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1. Introduction

Classical orthogonal polynomial sequences (OPS) are certainly the most
studied ones. This class of OPS has some beautiful properties and char-
acterizations as well as applications in other related fields (number theory,
probability, mathematical physics, approximation theory and many others
mathematics branches). For instance, they are such that their derivatives
are also OPS. One special case of this family is the situation where OPS and
their derivatives coincide: this is known in the literature as Appell OPS. This
notion was introduced in 1880 in a work by P. Appell [5]. That is problem of
finding polynomial sequences (f,,),>0 for which the following equation holds

Df.(x) =r,fn1(x) (n=0,1,...), (1.1)

with (7,,),>0 a nonzero complex sequence of numbers and D is a lowering op-
erator (this means an operator reducing by one the degree of any polynomial
sequence). Since that time, all polynomial sequences with property (1.1) are
called Appell sequences (see [3, 15]). Along this work, we will focus only on
Appell OPS.

We recall that if D = d/dx in (1.1), then the corresponding OPS is the
Hermite polynomial (see [2]). If D is replaced by the g-Jackson operator D,
(respectively the Hahn operator D,,,) defined by

_ fler+w) - f(=)
DQ,wf(x)_ (q—l)x—l—w

, O0<g<1l, weC,
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where D, = D, , then the corresponding Appell OPS are, up to an affine
transformation of the variable, the Al-Salam-Carlitz polynomials (see [4, 9]).
In [6] it is studied the case of (1.1) where

d d d
D=2—2 —+4¢e— =+1
de * dx + U € ’
providing then a new characterization of the Laguerre polynomials. Such
OPS received considerable attention along the last decade and since that

time. Now consider the Askey-Wilson operator D, which is defined by

_ pla(s +1/2)) = p(a(s = 1/2))
Puples) == ) —a(s — 1/2)
0

for every polynomial p. We assume that 0 < ¢ < 1. (Taking ¢* = €% we
recover D, as defined in [13, (21.6.2)].) We define the averaging operator by

§yp(e(s)) = 5 (p(e(s + 1/2) 4 plels — 1/2))), () = 4" +47)

The problem of finding OPS solutions of (1.1) whenever D = D, appeared
as a special case of a problem posed by M. Ismail in [13, Conjecture 24.7.8].
This case of (1.1) was firstly solved by W. Al-Salam in [1] and secondly by
J. Galiffa and W. Ong in [8] using different methods and characterising the
Rogers ¢g-Hermite polynomials. Despite this, none of the methods used in
both works could be useful to solve the conjecture [13, Conjecture 24.7.8] in
its entire form. This is only due the complexity of the Askey-Wilson operator
and its properties. Recently in [11], the authors addressed this conjecture in
its entire form using some new techniques. In addition, a situation of (1.1)
where operators D, and S, are both involved as the following equation

Dyfo(x) =12Syfn-1(x) (n=0,1,...),

is considered in [7] characterizing some special cases of the Askey-Wilson
polynomials. The purpose of this work is to solve (1.1) for operators D =
S,D, and D = D,S,. This leads to a new characterization of the Al-Salam-
Chihara polynomials. In addition, we also characterize the corresponding
regular form. This definitely provides some ideas on polynomial bases to
use when dealing with problems with the averaging and the Askey-Wilson
operators.

The structure of the paper is as follows. Section 2 presents some basic facts
of the algebraic theory of OPS together with some useful results. Sections 3
and 4 contain our main results for each case.

2(s) = 504" +q7°%) ,
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2. Background and preliminary results

The algebraic theory of orthogonal polynomials was introduced by P. Ma-
roni (see [14]). Let P be the vector space of all polynomials with complex
coefficients and let P* be its algebraic dual. A simple set in P is a sequence
(Py)n>0 such that deg(P,) = n for each n. A simple set (P,),>¢ is called an
OPS with respect to u € P* if

(u, P,Py) = knopm (m=0,1,...; k, € C\ {0}),

where (u, f) is the action of u on f € P. In this case, we say that u is regular.
The left multiplication of a functional u by a polynomial ¢ is defined by

(pu, f) = (u,0f) (f€P).
Consequently, if (P,),>0 is a monic OPS with respect to u € P*, then the

corresponding dual basis is explicitly given by

a, = (u, P73>71 P,u. (2.1)

Any functional u € P* (when P is endowed with an appropriate strict induc-
tive limit topology, see [14]) can be written in the sense of the weak topology
in P* as

u= i (u, P,) a,.
n=0

It is known that a monic OPS, (P,),>0, is characterized by the following
three-term recurrence relation (TTRR):

P1(2)=0, Poi(z)=(2—Bn)P.(2) —Cr,P1(2) (C,#0), (2.2
and, therefore,

u, 2 P? u, P?
R LS Y

The Askey-Wilson and the averaging operators induce two elements on P*,
say D, and S,, via the following definition (see [12]):

(Dgu, f) = —(u,D,f), (Squ, f)=(u,S,f).

Hereafter we denote z = z(s) = (¢° + ¢~*)/2. Then the following proposi-
tion holds.
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Proposition 2.1. ([10] and references therein) Let f,g € P and u € P*.
Then the following equations hold.

Dy(fg) = (Daf)(Sag) + (Saf) (Dag)
Sq(f9) = (Daf) (Dag) & + (Sf) (Se9).
aS. f =S, (WD, f) + BD,f + af,
DIS,f = anS Dl f + 1Dyt f,
JDgqu =Dq(S,f u) =S (Dyf u),
aD;S,u = a;,11S,Dju + ’ynUlDZHu,
withn =0,1,..., where o = (¢"/> + ¢~/?)/2 and
U(z) = (o = 1)z, (z) = (a* = 1)(z* = 1).
It is known (see [10, Proposition 2.1])that

D,2" = Y2V L U2 4 S = a 2" + Wp" 2o, (2.10)
with n =0,1,..., where
B qn/2 _ qfn/Q
an =50+ a7, =y
q q
Uy = %(n%,g — (n— 2)%) Uy = G(an—g —ay) .
We set v_; := —1 and a_; := «a. Recall that the monic Al-Salam-Chihara

polynomials, Q,(z;a,blq) depend on two real parameters a and b, are char-
acterized by

2Qu(w;a,0lq) = Qni1(z;0,blq) + 5 (a+b)q" Qu(;a,blg)
+1(1—abg" (1 = ¢") Qu-r (w0, b59)
(n=0,1,...), provided we define @ _1(z;a,blq) = 0 (see e.g. [13]). Further,
up to normalization, the Rogers g—Hermite polynomials are the special case

a = b = 0 of the Al-Salam-Chihara polynomials. The following result is
useful.

Theorem 2.1. [10] Let (P,),>0 be a monic OPS with respect to u € P*.
Suppose that u satisfies the distributional equation

D, (¢u) = S, (vu) (2.11)
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where ¢(z) = az? + bz + ¢ and Y(z) = dz + e, with d # 0. Then (P,)n>0
satisfies (2.2) with

Yn€n—1 Yn+1€n 7n+1dn—1 [n] ( €n )
B, = _ L Cyyq = — il ). 2.12
don—2 dap ! don—1d2n11 ¢ dap (2.12)

where d,, = avy, + day,, e, = by, + ey, and

o (2) = (d(a® — 1)y, + ac,) <22 — %) + (bay, +e(a” — 1)y,)z + ¢+ g .

3. Main results: first case

We are now in the position to prove our main results for one of the situation.
Lemma 3.1. Let (P,),>0 be a monic OPS such that
SDP(2) = knPr_1(2) (n=0,1,...). (3.1)
Then the following relations hold.

200h(2)D; P (2) = anPo(2) + bpPoe1(2) + caPra(2) (3.2)
5

40l (2)DyS, Pa(z) = > allPriai(2) | (3.3)
I=1

QSqQPn(z)

=202 P, (2) + kn(By, — Bp_1)Pu_1(2) + (kn1Cp — knCp_1)Pru_a(2) , (3.4)
for each n =0,1,..., where
an = ki1 — (202 = Dk, — 1, b, = (B, — (20* = 1)B,,_1) ks ,
Cn = kn1Cp — (20 = D)k, Co1, )l = a1 —an,  al? = by — by,
al¥l = i1 — cn + (By — By1)by + (a1 — %a,)Cy
a! = (B, — B, 2)cn + by 1Cp — 0,C, 1, aP = ¢, 1C, — ¢,Cps .

n n

Proof: First of all from (2.6) using (2.5) yields
Sif =aUyDif + US,Dyf + f . (3.5
(2.2

)
Secondly, we apply successively the operators D, and S, to the TTRR (2.2)
satisfied by the monic OPS (P,),>o solution of (3.1). Using (2.4) and (2.5),
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we obtain the following equation.
S;Pn(z) + @Ug(z)Dan(z) + 1S, D, P, (2)
=S5,D,Pp+1(2) + B,S,D,P.(z) + C,S,D,P,-1(z) . (3.6)

Finally (3.2) is obtained from (3.6) by using successively (3.5), the TTRR
(2.2) and (3.1). Now from (3.5), we may also write (3.6) as

282P,(2) + 2 8Dy Po(2) — Po(2)
=S,D,Pp+1(2) + B,S, D, P (2) + C,S, D, Pr-1(2) .

Equation (3.4) is obtained from this equation using (2.2) and (3.1).
Lets start again with the TTRR (2.2). We apply the operator Dg to it using
(2.4) and (2.5) to obtain

DyS,Pu(2) + a8, Dy Po(2) + o’ D, P, (2)
= D’Py11(2) + ByD;Py(2) + C,D; Poi(z) . (3.7)

Then (3.3) is obtained by multiplying (3.7) by 2aUs(z) using successively
(3.1), (3.2) and again the TTRR (2.2). Hence the result follows. m

Lemma 3.2. Let (P,),>0 be a monic OPS satisfying (3.1). The following
system of difference equations holds

kpio —1/2 —2(20% = D)(kpyy —1/2) +k, —1/2=0, (3.8

tnes —2(20% — Dty +t, =0,  t,:=k,/C) , (3.9)

kne1Bos1 + (kps1 — kpso — 2(20° — 1)ky) By + kB = 0
(3.10)

tnt3Bnya — (tne2 + thy1) Bup1 + 6B, =0, (3.11)

(i1 + tos2) (Cogr — 1/4) = 40’8, (Cy = 1/4) + (ty1 + ty—2)(Cor — 1/4)
=t, [B: —2(20” = 1)B,B,_1+ B2_,] , (3.12)
where B, and C,, are the coefficients of the TTRR (2.2) satisfied by (Py,)n>o0-

Proof: Consider the TTRR (2.2) satisfied by monic OPS (P,),>¢ solution of
(3.1). Then from (3.7) using (2.7) for n = 1 and f = P, therein, we obtain

208,DyF,(z) + (20% — 1)xD; P, (z)
= D;Py11(2) + B,D; Py(2) + C,D;Py_1(2) . (3.13)
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We now multiply (3.13) by 2aUs using successively (3.1), (3.2) and the TTRR
(2.2) to obtain a vanishing linear combination of P,.y, P,, P,_1, P, and
P,_3, for each n =0,1,.... Since (P,),>0 is a polynomial base in P, then all
coefficients of the mentioned linear combination must be zero. Therefore we
obtain the following equations

ani1 — (2% — Da, = 40*(a® — 1)k, , (3.14)

cn1Cy — (202 — 1), Cp_y = 40*(a® — Dk, Cru_1Ch_s (3.15)

bos1 — (202 — 1)b, — 2(a® — 1)a, B, = 4a*(a® — 1)(By, + Bp_1)k, , (3.16)
Cnp1 — (202 — 1), + (an,l — (2a*% - l)an)C’ + (B — (2a* - 1)B )bn

=4a*(a® — Dk, (C, + B> [ +C,1 — 1),

(3.17)

by1Cy + (B, — (20° — 1) B, _2) ¢, — (20° — 1)b,Cpy
= 40*(a® — 1)k,Cr_1(Bp_1 + Bn_s) .

(3.18)

Equations (3.8) and (3.9) follow from (3.14) and (3.15), respectively using

notations and expressions of a,, b, and ¢, obtained in the previous lemma.

Similarly, (3.10)—(3.12) are obtained from (3.16)—(3.18) using (3.8) and (3.9).
]

Theorem 3.1. The only monic OPS, (P,)n>0, for which

S D,Po(z) = kpnPp1(2) (n=0,1,...), (3.19)
is the Al-Salam-Chihara polynomial with parameters a and b such that (a, b) €
{(1,-1), (=1, 1)}.

Proof: Let (P,)n>0 be a monic OPS solution of (3.19). Before solving the
system of equations (3.8)—(3.12), let us find some initial conditions. We claim
that the coefficients B,, and C,, of the TTRR (2.2) satisfied by (P,),>0 are
given by

B,1= 07 kn—l = Tn—-10n-2 , (320)

kn - kn + n n— kn - kn "
Chosr — 1/4 = o Tnt2%n1 By G-, (3.20)
n n =1

for each n = 1,2, . ... Indeed, it is known that P,(z) = 2"+ f,,2" 1+ ¢,2" 2+
-, where fo =91 =0, B, = f,— for1 and C,, = g5, — g1 — fuBpn. With this
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we identify the three first coefficients of term with higher degrees in (3.19)
using (2.10) to obtain k,, = y,a,_1 together with

kn—lfn - knfn—la kngn—l = kn—2gn + Vnan—l + ap_3uy, - (322)
From the first equation in (3.22) we obtain
Bn = (kn—H - kn)BO ;

which also satisfies (3.10). In addition, assume without loss of generality that
0 <g<1. Then
lim ¢"B, = By/2 .

n—oo
It is not hard to see that ¢ and ¢~ ! are solutions of the characteristic equation
associated to (3.9). Hence solutions of the mentioned equation are given by

th=714" +12¢7" (n=1,2,...),

with 7 and r9 two complex numbers such that |ri| + |rs| # 0. Assume for
instance that ro # 0. Then we write ¢, = rog~"(1 — r¢*"), where r = —ry /rs.
We multiply (3.11) by ¢" and take the limit as n tends to co to obtain By = 0
and therefore B, = 0, for all n = 0,1,.... So (3.20) holds and the second
equation in (3.21) is then obtain directly from the second equation in (3.22).

From the definition of ¢, given in (3.9), we obtain C,, = k,/t, and so we
deduce that lim,, ., C, = 1/(2r3(¢"! — 1)). But taking the limit in (3.12) as
n tends to oo taking into account (3.20), we obtain lim,_,, C,, = 1/4. This
means we can write

1 —ag")(1 n—1
(1—¢)(+q"") (n=1,2,...).
4(1 —rg*)
It is not hard to see that this satisfy (3.21) and (3.12) if and only if r = 0
and therefore C,, = (1 — ¢")(1 4 ¢"~')/4. For the case 1 < ¢ < 40c0. We

proceed similarly to obtain C,, = (1 — ¢~")(1 + ¢ ") /4. Hence solutions of
(3.19) are given by B, = 0 with

Cop1 =11 =¢""N(1+4¢") or Copn=31-¢ " H(1+qg"),
for all n =0,1,.... Thus
P, =Qu(z;8,—slq) or P,=Qu(z;s,—s|1/q), s==1.

C), =

We now characterize functionals whose corresponding OPS are solutions of
(3.19).
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Theorem 3.2. Let u € P* be a regular functional and (P,),>o the corre-
sponding monic OPS. Then (P,),>o is the solution of (3.19) if and only if u
15 a solution of the following functional equations

(¢ —1)D,S,u = 2zu,

2q35/2D§(U2u) = —(22°+¢ - Du,

2q883u = ( — 22241+ qs)u ,
8q5s/QSqu(UQu) = (1 —¢*)z(—42* +¢* + 3)u,

with s = £1.
Remark 3.1. We emphasize the following. At this stage we know that monic
OPS solutions of (3.19) are the special cases Al-Salam-Chihara polynomials

and so they are classical OPS. Then there exit (see [12]) two polynomials ¢
and v, of degree at most two and one, respectively such that

Dy(¢u) = S,(¢u) .

But from the above functional equation it is not possible to deduce (3.23)—
(3.26). Newvertheless, using Lemma 3.1 the result can be proved as follows.

Proof: Assume first that (P,),>o is the monic OPS solution of (3.19). Let
(an)n>0 be the dual basis associated to the sequence of simple set (P,),>0.
Using (3.19), the following holds

<Dquan7 Pl> - - <anaDquPl> - _kl <ana P[,1> - _kn+15n+1,l .
Therefore
D,S,a, = —kpp1a,11 (n=0,1,...), (3.27)

is obtained by writing

400

D,S,a, = Y (D,Sqan, P)a,

1=0
taking into account what is is preceding. Equation (3.23) follows by taking
n = 01in (3.27) using (2.1), (2.3) and the fact that By = 0 and C; = (1—¢*)/2
with s = £1 (obtained from Theorem 3.1). Similarly, using (3.2) on can prove
that

QQDS(UQaﬂ) = apa, + bn—l—lan—H + Cpy2ay42 (n = 0, 1, .. ) )
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Therefore (3.24) follows by taking n = 0 in the above equation taking into
account (2.2)—(2.3), (2.1) and Theorem 3.1. Equation (3.25) (respectively
(3.26)) follows from the same idea using (3.4) (respectively (3.3)).

Assume secondly that (P,),>0 is a monic OPS with respect to the functional
u, solution of equations (3.23)—(3.26). We are only going to use (3.23) and
(3.25). We first apply the operator S, on (3.23) using successively (2.9) (for
n =1 and u replaced by S,u), (3.25) and (3.23) to obtain

1

Sq(zu) = 5(98 —1)S,D,(S,u)
1 o .
&(qs _ 1) -$ -5 Uy
= 51y Pa( (— 07+ 30+ n) — gD ()
(3.28)

In the meantime, using (2.8) one may write

U;D,(zu) = aDy(zU1u) — (® — 1)S(21 (zu) .
We replace this in (3.28) in order to obtain

(q1/2 — q_1/2)Dq((22 —1)u) = —25S,(zu) .

This means that u satisfies (2.11) with ¢(z) = £(¢"/* — ¢7/?)(z* — 1) and
Y (2) = z. Therefore applying (2.12), we obtain

— )1+ ")

1
B, =0, =" . (n=0,1,...),
and therefore P, = Q,(x;s, —s|q¢®) for n = 0,1,.... We then use Theorem
3.1 to conclude that (P,),>q satisfies (3.19). This conclusion can be obtained
similarly using (3.24) and (3.26). _

4. Main results: second case

In this section we are interested in monic OPS, (P,),>0, solution of the
following equation

D,S,Po(z) = raPoi(2)  (n=0,1,...). (4.1)

Methods and techniques are similar to ones used in the previous section. For
this reason, we mention some of results without proves.
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Lemma 4.1. Let (P,)n>0 be a monic OPS such that (4.1) holds. Then the
following relations hold.

2(0” — 1)(2* — @)D Po(2) = anPo(2) + by Po1(2) + e Proal(z) (4.2)

208, Py (z) = AP (2)+ AP, _1(2)+ B, _y(2), (4.3)
da(a® —1)(2* — a®)S,D,P.(2)

=blP, 1 (2) + bR, (2) + bBIP,_ 1 (2) + bR, _o(2) + bEIP,_5(2) | (4.4)
for eachn=0,1,..., where

Ay =Tny1 — (40* = 3)r, —a, b, = (Bn — (4a* - S)Bn_l)rn ,
cn =Tn_1Cp — (40 — 3)r,C,_1, bg] = ap1 — (20* = 1)a, ,
b =b, 1 — (202 — 1)b, — 2(a® — 1)a, B, ,
¥ =c, 11— (202 = 1)e, + (By — (20° — 1) By, _1)by,
+ (ap_1 — (20* = 1)a,)C, ,
bl =(B, — (2a® — 1)By_a)cy + by1C, — (2% — 1)b,Cy1,
bl =¢, C, — (202 — 1)¢,Chya, cg] = rpp1 — (202 = D, + o
! :(Bn — (20 — 1)an1)rn, CE’] = rp1Cy — (202 — D1, Cpy

So S Tov

Proof: From (2.6) using (2.5) yields
ozSQQf = (onUg — U%)Dgf +UD,S,f +af . (4.5)

We apply successively the operators S, and D, to the TTRR (2.2) satisfied
by the monic OPS (P,),>o solution of (4.1). Using (2.4), (2.5) and (4.5), we
obtain the following equation.

(0?2 + 301(2)) DySy P (2) + 2(Uz(2) — U3 (2)) D; Po(z) + aFy(2)
= DSy Pri1(2) + B,D; S, P.(2) + C,D,S,Po-1(2) , (4.6)
since DUy = 2aU; and S,Us = *Uy 4+ U?. Finally (4.2) is obtained from (4.6)
by using successively (4.1) and the TTRR (2.2). Now from (4.5), we may
also write (4.6) as
208 Py (2) — aPy(2) 4 (207 — 1)z DS, Py (2)
= Dy S,Pos1(2) + BaDyS,Po(2) + CoDySyPo1(2) .



12 D. MBOUNA AND A. SUZUKI

Equation (4.3) is obtained from this equation using (2.2) and (4.1). Equation
(4.4) is obtained by multiplying (3.7) by 2(a* —1)(2? — a?) using successively
(4.1), (4.2) and again the TTRR (2.2). _

Lemma 4.2. Let (P,),>0 be a monic OPS satisfying (4.1). The following
system of difference equations holds

Trnio — 2(2042 —Drp1+m =0, (4.7)
tnpo —2(20% — Dtpp1 +t, =0,  t,:=71,/Cy , (4.8)
ni1Bni1 — (40 = 3)(ry + rpi1) By + 10 By1 =0, (4.9)
tnr3Bnso — (tnis + tus1)Boit + ta By =0, (4.10)

tnro(Crgr — 1/4) — 2t,(C, — 1/4) + t,2(Crmy — 1/4)
=t,[B; — 220" = 1)B,B,_1 + B2 _,] | (4.11)

where B, and C,, are the coefficients of the TTRR (2.2) satisfied by (Py,)n>o0-

Proof: As in the proof of Lemma 3.2, we multiply (3.13) by 2(a?—1)(2%—a?)
using successively (4.1), (4.2) and the TTRR (2.2). The result follows. =

Theorem 4.1. The only monic OPS, (P,)n>0, for which
DS P (%) = knPr_1(2) (n=0,1,...), (4.12)
is the Rogers ¢>-Hermite or Rogers q~2-Hermite polynomial.

Proof: Let (P,)n>0 be a monic OPS solution of (4.12). Following the proof
of Theorem 3.1 we obtain

B,=0, Cupi=11-¢*"") (n=0,1,...),
and so the obtain
Pn:Qn(x;SqS/Q,—sqS/z\qS) s==+1, (n=0,1,...).
Hence the result follows. |

Theorem 4.2. Let u € P* be a regular functional and (P,),>o the corre-
sponding monic OPS. Then (P,)n>0 s the solution of (4.12) if and only if u
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1s a solution of the following functional equations
¢**(¢° — 1)S,D,u = 2zu , (4.13)
4(a® — 1)g*"D2((2* — a®)u) = (42" + 1 — ¢*)u, (4.14)
44”Siu = (— 42" + 1+ 3¢*)u , (4.15)
2¢°° (1 — qS)Dqu((z2 — 042)u) = 2(—42> + ¢ + ¢* + 2u, (4.16)

with s = +£1.

Remark 4.1. Although the results obtained here were proved for the q-
quadratic lattices, they can be easily extended to quadratic lattices x(s) =
c4s® + ¢58 + ¢g by taking the appropriate limit as it was discussed in [10].
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