-algebra A the differ-
ential codimension sequence ct(A), n > 1. In [10] Gordienko showed that in
case A is finite dimensional L-algebra, c£(A) is exponentially bounded and
he captured this exponential rate of growth answering positively to the Amit-
sur’s conjecture for this kind of algebras. More precisely, he proved that the
limit lim,, o v/cL(A) = exp?(A) exists and is a non-negative integer called
differential exponent, or L-exponent, of A and he gave an explicit way to
compute it. As a consequence of [10], it turns out that the differential codi-
mensions of a finite dimensional algebra are either polynomially bounded or
grow exponentially (no intermediate growth is allowed).

The theory of differential identities is a natural generalization of the theory
of ordinary polynomial identities arising when the Lie algebra L acts trivially
on A and, as consequence, U(L) coincides with F'. So, at this point a question
arise naturally: can we compare the differential exponent and the ordinary
one of a given L-algebra?

Since ¢, (A) < cE(A) for all n > 1, clearly we have that exp(A4) < exp®(A)
and in [11] Gordienko and Kochetov conjectured the following.
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Conjecture 1.1. If A is a finite dimensional L-algebra, then
exp(A) = exp”(A).

In the same paper they proved it in case L is a finite dimensional semisimple
Lie algebra and in [24] the authors proved that expf(A) = 1 if and only if
exp(A) = 1 where L is any Lie algebra.

In this paper we give a positive answer to the Gordienko-Kochetov’s con-
jecture for any Lie algebra L. It is important to highlight that this conjecture
is no longer true if we consider other type of algebras with additional struc-
ture such for example algebras with involution [4] or algebras graded by an
abelian finite group [25].

One of the main advantages of the exponent is to have an integral scale
allowing us to measure the growth of any non-trivial variety of algebras.
So it becomes important to study varieties with the same exponent and to
determine those with the most distinguished properties. In this setting a
celebrated theorem of Kemer characterizes varieties generated by an algebra
of exponent less or equal to one as follows. If G is the infinite dimensional
Grassmann algebra over F' and UT5 is the algebra of 2 x 2 upper triangular
matrices over F', then exp(A) < 1 if and only if G, UT5 do not belong to the
variety V generated by A.

Now, if V is a variety of algebras, the growth of V is the growth of the
sequence of codimensions of a generating algebra. Hence the varieties gen-
erated by G and UT5, are the only of almost polynomial growth, i.e., they
grow exponentially but any proper subvariety grows polynomially. Similar
results were also proved in the setting of varieties of graded algebras [5, 25],
algebras with involution [3], algebras with superinvolution [2] and algebras
with pseudoinvolution [15].

Clearly UT;, generates also L-variety, i.e, variety of L-algebras, of almost
polynomial growth if we suppose that L acts trivially on it. Another use-
ful example of algebras with derivations generating an L-variety of almost
polynomial growth is UT5, the L-algebra UTy with Fe-action, where ¢ is the
inner derivation induced by e (see [6]). In [23] the author proved that, up
to Tr-equivalence, UT; and UT5 are the only 2 X 2 upper triangular matrices
generating L-varieties of almost polynomial growth and in [20] the authors
completely classify all their subvarieties. Notice that for what concern the
infinite dimensional Grassmann algebra so far we know just that G generates
L-variety of almost polynomial growth if L acts trivially on it and it does not
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generate a L-variety of almost polynomial growth if L acts on it as a finite
dimensional abelian Lie algebra (see [22]).

Inspired by the above results here we characterize L-varieties }V having
polynomial growth and we reach our goal in the setting of varieties generated
by finite dimensional L-algebras A where L is a solvable Lie algebra. In this
setting we prove that V has polynomial growth if and only if UT,, UT;5 ¢ V.
As a consequence, there are only two varieties with derivations generated by
a finite dimensional algebra with almost polynomial growth.

2. Preliminaries

Throughout this paper F' will denote a field of characteristic zero, A a finite
dimensional associative F-algebra and L a fixed Lie F-algebra.

Recall that a derivation of A is a linear map 6 : A — A such that it satisfies
the Leibniz rule: for all a,b € A

(ab)’ = a’b 4 ab’.

If a € A, then the F-liner map ad, : A — A defined by %% = [z, a] = za—ax
for all x € A, is a derivation on A called inner derivation induced by the
element a. Notice that the set of all derivation of A is a Lie F-algebra denoted
by Der(A) and the set ad(A) of all inner derivations of A is a Lie ideal of
Der(A). Throughout the paper, we will adopt the exponential notation for
derivations, hence derivations will compose from left to right.

A Lie algebra L acts on A by derivation if there exists a homomorphism
of Lie algebras ¢ : L — Der(A). In particular, if L is a Lie subalgebra of
Der(A), then we say that L acts on A as the Lie algebra L if ¢(L) = L.
By the Poincaré—Birkhoff—Witt Theorem the L-action on A can be naturally
extended to an U(L)-action, where U(L) is the universal enveloping algebra
of L with product right-to-left (opposite to the usual one), in fact ¢ can be
naturally extended to an homomorphism of associative algebras ¢ : U(L) —
Endp(A). In this way A becomes a right U(L)-module and we call it algebra
with deriwations or L-algebra. Note also that by the Poincaré—Birkhoff—Witt
Theorem, if {6; | i@ € I} is an ordered basis of L, then U(L) has a basis
{04, -6, | i1 < -+ <y, ix €1, p>0}. Thus U(L) = U'(L)® F -1 as
vector spaces, where U’(L) is the non-unital universal enveloping algebra of
L and 1 = 1yz) is the unit of U(L).

Let (A, L) and (B, L') be two L-algebras, i.e., L acts on A as the Lie algebra
L and on B as the Lie algebra L. An isomorphism of algebras ¢ : A — B is
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said to be a isomorphism of L-algebras if there exists an homomorphism of
Lie algebra ¢ : L — L' such that ¢ (a’) = 1(a)??), for any a € A and § € L
and in this case we write A =; B. Notice that in case the two L-algebras
(A, L) and (B, L) are isomorphic just as ordinary algebras we write A = B.

In order to define what a polynomial identity is for this kind algebras, we
need to introduce the free algebra with derivations. Given a basis By () =
{d; | i > 0} of U(L) and a countable set X = {x1,z9,...}, we let F(X|L)
be the free associative algebra over F' with free formal generators xfj ;1> 0,
j > 0 where we identify z; = z!, 1 = dy € U(L). Moreover, for all d =
Y ier @idi € U(L), where only a finite number of a; € F are non-zero, we set
z?:=5"._ a;z% Then F(X|L) has a structure of L-algebra by setting

djy  dj {ijn)é — 0, i a:?j" 4 g %20 d; iy . ind

d;
J1 72 n J1
(l’il Zl?iQ Ca Zl?zn i iy e i Liy - .xin + + ZE’il xiZ cee Ly

for all § € L and a:?ljl xzc-lf . ZCEZ” € F(X|L). Thus F(X|L) is called free alge-
bra with derivations or free L-algebra and its elements are called differential
polynomials or L-polynomials. Note that our definition of F(X|L) depends
on the choice of the basis Byy in U(L). However such algebras can be
identified in a natural way.

A differential polynomial f(z1,...,x,) € F(X|L) is a differential identity,
or an L-identity, of the L- algebra A, if f(ai,...,a,) = 0 for any a; € A,
and in this case we write f = 0. We denote by Id* (A) the set of differential
identities of A, which is a T7-ideal of the free algebra with derivations, i.e.,
an ideal invariant under all endomorphisms 1 of F(X|L) such that ¢ (f?) =
Y(f)4 for all f € F(X|L) and d € U(L). We shall use the following notation:
if (A, L) is an L-algebra, i.e., there exists a surjective homomorphism of Lie
algebra ¢ : L — L C Der(A), then in the set of generators of the Tp-ideal
Id*(A) of (A, L) we omit the differential identities of the type 2 = 0 for all
0 € ker .

As in the ordinary case, in characteristic zero Id“(A) is completely deter-
mined by its multilinear polynomials. We denote by

dz din
Pl = spanp{a, () .- 2,0 | 0 € Sn,di € By}
the vector space of multilinear differential polynomials in the variables x4, ..., z,,
n > 1 and
PL

LA — di n
en(4) = dimr PLN1dE(A)

n
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is called nth differential codimension, or L-codimension, of A. Notice that
cE(A) is well defined because U(L) acts on A as a suitable subalgebra of
Endp(A) and A is a finite dimensional L-algebra.

In order to capture the exponential rate of growth of the above sequence
of codimensions, in [10] the author proved that for any finite dimensional

L-algebra A, the limit

exp”(4) = lim {/ck(A)
exists and is a non-negative integer, called differential exponent, or L-exponent,
of A. As a consequence, if A is a finite dimensional L-algebra, then the se-
quence of differential codimensions cZ(A) growths exponentially or is poly-
nomially bounded.

Recall that if A is an L-algebra, then the variety of algebras with derivations
generated by A is denoted by var®(A) and is called L-variety. The growth
of V = varl(A) is the growth of the sequence (V) = ck(A), n > 1. We say
that the L-variety V has polynomial growth if cZ()) is polynomially bounded
and V has almost polynomial growth if ¢f()) is not polynomially bounded

but every proper L-subvariety of V has polynomial growth.

Notice that the theory of differential identities generalizes the ordinary
theory of polynomial identities. In fact, any algebra A can be regarded as
L-algebra by letting L act on A trivially, i.e., L acts on A as the trivial Lie
algebra and U(L) = F. Moreover, since U(L) is an algebra with unit, we
can identify in a natural way P, with a subspace of PX. Hence P, C PL and
P,N1d(A) = P,N1Id*(A). As a consequence, if for all n > 1 we denote by

by
P,NId(A)’

the sequence of (ordinary) codimension of A, then we have the following
relation

cn(A) < ck(A), foralln > 1. (2.1)
Moreover, it is well known that if A is an associative algebra (not necessarily
finite dimensional) over a field of characteristic zero the limit

exp(A) = lim {/¢,(A)

n—oo

always exists and is a non-negative integer called the ezponent of A (see [7,
8]). By relation (2.1) we have that if A is a finite dimensional L-algebra, then
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exp(A) < exp’(A). In what follows we shall prove that actually exp(A) =
exp(A).

3. Finite dimensional algebras with derivations and their
codimensions

In this section we shall prove the Gordienko-Kochetov’s conjecture. To this
end we start by presenting the structure and properties of finite dimensional
L-algebras.

Let A be a finite dimensional L-algebra. If B C A, then we denote by
B” the set all ¢ such that b € B and d € By (1), where By (r) is a basis of
U(L). We say that B is L-invariant if BY C B. Thus we have the following
definition. An ideal (subalgebra) I of A is an L-ideal (subalgebra) if it is
L-invariant.

Let us denote by J = J(A) the Jacobson radical of A. It is well known that
J(A) is an L-ideal of A [13, Theorem 4.2] and that A is called semisimple if
and only if J(A) = 0.

Since A is finite dimensional, then by Wedderburn-Malcev decomposition
for associative algebras (see [9, Theorem 3.4.3]), we can find a maximal
semisimple subalgebras B C A such that

A=DB+J.

Moreover, B = By & --- & By where Bi,...,B; are simple algebras and
are all minimal ideals of B. In case L is a semisimple Lie algebra, then
such decomposition is L-invariant, i.e., we can find a maximal semisimple
subalgebra B that is L-invariant ([11, Theorem 4]). However if L is not
semisimple, although J(A) is an L-ideal it may not exist an L-invariant
Wedderburn-Malcev decomposition, i.e., it may happen that B ¢ B for
every maximal semisimple subalgebra B of A (see [24, Example 3]).

Lemma 3.1. Let A= By ®---® B + J a finite dimensional algebra where
By, ..., By are simple algebras. If A is an L-algebra, then BL C B; + J for
all 1 <1< k. Moreover, BZ-L C J whenever B; = F.

Proof: Let 6 € Der(A). By [13, Theorem 4.3] § = ad, + ad; +0’, where b € B,
j € Jand § € Der(A) is such that a® = 0 foralla € B. Let 1 <i < k and
a € B;. Then @ = a®® + ¢*Y. Since B;B, =0, r £ 4, a®® € B;. Thus since
J is an ideal of A, a’ € B; + J and we have proved that B C B; + J for all
1 <i¢<kandd € Der(A). Now if d € U(L), by the Poincaré-Birkhoff-Witt
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Theorem we may assume that there exists s > 0 such that d = ;... d, where
0; € Lforalll <i<s. Ifs=0,then d= 1y) and there is nothing to
prove. So let us suppose that s > 0. Since B} C B; + J for any choose of
§ € L and J is an L-ideal, then BY C B; + J.

Now suppose that B; = F for some 1 < i < k. Then B; = spanp{e;}.

: . dy+ad; +0' 4
Since B;B, = 0,7 # i, el = &} "V = &M ¢ J where § = ad, + ad; +0' €

Der(A) with b € B, j € J and &' € Der(A) is such that B = 0. Thus since
J is an L-ideal, the proof is complete. |

Recall that an algebra A is L-simple if A% # {0} and A has no non-trivial
L-ideals. Thus we have the following.

Proposition 3.2. Let A be a finite dimensional L-algebra. Then

1) If A is semisimple, then A = A; @ --- @ A, where Ay,..., A, are
L-simple algebras and are all minimal L-ideals of A.
2) If A is L-simple, then A is simple.

Proof: Suppose that A is semisimple. Then since J(A) = 0, we have that
A= B &®---&® B, where By, ..., By are simple algebras and are all minimal
ideals of A. By Lemma 3.1 it follows that BiL C B; for all 1 <7 < k. Thus
By, ..., By are L-invariant simple algebras and, as a consequence, L-simple.
So the first statement is proved. As for the second, it is proved in [11, Lemma
9. u

Lemma 3.3. Let A = By ® --- & By + J a finite dimensional algebra
over an algebraically closed field F' of characteristic zero where By, ..., By
are simple algebras and let AY = A+ F - 1. If A is an L-algebra and
BFATBY...BE AYBE £0, then ByJBy- -+ By_1JBy # 0

Proof: 1If J = 0 there is nothing to prove. So let J # 0. If kK = 1 again there
is nothing to prove. So, assume that £ > 1. By hypothesis

bclilalbgbag RN ak_lbik 75 0 (31)

for some b; € B;, d; € By and a, € At for 1 <i<kand1<¢g<k-1.
We claim that for all 2 < i < k —1 there exist a;,_1,a; € AT and b; € B; such
that b 'a;_1biabi ! # 0.

By (3.1) for all 2 < i < k—1 we have that b 'a; 1bJa;b") # 0. I b € B,
the claim is proved. Then let us assume that b?i ¢ B;. Since B; is simple, it
is a unitary algebra and we denote by e; its unit. Without loss generality we
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may suppose that d; = 4;...9, with ¢; € L, 1 < j <r, r > 1. We proceed
by induction on 7.

If r =1, then d; € L. By the Leibniz rule and since e; is the unit of B;, we
get that b = e%ib; + e;b". Thus it follows that

d 14,_1 d 1+1
by ra el "bia;b; +b Lai—1e;b ab ! # 0.

Now, if b?i‘fai_legiibiaz b # 0, by setting a; 1 = a;_je' € A*, b, = b; € B
and a; = a; € AT we get the desu‘ed conclusmn On the other hand, if
bfffai_leibgliaz b, # 0, we get b LG 1bid; Z_ff # 0 where a;_1 = a;_1 € AT,
b, =¢; € B; and a; = bf a; € A+. So let us assume that » > 1. Then again

by Leibniz rule and since e; is the unit of B; we have that

) . ) d
b = ef'b; + b + > e b
P.Q

where {P, Q} is a partition of the set {1,...,7} into two disjoint ordered
non-empty subsets such that if P = {py,...,ps} and Q = {q1,...,q},
then dp = 5p -0p, and dg = 9, - -+ 04, Since by hypothesis we have that

b a1 b a; ;;f £ 0, then

di—1 d; i+1 d; dit1 dpido diy1
b,"{ ai_1€; bia%bz—i—l —I—b L ai—1ebi ab + g bl Lai—1e;7b;%ab T # 0.

dif i 7 )
If bi_fai_le? b;a; hjf # 0 or b Lai_1€; bd a; hjf # 0 we are done. So, let

suppose that there exists a partltlon {P, Q} of {1,...,r} such that

di— dp dQ diy1
bz lal 1€; b Z+1 7£0

Since a;_ 16 P € A", by the inductive hypothesis the claim is proved.

We proved that there exist b € B;, 2<i<k—1,and ay,...,a,_1 € A"
such that b Ya1bods . . . Qg 1b k 7é 0. Now with a Slmllar argument of above
we can prove that there exist by € By, by € By, and @y, a1 € A’ such
that biaiby # 0 and by_1d;_1b; # 0 and, as a consequence, we have that
biaibady . .. ap_1br # 0. Since B, B, # 0 for all 1 < r,s < k, r # s, it follows
that aq,...a;_1 € J and the lemma is proved. |

Next we recall the characterizations of the exponent exp(A) and L-exponent
expl(A) of A.
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Theorem 3.4. |9, Section 6.2] If A is a finite dimensional algebra over a
field of characteristic zero, then

exp(A) = max{ dimp(B;, ® B;, ®---® B;) | Bi,JB;,J --- JB; # 0,
1 Srékaip?éi&l Spﬂgér}u

where A = By @ -+ ® By + J with By, ..., By simple algebras and J = J(A)
s the Jacobson radical of A.

Theorem 3.5. [10, Theorems 1 and 3| Let A be a finite dimensional L-
algebra over a field of characteristic zero. If J = J(A) is the Jacobson
radical of A and A/J = A1 @ --- @ A, with Ay, ..., A, L-simple algebras,
then

exp”(A) = max{dimp(4;, ® A;, & - ®A; ) | ALATAL AT ATAL £ 0,
1ST§maip7éi571 SP,SST}

where At = A+ F -1 and A;,, ., Ay are a subalgebra of A (not necessary
L-invariant) such that w(A;) = A; for alll <r <k, wherem: A — A/J is
the canonical projection.

Remark 3.6. Let 1 : A — A/J = A be the canonical projection where
J = J(A) is the Jacobson radical of A. If B is the maximal semisimple

subalgebra of A such that A= B+ J and

where By, ..., By are simple algebras (not necessary L-invariant) and are all
minimal ideals of B, then clearly mp : B — A is an isomorphism of algebras

and 7(B1),...,m(By) are simple subalgebra of A. On the other hand, since
J is an L-ideal of A, A is a semisimple L-algebra and by 1) of Proposition
3.2 we have that

A=A B A,

where A, ..., A,, are L-simple algebras and are all minimal L-ideals of A.
Then by 2) of Proposition 3.2, Ay,..., A, are also simple algebras and,
as a consequence, they are all minimal ideals of A. Thus it follows that
k =m and for all 1 < i < k there exists 1 < j < k such that n(B;) = Zj.
Moreover, since By, ..., By are simple algebras, mp, s an isomorphism of
ordinary algebras for all 1 < i < k, i.e., for all 1 < i < k there exists

1 <5 <k such that B; 'EZJ-.
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Now we are in position to prove the Gordienko-Kochetov’s conjecture.

Theorem 3.7. Let L be a Lie algebra over a field F' of characteristic zero.
If A is a finite dimensional L-algebra over F, then exp®(A) = exp(A).

Proof: Clearly by definition of exp(A) and exp®(A) and by relation (2.1) it
follows that exp(A4) < exp(A).

In order to prove the opposite inclusion, let us suppose that exp(A) = d
and consider the canonical projection 7 : A — A/J = A where J = J(A) is
the Jacobson radical of A. If A=A, & --- @ A, with A;,..., A, L-simple
algebras, by Theorem 3.5

d = dimp(4;, ® A, @ ®A;)
for some L-subalgebra E-l @Zig D - - -@ET of A such that 1 <r < m, iy # ips
1 <s,p<r, and

AFATALAT - ATAL #£0,

where A" = A+ F -1 and A,;,,...,A; are subalgebras of A (not necessary
L-invariant) such that 7(4;) = A;, for all 1 < s < r. Now let consider a
maximal semisimple subalgebra B of A such that A = B + J. If we write
B = B1®- - -®By, with By, . .., By, simple algebras (not necessary L-invariant),
then by Remark 3.6 £k = m and for all 1 < s < m there exists 1 < j, < m
such that A;, = B;,. Since for all 1 < s <r, B; & A;, (as ordinary algebras),
it follows that

d= dimF(le % Bj2 DD Bjr)
with j, # js for all 1 < p,s < r and BJ-LIAJFB].LQAJr : --A‘LBJ-LT # 0. Then by
Lemma 3.3 it follows that Bj JB;,J ... JB; # 0 and by Theorem 3.4 we are
done. |

4. On upper triangular matrix algebras with derivations

In this section we collect some results concerning the upper triangular
matrix algebras with derivations.

For n > 1, let UT,, be the algebra of n X n upper triangular matrices over
F. In [1] the authors studied the derivations of UT,, and proved that any
derivation of UT,, is inner.

Let us consider the algebra UT, where L acts trivially on it. Since 7 = 0
for all v € L is a differential identity of UT5, we are dealing with ordinary
identities. Thus by [19] we have the following result.

Theorem 4.1.
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1) 1d"(UTs) = ([, yl[z, w])r, -
2) {xil ...xim[xk,xh,...,xjnfmfl] ‘ 1 < e <y, k > n < - <
Jnem—1, m #mn — 1} is a basis of PX modulo PX N1dM(UT).
3) cH(UTy) =27 (n —2) + 2.
In [6], Giambruno and Rizzo introduced another algebra with derivations
generating a variety of almost polynomial growth. They considered UT5 to
be the L-algebra UT, where L acts on it as the 1-dimensional Lie algebra

spanned by the inner derivation € = ad,,,, where e is the matrix unit whose
non-zero entry is 1g in position (2,2). The authors proved the following.

Theorem 4.2. [6, Theorem 5]
1) 15 (UT5) = (o — 2%, 2y, [,9)° — [2,y])z,.

2) {zi, ... xi [Tk, gy, o2, ] Ty T [:1:?1, Tiyy oo Xy, |,
Thy oo T, X5y |0 < s <y, B> 1< < Jpemet1, b < e <
lym, h1 < -+ < hy_1, m # n — 1} is a basis of PL modulo P* N
1d4(UTs).

3) cH(UT5) = 2" 'n — 1.

Notice that from the above theorems it follows that Id*(UTy) ¢ 1d"(UT5)
and 1" (UT5) ¢ 1d*(UTy) for any Lie algebra L that acts as Fe on UT5 and
as the zero Lie algebra on UT,. Thus by [16] and [6, Theorem 15] we have
the following.

Theorem 4.3. The algebras UTy and UT5 generate two distinct varieties of
algebras with derivations of almost polynomial growth.

Now denote by UT, the L-algebra UT, where L acts on it as the 1-
dimensional Lie algebra spanned by a derivation n of UT,. Notice that since
any derivation of UTj is inner, Der(UT5) is the 2-dimensional metabelian Lie
algebra with basis {¢,0}, where ¢ = ad,,, and § = ad,,,, where €5 is the
matrix unit whose non-zero entry is 1z in position (1,2). Then n = as + 4,
for some «, 5 € F. In [23] the author proved the following.

Theorem 4.4. [23, Theorem 12| Let n = aec + 50 € Der(UT3) such that
a, 8 € F are not both zero.
1) If a # 0, then IdNUTY) = (&7 — oz, 2™y, [x,y]" — alz, y])1, .
Otherwise, 1AL (UTY) = (a7, 2™y, [z,y]", [z, y][z,w], 2"y, 2])7,.
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2) c;(UTy) =2"""n+1.
As a consequence we get the following corollary.

Corollary 4.5. Let n = aec + 6 € Der(UTs) for some o, 5 € F. If a # 0,
then var®(UTy) = varl (UT5). Otherwise, UTy € vark(UTY).

Proof: Let suppose first that a # 0. Notice that for any 8 € F, Id* ury) =
1d4(UTs?) where UTy® is the L-algebra UT, where L acts on it as the 1-
dimensional Lie algebra spanned by the derivation ae = aad.,,. On the
other hand it is clear that varl(UT) = varl(UT§¢) and then vark(UTs) =
varl (UT)).

Suppose now that a = 0. If 8 = 0 there is nothing to prove, so let 8 # 0.
Notice that we can regard UT, as an algebra with F'n-action by derivation
where 7 acts trivially on UTs, i.e., 7 = 0 is differential identity of UT,. Then
by Theorem 4.4 it follows that UTy € var®(UTY). m

Remark 4.6. Let us denote by UTP the L-algebra UTy where L acts on it as

the all Lie algebra Der(UTy). In [6] the authors proved that UT5 € varl(UTP)
and, as a consequence, var’(UTP) has no almost polynomial growth.

Proposition 4.7. If a Lie algebra L acts on UT,, n > 2, by deriwations,
then either UTy € vart(UT,) or UTs € varl(UT,).

Proof: Suppose first that n = 2. If L acts trivially there is nothing to prove,
so let L acts non-trivially on UT5. If L acts as a 1-dimensional Lie subalgebra
of Der(UT53), then by Corollary 4.5 we are done. Then let us assume that L
acts as a 2-dimensional Lie subalgebra of Der(UT3). Then L acts as the all
Lie algebra Der(UT3) since dimp Der(UT5) = 2. Thus by Remark 4.6 we are
done also in this case.

Suppose then that n > 2 and consider the ideal I = spang{e;; : i < j, j #
2} of UT,, where ¢;;’s are the usual matrix units. Since any derivation of UT,
is inner (see [1]), by the multiplication table of UT, it follows that I is an
L-ideal of UT,, and A = UT, /I is an L-algebra. If B = spanp{e;; + I, e +
I,e1o + I}, then B is a L-subalgebra of A. Moreover, B is isomorphic to
UTs as ordinary algebras. Thus as L-algebra B is isomorphic to UT, with L-
action and by the first part of the proof we have that either UT, € var’(B)
or UTs € var®(B). Since var’(B) C varl(A) C var!(UT,) the proof is
complete. |
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Notice that as a consequence of the Theorem 4.3 and Proposition 4.7 we
have that UT, and UT5 are the only upper triangular matrix algebras gen-
erating varieties of algebras with derivation of almost polynomial growth.

5. Differential varieties of almost polynomial growth

In this section we shall characterize the varieties of algebras with deriva-
tions of almost polynomial growth in case L is a finite dimensional solvable
Lie algebra.

Let V be a finite dimensional vector space over F. The space gl(V') of all
linear maps from V to V' is a Lie algebra, if we define the Lie bracket [—, —]
by

[v,w] :=vow—vow

for all v, w € gl(V'), where o denotes the composition of maps. Then we have
the following property for solvable Lie subalgebra of gl(V").

Theorem 5.1 ([14], Theorem 4.1). Let V' be a finite dimensional non-zero
vector space over an algebraically closed field ' of characteristic zero. Sup-
pose that L is a finite dimensional solvable Lie subalgebra of gl(V'). Then
there is some non-zero v € V which is a simultaneous eigenvector for all
§eL,ie, v)= o withas € F for all § € L.

Next lemmas will be useful to establish a structural result about L-varieties
of polynomial growth.

Lemma 5.2. Let A = A1 & Ay + J be a finite dimensional algebra over
an algebraically closed field F' of characteristic zero, where Ay = Ay = F,
A1JAy #£ 0 and A1 JAy C J9, with q such that J9 # 0 and J9™' = 0. If L
is a finite dimensional solvable Lie algebra acting on A by derivation, then
either UTy € varl(A) or UT§ € vark(A).

Proof: Since A1JAy # 0, if e; and ey denote the unit elements of A; and
Ag, respectively, we have that e;Jey # 0 with ejes = ege; = 0. Moreover,
since AlJA2 C J1, there exists j € J? such that e;jes # 0. Let B =
spanp{eijles | d € BU y}. Clearly B is a subalgebra of A. Moreover, by the
Poincaré-Birkhoft— Wltt Theorem and the Leibniz rule we have that, for all
h € BU(L)

(61] 62) = 61] 62 + 61] 62 + €17 62 + Z erJ dn” hm
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where b/, ", h"" are suitable elements of U (L) such that at least two between
them are not in spanp{ly)}. Since A; = Ay = F, by Lemma 3.1 it follows
that e}, el € J for all h € U(L). Then since j € J9 , we have that (e;j%;)" =
e1j%ey for all h € U(L). Thus it follows that B is an L-subalgebra of A.
Now, since L is solvable, by Theorem 5.1 there exists a non-zero b € B which
is a simultaneous eigenvector for all 6 € L. Thus, as a consequence of the
Poincaré-Birkhoff-Witt Theorem, we have that b" = apb, oy, € F, for all
h € U(L). Notice also that b = ejbes and jb = bj = 0 for all j € J. Let now
C' be the subalgebra of A generating by {e',e},b | h € By, }. Clearly C is
L-invariant and its vector subspace D = spanp{ey, s, b} is a subalgebra (not
necessarily L-invariant) such that " = aub, oy, € F, for all h € U(L) and
D = UT, as ordinary algebras. We shall prove that either UT, € varf(C) or
UTs € varl(C) and since var®(C) C var’(A) the theorem will be proved.
Suppose first that b = 0 for all h € By (1), where By (1) is a basis of the

non-unital enveloping algebra U’(L) of L, and let f € Id*(C) be a multilinear
L-polynomial of degree n. By Theorem 4.1, f can be written as

f=axry...0, + g a7, 7T, - Ti [Tk gy 2, ]+ G,
7.J

where g € IdL(UTQ), 1= {7:1, e ,im} and J = {jl; e ,jnfmfl} with 71 <
e <, k> 1 < - < Jpeme1 and 0 < m < n — 2. First of all notice that
if ¢ is an evaluation that send at least one variables in b and all the others
in {e1, ez}, then o(g) = 0: indeed, since b" = 0, e, el € J for all h € By
and jb = bj = 0 for all j € J, all the monomials of ¢ in which appear at least
an element of U'(L) as exponent of some variables are evaluated in zero. So
it is not restrictive to assume that ¢ is a linear combination of monomials in
which all the variables have as exponent 1), i.e., g € P, N Id*(UT5). Thus
since spanp{er, es, b} = UT, as ordinary algebras, it follows that ¢(g) = 0.

For fixed Z and J the evaluation z;, = --- = x;, = e] + €2, v, = b,
Tj, = =ux; = e gives azy = 0 since e}, el € J for all h € By,
jb = bj = 0 for all j € J and spang{ey, es,b} has the same multiplication
table of UT,. Moreover, by choosing 1 =--- =z,_1 = e; and z,, = b we get
a=0. Thus f = g € Id*(UTy) and so UT; € var’(C).

Let now suppose that there exists h € By (r) such that b" = apb with
ap € F, ap, # 0. Clearly it is not restrictive suppose that h € L. Moreover,
we may assume that b = band b = 0 for all b/ € Byy(ry such that A" # h. In
fact, if not, we consider a new basis of U’(L) obtained from our basis By (r)
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by substituting any element h' € By (1, b’ # h, such that b = apb, ap # 0,
with the element h' — ozh/ozglh and h with a,:lh.

Let f € Id"(C) be a multilinear L-polynomial of degree n. By Theorem
4.2, f can be written as

n
_ h
f=ax,...on+ Y argxy... % [Thxj,. .. x5, ]+ Brxg...xq 2,
.J r=1

E h
+ TP ':Cpl"'xps[xtpxty"'7$tn_s]+g
P

where g € 1dY(UTS), T = {i1,...im}, T = {j1,-+ 1 Jn-m-1} and P =
{p1, . .,ps} with i1 < -+ < iy, b > 1 < -+ < Jnme1, P1 < -+ < Ps,
h< - <ths, 0<m,s<n—2and ¢ < - < @p_1.

Notice that ¢(g) = 0 for all evaluation ¢ that send at least one variables
in b and all the others in {e1,es}. In fact, if ¢ is such evaluation, then every
monomials in g with at least two elements of U’(L) as exponent of different
variables and that one with an element b’ € U'(L), h' # h, as exponent of
some variables are evaluated in zero. So, we may assume that g is a linear
combination of monomials in which at most one varialbe has as exponent h
and all the others 17z). Thus since g € Id"(UT¥), spang{er, e, b} = UT as
ordinary algebras and b" = b, it follows that (g) = 0.

Suppose first n = 1. Then f = f(z) = az + B2" + g(z) where g(z) €
Id5(UTS). If we evaluate z = e;, we obtain ae; + fe? + g(e;) = 0, where
Bel + g(ey) € J since ef € J for all d € U'(L). Thus since A; NJ = 0, it
follows that @ = 0. Now by making the substitution x = b, we get = 0
because b = 0 for all b/ € Byiry, W # h. Thusforn =1, f =g € 1d5(UTs).

Now if n = 2, then f = f(z,y) = a1y + aoyz + Srya" + Boay" + valy +
g(x,y) where g(z,y) € Id*(UT%). By making the evaluation = = y = e; we
get (ag + an)er + (B + Bo)erel + yeleg + gler, e) = 0 where (81 + fa)eref +
veley + gler,er) € J since ef € J for all d € U'(L). Thus it follows that
a1 + as = 0 since A; N J = 0. Now by choosing x = es and y = b we have
that as = 0 and ay = —as = 0. Now by evaluating x = b and y = e; we get
£1 = 0. From the substitution x = e; and y = b we obtain 8y = 0. Finally,
the evaluation z = b and y = ey gives v = 0. Thus also in this case we proved
that f = g € 1dX(UT5).

Let now n > 3. For fixed Z and J consider the evaluation z;, = --- =x;,, =
eg+ey, vp=bandx; =---=ux; , | =e Since |[J| > 2 and k > j;, then



DIFFERENTIAL CODIMENSIONS AND EXPONENTIAL GROWTH 17

ar.7 = 0 because el el € J, jb = bj = 0 for all j € J and spang{ey, ez, b}
has the same multiplication table of UT5. Moreover, for fixed P by making
the evaluation z,, = --- =z, =e; +ey, vy, =band xy, = --- =74, = e,
we get vp = 0 if P # {1,...,s}. Thus we may assume that

n n—2
f=ar . --%H‘Zﬁr Ty, - .an_le—kz% Ty T[T T, 2] G,

r=1 s=0
where g € IdX(UT5) and ¢; < - -+ < g,_1. If nis odd, then from the evaluation
r1=0b,19="--=1x, =ey we get a = 0. Also the evaluation x1 = e, z9 = b,
r3 = --- = x, = e gives 73 = 0 since n > 3. On the other hand, if n is
even, then by making the evaluation x1 = ey, xo =0, x3 = --- = x,, = €9, We
obtain a = 0 since n > 4. Moreover, by choosing xr1 =0, xo = --- =z, = €
we get 9 = 0. Thus we may assume that o = vy = v; = 0 for all n > 3. Now
if for all 2 < s < n — 2 we consider the evaluation r1 = -+ = x4 = e1 + €9,
Tsi1 = b, Tyyo =+ = x, = €9, then we get v, = 0. Finally, for 1 <r < n
by choosing z, = b and z,, = --- = z,, , = e; we obtain 8, = 0. As a
consequence we have that for all n > 3 f = g € Id4(UT5). Thus we prove
that UTs € var®(C) and the proof is complete. _

A basic result we shall need in what follows is the Lie’s theorem for solvable
Lie algebras.

Theorem 5.3 ([14], Lie’s Theorem). Let V' be a finite dimensional non-zero
vector space over an algebraically closed field F' of characteristic zero and let
L be a finite dimensional solvable Lie subalgebra of gl(V'). Then there is a
basis of V' in which every element of L is represented by an upper triangular
matrix.

Recall that if V' is a p-dimensional vector space over F' and we fix a basis
of it, then we may identify gl(V') with the set of all p x p matrices over F|,
and we write gl, for the Lie algebra of all p X p matrices over F' with the Lie
bracket defined by [a,b] = ab — ba, for all a,b € gl,.

Theorem 5.4. Let L be a finite dimensional solvable Lie algebra over a
field ' of characteristic zero and A be a finite dimensional L-algebra over
F. Then the sequence ck(A), n > 1, is polynomially bounded if and only if
UTy, UTs ¢ vark(A).
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Proof : First suppose that cZ(A) is polynomially bounded. Since, by theorems
4.1 and 4.2, UTy and UT5 generate L-varieties of exponential growth, we have
UT,, UTs ¢ varl(A).

Now assume UTy, UT5 ¢ var’(A). Using an argument analogous to that
used in the ordinary case (see [9, Theorem 4.1.9]), we can prove that the
differential codimensions do not change upon extension of the base field and
so we may assume F' is algebraically closed. Since the Jacobson radical
J = J(A) of Ais an L-ideal, by Proposition 3.2 we have that A = A/J is a
semisimple L-algebra such that A = A, @ --- @ A,, where A4; is an L-simple
algebras such that A; = M, (F), n; > 1, forall 1 <i < m.

Suppose that n; > 1, for some i. As a consequence of the Noether-Skolem
theorem, all derivations of M, (F') are inner ([12, p.100]), then L acts on
M, (F) as ad L where L is a Lie subalgebra of gl,, . Since every homomorphic
image of a solvable Lie algebra is still solvable, then L is solvable. Thus,
by Theorem 5.3, L is contained in the Lie subalgebra i, of gl,, of n; x
n; upper triangular matrices over F'. Hence it follows that UT,, is an L-
invariant subalgebra of M, (F), i.e., UT, € varl(M, (F)) C varf(A) and by
Proposition 4.7 we reach a contradiction. Thus 4; = F for all 1 < i < m.

Notice that if we consider the Wedderburn-Malcev decomposition of A as
ordinary algebra, A = A1 @ --- @ A, + J, then by Remark 3.6 A; = F (as
ordinary algebras) for all 1 < ¢ < m. Thus in order to finish the proof,
by theorems 3.7 and 77, it is enough to guarantee that A;JA; = 0 for all
1 <4,k <m,i=# k. Suppose to the contrary that there exist 1 < i,k < m,
i # k, such that A;JA; # 0. Since A; & Ay = F, by Lemma 3.1 A¥ C J
and Aé C J; then B = A; ® A + J is a L-subalgebra of A. We claim
that either UTy € var®(B) or UTs € varl(B). Let ¢ the largest integer such
that J9 # 0 and J9"! = 0. We shall prove the claim by induction on ¢. If
g = 1, then since A;JA; C J, by Lemma 5.2 we are done. So, let us assume
that ¢ > 1. If A;JA;, C J4, then by Lemma 5.2 we are done also in this
case. So, let us suppose that A;JA; € J%. Then since J? is an L-ideal of B,
B = B/J%is an L-algebra such that B=A & A, +J where A4, 2 A, = F,
J' =0 and A, T 4, # 0. Then by the inductive hypothesis we have that
either UT, € var’(B) or UTs € var’(B) and since var®(B) C var’(B) the
claim is proved. Since B is a L-subalgebra of A, we have proved that either
UT, € varl(A) or UT5 € var®(A), a contradiction, and the theorem is proved.

|
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As a consequence we have the following.

Corollary 5.5. If L is a finite dimensional solvable Lie algebra, then the
algebras U'Ty and UT5 are the only finite dimensional L-algebras generating
varieties of almost polynomial growth.
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