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1. Introduction

The fully nonlinear elliptic integro-differential Isaacs equation

Tlu(zx), x] = igf Sl;p Logu(z) = f(z), x €, (1)
where
Losu(x) == /n (u(z +y) +ulr —y) — 2u(x)) Ky sz, y)dy,

appears naturally in competitive stochastic games when two players are al-
lowed to choose from different strategies at every step in order to maximize
the expected value u(z) at the first exit point of the domain Q C R". For
arbitrary index sets A and B, the kernels {KC, 5(, ¥) }aca geB are nonnegative
functions measuring the frequency of jumps in the y direction at the point
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x. Further applications and motivations related to nonlocal equations can
be found, for example, in [1I, 3], 16].

The large applicability of this type of model reinforces the relevance of
seeking qualitative properties for their solutions. In this paper, we obtain
Cordes-Nirenberg type results for solutions of (L)), with f € L>(£2). We argue
through an approximation method, associating to a constant coefficients
equation. We are particularly interested in the case where the level sets
of the kernels K, g are comparable to sections of a convex solution ¢ of a
Monge-Ampere equation, as in [I0]. Setting vy : R" — R as

ve(y) = ¢(y) — ¢(0) — DP(0) - y,
we note that, due to convexity, v4 > 0, and define the sections S? of ¢ as
S¢ = {vy < 7“2}.

We will study equation for kernels of the particular form

Kopslz,y)=(2— a)w, with bes: QxR" = [ATLA]  (2)

n+o

vo 2 (y)
for constants A > 1 and o € (1,2). Our main result states that if

Sup |b067ﬂ($7 y) - b(y)l <, (3)
aceA,BeB
(x,y)eQxR™
for a small enough n and b € L*(R"), then solutions of are of class
CL(Q), where ay is to be specified further.

The regularity theory for fully nonlinear nonlocal elliptic equations was
initiated by Caffarelli and Silvestre in their seminal paper [7]. They treat the
case corresponding to ¢ = |.|* and a translation-invariant operator and de-
velop a nonlocal version of the ABP estimate, establish a Harnack inequality
and derive Holder regularity estimates. Additional regularity assumptions on
the kernels lead to Holder gradient regularity through a standard cut-off and
integration by parts technique. This theory was the starting point for many
other developments in the nonlocal setting. For example, an anisotropic sce-
nario was considered in [6, [I7] and the case of a general convex ¢ € C*(R")
satisfying

v < det(D*¢) <T in R, (4)
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for 0 < v < T < oo, was the object of [I0]. In this case, since the sections
of ¢ are comparable to ellipsoids (see Fritz John’s lemma, in [13]), the ker-
nels can be very degenerate and improved estimates that take into account
the deformation of the sections of ¢, which is driven by the Monge-Ampere
equation, are required.

As in the local case, a natural extension is to develop an approximation
theory that allows for the inclusion of coefficients in the operator. In general,
dealing with x—dependant equations can be rather challenging since the de-
pendence could break off the effect of the operator. The case ¢ = |.|? was
again dealt with by Caffarelli and Silvestre, who were able to prove in [8] that
if two nonlocal operators are close in an appropriate sense, then the solutions
of the corresponding equations have the same regularity. To prove Holder
gradient regularity for the solutions, however, the kernels of the constant
coefficient operators needed to have a fair amount of regularity, a restriction
that would be removed by Kriventsov in [I5] by means of an approximation
argument. Putting it bluntly, our paper is to [10] what [8] was to [7]. Alter-
native regularity results are also available in different scenarios, and we steer
the interested reader to, e.g., [2, 1], [14], 18, 19].

The heart of the matter in proving gradient Holder regularity in [§] is to
understand what kind of equation functions of the form

B 1
)\t

[u—1](Az) (5)

w ()

solve, for an affine function [, and capture their behaviour as A approaches
zero. The first issue is to somehow force a fair scaling behaviour of the
operator so that still satisfies an elliptic equation in the same class as that
of the equation satisfied by u. The second issue is purely nonlocal: in order to
apply compactness arguments, one needs to extend previous Holder regularity
results for solutions with certain growth at infinity since this behaviour is
always expected. Therefore, finding suitable weights that control the growth
of the solutions is crucial. The weights must be comparable to the kernels at
infinity so that we can ensure the operator is well-defined at the solutions.
In [§], since the order of the equation is greater than 1, the weights have the
form

1
W(y) = 1+ |y|n—|—gv
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and so the solutions could have growth comparable to ¢, = |.|'T%, for any
a. satisfying a. < o — 1. This is due to the fact that

HCozc LY(R™W) I:/R \y\HO‘CW(y)dy < 0.

The main novelty in our problem, with a general convex ¢ € C*(R") satisfy-
ing (), is that the setting changes in both issues described above. Foremost,
scalings of the form (}5)) still satisfy an elliptic equation but in a different class
from the original one. More precisely, we need to scale the kernels as

ba,ﬁ(A;; )‘_), where ¢y = )\_2¢(/\—),

Vgy
and it is crucial that, although the ellipticity class changes, the ¢, still satisfy
(4)), with the same bounds. Secondly, since growth at infinity is unavoidable,
one needs to beware the choice of the weights. The reasonable alternative is
to choose

1
n+o J

1+ vg(y) 2
since it controls the behaviour of at infinity, and so, for some a1 < 0 — 1,
we need

We(y) :

G [l £ (e ) < 00 (6)
If scalings were not in use, the basic setting would be then settled to develop
the theory. However, because scaling is imperative in our case, we need to
choose scaled weights W;, and find an exponent oy < ¢ — 1 such that

HCCU\HLl(R”,W(b/\) < 0. (7)

We stress that all these ingredients need to be uniform in A, so a careful
analysis needs to be performed so that estimates do not degenerate as A\ goes
to zero.

Unlike in [§], a regularizing effect on the kernels of the equation occurs
through the scaling procedure. More precisely, the following convergence
holds true (see proposition , locally uniformly in R":

ver (y) ==25 D23(0)y - .

Furthermore, if condition (6] is true, then becomes stable, and we are
able to prove a stability result that allows the kernels to vary (see Lemma
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3). Now, the fact that the family {¢}ae(o,1 satisfies (4) becomes convenient
again, since it makes Holder estimates from [I0] uniform in the parameter
A. Therefore, we make way to import the regularity theory valid for a nice
equation with kernels comparable, up to a rotation, to that of the fractional
Laplacian, and we may use Kriventsov’s results from [I5]. We prove, as
a consequence, C1% regularity estimates for solutions of with kernels

satisfying only , and @, for
ap < min{aq, .},

where «, is the exponent obtained in [I5] and a4 is from (6)). In particular,
if our equation does not have xr—dependence, we slightly improve the gra-
dient regularity from [10] since we demand only () for the kernels (this is
automatically true in the setting ¢ = |.|?).

Moreover, as an additional technical difficulty, we do not assume any sort
of symmetry on the kernels. The aftermath is that many computations in
the paper, such as in Proposition [3] and Lemma [3, must be cautiously done.
Condition (6] is once again instrumental in assuring the estimates are steady
with respect to the parameter . It is also important to mention that all of
our estimates are uniform with respect to the parameter o, which satisfies
o> o0p> 1+ a, with oy from ().

The paper is organized as follows: in section [2 after some preliminaries,
we introduce the definitions to be used in the remainder of the paper and
our main assumptions. In section [3| we present the stability result and the
approximation lemma. By applying an iteration procedure, we derive, in
section [4 the gradient regularity estimates for solutions of ([I)).

2. Preliminaries, definitions and main assumptions

We gather in this section some definitions and auxiliary results, in addition
to stating our main assumption. We start with a simple lemma that will be
instrumental in the sequel.

Lemma 1. Let ¥y, Uy € C3(R") be two convex functions such that

A < det(D*WUy), Ay > det(D*Wy),
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for0 < A, A < 00 and define vy, (z) := V;(2)—W;(0) —DV;(0)-2 fori=1,2.
For every r > 0, there exists a constant C' = C(r, Uy, Vsy) such that

vy, (2) < Cvg,(2), Vz€ B,.

Proof: Given r > 0, consider the C? auxiliary function f : R” — R defined

f(Z) = U‘I’l(z) - CU‘IJQ(Z)v

= [ D (1)

D*f(z) = D?vy,(2) — CD?vy,(2)
— D20, (2) — CD>Wy(2)

< ()\max(Dqul(Z)) - O)\mm(DQ\DQ(Z)))[d <0

so f is a concave function in B, and, therefore, stays below any tangent
hyperplane. In particular,

f(z) < f(0)+Df(0)-2=0, VzeDB,.

We next define the appropriate notion of solution to our problem.

Definition 1 (Viscosity solution). Let f be a bounded and continuous func-
tion in R". We say a function u : R™ — R, upper semicontinuous in €2, is a
wiscosity subsolution in 0 of the equation

I[u(x)vx] =/
and we write Z|u(x), x| > f, if, whenever xy € Q, N C Q is a neighbourhood
of xg, and ¢ € C*(N) satisfies

p(zo) = ulzo)  and  @(y) > uly), Vye N\{zo},

then, if we choose as test function T such that

. w n N
" u oin R™M\N,

we have Z[T(x), x](xo) > f(xg).
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A supersolution is defined analogously, and a solution is a function that is
both a viscosity subsolution and a viscosity supersolution.

The definition of the extremal operators is basically the same as is [10].
These operators are important to define the uniform ellipticity condition
with respect to some class £. Here, L is a set of linear operators L of the
form

L) = | (ula+ )+ ule ~ 9) — 2u()Cly)dy

for some kernel K.
We say that a nonlocal operator 7 is elliptic with respect to some class £
if
M [w)(z) < I{(u + w)(2), 2)(z) — Z[u(z), z](z) < M [w](z),  (8)
where

M [ul(x) = jof Lful(@). M [ul(z) = sup Lw](@)

In [10], in order to obtain the ABP estimate, a Harnack inequality and Holder
regularity results, the kernels needed to be in the class /Jg(a), which is the
class of linear operators with kernels C satisfying

YAk <@-o) 2 (9)

n+o —

ve(y) vs(y) 2

for some A > 1. It is known that for the class defined by (9)) the extremal
operators have the simple form

(2-0)

%54_(“7 Xy y) — Ao~ (ua €, y)

My lilir) = (2 =) [ AT Sy
and
At (u,z,y) — 10 (u,
My ul(s) = (2 =) [ SEL g 0,

where (u, z,y) = u(z+y) +u(z —y) —2u(x), 6" (u, z,y) denotes its positive
part and § (u,x,y) its negative part. We would like to point out that if
v =T = 11in equation (4)) then Pogorelov’s result (a proof can be found in [12]
Theorem 4.18]) states that ¢ is a quadratic polynomial. Then v,(y) = Ay -y,
for a matrix A satisfying det(A) = 1. Equations with kernels in this form
were studied in [4] in a different setting related to a nonlocal version of the
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Monge-Ampere equation. The interested reader may also appreciate [9] for
a different approach and the more recent contribution in [5].

The requirement that v € L*(R", W), for some weight W, allows u to have
a certain growth at infinity. For example, in the classical case of [§], for
operators with kernels satisfying the inequality @ with ¢ = |.|?, the natural
choice would be

1

W(y) = W’

simply because this weight controls the tails of the kernels at infinity, and so
the integrals are not singular for o > oy.
Therefore, a natural choice for the weight in our setting is

(10)

1
n+oq ?

WMM=1+%@)2

in order to bound the tails of the kernels K satisfiying (9).
The weight W, satisfies three properties that will play an important role
in our analysis. We next state and prove them.

Proposition 1. Assume IC is a function that satisfies

-2

K A
TE

Then for each r > 0, there exists a constant C,. such that

K(y) < CWsly), for y &Sy,



NONLOCAL EQUATIONS WITH DEFORMING KERNELS 9

Proof: Notice that for a kernel IC satisfying the assumed bound, we have

= A(2-0) (% + vy(y) 2 ) W (y)
vy(y) 2

IA

A2 — o) (Ti ¥ ww) Wly)

IA

2A(2 — 09) max { =, =555 } Wal(y)

— Cqué(y))

for every y ¢ S, with C, = C(A, g, 7,n). |

Proposition 2. The weight W, is not singular, i.e., for each r > 0, there
exists a constant C, such that

sup Wy(z) < CW,(y).
2€B,(y)
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Proof -

7L+<70

1 1+wv 2

Walz) = = ) )
1+ ’U¢(Z) 2 1+ U¢(Z) 2

_ 1+ (U¢(y) - U¢(Z) + U¢(Z)) > W¢(y)
1+ v,(2) 7"

Lt (ooly) = vo(2)l +vol2)) = ),

1+ U¢(Z) 2

IN

n+o n+oq n-+o
L4+ 2% (ogly) = vg(2)|F* + 00(2)* ).
n+oq (rb(y)
1+U¢(Z) 2

9" 5" <1 4 loel) = U‘b(flo : ) Wa(y)

1+ wy(z2)

IA

IN

n+00

Cn,a0) (14 p(r) 5 ) Wily)

IA

- CTW¢(y)7

for every z € B,(y), with C, = C(0¢,r,n) and where p is the modulus of
continuity of vy.
_

It is important to notice that the modulus of continuity of vy is the same
as that of ¢ since D?¢ = D?v,. Therefore, the constant C, is the same for
any solution ¥ in the Monge-Ampere class

v < det(D*¥) < T.

The next statement guarantees that the test functions in Definition [1] are
suitable for our operators. These computations have already been made in
[10], but we need to assure here they are invariant with respect to solutions
of the Monge-Ampere equation.
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Proposition 3. Let g : R® — R be a function such that g € C*(B,(z)),

lgll 1o,y <M and — |g(y) = lpya)(v)| < Mly —af’, y € B.(x),

where lpg)(y) = g(x) + Dg(x) - (y — x). Then, there exists a constant C
such that
l9(z)] < CM (11)

and
[L[g)(z)| < CM, VL € L)(0). (12)

Proof: Observe that, for y € B,(0), we have
[6(g, 2, 9)| = [29(z) — g(z +y) — g(z —v)|

= [29(x) — g(x +y) — 9(x — y) — Ipg)(x +y) + Ipga) (x + y)]
< |g(z —y) = Ipgw)(@ —v)| + |9(z +y) — Ipg)(x + )]

< 2M|yl*.

Using the reverse triangle inequality and multiplying both sides by the weight
W, we obtain

2|g(x) Waly) < 2My[PWesly) + lg(z + ) [Wa(y) + lg( — y) Ws(y).
Since Wy(y) <1 and |y| < r, integrating over B,(0), we reach

2lg(x)| /B Woly)dy < 2Mr2B,| + / 90z + ) Wa(y)dy

+ /B l9(z — y)Ws(y)dy.

We now bound the two integrals on the right-hand side using Proposition [2].
To uniformly bound

/B T Wo(y)dy

from below (independently of scalings of the form A~%v,(Az)), we use Lemma
1 to get

n+00
n+00

Ltougly) = =1+ [”fy(fé)] It < Ol gum),
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thus obtaining (11)).
To prove ((12)), we start by choosing 7, depending on the modulus of conti-

nuity of ¢, such that S C B,(0). Then, if L € L)(0), we have

1
[ sk < @=oni [ ——

dy
sg T ve(y) 2

< @=oAMC [ JyPly "y
< @=oAMC [ Pl dy

= (2—0)AMC’]831\/ s2s 75" ds
0

= Ci(A,n,C,r)M

The constant C' = C(r, ¢) is from Lemma (/1]), which turns out to be invariant
by scalings of the form A™2¢(A\z).
Now we estimate the integral at infinity. Let us separate it into three parts.

[ leernicwis < [ o+ n)Watwdy
R™\ S R™\ S5

< G, lg(z +y)| sup  Wy(2)dy
R\ 5P 2€B1 (z+y)

< o0 / 9(z + 1) Walz + y)dy
R\ S

< 0(777 n, oo, p(l)) Hg||L1(R”,W¢)

< 0(777 n, 00, p(l))M

where (] is the constant from Proposition [2|and p stands for the modulus of
continuity of ¢.
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We may assume that the kernels are symmetric (but see Remark |1 at the
end of this section) and apply a similar reasoning to get

[ _lote=u)l _sw Wil2)dy < Clon, o p(1)
R\ S z€B1(z—y)
Finally, using , we can estimate

1
/ 2|g(x)|K(y)dy < CM
R™\S§

n+o

— _dy
Rr\s5 Vg(y) 2

Notice that we can show that the quantity

1
[
R\S3 Vp(Y) 2

is finite employing the elementary layer-cake formula [12, Lemma A.36] and
the fact that |S?| ~ r" (depending only on the bounds of the Monge-Ampere
equation), as shown in [13]. Indeed,

/ A / ol (RSP N ] st
Rr\SP Vg(Y) 2 0 vy (Y)2

~ (n+0) /0 oL [(RM\S9) 1 S

dt

dt

~ (n+0) /0 "ot |®MSg) N Sy ar

n 1
< Cln+o) / e
0

Putting all estimates together, we obtain that

| Llgl(x)| =

/n5(g,w,y)/C(y)dy‘ < CM.
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We need to impose an integrability assumption on the solution ¢ € C*(R")
of the Monge-Ampere equation.

[A1] The function ¢ : R" — R defined by ((y) = |y|'™® satisfies
Ce LN EW,). (13)

for some a1 < op — 1.
A simple example of a function in R? satisfying the assumption is

1.
d(y1,y2) = y% + y% + 3 sin(yr).

Proposition 4. Let assumption [A1] be in force and let ¢y(x) = X 2p(\x).
Then

HCHLl(R”,W%\) < C (Tl, 0o, 01, ¢7 HCHL%R”,W@) :
Proof: We have

1
ISl @,y = [ lwl™ ey
L (R 7W¢)\) R~ 1 _l_ ()\_QU(ZS()\y))%
1
— )\—n—l—al |Z‘1+a1 —— dz
R" 14+ (A 204(2)) 2

= AT (A + Ay + Aj),

where A, Ay, Az stand for the integrals of |11 (1 + (A 2w,(.))
the sets By, B1\B) and R"\ By, respectively.
Now,

7L+O'0 _
2 )~1 over

Al < \z|1+0‘1dz < C’(n))\’””al,
B,

and so A" 174 A; < C(n). For Ay, we have

1
Az < XHUO/ 2| ——r d.
B1\B, Vg (

z 2

By Lemmal [l with r = 1, U3 = |.|> and ¥y = ¢, we get a constant C(¢) such
that

< CO(¢), forz€ By.
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Then
Ay < C(sb;n))‘nw/ Ellnas

— dz
Bi\B | 2| too

1
— C(¢,n))\"+00/ rToodr
A

< C(p,n)\"Ho0 [Acr—ooth ],

op—1—o
Therefore, we get

AT Ay < C(p,n, 00, ).
Finally, for A3, we have
1

)\—n—l—oqA?) < /\ao—l—al/ |Z’1—|—a1 ——
R\ B, vg(2) 2

Therefore, if assumption [A1] holds, we can get a uniform bound (in the
parameter \) for the term Aj.
m

Remark 1. If the kernels are not symmetric, we control the quantity
1

|9(9U - y)|ﬁdy,
/R"\S:? ve(y) 3"

using assumption [A1] and a natural growth condition. Indeed, assuming
g :R" = R s a function such that

()| < |yl fory e R™\SY,

for some n > 0, we obtain

1 1
/ 9(x = y)|——zdy < / |z — y\1+aljdy
R™\SY vy(y) R\ S vy(y) 2

1
< Clal [ ol ey
R )

< Clnlal) [l W)y
R\ 5S¢

n
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In our main theorem, the growth condition stated above will appear naturally
and 1S, by no means, restrictive.

3. Approximation results

In this section, we are going to deliver the key lemma of this paper, con-
sisting of showing that if the operators in our class are close in some suitable
sense, then so are their solutions.

We start with a standard result that makes use of the ellipticity structure
to restrict the set of test functions in Definition [I, which is important to
simplify the proof of the stability result. The proof is essentially the same as
in [§], but we include it here for the reader’s convenience.

Lemma 2. In Definition[d], it is enough to consider, as test functions ¢, qua-
dratic polynomials and, as neighbourhoods N, balls centered at the touching
point.

Proof: Let ¢ € C*(N) be a test function that touches u from above at a point
xo and, for simplicity, assume xg = 0. Let P. be the following polynomial

P.(z) = % (D*p(0) + €l,) x -z + Vp(0) - = + ©(0).

From Taylor’s expansion,

1
o(x) = p(0) + V(0) - 2+ =D*p(0)x - 2 + ry(x), with lim ra(2) =0,
> 0 Jz]?
so, given € > 0, there exists p > 0 such that, if |z| < u, then
1
o) = (0) +960) -+ 5000 o) <elaf (1

which implies
o(x) < P(x), Vze B,
Then P: > ¢ > u in a neighbourhood B, C N, with r < p.

Define
o(r) ifze N
{ u(x) ifx & N.
and @)
P(x) if x € B,
Te(w) = { u(z) ifz ¢ B,.
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With 1 denoting the indicator function, we have
Te(7) < 7,(z) + 2€|x|*1p,, Yz €R",
which is obvious if x ¢ B,; for z € B,, it follows from that
1
—elaf < pla) — (00) + V0) -+ 3D%(0)a ) <l

So we have,

~—

o(x
©(0) + V(0) - x + 1 D*p(0)z -  — €|z|?
Pe(w) — 2e[af?

Te(z) — 2€|z)?1p,.

To()

i1Vl

Since P: is a quadratic polynomial such that P > ¢ > u and ¢ touches u
from above at 0, we have P:(0) = ¢(0) = u(0). Hence, P: touches u from
above at 0, and so, by the definition of viscosity subsolution, we have

Z[re(), 2)(0) = (0).

On the other hand, by uniform ellipticity,

Ilrp(w), )(0) = Ilre(x), 2] (0) = =My ) [2e|2*L5,] (0)

= —SUPrery(y) L [2€|z*15,] (0)
> _9%C

where we have used Proposition [3|in the last inequality. Since

Zlre(), 21(0) = £(0),

we have
Zits(x), z](0) > Z[re(z), z](0) — 2CE, Ve > 0.
Consequently, Z[7,(z), z](0) > f(0). _

The following is a simple remark concerning the scalings of the solution of
the Monge-Ampere equation.

Proposition 5. Let ¢ € C*(R") satisfy and define ¢x(y) = X 2o(\y).
Then the function vy, (y) converges to vy, = D?*¢(0)y -y, locally uniformly
as A — 0, where ¢o(y) = D*¢(0)y -y
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Proof: By Taylor’s expansion,
vor(y) = Da(y) — a(0) =V (0) - y

= A2 (ND%(0)y -y + 7 (Myf?))

= D(0)y -y + ",
for y € B, with n small enough. Therefore, if A — 0,
v, (y) — D*¢(0)y -y,
locally uniformly. |

We now prove the stability lemma that will play a key role in the approxi-
mating results. We will consider the simpler linear case just to highlight the
main ideas.

Lemma 3. Let Q be open and bounded, and let ¢ € C*(R") be convex and
satisfy (). Consider the family of scalings {v%}AE(O 1 and assume there
exists a sequence

(Ao s fis i) © R x C(Q) N L! (R”,W@k) x L¥(Q) x L=(Q x R?)

such that
b
o Tplugp(x),z] = 5(uk,x,y)LynLdy = fi(x) in the wiscosity
R" Voy, (¥)
sense in §);

o u;, — u uniformly in Q and a.e. in R";

o |up(x)| < (14 ((x)) in R", for some oy such that a; < o — 1;
o\ — 0;

o fr. — f, locally uniformly in );

e b — b, uniformly in 0 x R,

Then,

b(z,y)

Tu(x), x)(x) = | o(u,2,y) )ngady = f(x), zel,

R" Vg (Y

in the viscosity sense, where ¢q is as in Proposition [3
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Proof: We do the proof only for supersolutions. To prove that
Tlu(z), z|(x) < f(x),

we need to show that, given ¢ € C?(z), touching u from below at x, we have
I[r(x),z](x) < f(x), where

(x) ifx €N,
m(z) = { f@) if 2 & N,

where N, is a neighborhood of z. By lemma (2)), it is enough to consider
as test functions quadratic polynomials p and neighbourhoods N, = B,(x).
Since wy, converges uniformly to u in Q, for large values of k, we can find z;,
and dj such that p + d; touches u; at xj, with x; — x and dy — 0, when
k — oo. Since Zy[uy(x),z] < fi in the viscosity sense in €, if we define

| p+di in B,(x)
(@) = { U in R™\ B,(x),

then Zy[m(x), x](zr) < fe(zk). Clearly, 7, — 7, uniformly in B,(x).
Now, let z € B, /4(z). By the triangle inequality,
|Zn[me (), 2)(2) — Zlr(x), z](2)]
< NIkl (), 2](2) = Ti[r(2), ](2)| + | Zi[7 (), 2](2) — Z[r(2), 2](2)].

From the ellipticity condition, and denoting, by simplicity, ¢), with ¢, we
obtain

Tilni(x), a](2) = Ti[r(2), 2](z) < Mgy )[m = 7](2)
< MGy (= 7))
and
Iifr(x),2)(2) = Tu[me(2), 2](2) < M ([T =l (2)
< |M23) (g)[T 73] (2)]
Hence,

| Zil7 (), 2)(2) — Tyl (x), x](2)
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< max {|Mfy o lm =TI IME ol - 7l(2)]}

< sup |L[7 —7](2)

Leﬁgk(cr)
A2—o0
< 0(Tk — 7, 2, y)|<—n+2dy-
R™ Uy, (y) 2

For points y € B, /s, we have z +y € B,(z). Therefore, 7 — 7, = dj, which
implies §(dg, z,y) = 0. Plugging this into the above inequality, we get

| Zil7 (), 2)(2) = Tyl (2), x](2)]

A2 —
< [ -z =),
R™\ B, /2 U%(y) 2
A2 —o0
< [ Im-nerptEy
R"\S,,* v¢k(y) 2
A2 —o0
+[ o m ety
R™\ S,k U¢k(y) 2
A2 —0o
12 — 7)) 2=9) 4,

where we choose = p(r) such that
S C Byjs, Vk€N.

Now we apply Propositions [I] and [2] to get

[ im-ne iy,
ACHE Vg, (1) 2
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< C, (7 = 7) (2 + 9)[We (y)dy
R\ Spk

< GO [ BT+ DWely+2)dy

< C|lm — 7

L (RS W, )

Furthermore, by computations made in the proof of Proposition (3)), we ob-
tain

and so
| Zi[ 7 (2), 2](2) — Zi[7(2), 2](2)]

< Cy||m— 7l ) + Co|mi(2) — 7(2)]

vy A2 o)
n / Iy

Since up — u, a.e. in R", we get that 7, — 7, a.e. in R"”. Therefore, by
Proposition [4] assumption [A1] and the growth assumption we obtain, by the
dominated convergence theorem, that

L (Rn\sffk We

| — 7| — 0.

L (RS W, )

Note that, by the same computations made in Remark [I}, we get
A2—-0
N e e
R"\ S, % Uy, (y) 2

< Clulel ) / W, () dy,

R\ S5F
= (O (Iu, Q, A) HCHIJl(Rn\Sﬁk,W(/)k)

< C,

where we used assumption [Al], along with Proposition 4] to get a uniform
bound on the weighted norm.
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Now, notice that, for every z € B, 4(x), we have 7 € C*(Bs,/4(2)) and thus
Ti|m(x), x](2) = Z[r(x),x](2), wuniformly in B, 4(x) when k£ — oco.

Therefore, we can combine this with Lemmal/l], Proposition 4 and assumption
[A1] to get

bk(Z7_)a B b('z?_) c Ll(Rn),

nto nto
U¢k(_)

T, 2z, —
o) ()

uniformly in z. Since

bk(za y) N b(27 y)
n+o

Vo ()T sy (y)

we get, again using the dominated convergence theorem, that

[ Zil7(2), x](2) = Tlr (@), 2](2)]

a.e. € R",

bk(Z, b(Zv y)
5 T? Z? nto n+o d O
= Ju P T | Y T
We thus obtain
Tilmi(x), z](2) — Zlr(2), 2](2), (15)

uniformly in B, 4().
Finally, we have

il (), 2l (x) = Zl7(2), 2](2)] < [Zelme(2), 2)(2n) — L7 (), 2] (22)]
+HZlr (@), 2l(2r) = Zlr(x), 2] (@)
and, using (15))) and the continuity of Z[r(z),z], we obtain
| Zi |7 (), @] (1) = Z[7(2), ] (2)| = O,
when &k — oo. Since x, — x and f; — f locally uniformly,
Ilr(x), 2)(x) = him Tp|r(x), 2] (zp) < lim fi(zp) = f(2),
and therefore Z[r(x), z](z) < f(z). _

We are now ready for the approximation lemma. It plays an important
role in the subsequent analysis.
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Lemma 4. Assume 0 > 09 > 1+ oy and ¢ € C*(R") is a convex function
satisfying and assumption [A1]. Let ¢y be the function from Proposition
[3. Given M > 0, a modulus of continuity p and € > 0, there exist a small
n >0, A>0 and a large Ry > 0 such that, if

bo(—
e —n < infsup [ d(w, —, y)Mdy < m, in the viscosity sense in

nro

acA BeB JR~ U@(y) 2
S¢0 .
1

o for every a and 3, b(y) —n < bap(z,y) < b(y)+n, Vo € Sfo, Yy € R”;

o |w(y) —w(x)| < p(ly — =|), Va,y € Bry;
o lw(x)] < M(1+((x)), Vo € R”,

then, there exist a function wy : R™ — R such that

o wo(x)| < M (1+((x)), Vr € R";

n+o

Vg (y) 2

o |w —wy| < e in SP.

b
° / d(wo, —,y)idy =0, in the viscosity sense in Sfo;

Proof: Suppose, by contradiction, the lemma is false. Then, there exist se-
quences Rj,ni, Wi, Ak, b such that

Ry —o00, m—0, M —0 and b — b uniformly in Sfo x R"”

and
i < / 5(%%#)%@ < 1k
n gy, (Y) 2
in the viscosity sense in Sf) * but
sup |wy — wo| > € in 5P, (16)

for all wy solution of

By Proposition [5],
Vs, (7) — D*6(0)z - & = vy, (),
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locally uniformly and thus almost everywhere in R”. On the other hand, the
wy, have a uniform modulus of continuity in Bp,, where R, — o0, so, up to
subsequences, w; — w uniformly on compacts and thus almost everywhere
in R". By Lemma [3, we pass to the limit to get

b
5(@,x,y)%dy =0 in S,
R U¢0(y)T

Since wy, — w uniformly in Sf ¢ for k sufficiently large we have a contradiction

with . ]

4. Regularity for variable coefficients

This section is devoted to the proof of the main theorem of the paper.

Theorem 1. Let o > 0¢ > 1, let ¢ € C*(R") be a convex function satisfying
and assumption [A1], and let u be a viscosity solution to n S;S. There
exists 0 < n < 1 such that if

sup |ba,,3(x7 y) T b(y)| <,

acA,peB
(z,y)€5% xR"

for b e L®(R™), then u € C*(S9) and the following estimate holds

lellesan spy < © (el mgany + 11l (s))

for 0 < ap < min{a, a1}, where ay is from assumption [A1] and o is from
Theorem [3. The constant C' depends only on n, A, oy, .,y and T.

The idea is to iterate the approximation lemma (Lemma [4)) to quotients of
the form
[u—1J(A-)
A\l tao ’
where [ is an affine function and A > 0 and «q are to be chosen in the sequel.
To assure that Lemma |4 can be applied for every small enough A, the first
step is to grant a modulus of continuity to solutions that grow at infinity.

This is done using a standard technique.

Theorem 2. Assume 0 > o9 > 1 and w € C (S_g’) satisfies, for M > 0 and

jw(z)| < M(1+¢(x)), =eR",
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and solves
+
Meoo)
in the viscosity sense in Sf. Then, there exists o > 0 and a radius p such

that w € C* (Sf) and

IUZ—C(), M

(o)W < Co

HU)HCQ(S?) < c* <SU_}) "UJ| + C() +C ||<||L1(R”,W¢)>
S

for some universal constant C*.

Proof: Define w(x) = ﬂsg(x)w(a:) and notice that for z € S?,

Lw(z) = . 6(w, x, y)K(y)dy

— Lu(e)+ [ (0ot )Lgle+y) - wle +)K()dy
s [ (e =gl =) - wle - y)K()dy

- Lu() - [ g M Ky / o VKW,

where
O ={yeR":z+yesf} and Q ={yeR":z—ye S}
Now, if d = dist(0S?,055), we have
B4(0) c Q7, Q.
Therefore, from the growth assumption for w, we can estimate
1

/ w<x+y>/c<y>dy‘ < c / gy
. e

< C(d) HQHU(MM)'

The same computations are valid for the other term, and we get

MZ%(U)E(JJ) > Mgg(g)w(:lz) - C Hg‘|L1(Rn7W¢) > —(Co+C HCHL%R”,W@)?
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for x € Sf . The same calculations apply to MEO(U) leading to
¢
Mgg(g)m(x) <Co+C HCHLl(R”,W@ 5

for © € Sib . We now apply a scaled version of [I0, Theorem 6.2], to get
the existence of a € (0,1) and a small radius p, depending on A\, A, oy and
dimension, such that

(s < O (sup 1+ Cot Ol )

Since W = w in S;b , we also have

Hw|‘ca(5§/>) <C* (SUP jw[+Co+C |<|L1(R”,W¢)> :
P S;ﬁ

This constant C* depends on the constant 7 from [10, Proposition 3.1], the

norm of the normalization mapping of the section S% /2 A, 0¢ and dimension,

where 7 stands for the standard engulfing constant and p is the constant
from [10, Theorem 5.1]. n

Remark 2. We will apply the theorem above for the scaled family {¢)}, with
A € (0,1]. Since we need uniform estimates, we must assure that the estimate
above does not degenerate as X\ varies in the interval (0,1]. From Proposition
we can uniformly bound the quantity HCHLl(Rn,W%)- On the other hand,

the quantity dy = dist(@Sf*,@Sf*) is uniformly bounded above and below
away from zero. We can also bound uniformly the norm of the normalization
mapping of S%b;/Q by making use of [12, Corollary 4.7].

Corollary 1. Assume o > 09> 1 and w € C (S_£,> satisfies

M,
‘CqS(U)

with |w| < M(1+() in R". Then, there exists o > 0 such that w € C* (Sfﬂ)
and

w>—Cy M.

(o) <Cy n S;ST,

|wmwnsw<wmm+%+c¢mewy (17)

S92

for some constant C*.
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Proof: Let w* be the following auxiliary function
1
w
max{1, ri+e ro}

(rx).

w*(z) =

Then
MZ—O U}* Z _007 MEO

¢r(a) 4)7.(0)
for ¢,(z) = r—2¢(rx) and |w*| < M(1+ ¢) in R". By the previous theorem,

w* < Cy in SY,

lw”

co(s2r) <C" (5;1}) jw*| +Cy + C |<|L1(R”,W¢)> :
2
Rescaling back to w, we get , where C* has the same dependence as in
the previous theorem, replacing for the norm of the normalization mapping
of the section S ..
Tp/2
|
We also need gradient Holder regularity estimates for solutions of the limit
equation
/ 5(u,x,y)b(—y)n+ady =0, zes. (18)
" Vg, (y)T
It is interesting to note that we will not make use of the C'*® regularity results
from [10] since our kernels do not necessarily satisfy the assumptions therein.
Instead, due to the regularizing effect of the scalings, we will make use of the
results from [15] after a suitable change of variables.

Theorem 3. Let 0 > oy > 1. Assume v € C (Ef()) N LY (R", Wy,) is a

viscosity solution of

n+ao

Vo (y) 2
€ LY (o). Then, there exists a. such that

/ 5(v,x,y)&dy =0 in Sfo,

4o

where K(y) = b(y)/vs,(y) 2
v e Cho (Si%) and

HUHCLa*(Sf/%) <C (sup ‘U‘ + |U|L1(R",W¢O)> ?

S70

where C > 0 s a universal constant.
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Proof: We remark that vy, (y) = D?*¢(0)y - y. Since ¢ solves , we get
that, in particular, the matrix D?¢(0) has only positive eigenvalues, and
so is invertible. Therefore, it may be decomposed in the following form
D?*¢(0) = SDS!, where S is an orthogonal matrix and D is diagonal with
the eigenvalues of D?¢(0). Since the eigenvalues are nonnegative, the matrix
D has a square root, which we will denote by B := v/D. Then

D*¢(0)y -y = Qy - Qu,
where Q := BS*. Notice that
reSP «—= D0z -2<1 < |Q| <1 <= ze€Q '(B),

that is, Q(S") = B;. Now, define w = vo QL. Since v € C(g(fo), we obtain
w € C(B1). For the growth condition, we have

1 1
- = dr = Loy
et = [ QT
|det(Q)] [ |v(y)] 1 d
= |de v
Rn Y 1+ |Qy|"+oo Y

= 1det(@)] | o) We vy,

that is
”w”Ll(Rn 1 ) = det(Q) HUHLI(Rn,mO) :

71+|'|n+¢70

We then obtain that w € C(By) N L! (Rn7 1+||++00) It is straightforward to
check that the function w solves in the viscosity sense

b
/ d(w, —, 2) |y’(g;)gdy =0 in By,

where b(y) = b(Q~'y). By [15, Theorem 4.1], there exists ., such that

ooy < € (ol )+ lolimgsy )

71_‘_Hn+00

Rescalling back to v, we obtain

[0lre 520y < C (Il anany) + 1ol s))
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where C(C,|Q],1Q7)). u

We are now ready to deliver the proof of the main theorem in its discrete
version.

Theorem 4. Let 0 > oy > 1, let ¢ € C2g%”) satisfy and assumption
(

[A1], and let u be a viscosily solution to b n S;SR. There exists a small
n >0 and a large R > 0 such that if

sup |bas(z,y) —b(y)| <n, Vae AVGeB, Vze SfR,
yeR”?

HUHLOO(RYL) <1
and
||fHLoo(5§R) <,

then we can find universal constants ,\,Cy > 0 and a sequence of linear
functions I, = ay + by - x such that

sup |u —I] < k(T
PN
aps1 — ag| < AR +ao)

br1 — br| < CodFeo,

for every k € N. The exponent oy satisfies g < min{a,, aq}, where oy is
from assumption [A1] and o is from Theorem[3

Proof: We proceed by induction. For step k = 0, take [y = [; = 0. Assume
the result holds up to order k, and let us show it also holds for k£ + 1. Define

1

and consider 6 so small that
By C f;fo.
Observe first that the scaled function

or(y) == A" Fp(\'y), yeR”
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solves the same Monge-Ampere equation
det (D*pp(y)) = F(\'y) = F(y),

with the right-hand side satisfying the same bounds as F, v < F < T, and
that the level sets of ¢,x are related with the level sets of ¢ by

Vo, (1) = A0 (M),

Now wy solves an equation with the same ellipticity constants (but rescaled
kernels), namely

bas( Nz, A
5( L n+o’y) dy _ Ak(g_l_ao)f(AkaT)

,U(;s)\k(y) 2
Since, due to (13)),

inf sup/ d(wk, z,y)
QEA BGB n

for z € )\’kSSSR = Sf%’i\,k.

c—1—oay>o090—1—ap>a; —ay >0
and A < 1, we have

k(O’*l*Oéo) k H < <
e, g, Wy <

Therefore, w;, solves

bag( Nz, \F
—n < inf sup/ o(wy, z,y) o x’n,+oy)dy < (19)
acA geB JRe Vg (y) 2

for 2 € AFSE, = SN .

Let ¢y be the function from Proposition |5 and take R large such that
Sf ° C S;b »- Then, since ¢ is 2-homogeneous,

S¢)\k

_ kg9 —kqbo _ Q¢ ¢
opak = A O DATNSTT = 5% D 57,

so that holds for Sf * for every k € N. From Corollary , wy, is Holder
continuous in Sg%k. Notice that, by Lemma (1| with ¥y = ¢y, Uy = |.|> and
radius Ry, we obtain for large R

Dk
BROCSQ,

and so wy, is Holder continuous in Bp,, where Ry is from Lemma [4 We
can now apply Lemma (4] to the function wy, finding A : R" — R satisfying
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h e C(S), |h] < (1+¢) in R,
b
/ o(h, z, y)—(y)w dy = 0,
n Vg () 2

in the viscosity sense in S, and |wy — h| < € in S, for some small € to be
chosen later. By Theorem [3], we obtain

HhH(jl,a*(Sf/oQ) < 02-

Letting [(x) = h(0) + VA(0) - z, we have, by the mean value theorem,
h(z) — ()] < [VA]

1+ *

S Cg‘(l?|1+a*

for x € By/s.

Since |wy| < 1 in By, we have |h| < 14 € in By and then |h(0)] < 1+ e.
Also, by C1@ estimates, we have |Vh(0)| < Cy. Therefore, we have the
following estimates

|wk—l_\ < \wk—h\—k\h—l_\

IA

e(n, R) + Calz|"t™ in By

we =1 < wp — Bl + |h] + I

IA

36(77,R)+2—|—02‘£U| in Bg\Bg
we =1 < Jwe] + 1]
< 2" 4+ h(0)] + [VA(0)] |2

< |z|"t +1+€(n, R) + Colz| in R™\By.

Let us now fix A > 0, to be chosen later, such that e < A%+, Define

L1 () = () + NPT [ (k)
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and
1
1 _
= W['wk — l]()\x)

We have the following estimates for the scaling above:

Wi ()] < ATIT(e+ oA [z[F) in ATIBy
lwy1(z)] < AT1T%Be+2+ Co|z|) in A‘lBg\A_lBg

(w1 ()] < Ao gt 1 4 e+ CoM|z]) in RMATLB,.

Using the fact that e < A% < 1, we obtain

lwiy1(z)] < A¥7%(1 4 Cylz[T™)  in A‘lBg
lwiy1(z)] < BATITW@ 4 CoA"|z| in )\_IBQ\A_lBg
w1 ()] < Aa~o|g|tter Lo 1m0 4 Oy =]z in R™\A1By.

Notice now that for A < 1/2, we obtain
B)\—19/2 D By.
Recalling that oy < min{ay, ..}, we have, by the first estimate above,

)\a*—ao(l +02‘x‘1+a*)
A%==00(1 4 C)
1

w11 ()|

IAIA A

in By, as long as A is chosen such that

1

1\
A < :
- <1+C’2>
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We will choose A\ so
point = € R™\ By must

small that |wiy1(z)] < |z outside By as well.

be in one of the sets

By-1972, Bx-19\Bx-192 or R"™\Bj-1.

If, for instance, € Bjy-199, we have § < |z| < A7'0/2, and so

w41 ()]

IA AN INAIA

IA

Aa*—ao(l +CQ|$‘1+Q*)
Moo (g1=o 4 Oyl
39—1—041Aa1—a0(1 + CQ)lx‘lJrozl
)\a*—aoe—l—al ’x’H—al + 02)\a*—a0’x
()\a*—aoe—l—al i 0290@—051.

.maX{(%)O‘*_al A= /\a*—ao}) |:U|1—|—oz1

a*fal)‘x|1+041

Qe —Q1 |$|1+al

‘x‘1+041’

as long as A is chosen small such that

<)\oz*ozo 9—1—&1 +

1 e —0
el (o) 1

33

recall that both a, — oy and a1 — g are positive and that a, — a; may be

positive or negative.

Now, if & € B)y-19\By-19/2, we have A710/2 < |z| < A7'6. By the second

estimate, we obtain

Wi 11 ()|

HA 10 + CQ)\_a0|LU|
BA00 \ 101 |y A0\~

2\~ max{5, 02} (5)7170‘1 |x‘1+041
|$‘1+a1,

I IA

IAIA

as long as we choose A so small that

—1—0[1
22097 % max{5, Cy} <Q> <1

2

Finally, if z € R™\ B)-19, we have |z| > A710. By the third estimate, we get

w1 (2))]

)\al—ao‘x‘lJral _|_ 2)\7170&0 + C2Afao|x|

AV (14207170 4 Cofm ) [T
|.CC ‘ 1+ ’

IA TN IA
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as long as we take \ small such that

AU (1420710 4 Cof™ M) < 1

We choose A such that all of the above conditions hold, and we get

Wi (2)] < o, 2 e RM\B,,

and so |wi41| < (14 ¢) in R” as desired.
Notice as well that, for © € Bys+1p and |wy1| < 1 in By, we have

)\(k—l—l)(l—kao) |wk:—|—1 ()\—(k—kl)x) |
)\(k+1)(1+a0)_

|u(z) = I ()]

IA

By the definition of l;.;, we have apy1 = ap + MNT0R(0) and by = by +
M@ (0) and so the theorem is proven. u

The full regularity estimate of Theorem (1| follows as in [8], using a covering
argument.
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